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Neuro Emission Controller for Minimizing Cyclic Dispersion in Spark Ignition Engines'

Pingan He and S. Jagannathan
Department of Electrical and Computer Engineering,
The University of Misscuri —Rolla, 1870 Miner Circle
Rolla, Missouri 65409.

Abstrgct: A novel neural network (NN) controller is
developed to control Spark Ignition (SI) engines at
extreme lean conditions. The purpose of neurocontroller is
to reduce the eyclic dispersion at lean operation even when
the engine dynamics are unknown. The stability analysis
of the closed-loop control system is given and the
boundedness of all the signals is ensured. Resuits
demonstrate  that the cyclic dispersion is reduced
significantly using the proposed controller. The neuro
controller can also be extended to minimize engine
emissions with high EGR levels, where similar complex
cyclic dynamics are observed. Further, the proposed
approach can be applied to control nonlinear systems that
have a similar structure as that of the engine dynamics.

L. INTRODUCTION

Today's auwtomobiles utilize sophisticated
microprocessor-based engine conirol system to meet
stringent Federal regulations governing fuel economy and
the emission of carbon monoxide {CO), oxides of nitrogen
(NO,) and hydrocarbons (HC}. The control efforts are
tailored to decrease the total amount of emissions and to
minimize the fuel consumption. To address these two
requirements, lean combustion control! technology receives
increased preference [7]. The major difficulty of lean
enging operatien is cyclic dispersion [4] of heat release,
which causes significant performance deterioration.

Inoue et al. [7] designed a lean combustion engine
control system using a combustion pressure sensor.
However, pressure sensors are expensive and not reliable.
Davis et al. [2] developed a feedback control approach to
reduce the cyclic dispersion at lean conditions, However,
only the fuel system is controlled and the air system is not.
Consequently, significant cyclic dispersion is still left. He
et al. [6] proposed a nonlinear backstepping controller to
keep a stable operation of the SI engine at lean conditions
by altering the fuel intake (control variable) based on the
air intake. All of these methods require the precise
mathematical model of the cyclic dispersion and engine
dynamics. Moreover, the cyclic dispersion process is
sensitive to the variations in the delivery of air and fuel
into the cylinder, the fluid dynamics effects during engine
intake, residual gas fraction, which are typically uncertain.
Differences between model and real engine dynamics
could jeopardize the controller performance.

! Research supported in part by a NSF grant ECS #0296191.
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In this paper, a direct adaptive NN controller is
proposed for stable operation of the SI engine at extreme
lean conditions. A nonlinear system of the form
x (ke +1)= £,(x (k) e, (k) g (x (&), x; (6)x (k) + 4 (k)
x, (k +1)= £, (x,(k), x; (k) + g, (x, (), %, (& )eelk} + (k) (see
Section 3.1) can be used to describe the engine dynamics
at lean operation, where f(x (k) x,(k)), g (x (k) (k)
fo{x (), x, (k) and g, (x,(k), x,(k)) are unknown nonlinear
functions. The control objective is to reduce the cyclic
dispersion in heat release by minimizing variations in
equivalence ratio (g;(k): lxz(k), where R is a constant).

R x (k)
Controlling such a class of non strict feedback nonlinear
systems i extremely difficult because the control input
cannot directly influence both the states x, (k) and x,(k).

Moreover, unlike standard backstepping control scheme
[5], the objective here is to show the boundedness of both
the states close to their respective targets so that the actual
equivalence ratio is close to its target and bounded tightly,
then the cyclic dispersion can be reduced significantly.

Two NNs are employed to leam the unknown
nonlinear dypnamics since the vesidual gas and combustion
efficiency are unknown. Backstepping approach is utilized
to design the control input (injected fuel) to the total fuel
system. The total fuel is then treated as the virtual control
signal to the air systen so that both the states are bounded
tightly to their respective targets. Consequently, the
equivalence ralio error can be bounded tightly and its
variations are minimized. As 2 result, the cyclic dispersion
is reduced and the engine is stable. The stability analysis
of the closed-loop control system is given and the
boundedness of the closed-loop signals is shown.

The proposed NN controller design is even applicable
to a class of nonlinear systems that have a similar structure
as that of the engine dynamics. Compared with standard
backstepping schemes [5], our approach is not limited to
the control of strict feedback nonlinear systems since the
engine dynamics during lean operation are only expressed
as non-strict feedback nonlinear system.

