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Simulation Models With Correct Statistical
Properties for Rayleigh Fading Channels

Yahong Rosa Zheng and Chengshan Xt&enior Member, IEEE

Abstract—in this paper, new sum-of-sinusoids statistical sim- Despite the extensive acceptance and application of Jakes’
ulation models are proposed for Rayleigh fading channels. These simulator, some important limitations of the simulator were
new models employ random path gain, random initial phase, and yearmined and discussed in detail recently [22]. It was shown

conditional random Doppler frequency for all individual sinusoids. . 291 that Jakes’ simul is wid . h
It is shown that the autocorrelations and cross correlations of the N [22] that Jakes’ simulator is wide-sense nonstationary when

quadrature components, and the autocorrelation of the complex averaged across the physical ensemble of fading channels. Pop
envelope of the new simulators match the desired ones exactly, everand Beaulieu [22] proposed an improved simulator by intro-
if the number of sinusoids is as small as a single-digit integer. More- ducing random phase shifts in the low-frequency oscillators to

over, the probability density functions of the envelope and phase, . . . .
the level crossing rate, the average fade duration, and the auto- remove the stationary problem. However, it was pointed out in

correlation of the squared fading envelope which contains fourth- [22] that higher-order statistics of this improved simulator may
order statistics of the new simulators, asymptotically approach the not match the desired ones. Consistent with Pop and Beaulieu’s
correct ones as the number of sinusoids approaches infinity, while caution about higher-order statistics of the improved simulator,
good convergence is achieved even when the number of sinusoids i \as further proved in [24] that second-order statistics of
as small as eight. The new simulators can be directly used to 9 the gquadrature components and the envelope do not match the
erate multiple uncorrelated fading waveforms for frequency selec- ) ) o
tive fading channels, multiple-input multiple-output channels, and ~ desired ones. Moreover, even in the limit as the number of
diversity combining scenarios. Statistical properties of one of the sinusoids approaches infinity, the autocorrelations and cross
new simulators are evaluated by numerical results, finding good correlations of the quadrature components, and the autocorre-
agreements. lation of the squared envelope of the improved simulator, fail
Index Terms—Channel models, fading channel simulator, fading to match the desired correlations. Jakes’ original simulator and
channels, high-order statistics, Rayleigh fading, second-order sta- pyplished modified versions of it, have similar problems with
ustics. these second-order statistics.
In this paper, new sum-of-sinusoids statistical simulation
|. INTRODUCTION models are proposed for Rayleigh fading channels. It is

. . hown that the autocorrelations and cross correlations of
OBILE radio channel simulators are commonly use

. 12 guadrature components, and the autocorrelation of the
in the laboratory because they allow system tests an . .
mplex envelope of the new simulators, match the desired

evaluations which are less expensive and more reproduciBPe : : s
. . . gres exactly even if the number of sinusoids is so small as
than field trials. Many different approaches have been used for

the modeling and simulation of mobile radio channels [1]-[23 single-digit integer. Furthermore, the autocorrelation of the
[31], [32]. Among them, the well-known mathematical ref_quared envelope which contains fourth-order statistics, the

o . ._probability density functions (PDFs) of the fading envelope
erence model due to Clarke [1] and 'FS simplified S'mUIat'(.)Hnd the ghase tﬁe Ievel-croésing r)ate and the %verage pfade
ggi(:]el grl:aen:1(23Iia}i;?zgi]uth;\/riebﬁggag(ladseIyHc?v?/Z\(jefrot];(ae)Q'e ;?ju[ation of our new simulators asymptotically approach the

9 o . Cen ! SH8sired ones as the number of sinusoids approaches infinity.
ulator is a deterministic model, and it has difficulty in creatln%I

. . oreover, convergence to the limiting (exact) values of these
multiple uncorrelated fading waveforms for frequency-selective

fading channels and multiple-input multiple-output (MIMO)DrOpert'eS’ except for the fading phase’s PDF, is rapid and

channels, therefore, different modifications of Jakes’ simulatglrOse approximation is achieved even when the number of

