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Excitation of the n = 2 state of atomic hydrogen by electron impact
in the distorted-wave approximation

Ralph V. Calhoun and D. H. Madison
Department of Physics, Drake University, Des Moines, Iowa 50311

%'. N. Shelton
Department of Physics, The Florida State University, Tallahassee, Florida 32306

(Received 19 April 1976)

The differential cross sections for excitation of the n = 2 state of atomic hydrogen by the impact of electrons
with energies of 54, 100, 136, and 200 eV are calculated in the distorted-wave approximation with exchange

included. Cross sections for excitation of the 2s„2, 2p»2, and 2p3/2 states are calculated and summed to give

the n = 2 differential cross sections, The results of this calculation are compared with previous theoretical

calculations and with recent absolute experimental data.

I. INTRODUCTION

The calculation of differential cross sections for
low-ener gy electron-impact excitation of atoms has
been the subject of much theoretical work. The re-
sults, however, are still not in satisfactory agree-
ment with the experimental data. Since electron-
impact excitation of atomic hydrogen is one of the
simplest inelastic scattering processes, it pro-
vides a basis for accurate comparison of available
theories. Due to the fact that exact wave functions
and potentials are known for atomic hydrogen, fun-
damental differences in the various scattering ap-
proximations may be directly studied. Compari-
sons of various theories for other scattering prob-
lems are often complicated by the use of different
bound-state wave functions and potentials. There
have been many papers written on the electron-hy-
drogen problem. " No attempt is made to include
comparisons to all the available calculations. We
have attempted to select a representative sampling
of these works for comparison with the present
calculation.

The cross sections studied in this work are for
the energy range 54-200 eV. In this energy range,
coupling due to participation of intermediate states
may be reasonably neglected, although this cou-
pling becomes increasingly important as one ap-
proaches threshold energies. Consequently, ap-
proximations which consider only coupling of the
initial and final states need to be consioered. The
usefulness of more elementary approximations,
such as the Born approximation, are severely lim-
ited for these energies. Since the Born approxima-
tion is valid only for small-momentum transfer, it
gives reasonable differ ential cross sections only
for a small angular range in the forward direction.
If one is not interested in the detailed nature of the
angular distributions but rather in the total cross

sections integrated over all angles, then the Born
approximation is sufficient for intermediate and
high energies. This is readily evident since the
major contribution to the total cross section comes
from the small-angle region. The ease of calcula-
tion using the Born approximation is a most favor-
able characteristic, and is responsible for the ap-
proximation's popularity.

The electron-atom scattering problem is com-
plicated by two factors: the possibility of inter-
change of continuum and atomic electrons, and the
polarization of the a.tomic charge distribution due
to the presence of the continuum electron. The
distorted-wave approximation (DWA) takes into ac-
count the distortion of the scattered wave by the
atomic potential. This distortion becomes increa-
singly important as the energy of the incident elec-
tron is decreased. Provision is also made for the
possibility of interchange of atomic and continuum
electrons in the DWA. It would be reasonable to
conclude, a priori, that an approximation, such as
the DWA, would yield superior cross sections to
those obtained with plane-wave theories. While the
DWA calculation lacks the compactness of an ana-
lytical expression, it does present a numerical
problem which is easily solved with the aid of high-
speed computers.

In this work differential cross sections are cal-
culated for excitation of both the 2s and 2P shells
and these cross sections are summed to give the
total n = 2 differential cross sections. In an earli-
er work, the 2s cross sections were calculated by
Shelton et al. ' and Shelton and Mix using the DWA.
At that time, experimental absolute differential.
cross sections for the 2s excitation were not avail-
able. The summed 2s and 2P differential cross
sections of the present work are compared to the
recently available n = 2 absolute experimental cross
sections of Williams and Willis. ' These experi-
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14 EXCITATION OF THE E1 = 2 STATE OF ATOMIC HYDROGEN. . 1381

mental cross sections were obtained by measuring
in coincidence the angular distributions of the 10.2-
eV photons and the electrons with a 10.2-eV energy
loss. Comparisons between the DWA and this ex-
perimental data are made at 54, 100, 136, and
200 eV.