The paper is organized as follows. Section 2 discusses
background on neural network, and engine dynamics at
lean conditions. The proposed NN controller is presented
in Section 3. Section 4 describes the simulations and
Section 5 carries the conclusions.



I1. BACKGROUND
2.1 Properties of the NN Systems

A general function f{x)e
using the two-layer neural network as
sotn=-wTo 7o (s(6))+ 0) M
where W and V are constant weights and
qol(VT(k)(al(x(k)l @, (x{k)) denote the vectors of activation
functions at the instant k, with E(k) an NN functional
reconstruction error vector. The net output is defined as
Fotn =To, o () l) @
From now on ¢ (x(k)) is denoted as ¢ (k) and

@, (V7@ (x(k)))is denoted as @, (k). It is well known [1]

that if the inputs to the hidden layer weights are selected at
random and held constant, ¢(k) forms a basis, then any

cb) can be approximated

smooth nonlinear function can be approximated to a
sufficient degree.

2.2 Single Cylinder Combustion Model

Daw et al. [4] developed a mathematical representation,
which has a striking resemblance to experimental data, to
investigate nonlinear cycle dynamics in SI engines under
lean conditions. The engine model is expressed as

a(k+1)=F(k)x[a(k)—%xCE(k)xm(k)]+(1—F(Ic))x(AF)+ ey
nkke+1) =mp{ 1-CER) <P H{1-Flkpd MP-SMER)+ k), (4)

CE +, . 5
CE(}'{}: 1 m(lza;x o, = @, : @, (5)
1+ 100{- e e

where m¢%) is the mass of fuel before kth burn, a(k) is the
mass of air before kth burn, & MF(k) is the small changes
in mass of fresh fuel per cycle, MF is the mass of fresh
fuel per cycle, AF is the mass of fresh air fed per cycle, F
is the fraction of cylinder gas remaining, R is the
stoichiometric air- fuel ratio, ~14.6, CE(k) is the

combustion efficiency, @, ,¢,,@, are system parameters,

and d,(k) and d;(k) are unknown but bounded

disturbances. From the above equations, it is clear that the
dynamics are highly nonlinear with combustion efficiency
and residual gas fraction being unknown.

III. NN CONTROLLER DESIGN

The overall goal is to minimize the cyclic dispersion,
ie., t0 minimize the heat release variations at lean
conditions, without needing to know its dynamics. The
heat release, Q(k)=m(k)x CE(k), is proportional to the

mass of the fuel bumnt and the combustion efficiency.
From (5), the CEfk) is a function of equivalence ratio
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( (k) 1 m( )) alone. So, to reduce the heat release
R alk)

variations and to keep a constant mass of the fuel injected

m(k}, the equivalence ratio variations must be decreased.

In other words, the objective is to attain, a constant m(k),

and to reduce the variations in qa(k) This objective is

accomplished by driving the mass of total fuel and air
approach close to their respective targets simultaneously.

Here a NN backstepping type approach is employed to
design the controller. A virtual control signal is designed
to control the air intake system and the actual control input
is selected to control the fuel intake system. When both
the total fuel and air are tightly controlled, the equivalence
ratio and the heat release variations are reduced, the engine
dynamics i1s kept stable and the engine can operate
smoothly at lean conditions.

3.1 Controller Design

Since it is difficult to force both the states to approach
their respective targets in the presence of disturbances and
uncertainties, the control objective is accomplished when

the two states x (k) and X, (k) are bounded close (tightly)

and X,,, where x,(k) and

to their respective targets X, 34

X, (k) represent respectively, before kth burn, as

x, (k) =a(k), ®)
x, (k) = m(k), @)
Step 1: State space model of the system
Let us denote :
8 MF(k)=ulk). (8)

Substituting (6), (7) and (8) in (3), (4) and (5) results in
5k +1)= Fl)xx, (k) + (= F{k)px AP ~(F(k)! R)x CE(k}x x,(k)+ d,(k)(9)
x,(k +1)= F(k)x (1 - CE(k))x x, (k) + (1 ~ F{k))x MF

+(1= Flkxulk)+ dylk) (10
and
(k)= CE,“n = @, +@ an
By assigning
Ak x (k)= Fll)xx (k) + (1~ F(R))x 4F,  (12)
g.(u (k) x, (k)= ~(FlkY R)x CE(K),  13)