. . Inusoids is as small an integer as eight, and the number of
have been reported in the literature [10], [16}-{19], Bl]?andom trials is only 50. Additionally, and importantly, the new

simulator can be directly used to generate multiple uncorrelated
, o fading waveforms, which are needed to simulate some realistic
Paper approved by R. A. Valenzuela, the Editor for Transmission System

the IEEE Communications Society. Manuscript received April 1, 2002; revis ﬁéq“e,”cy'se'e?t,'ve fad'ng. channels, MIMO channels, and
November 7, 2002. This work was supported in part by the University of Mi@llversny-combmmg scenarios.
souri (UM)-Columbia Research Council under Grant URC-02-050 and in part The remainder of this paper is organized as follows. Section Il

by the UM System Research Board under Grant URB-02-124. This paper . ] ;
presented in part at the IEEE Vehicular Technology Conference, Birmingh;ﬁﬁeﬂy reviews the mathematical reference model and the fam"y

AL, May 6-9, 2002. of Jakes’ simulators. Attention is given to the statistical proper-
The authors are with the Department of Electrical and Computer Engineerifiggs of the reference model and an improved Jakes simulator.

University of Missouri, Columbia, MO 65211 USA (e-mail: yzheng@ee.mis; . . . . .

souri.edu; xiaoc@missouri.edu). Section Il proposes a new sum-of-sinusoids simulation model
Digital Object Identifier 10.1109/TCOMM.2003.813259 for Rayleigh fading channels, and the statistical properties of
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this new model are analyzed in detail. Other models with ide@learly, the fading envelopéy| is Rayleigh distributed ac-
tical or similar statistical properties are also briefly discussed aording to (4a), and the pha&¥,(¢) is uniformly distributed.
this section. Section IV presents the performance evaluation of

one of the new simulators by extensive numerical results. Sé&- Jakes’ Simulator Family

tion V draws some conclusions. Based on Clarke’s reference model (1), and by selecting
1
Il. REFERENCEMODEL AND JAKES' SIMULATOR FAMILY C, = \/—N (5a)
A. Mathematical Reference Model 2mn
. . . . On = —7» n:1727"'7N (5b)
Consider a frequency-nonselective fading channel comprised N
of IV propagation paths; the low-pass fading process is given by ¢n =0, n=12...,N. (5¢)
[1] and [6] Jakes derived his well-known simulation model for Rayleigh
N fading channels. The normalized low-pass fading process of this
g(t) = Ey Z C, exp [j(wqt cos ay + ¢n)] (1) modelis given by
= a(t) =e(t) + jis (1) (62)

whereF) is a scaling constant;,,, «,,, ande,, are, respectively, 9 M
the random path gain, angle of incoming wave, and initial phase ac(t) = ;i Z an, COS(wnt) (6b)
associated with theth propagation path, and, is the max- =0

imum radian Doppler frequency occurring whep = 0. B 2 M
Assuming that, is real valued, (1) can be written as us(t) = N > bucos(wpt) (6c)
n=0
g(t) = ge(t) + jgs(t) (2a) whereN = 4M + 2, and
.
g.(t) = E C,, cos(wgt cos o, + ¢ (2b) o= V2cosfy, n=0 7a
“ 0712::1 (e ) “ 2cosfBn, n=12....M (72)
N V2sinfly, n=0
. n = ’ 7
gs(t):EOZCnsm(wdtcosan—i—qﬁn). (2¢) bn {QSinﬂm n=1,2,....M (7b)
n=1 s =0
L. . . ﬁn:{ﬁ 2_12 M (70)
The central limit theorem justifies that (¢) and g,(¢) can My T S
be approximated as Gaussian random processes for Mrge w. — 4 W ) n=0 (7d)
Assuming thaty,, and ¢, are mutually independent and uni- " wqcos =, n=12,...,M.

formly distributed ovef—m, 7) for all n, and adopting Clarke’s

two-dimensional (2-D) isotropic scattering model, some desmﬁgn model deterministic [10], [16] and wide-sense nonstationary

second-order st_atistics for fading simglators are manifested[ﬂh Therefore, various modifications of Jakes’ simulator have
the autocorrelation and cross-correlation functions [1], [25] been proposed in [10], [16][19], [21], [22], [31] and the ref-

erences therein, which we call the family of Jakes’ simulators.