The results of the present work are also com-
pared to the theoretical calculations of Gau and
Macek, ' who used an extended Glauber approxima-
tion, the distorted-wave polarized-orbital calcula-
tion of McDowell et al. ,

' and the Glauber approxi-
mation of Thomas and Gerjuoy. '

A distorted-wave calculation similar to the one
discussed here has been reported by Thomas et al. '
for excitation of helium using the random-phase
Approximation. No calculations of this type have
been reported for excitation of hydrogen. How-

ever, based upon the helium results, one would ex-
pect such a calculation to give results very similar
to those reported here except at low energies
where the angular distributions are more sensitive
to the atomic potential ~ The Coulomb-projected
Born calculation of Geltman and Hildalgo' does not
reproduce the da. ta as well as the present calcula-
tion.

After submission of this manuscript, the close-
coupling results of Kingston, Fon, and Burke" be-
came available. A comparison is also made to
their work as it represents a major improvement
in the agreement between experimental results and
the calcula. tions of Ref. 5-7. In this calculation,
the well known close-coupling approximation as de-
scribed by Burke and Schey" is used to calculate
the T matrix for the lower partial waves and the
Born approximation is used to calculate the higher
partial waves needed for convergence. A similar
calculation was performed by Brandt and Truhlar"
to calculate the 1s-2p cross sections for energies
up to 54 eV.

II. DISTORTED-WAVE THEORY

The for mal theor y of the DWA is developed in
standard texts on scattering theory. ""The DWA
as it is applied to the electron-hydrogen problem
is given as follows. The interaction of the con-
tinuum electron with the atom is expressed as the
sum of the two potentials,

.+Vi ~

In the DWA, the T matrix for the transition from
the initial to final state may be approximated as

T,.=(x.' '(1)t(.(2)
~
V.(1 —P„)

l x."(1)C.(2))

+ (»& '(1)ts(2) I
V, (1 —P 2) I

X!'(1)tt.(2»

where (1) and (2) refer to the coordinates of the
continuum and atomic electron, respectively. The

Vz = 2/r„2/r, — (4)

The second term in Eq. (4) represents the inter-
action of the continuum electron with the atomic
nucleus and is known as the core term. Since V,
is given by Eq. (1), V, must be

V, = Vz —V, = 2/r» —2/r, +2[(1yr, )/r&]e '"& (5).
The terms involving the single coordinate r, do not
contribute to the integral in Eq. (2) due to the or-
thogonality of the initial and final states. "

The distorted waves, or continuum wave func-
tions, represent elastic scattering states, and are
solutions to the equation

(V'+k'+ V, )X"(r,) =0, (6)

where k' is the projectile energy in rydbergs and
k is the wave number. The solution of Eq. (6) is
obtained by numerical integration and then matched
to the proper combination of phase-shifted spheri-
cal Bessel functions at large r, to assure the prop-
er asymptotic behavior.

After applying orthogonality conditions, the T
matrix reduces to

T~. = (X~& '(1)&)'s(2)
I
(2/r, .)(1 —P .) I

X!'(1)t(~(2)). (7)

The T matrix may be evaluated by making a par-
tial wave expansion of the distorted waves, and a
multipole expa. nsion of 2/r». The plane-wave-nor-
malized expa. nsion of the distorted wave is

X!'(1)=, , g i' X,...(k.r, )
a 1 lalaml

~ e(i,s~, ; ~ „m„m, +m, )

x Y& & (0» )Y& &(0,) is, m, ), (8)

where ~s, m, ) is a. spinor. The radial part of the
distorted wave has the asymptotic form

X„(kr) —e"&~ sin(kr —2f«+6&,.).
And the bound-state wave function is expressed as

, ~„.„(r,) „
&i&„(2)= Q C(LSZ„;M~MsM„)i & " Y~~(Q,).

~z "s 2

(10)

wave function &i&„&s&(2) represents the initial (final)
state of the atomic electron, and X, &»(1) repre-
sents the continuum electron in the incident (exit)
channel. The operator P» interchanges electrons
1 and 2. For the present case, V, is taken as the
interaction with the static atomic potential of the
hydrogen atom in the 1s state,

V, = —2[(1+r,)/r, ]e '"&

expressed in rydbergs. The interaction potential
V„which is the interaction of the continuum elec-
tron with the atom is given by
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The T matrix may thus be reduced to a radial part
which is integrated numerically and to an angular
part which is handled by standard angular momen-
tum techniques. The transferred angular momen-
tum consists of spin and orbital momentum. Since
the assumed interaction is spin independent, spin
may be transferred to the atom only in the ex-
change scattering process. The total angular mo-
mentum transferred to the atom is the difference
of the initial and final total atomic angular momen-