Sl (k) = Fle)x (1= CE(k)x (k) + (1 - F ()< mF , (14)
&,n k) x, (k) =1-F(k). (15)
Then the nonlinear dynamics are expressed in the non
strict feedback form

x (4 0)= £, (k) 0y (6))+ g (x, (), x, (), () 4, (k) (16)

x, (k +1)= £, (k) x, () + g5 (x, (k) x, (e elie) + 3 (k). (17)
or in compact form

x(k+1)= £(K)+ g, (k) (k)+di(k), (B

xz(k+1)=fz(k)+gz(k)”(k)+d;(k)' (19)



where fi(k)= £i(x (k) x, (k). £,(k)= g5, (k). 5, (k).
fz( ) fz(xt( ) ( )) and gz(k) gZ(xl(k) xz( ))

Since the residual gas fraction F¢k) and combustion
efficiency CE(k} are typically not known beforehand,

hence f;(k), g,(k), /,{k), and g,(k) are unknown. Here,
NNs are employed to approximate these nonlinear
functions. Further, existing controller designs, for strict
feedback nenlinear systems encounter singularity problem
whereas the proposed design overcomes this issue.
Step 2: Virtual controller design.

In this step, a virtual controller is presented to bound

X, (k) close to its target X, which is selected carefully
for the lean operation. The following is needed to proceed.
Assumption 1: Since g, (k), i=1,2 are smooth
functions, they are bounded within some compact set,
whose bounds are g,,, > |g,(k)>0 andg,, >|g,(k)>0,

respectively.
Define the error between actual and desired air as

e {k)=x(k)- X, (20)
where X, is the desired constant value of the mass of the
air. Hence (20) is rewritten as

el(k +1) =xt(k+1)_Xu = j;(k)"' gl(k)xz(k)_Xu + dl\(k) (21)
By viewing X, (k) as a virtual control input to (21) there
exists a desired virtual control input given by

1
‘xzd(k)zzgl(_k)('ﬁ(k)*Xm)"'k'.e\(k)'

where &, is a design constant, such that the error, €, (k )_,
is bounded.

Since f (k) and g, (k) are unknown smooth functions,
the deswed feedback control X, (k) cannot be

implemented in practice.. From {22), it can be seen that the
unknown part (/g (k))f- ,{k)+ X,,) is a smooth

function of xl(k), xz(k), and x,, . By utilizing NN,

(22)

%,;(k) can be expressed as
% k)= wl ()p(k)+ &, (k) + ke (k). @
where w, (k) denotes the matrix of constant weights, and
& (k) is the NN approximation error. Now, choosing the
virtual control input, X, (k ) , as
Sou k)= 0 (K)plk)+ ke(k) @9
where v (1) is the matrix of actual weights, t,’if’(k ) is the

vector of activation function for the first NN.
Let the error in weights during estimation be

(k) = 3, (k) = w (k). (25)

Define the system error between x, (k) and %, (k) as
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ez(k)=xz(k)—izd(k)' (26)

Equation (21) becomes
et(k+1)=fl(k)+g|(k)(ez( )+£2d( )) (k)’
= gi(k)ke k) + e, lk)+ (k) + (k))-

(27)
where
¢\(k)= 97 (k)plk). (28)
and
dl(k)=d{(k)/gl(k)_gl(k)‘ 29 -

Step 3: Design of the control input ufk}

In the following procedure, the actual control input u{%)
is designed to bound x, (k) close to its target X, . Writing
the error in the total mass of the fuel in the cylinder from
(19) as
ek +1}=x,(k+1)-%,,(k+1)

= folk)+ gy (kpuk) - %, (k4 1)+ (k). G0)
Similarly, choosing the desired control input by using
the second NN to approximate the unknown dynamics as

“d(k) (l/gz( ))( ( )+x2d(k+l))+kez(k)

=w] (k)o(k )+52(k)+kzez(k)' G
where w,{k)} represent the target weights, &'(k) denotes
the activation function vector for the second NN, The
actual control input is selected as

ulk) =W, (k)a(k)+ ke, (k). (32)
where 1}, (k) represent the actual weights for the second
NN. '
Substituting (32) and (31) into (30) yields

ek +1)= g, (kfkoe, (k)+ £, (K)+ dyfK)).  33)
where
Gk} =] (k)olk), (34)
and .
a’z(k)=d'2(k)/g2(k)—ez(k). (35)

Equation (27) and (33) represent the closed-loop error
system. The structure of proposed controller is shown on
Figure 1. In order to prove the stability of the closed loop
system, suitable NN weight are presented next.