The simplifying relationships forced in (5) make this simula-

Ry.9.(1) = B [ge(t)ge(t + 7)] = Jo(war) (32) Among the Jakes simulator family, the recently improved model
Ry 4.(7) = Jo(war) (3b) proposed by Pop and Beaulieu in [22] is worthy of mention
R, ,.(T)=0 (3c) due to its wide-sense stationarity.
Ry 4.(1) =0 (3d) ; 'lzhe porrralized Iow—p§§s f2azdipg prociss of the improved
. akes’simulator proposed in is given
Ryg(7) = B [g(t)g"(t + 7)) = 2Jn(war) ~ (3€) proposed in [22]1s given by
R|g|2|g|2 (r) =4+ 4Jg (wqaT) (3f) u(t) = ue(t) + jus(t) (8a)
M
2
where FE[-] denotes expectatiory(-) is the zero-order Bessel ue(t) = i Z ap cos(wpt + ¢p) (8b)
n=0

function of the first kind [26], and without loss of generality,
we have seEﬁzo E[C?] = 1 andEy = /2. The first-order 9 M
PDFs of the fading envelopgy(#)|, and the phase®, (t) = us(t) = N > b cos(wnt + ¢n) (8c)
arctan [g.(t), gs(¢)]' 1 are given by n=0

wherea,,, b, 8., andw,, are the same as those of Jakes' original

2 . . .
flg(z) =2 - exp <_i’7_> 7 >0 (4a) quel given b_y (7), ang,, are independent random variables
2 uniformly distributed orf—, 7) for all n.
1 Clearly, the difference between this improved simulator
fo,(bg) = 27’ b € [=m,m). (4b) and Jakes’ original simulator lies in the random phaggs
n = 0,1,..., M, as the original Jakes simulator assumes that

IThe function arctan(, ¥v) maps the arguments:(y) into a phase in the . ’
correct quadrant ifi-r, 7). ¢n = 0 for all n. The introduction of these random phasges
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eliminates the stationarity problem occurring in Jakes’ originalhere
design. However, some problems with higher-order statistics o= exp(j¢n)

remain. n NG n=12,...,N (11a)
Some second-order statistics of the improved Jakes model are . 2mn — ™+ 0
given by [24] an:T, n = 12N (11b)
4 [ .2 bn=—0¢n ., =, n:1727...7ﬂ (11c)
a 2 2
Ry o (7)== Z —2 . cos(w,T) (9a)
N L0 2 ] with N/2 being an integer, and,,, 6, and¢ being mutually
4 [ 2 independent random variables uniformly distributed-en, ).
Ry (7)== . cos(wnT)] (9b) For this prototype function, it is easy to verify thigt,,| =
N Ln=0 2 C,, i.e., the amplitude of the complex-valued path gain is equal
4 [ b to the real-valued path gain given by (5a). It is pointed out that
wou, (T) = N Z "2 ° -cos(wnf)] (9¢) C, and¢,, have one redundant random phase which is needed
Ln=0 for our new model. It will be explained later in this section. The
Ryu.(T) =Ry u.(T) (9d) reintroduced randomness f6%,, &,,, andé,,, rather than those
4 [M given in (5a), enables us to establish a new statistical and wide-
Ruu(7) == Z 2 cos(wy, ) + cos(wqT) (9e) sense stationary (WSS) simulation model for Rayleigh fading
N Ln=1 ] channels.
Ryypepuz (1) =4+42R, , (1)+2R. , (1) +4RS , (1) Slightly different from Jakes’ simplification procedure de-
] 16(N — 1) scribed in [6, p. 68] and [25, p. 82], we choosg/24n = Yn,
+ S0 (2war) + ——m— (9 then (10) can be rearranged to give

