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1 Introduction

A differential/algebraic system may be modeled in the form
(1)

where 55 is singular and % may or may not be singular. Sys-
tems of differential/algebraic equations (DAEs) of this type
arise in connection with power systems [1], singular pertur-
bation theory [2], control theory [3], circuit simulations [4],
robot dynamics [5], and many other applications in the fields of
mechanical and chemical engineering, economics, and physics.
Only recently has concerted effort been put forth to find meth-
ods to numerically solve these systems [3] [4] [6] — [15]. Previ-
ously, systems of DAEs were frequently restated as ODEs, of-
ten with considerable difficulty or by destroying the structure
of the problem (i.e., the resulting variables often no longer
represent physical quantities, or the inherent sparsity of the
system is destroyed) [12], but as DAE systems arise more and
more frequently, it has become necessary to develop numerical
methods for solving these systems distinct from the traditional
methods for ODEs. If %I;— is non-invertible, the system is said
to be of higher index [13]. Difficulties in using ODE methods
for solving DAE systems occur when the systems have index
greater than or equal to two.

Standard circuit simulators use direct methods to discretize
the system by standard stable implicit integration methods.
The direct method may become inefficient for very large, dy-
namic systems. This is because the matrix solution time of the
linear algebraic equations grows super linearly with the size of
the problem, thus swamping all other steps of the integration
method. The direct methods are also inefficient for systems
with states which are varying with considerably different rates.
Direct application of a discretizing integration method forces
all of the states to be discretized identically and with sufficient
fineness such that the fastest changing state can be accurately
reproduced. Ifit were possible to divide the system into several
subsystems, each of which were changing at individual rates,
then it would be possible to integrate each subsystem with the
largest possible time step which would accurately reflect the
behavior of the subsystem.

In addition, if it were possible to divide a higher index sys-
tem into subsystems, many of the subsystems could have a
lower index, making it possible to solve these subsystems with
the usual numerical methods, with little or no additional pre-
cautionary measures, while those of higher index may be inte-
grated using methods specifically tailored for high index sys-
tems.

0=F(3,31)
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One method which overcomes all of the above drawbacks is
the waveform relazation (WR) algorithm. The WR algorithm
was introduced as an iterative method for the numerical inte-
gration of the system of ordinary differential equations over a
finite time interval {16]. It is based on the Gauss—Seidel and
Gauss—Jacobi relaxation methods [17] used for solving large
systems of algebraic equations. In the WR approach, the sys-
tem is broken into subsystems which are solved independently,
with each subsystem using the previous iterate waveforms as
“guesses” about the behavior of the state variables in other sub-
systems. Waveforms are then exchanged between subsystems,
and the subsysteme are then resolved with improved informa-
tion about the other subsystems. This process is repeated until
convergence is achieved. The WR algorithm was first applied
to index one DAEs in [18] for the simulation of VLSI circuits.
This paper endeavors to generalize the WR algorithm to en-
compass a broader spectrum of DAE systems, namely those of
higher-index.

Because the WR algorithm is inherently parallel in nature, it
is well suited for implementation on various parallel processors.

2 The Solvability and Index of a
DAE System '

Although general DAE systems look similar to the standard
ordinary differential equation systems of the form

¥ = f(y,t) (2)

they are in many ways quite different. Some DAE systems
may be solved successfully using numerical techniques which
are commonly used for solving stiff systems of ODEs, but many
present difficulties peculiar to DAE systems. The classical the-
ory of explicit ordinary differential equations assures that state
space models of dynamic systems have unique solutions for con-
tinuous inputs and arbitrary initial values {19]. When DAEs
are used to model dynamic systems, the question of the exis-
tence and uniqueness of solutions is more complex. Depending
on the particular choice of inputs and initial values, the DAE
system may have no solution, a unique solution, or an infinite
number of solutions. A solvable DAE system is one which has a
unique solution for sufficiently differentiable inputs and initial
values which are consistent with the inputs [13].
An important subclass of nonlinear DAEs have the form

i(t) f(z,9,1)
0 g(z,9,t)

.1/(0) = Yo

it

(3)
(4)

where z € R*,y € R™, f: R**™*! - R™ and g: Rrtmtt
R™. For a nonlinear system of this type, a local and global

Il




index can be defined. The local index is the index of the lin-
ear constant coefficient system that results from linearizing a
nonlinear system at a given fixed time. If [gﬁ of (3) is nonsin-
gular, the index of (3) and (4) is defined to be one. An index
two or higher system results when [gﬂ is noninvertible. The
global index is the number of times the nonlinear DAE sys-
tem must be differentiated to obtain a system of ODEs [13].
In summary, the index might be considered to be a measure of
the singularity of the system. In this work, only systems where
the local and global indices are the same are considered. For a
more general discussion, see [8].