ﬁﬂ+ﬂ

[
Sy

Fig. 3: Neuro emission controller structure,



3.2 Nonlinear Stability Analysis
It is required to show the errors ¢ {k)and ez(k) and

the NN weights (k) and 1%, (k) are bounded in order
to ensure that the cyclic dispersion is reduced. First, we
present bounds on the ideal weights and activation
functions. Second, a | discrete-time weight tuning
algorithms is given so that closed-locp stability is inferred.
Assumption 2: Both the ideal weights and the activation
functions for all NNs are bounded by known positive

values so that
‘¢()I < Tax

“wrl” S “’lmax ?
and "O’(m 20, (36)

Theorem 3.1: Consider the system given by equations
(18) and (19). Assume that the Assumption 1 and 2 hold.
Let the disturbance and NN approximation errors be
bounded. Take the first NN weight tuning be

Bl +1)= ) ik Yo7 (k)oK 1+ ki (0). 67
with the second NN weight tuning be provided by
ﬁ’z(k + 1) =W, (k)—%g-c)'(k)(ﬁ/; (k)l_'f(k)+ kzez(k))' (38)

2

WZ " S w2max :

where @, @, k;, and k, are design parameters. The
error ¢,(k) and e,(k), the NN weights estimates, W, (k)
and ﬁ/z(k) are bounded, with the bounds specifically

given by (A.8) through (A.11) provide the design
parameters are selected as:

W o<ael) <t (39
@ 0 <a,fo() <k, 40)
@ 0 <) <1/(V12gy ), (41)
@o<t, <1+ v el Weg,) @

Moreover, the equivalence ratio error is bounded and the
actua} equivalence ratio is bounded.

Proof: See Appendix.

Remark 1: Controller singularity problem ($(.)— 0) that
is commonly noticed in other works is avoided.

Remark 2: It is important to note that in this theorem there
is no certainty equivalence (CE) assurption or the need
for persistency of excitation condition.

Remark 3: Our control scheme requires the need for the
measurement of the total mass of the fuel, x, (k) and the
air, x,(k). There are several sensors (oxygen sensor and
Universal Exhaust Gas Oxygen (UEGO) sensor) available
to measure the equivalence ratio of the exhaust. For
details see [3]. The information available from an air
intake sensor is the mass of the new air. The mass of the
new fuel injected is also available. Using this information
and by performing certain experiments on an engine, one
can infer the values of x, (k) and x, (k)
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IV. SIMULATION

The purpose of simulation is to verify that the cyclic
dispersion of a 51 engine using the proposed closed-loop
controller is indeed small at very lean operation conditions.
The simulation parameters are selected as the following:
1000 cycles are considered at equivalence ratio of 0.71
with R =14.6, F = 0.14, mass of new air = 1.0, the standard
deviation of mass of new fuel is 0.007,
¢, = 0.685, ¢, =0.665, the desired mass of air is taken

as X, =0.9058 and the desired mass of fuel is calculated
as X,, = Rx0.71x X,, =9.3895. A 5% unknown noise is

added to the residual gas fraction as a way to emulate
stochastic perturbation. The gains of controllers are

selected as k; = k, = 0.1, respectively. Both NNs, NN1

W ¢(k) and NN2 #[o(k) are configured to possess 15
nodes in the hidden layer. For weight updating, the
learning rate is selected as ¢, = 0.01 and, =0.001. The

inputs to the NNs, NN1 w7 (k) and NN2 W] o (k) are

taken as [x, (k), X, (k), X, d]r and [xl (k), x, (k) W, (k), ) (k)]
respectively. The initial weights are selecled uniformly
within an interval of [0, 1] and all the activation functions
are selected as hyperbolic tangent sigmoid functions. The
NN weights are initialized at random.