N
whereR,,_,_ (7) and R, (7) are the autocorrelations of the~( ):& i oitn [ej(wdtcosdn-l—dJ)+e—j(wlitcos&n+¢):|
quadrature component®,,_,,.(7) and R,,_._(7) are the cross VN
correlations of the quadrature components, &g (r) and (12)
Ry 21u2 () are the autocorrelations of the complex envelope
and the squared envelope, respectively. Although the autocorreThe first term in the sums represents waves with ra-
lation of the complex envelopR,,, () approaches the desireddian Doppler frequencies that progress from the range of
autocorrelatiorR,,(7) whenM approaches infinity, it is clear [w, cos(27/N), w,4] to the range of —wq cos(2w/N), —wq],
by comparing (9) with (3) that all the second-order statistieghile the radian Doppler frequencies in the second term of
shown in (9) do not match the desired ones. Moreover, evéhre sums shift from the range ¢fwq cos(2r/N), —wq] to
in the limit as the number of sinusoids approaches infinitfhe range of[w,cos(2r/N), wq]. Therefore, the Doppler
the autocorrelations and cross correlations of the quadratéiieguencies in these terms are overlapped. To represent the
components and the autocorrelation of the squared enveld@@ing signals whose Doppler frequencies do not overép,
of the improved simulator fail to match the desired statistin be further simplified to be
[24]. Jakes’ original model and its existing modifications [10], I M
[16]-[19], [21], [31] have similar shortcomings with respectto  g(¢) = =0 {Z /2ed%n [ej(wnt+¢) + e—j(’w7,t+¢):| }
these aforementioned statistics. VN

n=1

n=1

13)
whereM = N/4, andw,, = wqcos &,. The factory/2 is in-
cluded to make the total power remain unchanged. Based on

In this section, an improved simulation model is proposefit), we can define a new simulation model as follows.
by reintroducing the randomness for all three random variablesDefinition: The normalized low-pass fading process of a new
Chn, an, and ¢,,. Statistical properties of the proposed modedtatistical sum-of-sinusoids simulation model is defined by
are analyzed. It is shown that second-order correlation statis-

IIl. NEW SIMULATION MODELS

tics of the proposed model match the desired ones exactly even X(t) = X(t) +J Xs() (14a)
if the number of sinusoids is small; fourth-order statistics of the X (f) = 2 & ; 14b
new model asymptotically match the correct ones as the number o(t) = VM 2_:1 c08(4n) - cos(wat cos o, + ¢) (14b)

of sinusoids approaches infinity. Moreover, other models which v
have identical or similar statistical properties to that of the pro- (t) 2 Z sin(w),,) - cos(wgt cos o, + ¢) (14c)

posed model are presented. The application of the proposed \/Mn_l
model to generating multiple uncorrelated fading waveforms s
discussed as well. 2mn — 7w+ 6
To properly introduce randomness @,, a,,, and ¢,,, we om=—pr n=L2...,.M (15)

consider the following simulation prototype function: wheref, ¢, and+),, are statistically independent and uniformly

distributed ovef—, 7) for all n.

N
i(t) = E C,, exp 4 j(wyt cos &y, + by, 10 We now present the correlation statistics of the fading signal
70 0; b {J( ‘ ? )} (10) X (t) in the following theorem.
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Theorem 1: The autocorrelation and cross-correlation funcAFD provide important information about the statistics of burst
tions of the quadrature components, and the autocorrelatemors [28], [29], which facilitates the design and selection of
functions of the complex envelope and the squared envelopesofor-correction technique. It is shown in the following theorem

the fading signalX (¢) are given by that the LCR and AFD of the new simulator asymptotically
match those of Clarke’s mathematical reference model [25].
Rx, x.(1) = Jo(war) (16a)  Theorem 3: WhenM approaches infinity, the LCR, x| and
Rx. x, (1) = Jo(war) (16b) the AFDT]x of the new simulator output are given by
R\ X, (T) 0 (160) L|X| _ ,_2ﬂ'/)fdefp2 (193)
Rs{ \C(T) 0 (16d) epz -1
R 2J 16e Tix)=——= (19b)
xx (1) =2Jo(war) 44 200(2ug7) (16e) X1 pfay/2m
Rixpxp(7) = 4+ 4J§ (war) + - M where p is the normalized fading envelope level given by
—4 4 472 (wgr), if M — . (16) I|X|/I|X|rms, with | X |,ms being the root mean square envelope
evel.
Proof: See the appendix n Proof: WhenM approaches infinity, the fading envelope