T„=gC(J„jJs; M„,Ms —M„,Ms)P,', &"~(k„k,),
lsj

where P is given by (12)

turn,

j = J~ —J~.
It can be shown that an expansion of the T matrix
in terms of the angular momentum transferred can
be written as"

~ A

p,' &.~= p 4',"„',, i' '~ 'alsj ~C(l,s~j;, m, —m, m~, m~+m, —m)C(l, sj;,m„rn„m, +m, )
i jmt2 Q

bjb

C (j,jj;,m, + m, - m, m —m, + m „m, + m, )X(l,sj,; l sj,; lsj )Y, & (&„)Y, ~ (0, ).

The quantity f =(2f+1)'~', while X is a Fano coefficient. " The radial integral in Eq. (13) is

(13)

0 0
(14)

The radial part of the atomic wave function is contained in the function G. Using L, S, and J to represent
the orbital, spin, and total angular momentum of the atomic electron, G for hydrogen becomes

G, , (r„r,) =QL„LsJ„s~lg,l 'i' ~& ~s
I W(LslS„J„;LJs)C(l, l~l; 000)C(L„Lsl; 000)U„~„(r,)U„.~ (r,)

A A

SS
1 "5 1

—
2 SBl&X(L~LLs, S„SSs;J„jets)+ r&

&& Q (-) K'W(L~lbLsl„Kl)C(LsKl, ; 000)

(15)

A A

+Q (~A ~B) }6~2 k ~AsA ~ I Taa
I

'
a hfghlg

7B re b

(16)

The first term in Eq. (15) is the direct part of T
matrix and the second term is the exchange term.
In the exchange term, the coordinates of the radial
wave functions for the free and atomic electrons
are interchanged. The symbol W is a Racah coef-
ficient, "and U„~ represents the radial part of the
bound-state hydrogen wave function.

The differential cross section for unpolarized
beams incident upon unpolarized targets with ini-
tial (final) angular momentum Z„(Js) is expressed
in terms of the T matrix as TABLE I. Allowed values of angular momentum trans-

fer (E,s,j) for the sf/g, p f/2, and p3/2 transitions.

Transition l s j Process

It is important to note that the differential cross
section consists of a coherent sum of the multi-
poles of various l and s transfer, but an incoherent
sum of multipoles of different j transfer. The pos-
sible triads of l, s, j available for the 2s»„2p, &„
and 2P, &, transitions are given in Table I. Transi-
tions with s = 1 can occur only by means of the ex-
change process. Since spin-orbit coupling is weak
for atomic hydrogen, the 2pg/2 and 2p3], cross sec-

Using Eq. (12) in the above equation, the differen-
tial cross section becomes

1sf/2 f/2 0 0 o Direct and exchange
0 1 1 Exchange

J2
dQ " s 16w' k a J& $& jmmbmfl &s

(17)

1sf/2 2p fp or 2p3p 1 0 1 Direct and exchange
1 1 Exchange

1 1 0 Exchange (2p f~ only)
1 1 2 Exchange (2p3/2 only)
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2
TABLE II. Differential cross sections (ao sr ) for

electron impact excitation of the n =2 state of hydrogen
at 54 eV. '

136eV Angle (deg) 2s 2p 2s +2p

I I

V)

OJ 0
CO

bc
D 'U

-2

-3

0
15
30
45
60
75
90

105
120
135
150
165
180

7.30 (-1)
3.40 (-1)
4.49 (-2)
5.65 (-3)
4.30 (-3)
3.51(—3)
2.48 (-3)
1.70 (-3)
1.20 (—3)
8.96 (—4)
7.20 (-4)
6.31 (—4)
5.96 (-4)

4.44 (1)
3.08 (0)
1.58 (-1)
1.48 (-2)
6.43 (-3)
4.38 (-3)
3.21 (-3)
2.ss (-3)
2.21 (-3)
2.09 (-3)
2.20 (-3)
2.43 (-3)
2.52 (-3)

4.51 (1)
3.42 (0)
2.03 (-1)
2.05 (-2)
1.07 (-2)
7.89 (-3)
5.69 (-3)
4.25 (-3)
3.41 (-3)
2.99 (-3)
2.91 (-3)
3.06 (-3)
3.11(-3)

~ Numbers in parentheses refer to powers of ten.