The cyclic dispersion observed at a lean equivalence
ratio of (.71 is presented in Figure 2 when no control
scheme is employed. It is clear that without any control,
the engine is unstable due to unacceptable amount of
dispersion. Figure 3 illustrates that the performance of the
NN controller where the heat release appears to exhibit
some dispersion. The dispersion is small and bounded and
may be tolerable. Figure 4 shows that the error between
actual and desited equivalence ratio is bounded with the
NN controller. For comparison, PD controller alone is
used with the same simulation parameters and from Figure
5, it is clear that the unacceptable amount of dispersion
still exists.

Equivalence ratis = 0.7 without control

A ay
DRI L e

e

Heat Rglaase(k+1)
th

o ' L ) L ) L L

Heal Release(k}

. 2: Cyclic dispersion without control.



Equivalence ratio = 0.71 with NN controller

Hest Releasek+1)
o

o ! L 3 P L I R
0 1 2 3 4 5 3 7 ;] 9 10
Heat Relesse(k)

Fig. 3: Heat release with NN controller.

The ermor between actual and desired Egivalence ratio
G1

OLWWWMWMM
Q1f
02
Q3F 1
04
as} |
0BF '|
07

@6 A0 X0 M0 50 &n 0 60 9m 1w
Fig. 4: Error in equivalence ratio.

Equivalence ratio = 0.71 with PD cantroller alone

Heat Releasa(k+1)
o

Heal Release(k)

Fig. 5: Heat release with PD controller alore.
V. CONCLUSION

A novel NN controller scheme is presented to reduce
the cyclic dispersion in engine combustion at lean
conditions. The proposed control scheme utilizes both NN
approximation property and the backstepping approach for
maintaining certain air to fuel ratio by altering the fuel
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injected into the cylinder as the control input. The stability
analysis of the closed-loop control system was proven and
the boundedness of the closed-loop signals was shown.
Results show that the performance of the proposed
controller is highly satisfactory while meeting the closed
loop stability eventhough the dynamics are not known
beforehand. Since the dynamics of an engine with high
EGR levels exhibits similar behavior as that of a lean
operation, the proposed controller can be easily extended
to EGR operation to achieve further reduction in
emissions.

REFERENCE

I. A. R. Barron, “Universal approximation bounds for
superposition of a sigmoidal function”, IEEE
Transaction Information Theory, vol. 39, no. 3, pp.
930-945, 1993,

2. Jr. Davis, C. S. Daw, L. A. Feldkamp, J. W. Hoard, F.
Yuan and T. Connolly, "Methed of controlling cyclic
variation engine combustion”, U.S. Patent, 5,921,221,
1999.

3. D. E. Davison, S. I. Comelius, N, Collings and K.
Glover, “Observations of trans-stoichiometric AFR
spikes in UEGO sensors”, SAE, 2000-01-2837.

4. C.S8. Daw, C. E. A. Finney, M. B. Kennel and F. T.
Connolly, "Observing and meoedeling nonlinear
dynamics in an internal combustion engine”, Phys.
Rev. E, vol 57, no 3, pp.2811 - 2819.

5. 5.5. Ge and Cong Wang, “Direct adaptive NN control
of a class of nonlinear systems”, IEEE Transactions
on Neural networks, Voll3, No. 1, Jan., 2002.

6. P. He and S. Jagannthan, “Lean combustion stability
of spark ignition engines using backstepping scheme”,
Proc. of the IEEE Conference on Control
Applications, to appear, 2003.

7. T. Inoue, S. Matsushita, K, Nakanishi, and H, Okano,
"Toyota lean combustion system-The third generation
system," Society of Automotive Engineers, New
York, NY, SAE Technical Paper series, Pub, 930873,
1993.

8. R. M. Wagner, “Identification and characterization of
complex dynamic structure in spark ignition engines™,
Ph. D Dissertation, Univ. Missouri — Rolla, Dept.
Mechanical Eng., 1999.