It should be emphasized here that the autocorrelation afdRayleigh distributed, as shownTieorem 2Using the same
cross-correlation functions given by (16a)—(16e) do not depepepcedure provided in [25], one can prove (19). Details are
on the number of sinusoidd/, and they match the desiredomitted here for brevity. u
second-order statistics exactly, irrespective of the value ofBefore concluding this section, we have three remarks on the
M. This highlights the advantages of the new simulatioRew simulation model.
model over all other existing simulation models. Furthermore, Remark 1: The initial phasep in the proposed model (14)
the autocorrelation function of the squared envelope, whitshto ensure that the model is stationary in the wide sense. The
involves fourth-order statistics, asymptotically approaches tr@ndom variablg (so asx,,) in (15) is to randomize the radian
desired autocorrelatioR 2|, = () as the number of sinusoidsDoppler frequencies, cos a, . This makes the new model dif-

M approaches infinity, while good approximation has bedgrentfrom all the existing Jakes family simulators, such as [10],
observed wherd/ is as small as eight. These analytical statig16], [18], [19], [21], [22], and [31]. The random variables,

tics are confirmed by numerical results in the next section.ift (14) are intended to ensure that the quadrature components
is interesting to point out that the autocorrelation of squarét the fadingX (¢) are statistically uncorrelated and have equal
fading envelope is very useful for estimating mobile spedtwer. In total, the proposed model neéds+ 2 random vari-
which assists handoffs in hierarchical cellular systems [2A@bles, only two more random variables than that of the WSS

power control, etc. Jakes’ simulator in [22], but it gained significant advantages in
We now present the PDFs of the enveldpg and phase the statistical properties.
Ox(t) = arctan[X,.(t), X4(t)]. Remark 2: The proposed simulation model is not unique,

Theorem 2: When M approaches infinity, the envelop&| there are many other different models with identical or similar
is Rayleigh distributed and the pha®e(t) is uniformly dis- statistical properties. These models have different combinations
tributed overl—, 7), and their PDFs are given by of cosine and sine functions for the quadrature components.

) Here we list one of them as an example
xr

fix)(x) =z -exp (—7) ., x>0  (18a) X(t) = Xo(t) + 5 Xs(t) (20a)
fox(0x) = %, Ox € [-m,m). (18b) \/72 sin(t,, ) sin(wgt sin a,, + @)  (20b)

Proof: Since all the individual sinusoids in the sums of ~

X.(t) and X, (t) are statistically independent and identically Xs(t) = \/72608 (¢n) sin(wgt sin a,, + ¢)  (20c)
distributed, according to the central limit theorem [30], when
the number of sinusoidd/ approaches infinity,X.() and whereqw, is defined by (15), and,,, ¢, andd are independent
X;(t) become Gaussian random processes. Moreover, siaegl uniformly distributed of—, ) for all . It can be proved
Rx, x,() =0andRx, x, (1) = 0, X.(t) and X4(¢) are inde- thatX(¢) has identical statistics to that &%(¢), defined by (14).
pendent. Therefore, the envelope(t)| = /X2(¢t) + X2(t) Remark 3: The new simulation model can be directly used
is Rayleigh distributed, and the phasey(t) is uniformly to generate uncorrelated fading waveforms for frequency-selec-
distributed ovef—m, ) [30]. Based onRx x (T = 0) = 2, one tive Rayleigh channels, MIMO channels, and diversity-combing
can obtain (18). B scenarios. Lei () be thekth Rayleigh fader given by

Two other important statistical properties associated with (1 ) )
fading envelope are the level crossing rate (LCR) and t mn—m+0g
average fade duration (AFD). The LCR is defined as the ratl}gk(t) \/%{Z_;COSW""“)COS [wdt COS( AM >+¢k}
at which the envelope crosses a specified level in the positive "

slope, and the AFD is the average time duration that the fadin%X:Sln (16 1) cO8 {wdt COS(an —7T+ Hk-) N ¢k} 21)
envelope remains below a specified level. Both the LCR and 4M
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Fig. 1. Autocorrelations of the simulated real-part fading.(¢), and . . . .

referencey(t), whereN..., stands for the number of statistical trials. Fig. 3. Cross correlations of the simulated quadrature components of fading
X(t) and referencg(t). Note: R x, x(7) is almostidentical tdR x_ x, (7) in

i . our simulations, so we only show one set of the results for brevity.