3 The WR Algorithm for Sys-
tems of DAEs

The WR algorithm is a means of solving a large system of non-
linear DAEs. The basic method proposed here is to partition
the system into subsystems in which tightly coupled state and
non-state variables are grouped together. In particular, the
system is decomposed into r subsystems as

& (t) = Fi(z,22, -, Zr, 01,92, ¥rt)  31(0) =210 (5)
0 = Gizi,z2,...,%r,y1,¥2, -, ¥r,t)  11(0) = y10 (6)
n(t) = Fr(zi,z2,...,%r,y1,92,.. Urst)  2:(0) = o (7)
0 = Go(z1,%2,.-1Zr, 1,42, .-+, Ur t)  yr(0) = yro (8)

where z; € R™,3: € R™, 37 ni = m,3 0, mi = m,Fi:
R*"x R™"x R — R™,and Gi : R" x R™ x R — R™. The
Gauss-Jacobi WR algorithm for solving (5) through (8) is given
in Algorithm 4.1.

Algorithm 4.1 — The Gauss—Jacobi WR Algorithm.
k«0
Guess some zJ(t) such that ¥71(0) = z;(0). t € [0, T)
Guess some 3 (t) such that y**1(0) = 4:(0). t € [0, T}
repeat { k — k-+ 1.
for each (i € {i,...,7}) solve on [0, 7]

Skl k k+1 k _k k41 k
T; - f‘i(zly"')xi yeen ey Y1y 0 Yy :'-'7y7‘)
_ k k4l k _k k41 k

0 = gi(zly---yzé yea Ty Yy Yy x"')yv-)

} until (Jl2**! — 2¥|| < ez and JJy*t - y*) < ey)

The WR algorithm is iterative in nature, with the previous
iterate waveforms of both differential and algebraic variables
acting as inputs to the subsystem currently being solved.

3.1 The Solvability of the WR Algorithm

for Systems of DAEs

The notion of solvability for DAE systems can be extended to
DAE systems with waveform relaxation applied.

Theorem 3.1 If the system
Ei(t) = Az(t) + BU (9)

1s solvable, then the waveform relazation formulation is solvable
if and only if all the subsystems are solvable.”

There are two important observations to make from this
theorem. The first observation is that this theorem does not
imply convergence of the WR method. It only states that for
a solvable system, given any continuous input vector z®, then

2The proof of this theorem is straightforward, but lengthy and is
omitted for brevity. The proof may be found in {22].
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there exists a unique output vector z***. It does not guaran-
tee anything about the relationship of z* to z**'. The second
observation is that the solvability of the WR method formula-
tion depends on the subsystems chosen. If two possible ways of
partitioning the total system into subsystems are chosen, one
may be solvable while the other is not.

3.2 Convergence of the WR Algorithm
for Index Two Systems

Several problems in engineering and physics result in problems
which have an index of two. Applying the WR algorithm to
index two systems ylelds the canonical form:

f(wk“, wk’u-,k,zk' Zk)

g(wk“,w*‘,u}k,zk,ik)

-k
w*t!

(10)
(11)

where w is possibly different from z. In the remainder of this
section sufficient conditions to guarantee convergence of a WR
algorithm are derived. The conditions are stated for the canon-
ical form of the WR algorithm, but the WR is not necessarily
implemented in its canonical form, i.e. it is not required to
find f and g explicitly.

k
Z-H

Theorem 3.2 Consider a WR algorithm whose iterated equa-
tions can be transformed into the following canonical form:

Bt = f(wk-kl,wkllbkyzk’ék)

k1 Rl k ok _k sk
P +,w,w,z,z)

w*(0) = wo (12)

(13)

g(w
where w € R™,z € R™, and wy € R™. Assume that

1. the canonical differential variables can be expressed in the
form
B = f”(wk+1,wk7wk—l)wk’tbk—l)
2. there exist norms in B™ x R™ Ay > 0, > 0,3 >0, and
1 €[0,1),v2 € [0,1) where v +72 < 1, such that for any
a,b,e,d e a b édée R