-4
30 60 90 120 150

Angle (e)

0

200 eV

FIG. 3. Differential cross section for (a) ————,1s
-2p; (b) —- —,1s —2s; and (c), 1s —2s+2p exci-
tation of hydrogen in units of ao at 136 eV. The experi-
mental data 4 are those of Ref. 2.

computer code was checked by reproducing the re-
sults of the earlier calculation.

In Figs. 5-7, the total n=2 DWA differential
cross sections are compared to the theoretical cal-
culations of Refs. 5-7, and also to a plane-wave
calculation performed by the present authors. As
discussed previously, a plane-wave theory such as
the Born approximation should not give proper
cross sections for the entire angular range. A

comparison is made nevertheless, since the Born
approximation is a popular standard. To account
for the possibility of interchange of atomic and
continuum electrons the Born-Oppenheimer" ap-
proximation is used to calculate the exchange am-

TABLE III. Differential cross sections (ao sr ) for
electron impact excitation of the n = 2 state of hydrogen
at 100 eV. '

Angle (deg) 2s 2s +2p

I I I I I

30 60 90 120 150

Angle (e)

FIG. 4. Differential cross section for (a) ————,1s
—2p; (b) —-—,1s —2s; and (c), 1s —2s+2p exci-
tation of hydrogen in units of a& at 200 eV. The experi-
mental data + are those of Ref. 2.

0
15
30
45
60
75
90

105
120
135
150
165
180

8.49 (—1)
2.34 (-1)
1.51(-2)
3 32 (-3)
1.87 (—3)
1.08 (—3)
6.54 (-4)
4.27 (-4)
3.04 (-4)
2.34 (-4)
1.96 (—4)
1.77 (-4)
1.70 (-4)

9.76 (1)
1.16 (0)
1.95 (-2)
2.2S (-3)
1.37 (-3)
8.84 (-4)
6.02 (-4)
4.61 (-4)
3.67 (-4)
3.22 (m)
3.26 (-4)
3.63 (-4)
3.12 (-4)

9.84 (1)
1.39 (0)
3.46 (-2)
s.s7 (-3)
3.24 (-3)
1.96 (-3)
1.2S (-3)
8.88 (-4)
6.71 (-4)
5.56 (-4)
5.22 (-4)
5.40 (-4)
4.82 (-4)

' Numbers in parentheses refer to powers of ten.
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TABLE IV. Differential cross sections (ap sr ') for
electron impact excitation of the n =2 stat of hydrogen
at 136 eV. '

Angle (deg) 2s 2p 2s +2P

0
15
30
45
60
75
90

105
135
150
165
180

9.03 (—1)
2.13 (-1)
1.72 (-2)
3.39 (-3)
1.55 (-3)
8.70 (-4)
5.74 (-4)
3.61 (-4)
2.04 (-4)
1.85 (-4)
1.72 (-4)
1.36 (-4)

9.41 (2)
6.07 (-1)
6.15 (-3)
1.06 (-3)
6.63 (-4)
3.59 (-4)
2.54 (-4)
1.99 (-4)
1.43 (-4)
1.16 (4)
1.13 (-4)
1.47 (-4)

9.42 (2)
8.20 (-1)
2.34 (-2)
4.45 (-3)
2.21 (-3)
1.12 (-3)
8,28 (-4)
5.65 (-4)
3.47 (-4)
3.01 (-4)
2.85 (-4)
2.83 (-4)

(6
CU 0
C5

-1
0

Numbers in parentheses refer to powers of ten.

TABLE V, Differential cross sections (a& sr ) for
electron impact excitation of the n =2 state of hydrogen
at 200 eV. '

Aagle (deg) 2s 2p 2s +2p

0
15
30
45
60
75
90

105
135
150
165
180

9.16 (-1)
9.21 (-2)
2.78 (-3)
8.00 (-4)
3.46 (-4)
1.68 (-4)
9.27 (-5)
5.78 (-5)
3.04 (-5)
2.53 (-5)
2.30 (-5)
2.14 (-5)

2.13 (2)
2,24 (-1)
1.40 (-3)
3.86 (-4)
2.37 (-4)
1.19 (-4)
8.54 (-5)
6.81 (-5)
4.82 (-5)
3.55 (-5)
3.49 (-5)
5.68 (-5)