N__ =10
stat
1 T Nslat=50 H
- - N_ =100
stat
—— Reference
T T
. N_ =10
stat
2 .—. N_ =50 [
stat
— = N, =100
—— Reference

Real part of Rxx(r)
)
3

. ) 10
Normalized time: fdr

Fig. 2. Autocorrelations of the simulated imaginary-part fadiig(¢), and
referencey(t). i . !

Normalized time: fdi
wheredy, ¢, andi, i are mutually independent and uniformly
d'St”bUted.O\_/er[_Wﬂr) f(?t‘ all » and k.- Theank(t) retains g 4. Real part of the autocorrelations of the simulated complex fawiftg
all the statistical properties of (¢), which is defined by (14). and reference(t).
Furthermore X (t) and X;(¢) are uncorrelated for alf # [.

squared envelope of the simulator output are shown in Figs. 1-6,
respectively. The second-order statistics of the mathematical
The performance evaluation of the proposed fading simulai@ference model, which are calculated based on (3), are also in-
X (t) defined by (14) is carried out by comparing the coreluded in the figures for comparison purposes.
responding simulation results with those of the mathematicalAs can be seen from Figs. 1-5, the simulation results show
reference model. Throughout the following discussions, the prixat the autocorrelations of the quadrature components and the
posed statistical simulator has been implemented by choositgnplex envelope and the cross correlations of the quadrature
M =8, the normalized sampling periof};7, = 0.025. The components match the desired ones very well, even théfigh
ensemble averages for all the simulation results are basedagrsmall as 8, and the number of statistical trials is as low as 50.
10, 50, and 100 random trials which will be indicated in th& we use more random trials for the ensemble average in the
figures. simulations, then the difference between the simulated curves
and the desired reference curves will be smaller, until eventually
unnoticeable. Itis also shown in Fig. 6 that the autocorrelation of
The simulation results of the autocorrelations of the quadrére squared envelope of the simulator is very close to the desired
ture components, the cross correlations of the quadrature came whenV/ = 8. If we increase the value dff, then it will be
ponents, and the autocorrelations of the complex envelope @aven closer.

V. PERFORMANCE EVALUATION

A. Evaluation of Correlation Statistics
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Fig.5. Imaginary part of the autocorrelations of the simulated complex fadifigy 7. PDFs of the simulated fading enveldpé(t)| and referencéy(t)|.
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Fig. 8. PDFs of the simulated fading pha3e (¢) and referenc®,(¢).

Fig. 6. Autocorrelations of the simulated squared envelgfiét)|> and

referencely(1)[*. The evaluations of other models mentionedi®mark have

also been conducted by simulations. We found the same level of
B. Evaluation of PDFs of the Envelope and Phase agreement between simulation results and reference values as

Figs. 7 and 8 show the PDFs of the fading envelope and hwse of the simulatak (¢) for all the cases. Details are omitted
phase of the simulator. It can be seen that the envelope’s PDhgse.
in excellent agreement with that of the reference model, even if
the number of random trials is small as 10, however, the phase’s V. CONCLUSION
PDF is a little bit sensitive to the number of random trials, and | this paper, a new sum-of-sinusoids statistical simulation