[[fabc,de) = f(a,b,e,d,8)|| < Aulla—all+ [|o-b
s lle— &l +
1| d = df| + v2 lle - &)

Then for any initial guesses (w’(t),2°(¢t);¢ €
(0,70, (w'(t), 2" (1)t € [0,T]),w'(t) # w'(1)2°(t) #
z'(t) the sequence {(Li/k“(t),w"“(t),zk“(t);t € [O,T])}:Q_l
generated by the WR algorithm converges uniformly to
(ﬁ/(t),u’}(t),i(t); t € [0, T]) which satisfies

W= f(u, w2, z)

W(0) = wo (14)

(15)

The above theorem® may be generalized to other index systems
as well. For higher index systems, the convergence theorem
follows that of the index two case, except the canonical differ-
ential functions must be m-point contractive with respect to
the time derivative iterates where m is the index of the system.

As an example of a linear index two circuit, consider the
simple two-node example in Figure 1, which is made up of two
capacitors, two resistors, and an independent voltage source.
It is possible to construct the system of differential/algebraic
equations that describes the circuit by using nodal analysis.
This gives rise to the following DAE system:

c -cy 0 Vi g1 0 1 vy
-C; < 4cy o vy = 0 —g2 0 Vy
0 0 o i 1 0 a r

0
+[ o }v(t) (18)
-1

3The proof of this theorem may be found in (23]

i o= g, i, %, 2)




-

g

v(t) C g Cy

—{—lo

,
l

Figure 1: Index Two Floating Capacitor Circuit Example

where 7 is the current through the independent voltage source.
By partitioning the equations such that the variables (V1,1)
and (V) are grouped together, the WRDAE algorithm gener-
ates the following system of equations:

ket Ikt RIS A 17

Vi c, +01[ + V2 (17)
0 = V-t (18)

. —- C .

Tkt g2 Vet L vk 19

Y2 616 Tora (19)

By defining [ = 51:1, the above equations are equivalent to the
following system of equations:

Vk+1 — kL
1 0 0 2 % 0 0 2
0 0 0 Vk+1 — 10 2 1 0 Vk+1
010 fuaks 0 o0 1 et
Ci__ vk
Citez Vl
+ —(t) | (20)
3
‘f{u(t)+V2

which can be transformed into the following canonical form:

. — C, .

yiktl o g2 kL 1 i 21
2 Ci+ G 2 Ci+ Gyt (21)
AR 0) (22)
i — S SO /< )| (23)

Ci +Cq

By substituting the derivative of (22) into (21), the reduced
canonical system becomes

Vzk+L_ —g2 Vk+1+ C,

= ———p(t 24
Ci+C 2 C1+Cgu() (29)

This reduced canonical system satisfies the assumptions of
Theorem 3.2, and the WRDAE algorithm applied to the sys-
tem will converge.

At this point, one final note to this section on the index two
WRDAE method is pointed out. Whether or not the WRDAE
will converge depends very heavily on the manner in which the
original problem is partitioned. A partitioning may result in a
nonconvergent system, or may not be solvable. As an example
of this latter problem, consider again the previous linear index
two example of the floating capacitor. If the system variables
and equations would be partitioned as (V1) and (I, V2), then
the resultant equations from the WRDAE algorithm are

. — 1 .
v = TRy v 25
1 C1 1 + Cl + V3 ( )
0 = Vr-ut) (26)
. - C Lk
hel g2 ‘/k+1 1 Vi 27
Y2 &G Toag @1
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This system is no longer solvable. There is no possible way to
update I**' and I**' = I° for all k. From Theorem 3.1, the
problem is solvable, if and only if each of the subsystems yields
a solvable system of equations. Clearly, the second subsystem
is nonsolvable.

This concludes the presentation of the waveform relaxation
algorithm for systems of differential/algebraic equations. The
theorems presented give conditions under which the WR algo-
rithm generates a set of solvable equations, and the properties
these equations must have to converge to the solution of the
original system of equations.