APPENDIX
Proof of Theorem 3.1: Define the Lyapunov function
candidate

J(k): e]2 (k)/4g12M +ezz(k)/3k2g22M +

(lgal Y] (i, (k) + (1 00, ) (R ), (k) (A1)
whose first difference is
AJ(k)=AJ (k) + AT (k) + AT (k) + AJ (k) (A2)

The first difference a7 (k) is obtained using (27)
A, (k)= /g2, e (b Nk, (6) + , (k) + £, (k) + d, (R)F - (1))



< (k7 - 1/agl, Jet(k)+e2 (k) + L2 (k) + d2(k) (a3)
Now taking the second term in the first difference (A.1)

and substituting (33} into it
A, (k) = (l/3k2g§M ﬁgz(kxkzez (k)"' gz(k)“" dz(k)))z - e;(k))

<(/k, i /382, 2 (k) + £3 (k) ey + 3 (k) ke A9y
Taking the third term in (A.1) and substituting the weights
updates from (37) and simplifying to get

A, (k)= (2 - ng” (€))7 (k)
= 21-a,8" (k) )] 9(ic)+ ke, (k) (k)

+ " () X 9(k) + ke (K )F (A.5)
Taking the forth term in (A.1) and substituting the weights
updates from (38) and simplifying to get

W)=~ 227 o) 360
-2 1- 2207 W) Lot s
+—cr (K)o (k Ywl o (k) + kyey (k)

Combinmg (A.3), (A4), (A.5) and (A.6) to get the first
difference and simplifying to get
AJ = (3er _1/4312Mk12 (k)+

+(\/k, Y3k2 + &, ~1/3g2, Je2 (k)
—(1- e (Edp(eNE (k) + w9 k)+kel(k))z
—(w«z{ o (ol )]( )+ wIalk)+ ke (o))

+ dlz(k)+ d2 (k)/kz + 2wl max ¢max + w22maxo.:1&x /kz (A7)
This implies that AJ <0 as long as (39) through (42)

(A.6)

hold and
e (k)= (A.8)
(k]2 Ji- 121‘:2 2
or
3k, g0 D
le, (k) = d (A9)
‘\/ﬁ_yczgzzM 9k2g2M)
or
D D, (A.10)
Kb ) Fomiar,
or
kD,
||;2 1 k 0!2“0' 1| Imaxo-max
3ky k28204 Dy (A.11)
\/ry‘zgzu 9kzgm)
where

D}, = d} (k) + a3 (k) by + 20 e G + WO [y (A-12)
According to a standard Lyapunov extension theorem, this
demonstrates that the system errors and the errors in
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weight estimates are bounded. The boundedness of
||é’l ] and ||§2( m implies that ||, (k}‘ and “WZ (km are
bounded, or equivalently the weight estimates w, (k) and
W, (k ) are bounded.

From (A.8) and (A.9), ¢, (k) and e, (k) are bounded.
Using (20) and (30), x, (k) and X, (k) are bounded Lo
X,; and X, (k) , respectively. However, to minimize
equivalence ratio variations, X, (k ) and X, (k ) have to be
bounded tightly to their respective targets X, and X, .
Then the equivalent ratio will be close to its target
(g,=L%u), and the combustion efficiency CE(k) is

RX,,
held

constant. Consequently, heat release
k) = x,(k)x CE(k), will be bounded and its variations are

reduced provided the error bounds are small and tight.
Since the error bounds are a function of the design

parameters k,, k,, ¢, and ¢, , by suitably selecting these,
the equivalence variations can be reduced.
So far, it has been shown that X, (k ) is bounded close

toX,, and x, (k) is bounded close to %,,{k). In order
to prove X, (k ) is bounded close to X',,, the difference
between %, (k) and x,, (%} has to be considered as

Faalk)- w2 (b)= (3 6)- m k) 0lk)- &, (k)= ¢, (k)& ) (A 14)
Since ¢ (k) and (k) are bounded, %,, (k) is bounded
close to X, (k) Since ez(k) is bounded, and x, (k) is
bounded close to X, ; (k) ,and X, (k) is bounded close to
x,,(k), it can be concluded that x, (k) is bounded close
to Xx,, (k).

following equation

1
X4 (k)= m’j(‘“f](k)"'Xu )+kle1 (k)

=X, +0(k)= Rxg,x X, +5(k)
where J(k) 1s a small and known bounded value and

By suitably selecting X, according the

(A. 15)

xzd(k) is forced to be close to X,, at stcady state,
Then, it follows that x, (k) is bounded close to X, , .
Since both x (k) and x, (k) are bounded tightly to

their targets X, and X,, respectively, the equivalence
ratio is bounded close to its desired value. Consequently,
the combustion efficiency, CE(k), is held constant, the heat

release is close to its target and the heat release dispersion
is reduced provided the design parameters are selected
appropriately to result in tight error bounds.
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