the more trials, the better, approaching that of the_ refereng@ del was proposed for Rayleigh fading channels. Comparing
model. Itis also noted that whet > 8, these PDFs will have \yith jakes’ sum-of-sinusoids deterministic model and its mod-
even better agreement with the desired ones. ifications, the new model reintroduces the randomness to the
] path gain, the Doppler frequency, and the initial phase of
C. Evaluation of the LCR and the AFD the sinusoids to have a nondeterministic simulator with good
The simulation results of the normalized LCR |/ f4, and statistical properties. It has been proven that the autocorre-
the normalized AFDf,T] x|, of the new simulator are shown inlations of the quadrature components, the cross correlations
Figs. 9 and 10, respectively, where the theoretically calculatefithe quadrature components, and the autocorrelation of the
LCR and AFD of the reference model are also included in tlm@mplex envelope of the new simulator match the desired
figures for convenient comparison, indicating good agreemesries exactly, even if the number of sinusoids used to generate
in both cases, even if the number of trials is only 10. the channel fading is as small as a single-digit integer. It
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10' ; . ; . . . . APPENDIX

VI. PROOF OFTHEOREM1

Proof: Equation (16a) is proved first. The autocorrelation
function of the real part of the fading is given to be

Rx x.(1)=E[X:(t) Xc(t+7)]
PRI
=37 Z Z E {cos(1)r) cos(wgt cos a, +¢)

n=11=1
. COS(’l/}') cos [wq(t+7) cos a; + @]}
M M

=— Z ZE{COS ) cos(1;)}
-30 —2I5 —2I0 —1I5 —1I0 —é 6 5 . 10 n=t =l
Normalized fading envelope level p (dB) . E{cos(wdt COS (i, + ¢) +COS [U)d (t+7') COS o+ (/)]}

{ Z E [cos(wgT cos o)) }

n=1

Z/COS COSs 27rn 7r+6 ﬁ
WaT oS\ ) | o

27n

4 M
4M

/ cos [waT cos(vn)] —dvn
2w

2Tn—2w
4M

Normalized level crossing rate

F

Sl

ig. 9. LCRs of the simulated fading enveldpé(t)| and referencéy(z)|.

EIH

Il
<[ =
ek /—’H/—/H
i

ok Nslat =10
Ns(at_

. =100

stat
—— Reference

1

n

>1|l\3

/cos wqT cosy)dy
0

é

(wqT)

Normalized average fade duration

where at the fifth equality of the above equations, the integration
variabled was replaced by, = (27n — 7 + 0)/(4M) and
§ } . ‘ ‘ ‘ . df = 4Md-y,,. This completes the proof of (16a).
-30 -25 -20 -15 -10 -5 0 5 Similarly, we can obtain the autocorrelation of the imaginary
Normalized envelope level p (dB) . .
part of the fading given below

Fi

g.10. AFDs of the simulated fading enveldpé(t)| and referencéy(z)]. Rx x, (1) =FE[X:(t)Xs(t+ 7)]

has also been shown that the autocorrelation of the squared
envelope, which contains fourth-order statistics; the PDFs of
the fading envelope and phase, the LCR, and the AFD of the
new simulator approach those of the mathematical reference
model as the number of sinusoids approaches infinity, whilewe are now in a position to prove (16c) as follows:
good convergence can be reached even when the number of

sinusoids and the number of random trials are small. All thedex, x, (7) = E [X.(¢) Xs(t + 7)]

cos(wyT cosy)dy

Il
EREN)
O\I\)H

= Jo(wqT).

statistical properties of the new simulator have been evaluated M M

by extensive simulation results with excellent agreement in =— Z ZE{cos ) sin();)}

all cases except for the fading phase’s PDF, which has slower n=1i=1

convergence to the desired one. It has been noted that the - E {cos(wgt cos ap + @) sin[wg(t+7)cos a; + @)}
proposed simulation model can be modified in different ways

to have alternative models which have statistical properties =— ZE{Sin(an)}

unchanged. It has also been pointed out that the new simulation M =

model can be directly used to generate multiple uncorrelated - E {cos(wqt cos a4+ @) sinfwg E+7)cos ap+ Pl }
fading waveforms, which are needed to simulate some re- —0.