4 The Discretized WR Method
for DAEs

Interconnected dynamic systems are often modeled in DAE
form. One traditional approach to solving large scale systems
has been to replace the full system model with a reduced order
state space model. These reduction processes destroy the nat-
ural physical structure and sparsity of the full order system.
Thus numerical solution algorithms, which make effective use
of structure and sparsity for efficiency, perform poorly on the
reduced order system even though this system is still quite
large. Thus it is desirable to be able to solve the systems in
their original DAE form. The most promising approach to
solving a DAE system numerically is the direct application
of implicit ordinary differential equation methods to the DAE
system.

The approach of applying ODE methods to discretize and
numerically integrate a DAE system was first introduced by
Gear [8], and consists of replacing Z(t) by a k-step backwards
difference formula (BDF) approximation,

k

B - LS

z(t) = b = B 4 > QAiTri
1=

and then solving the resulting equations for approximations to
Z, and Yn.

A major advantage of the WR algorithm is that the differ-
ential/algebraic equations are solved in a decomposed manner.
This implies that if discretization methods are used to solve
the independent sets of equations, the time steps for each sub-
system can be selected relatively independently. This leads
naturally to three questions: Does the waveform relaxation
process still converge? If it does converge, does the resulting
multirate integration method possess the stability properties
of the integration method used for the decomposed systems?
Can the various time steps be chosen independently?

(28)

4.1 The Uniform Time Step Case

As an example of a situation where the WR convergence de-
pends on discretization, consider WR applied to the following
linear index two test system with partitioning {z1,%}, {22}

£y = ~bzy +y+0.1z (29)
0 = =z +Azy (30)
Lo = T, — A3 (31)

This system is solvable and stable for all Ay, A2 > 0. Therefore,
if each equation in the system is discretized identically (this is
known as a uniform time step), the discretized equations under
backward-Euler become

(L4 5h)zfth, —hytll = 01hzhag +2th (32)
‘C,le,tzlﬂ = 'Alz;,nﬂ (33)
(1+ Aah)ebtl, = hefap +eph! (34)




k=1 k=2 k=3 k=14
A3 L3N T3 L1 T B3 DY By T2
0.00 ~1.000 G.100 ~1.000 0.100 ~1.000 0.100 “1.000 0.100
0.01 -1.000 0.089 -0.896 0.089 -0.896 0.091 -0.906 0.091
0.02 -1.000 0.079 -0.792 0.079 ~0.792 0.082 -0.823 0.082
0.03 -1.000 0.069 -0.688 0.068 -0.688 0.075 -0.750 0.075
0.04 -1.000 0.058 -0.585 0.058 -0.585 0.069 -0.688 0.069
0.08 -1.000 0.048 -0.483 0.048 -0.483 0.064 -0.637 0.064

Table 1: Successive Iterates for the Linear Index Two Test
System

where b =t — tn.

The waveforms for the Gauss-Jacobi WR algorithm exhibit
a strange behavior when discretization is applied to DAE sys-
tems of index greater than or equal to two. The iterates for
all variables do not change at every iteratior as they might in
the WR applied to ODEs, but for an index two case, they only
change every other iteration. The first few iterations of z; and
z, for b = 0.01 of the previous example are given in Table 1,
with a “flat start” initial condition.? From Table 1, note that
z; is updated in iterations 2 and 4, whereas z» is updated in
iterations 1 and 3.

An examination of the discretized equations for the example
clarifies why this phenomenon occurs. After discretization by
backward-Euler, the discrete variables may be rearranged to
yield

tft:)rl = "’\11:;@-{—1 (35)
145h 1

i = = (004n (F52) aban - 2ot 6)

A h & 1 k41

zathy = TTogh%tm t T35 %2 (37)

Thus zft{u can be equivalently expressed as

h - 1
= oh (et )

and similarly

1 B+l

3
R+l
T4 AR52m

Ty mi1 = T r ok (-/\ng;fﬂ) +
Note the dependence of the (k + 1)** iterate on the (k — 1)**
iterate. Thus each of these variables is only updated every
other iteration, and the “middle” iteration is redundant. This
dependency is not unexpected in light of Convergence Theorem
3.2 which states that an index two system may give rise to this
type of “nested” iterations.