2.14 (2)
3.16 (-1)
4.18 (-3)
1.19 (-3)
5.83 (-4)
2.87 (-4)
1.78 (-4)
1.26 (-4)
7.86 (-5)
6.08 (-5)
5.79 (-5)
7.82 (-5)

~ Numbers in parentheses refer to powers of ten.

plitude. The interaction potential used in this cal-
culation represents the interaction of the continuum
electron with the atomic electron excluding the
core term. The resultant Born-Oppenheimer-mi-
nus-core (BOMC) approximation provides a varia-
tion of the ordinary Born approximation which is
consistent with the assumptions made for the DWA

calculation. Distortion of the continuum wave func-
tion, however, is not ineiuded in the BOMC. As
can be seen in Figs. 5-7, the BOMC curve matches
the shape of the experimental data only for rela-
tively small angles and fails by several orders of
magnitude for the larger angles. The Glauber ap-
proximation of Ref. 7 and the extended Glauber ap-
proximation of Ref. 5 give cross sections which
are substantially in better agreement with the ex-

30 60 90 120 150

Angle (8)

FIG. 5. Differential cross section calculated with (a)

, DWA; (b) ————,BOMC; (c) —+—,
Glauber; (d) " ", extended Glauber (Gau and Macek);
and (e) ———,DWPOII for 1s —2s+2P excitation of hy-
drogen in units of ao at 54 eV. The experimental data 4
are those of Ref. 2.

perimental data than the BOMC curves, but still
do not give proper cross sections at the larger
angles. The extended Glauber approximation of
Gau and Macek' differs from the conventional Glau-
ber approximation by not restricting the momentum
transfer to the transverse direction. Their differ-
ential cross sections, however, are somewhat less
satisfactory than are the cross sections obtained
with the conventional Glauber approximation. In
the distorted-wave polarized-orbital-II (DWPOII)
calculation of McDowell et al. ' polarization of the
atomic target is included in the incident channel
and the incident channel continuum wave corre-
sponds to an adiabatic-exchange function.

For the angular range of 0'-30', all of the ap-
proximations discussed above produce cross sec-
tions of approximately the same shape and magni-
tude. This can be attributed to the dominance of
the 2P contribution to the total differential cross
section, and the validity of the Born approxima-
tion for s-to-P transitions in the region of small-
momentum transfer. All should give total integra-
ted cross sections of the same approximate value
for this reason.

For angles greater than 30', the DWA cross sec-
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TABLE VI. Total integrated cross sections (ao) for
electron impact excitation of the n =2 state of hydrogen.

Energy (eV) 1s 2s 1s —2p Is —2s +2p

54
100
136
200

0.239
0.161
0.088
0.087

3.039
2.271
1.845
1.308

3.278
2.432
1.933
1.395

N

CU 0

b t-
O W

I I

eV

0eV

-5 I I I I I

30 60 90 120 150

Angle (ej

FIG. 9. Differential cross sections calculated with(a), the DWA and (b) ——————,the close-coup-
ling method of Ref. 7 for 1s —2s+2P at 54 and 200 eV
in units of ao, The experimental data 4 are those of
Ref. 2.

when a sum is taken. The 1s —2s+2P cross sec-
tions calculated with the close-coupling method are
compared with the DWA cross sections at 54 and
200 eV in Fig. 9. Both agree reasonably well with

the experimental data of Ref. 2. The close-cou-
pling calculation is in slightly better agreement
with this data in the 30 -90' angular range than is
the DWA calculation.

The integrated cross sections, calculated in the
DWA, are shown in Table VI. Approximately 93%
of the n = 2 integrated cross section comes from
the 1s -2p cross section. The 1s -2s process is
responsible for only (6-7)/p of the total cross sec-
tion at these energies, due to its relatively small
value at forward angles.

Work is presently underway to calculate ampli-
tudes for the excitation of the magnetic sublevels
of the n = 2 states of atomic hydrogen. These am-
plitudes cannot be extracted directly from the pre-
sent calculation since the T matrix is expanded in
multipoles of the total angular momentum transfer.
However, since the spin-orbit coupling is very
weak, the various multipoles given in Eq. (13) may
be recoupled to give the appropriate amplitudes.
Comparison of the magnetic sublevels obtained in
the various approximations with the experimental
data, once it becomes available, should provide a
more sensitive test of the merits of each approxi-
mation.
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