alistic frequency-selective fading channels, MIMO channels,
and diversity-combining scenarios. Moreover, one can validate (16d) in a similar manner.
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For (16e), one has For the second case,= i, p = ¢, buti # p, then
Ryx(r) = E{[Xe(t) + jXs (0] [Xe(t +7) — jXs(t+ 1))} E[XZOX2(+1)],,
= E[Xo()Xe(t +7)] + B [X(£) X, (1 + 7)) 16 &
LB XDX( 4 1) — B X (DXt 4 7) = {; E [cos® (1) cos®(wqt cos oy, + ¢)]
= 2J0(wd7). M ) )
The proof of (16f) is different and lengthy. A brief outline ' ;E (cos™(4p) cos™ [wa(t + 7) cos ap+¢])}

with some details is given below 6 [0 11
Rixpix)p(T) = E [XZ(0)XZ(t+ 7)) + E [X7 () X2(t+ 7)) - M2 [z:l 2 2] [E:l 2 51
+E [X2()X2(t+7)] + E[X2(6)X2(t+7)] . 1 ' .

The computation of the first term in the right-hand side of the For the third case; = p, i = ¢, butn # i, then
above equation is shown in detail as follows: I [Xf(t)Xf(t n T)]

B [X2(1)X2(t +7) 16 &
16 M = {Z E [cos® (1) cos(wqt cos au, + ¢)
=7 E {Z cos(tn,) cos(wgt cos a, + @) n=1
n=1 x cos [wa(t + 7) cos a,, + @]
M M
' Z cos(¢);) cos(wat cos o + P) X Z E [cos®(1;) cos(wqat cos a; + ¢)
i=1

i=1
M

X Z cos(1hp) cos [wa(t + 7) cos o, + ¢ .

= 16 1
iy } =0 {Z 1 - B [cos(wqT cos ozn)]}

X cos [wq(t 4+ 7) cos o + @]}

. Z cos(tpy) cos [wq(t + 7) cos ag + ¢ n=1
q=1 . 16 |:MJ0(’wd7'):|
Ar2
Since the random phaseg andq); are statistically indepen- ]\/2[ 4
dent for allk # [, the right-hand side of the above equation is = Jg(war).
zero except for four different cases:ly= i = p = ¢; 2) n = 4, For the fourth case; = ¢, i = p, butn # 4, similarly to the

p = q,buti # p; 3)n = p,i = q, butn # ¢; and 4)n = ¢, third case, one can prove
i = p, butn # i. So that E[X?(t)X2(t + )] can be calculated EIX2(H)X2(t —J2
by separating these four different cases. XX+ 7)] g9, = Jo(war)
For the first casep = i = p = ¢, we have Since these four cases are exclusive and exhaustive for
E[X2(t)X%(t + 7)] being nonzero, overall we have

E[XZ()X2(t+7)] =B [X20)X2(t+7)]

(&

E[XZH)X2(t+7)],.,

(&

M
1
= Vi Z E [COS4(1/}n)] + FE [Xf(t)Xf(t + T)]znd
= +E[XZOX2(t+7)],,
x E {cos®(wat cos o, +¢)-cos” [wa(t+7) cos cu +¢] } + B [X2(6)X2(t+7)]
4tk
M
16 3 14 cos(2wgt cos ay, +2¢) 3 3
_W{Zl §E[ 5 —1+2J0(wd7')+2M+4MJ0(2wd7')
14 cos [2wa(t+7) cos an +2¢)] This completes the computation BIX2()X2(t+ 7). _
. 5 Using the same procedure shown above, after some statis-
o tical and algebraic manipulations, one can obtain the following
16 [<—[3 3 results:
=0 {Z [32 e - E [cos(2waT cos ozn)]] } 3 3 3
-1 E[X2t)X2(t+71)] = 1+2J0 (wd'r) —— Jo(2wgqr)
1 (3M 3M 20 "M
3 3 1 1
= W'ijo(?wﬂ) E[XZ0)X2(t+1)] =1+ g+ 7o 0(2wqr).
where the last step of the above equation used the followif§erefore 44 2To(207)
. wqT
result: Rixpixp2(7) =4 4 4J2 (war) + T 2J0N2dT )

M

M =44 473 (war), whenM — co.

> Elcos(2wn)] = MJo(2war).

n=1

This completes the proof atheorem 1 [ |
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