If the system were discretized and relaxation methods were
used to solve for zn41 and yn41, that is, if the system were
solved by “algebraic relaxation,” then this system will converge
if the eigenvalues of the relaxation matrix lie within the unit
circle in the complex plane. For the algebraic relaxation this
leads to the following allowable values of A:

1

h -
RS VW

At > A2 20

The WR iterates given above will converge to the discretized
solution if

Arh
1520k ©
or equivalently
he 1
Al — /\2

This is identical to the time step bounds given by the alge-
braic relaxation method. The upper bounds on the time steps
for which the uniform time step discretized WR algorithm will

*A “flat start” initial condition is one in which: z(t)=zo YVt E

[0,7].
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converge are very similar to the constraints on the time steps
for which the algebraic relaxation algorithm applied to a dis-
cretized numerical integration scheme will converge. In fact, in
the linear case they are closely related as was shown in the pre-
vious example. A comparison theorem between the WR and
the algebraic relaxation method is presented below.

Theorem 4.1 Let a k-step backwards difference formula be
applied to the linear DAE system of the form

Ey(t) = Ay(t)
where E, A € R™*™, and E has the form

¥(0) = 9o

E = diag{Ei}

1=1,...,7
where

Ei:[lg* g] Zni=n; n<m (38)

1
and y(t) € R™. Assume that the Gauss-Jacobi (or Gauss-
Seidel) algebraic relazation algorithm is used to solve the linear
algebraic equations generated by the BDF. Given a sequence of
time steps {hm} where each h, 15 chosen such that the dis-
cretized DAE is hm solvable, the Gauss—Jacobi (Gauss—Seidel)
relazation algorithm will converge at every step, for any ini-
tial guess, if and only if the WR algorithm, discretized with the
same sequence of time steps and with the same BDF, converges
for any initial guess.

This theorem may be generalized to the nonlinear WR al-
gorithm if it is assumed that the initial guess may by chosen
arbitrarily close to the exact solution. This requirement is
necessary because of the constraints imposed by the Newton’s
method on the initial guess.

4.2 The Multirate WRDAE Convergence
Theorem

When different time steps are chosen by the individual subsys-

tems, the computation of values at a time step of one subsystem

may require a value of another subsystem which was not ex-

plicitly computed, due to differing time steps. This value must

then be interpolated. If this interpolation is not performed

carefully, the convergence of the algorithm may be destroyed.
The following DAE system

(t) = f(z,y,t) z(0)==zo
0 = g(z,9,1)
becomes
:.Ei-Hd = fi(x{,...,a:g+1,.‘.,zfl,y{,...,y{“,...,y{;,t)(39)
0 = g,‘(:r:'li,..,,:z:';-"+l,...,zz,yf,‘..,y'j+1,..,,y,1.‘,t)(40)

fori=1,...,7, when the Gauss-Jacobi WRDAE algorithm is
applied. If a k~step BDF is used to numerically solve (39)-(40),
the iteration equations for the i;, subsystem become

k-1
0 = iz+1(7mi)“Za!£g+l(7'm,;—6)_
£=1
Bam bt o8 (T )y oen 83T (T )y oons 82 (7oms ),
9 (T )y oo 834 (T )y o (7)) (41)
0 = gil#(me) o B (i) e B (7)),
8 (7 )s oo 81 (T )y s B (7)) (42)

If the r subsystems are solved independently, then A, may not
be the same as hm,, hm,, or any of the other (r — 1) possible



-

time steps for the remaining subsystems. Thus, the values
of #](7m;), 5(Tm, ), .., may not be available and have to be
tnterpolated from the existing values.

The most common type of interpolation is linear interpola-
tion, where the unknown value is taken to be on a line connect-
ing the immediately greater and lesser values. For example, if
#(7n-1) and £(7,) are known, then #(7) is approximated by

() = (—%~) (8() = $(rn1)) + ()

where 741 < 7 < 75 If linear interpolation is used to approx-
imate the unknown values, the multirate discretized WRDAE
algorithm will converge. This statement is formalized in the
following theorem.

Theorem 4.2 If linear interpolation is used to approrimate
the unknown variable values for nonconcurrent time steps, then
there exzists a collection of time steps hio > 0,i = {1,...,n},
such that if 0 < h; < hio for alli, then the multirate fired—time
step discretized WRDAE algorithm converges with respect to
the interpolated sequences.

These theorems imply that the discretized WRDAE algorithms
will converge only if the “underlying” discretized equations will
converge. When a DAE system of index m is divided into sub-
systems, not all of the subsystems may have index m; some may
have index less than m. This implies that different restrictions
may apply in discretizing the various subsystems. A subsystem
having an index of three must be discretized by a constant step
size BDF of order < 6 [13] whereas a subsystem of index two or
less may be discretized by a variable-step variable-order BDF
[9]. This is an additional advantage of the WRDAE method.
Those subsystems which are of low index may be integrated
with traditional numerical methods with little or no additional
precautionary measures, while those of higher index may be
integrated using methods tailored for high-index systems.

5 Conclusions

This paper presents an extension of the waveform relaxation
algorithm to systems of differential/algebraic equations. Al-
though this type of application has been explored earlier in
relation to VLSI circuits, the algorithm has not been general-
ized to include the vast array of DAE system structures. This
paper establishes the solvability and convergence requirements
of the waveform relaxation algorithm for higher—index systems.

Many systems in robotics and control applications are mod-
eled with DAE systems having an index greater than two.
Computer simulation of these systems has been hampered
by numerical integration methods which perform poorly and
must be explicitly tailored to the system. The WR algorithm
presents a means by which these systems may be more effi-
ciently simulated by breaking them into weakly coupled sub-
systems, many of which will no longer retain the limiting high-
index properties.

Appendix — Proof of Theorems

Proof of Theorem 4.1 Applying a k-step BDF to the linear
time invariant DAE system

Ei(t) = Az(t) (43)

yields

k
EY  aitn-i = hnAbs (44)

i=0
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which may be written

&
E (aoin + Z (x,':'é,,_i) = hmAiﬂ (45)
i=1
By the assumption of consistency, ap = 1, thus
k
Bin=hmAin— By aifni (46)
i=1

Note that by assumption F is a block diagonal matrix where
E = diag {F;} and E; is as defined in (38). Let A= M4— N4
where M4 = diag{A;} such that A; is of the same dimension as
E; and N4y = —(A—~M,) is an off-block diagonal matrix. Using
this notation, the Gauss—-Jacobi relaxation iteration applied to
solving (46) for &, is

k
BE" = b Mgt — hNah — B oifni  (47)

i=1

Subtracting the ;%" iterate from the (j + 1)°* iterate yields

E6M = hpn MAS T = hn N a8 (48)
where §7%% = §it! _ 33 This is equivalently

(B = b My) 6t = —hn N 48 (49)
or

7 = ki (B = A Ma) ™ Na&

where (E — hmMa) is invertible by the assumption of solv-
ability for Am. This will converge at the m'" time point
for any initial guess if and only if all of the eigenvalues of
Bom (E — hmMa)~" N4 lie within the unit circle in the the com-
plex plane. Using the Gauss-Jacobi WR to solve (43) yields
B&i (1) = Mac? ' (t) — Nazi(t) (50)

Applying a BDF to discretize (50) gives
k
E (ﬁiﬁ‘ +3. a;izf_ﬁ) = hmMagl't — hmNagl  (51)
i=1

which by consistency is equivalently

k
(B~ b Ma) & = —hmNadh - B et}

i=1

(52)

Subtracting iterates:

k
(B~ hmMa)§* = ~hmN48 — B aibl?

i=1

(53)

To show that the discretized WR algorithm will converge only
if the algebraic relaxation converges, let h; be a time step for
which E ~ h; M4 is invertible, but for which at least one eigen-

value of
Ri(E ~hiMa)"" Nay (54)

does not lie within the unit circle in the complex plane. Assume
an initial guess such that the first [ -1 time points are the exact
solution to the discretized problem. Then

k
i=1

and (53) is equivalent to (49) and is not convergent. This
proves that if the discretized WR iterates converge for any

(5)




initial guess then the algebraic relaxation iterates must also
converge for any initial guess as well.

To prove that if the algebraic relaxation algorithm converges,
then the WR algorithm must converge for any initial guess,
assume that the theorem holds for all m < I. Then §/_, — 0
as j — 00, and (53) approaches (49). Since it is assumed that
the WR iterates converge, this implies that the eigenvalues of
(54) are less than one, and the algebraic relaxation iterates
converge at the I** time step. Note that (49) is identical to
(53) for m =1 from which the proof follows by induction. O

Proof of Theorem 4.2 The proof of this theorem parallels a
similar proof in [16] for ODEs. For an index two DAE system,
the multirate discretized WRDAE differential canonical system
is a two-point contraction in a S-norm. This result is used
to prove convergence, and may be generalized to other index
systems provided the contraction assumptions are generalized
as well. O
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