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The Development of a Closed-Form Expression
for the Input Impedance of Power-Return
Plane Structures

Minjia Xu, Member, IEEEand Todd H. HubingSenior Member, IEEE

Abstract—in multilayer printed circuit boards, the noise onthe  (e.g., [1]-[3]). Once the total noise current is determined, the
power bus is influenced by the impedance between the power and magnitude of the power-bus noise voltage can be determined at
ground planes. Power-bus noise estimates require an accurate es-y,y given frequency from an estimate of the power-bus transfer
timate of the power-bus input impedance. This paper develops a . d betw th d the ob tion locai
closed-form estimate of the inputimpedance for circular power-re- Impedance be | een the source an € observa 'On,oca lons.
turn plane structures. When the structure is lossy (e.g., boards em- ~ Current multilayer PCBs and MCMs often use solid power-
ploying embedded capacitance or densely populated boards), the return plane pairs for power distribution. With the interaction of
energy reflected from the board edge does not significantly affect vias and devices connected to the power bus (for example, active
the inputimpedance. In general, the expressions developed here for . 1y, 5 nents, connectors, decoupling capacitors, etc.), it is very
circular structures can be used to estimate the impedance of Iossyd.ﬁ. Itt tify th t behavi fth fi di
power-return plane structures of any shape. ' 'Cl_J o quantify the exact behavior of the en 're, power dis-

tribution system. Though general, full-wave modeling methods
such as finite difference time domain (FDTD), finite element
method (FEM), method of moments (MoM), and partial element
equivalent circuit (PEEC) have been applied to model PCBs and
MCMs with power-return plane pairs successfully, these models
. INTRODUCTION are relatively complex. In addition, they require a significant
OWER-BUS noise suppression can be a critical iss@nount of time and expertise to implement properly.
in high-speed printed-circuit-board (PCB) and multi- In addition to full-wave models, several investigators have
chip-module (MCM) designs. Common sources of power-bised a cavity_model to characterize the rectangular power-re-
noise include sudden surges of current drawn by digital devidégn plane pair fed by a current source (e.g., [4] and [3]). By
as they switch states. If the transient noise voltage exceeds fitfedeling an unpopulated power-return plane pair a8\,
noise margin of another active device connected to the povf@vity, the input and the transfer impedance can be expressed
bUS, the design may not work proper|y_ Consequenﬂy’ it &9 double-infinite sums. Recently the double-infinite series ex-
important to be able to estimate the maximum power-bus noRgssion was further reduced to a single-infinite series by ap-
early in a board’s design cycle to ensure the signal integrity aRtying a summation formula of a Fourier series [6]. Although the
electromagnetic compatibility of the product. power-bus input and transfer impedance expressions resulting

Inorder to supply the large amount of currentdemanded by §€0m the cavity model are relatively simple compared to the
tive devices while avoiding significant changes in the power-bifigll-wave model results, the infinite series has to be truncated
voltage, power distribution networks in PCBs and MCMs ar@ practical calculations. The error associated with this trunca-
genera”y designed to have very low impedance over a bro@@ﬂ depends on the location and the dimensions of the feed port
range of frequencies. The impedance associated with activk . _
devices mounted on the board surface tends to be much highdp order to estimate the power-bus noise level due to a
than the power-bus impedance. Therefore, most active devigticular source without running a complicated simulation,
can be modeled as current sources [1]. The power-bus noiselosed-form analytical expression for the input and transfer
voltage at one location due to the current drawn by a componéhpedance of power-return plane structures is preferred. In

Index Terms—Power-bus impedance, power-bus modeling,
power-bus noise, power plane, radial transmission line, return
plane.

at another location can be calculated using the equation particular, a closed-form expression for the upperbound limit
of the power-bus input and the transfer impedance can be
Vioise = Ldevice X Zo1 (1) used to calculate the maximum noise level. Designers could

use the expression to check whether signal integrity might
whereZy, is the power-bus transfer impedance between these degraded, to evaluate the effects of various geometric and
two locations. Several texts and papers have proposed methedserial parameters on the noise level, or to develop general
to estimate the total transient current drawn by active devicgssign guidelines for power buses.
Manuscript received August 9, 2002; revised March 17, 2003. Ba;ed qn SO|L.ltIOI’?S of the two'd|men3|onal (2-D) Helmholtz
M. Xu is with Hewlett Packard, San Diego, CA 92127-1801 USA. equation in cylindrical coordinates, a closed-form expres-
T. H. Hubing is with the Department of Electrical and Computer Engjon for the input impedance of lossless circular parallel
gineering, University of Missouri-Rolla, Rolla, MO 65409 USA (e-mail: | h b d | d in I81. In thi h
hubing@umr.edu). plate structures has been developed in [8]. In this paper, the

Digital Object Identifier 10.1109/TEMC.2003.815531 closed-form expression is modified by a complex propagation

0018-9375/03$17.00 © 2003 IEEE
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SinceEz has no variation in th& direction andH ¢ has no
variation in the® direction, it is possible to uniquely define the
l Z-direction voltage and the radial current as

V=—-E.h, I=2nrHe. 3)

Z|
I
h With the source conditiod = 1, at ro and the boundary
conditionHg = 0 atr = R (assuming the structure is bounded
by PMC walls),A and B in (2) can be uniquely determined.
The input impedance at, is then given by the following
| closed-form expression [8]
v

Fig. 1. Geometry of the circular parallel plate structure witd-glirectional ~ Zi,, = 7
feed.

B Jf)h Jo(kro)Nl(kR) — No(kTo)Jl(kR)
o 27r7”0 Jl(]ﬂ”(])Nl(kR) — Nl(kTo)Jl(kR)

(4)
where Jo(z) and J,(z) are the zeroth and first-order Bessel

gonstant to |nclude.d|electr|c apd conductive losses. A ,relﬁl'nctions of the first kind/No (z) and N, (z) are the zeroth and
tively simple analytical expression for the upperbound "mﬁrst-order Bessel functions of the second kind

of the input impedance is then derived for general circular poyer retyrn plane structures in real products are made of im-
power-return plane structures with imperfect conductors agl%

T=To

. ! . grfect conductors and imperfect dielectric substrates. For these
lossy dielectrics. In high-loss power-_ret.u.rn plane structur ometries, the input impedance expression given in (4) need
where the board resonances are significantly damped, {38, nqgified by replacing the wave number with a complex

input impedance is an upper bound on the transfer 'mDEdarb(FSpagation constant that incorporates the dielectric and con-

the boundaries is not critical. Consequently, the closed-forgl, hanes are much thicker than a skin depth of the conductor,
expression for lossy circular parallel plates provides an UPREt,mplex propagation constant for electrically thin power-re-

bound on the power-bus transfer impedance between any P plane structures of arbitrary shape is given by [9
ports in high-loss boards of any shape. P y peisdg y [l

: J(145)bs .
[l. MODELING CLOSELY-SPACED CIRCULAR v = J‘U\/W\/<1 - (1—jtano)  (5)
POWER-RETURN PLANE PAIRS

Iy_vheretan 6 is the loss tangent of the dielectric substrate. In (5),

Th t der study is illustrated in Fig. 1. The cir: ", . .
© geometry uncer study 15 fustrated in Hg © ¢ b, is the skin depth of the conductor given by

cular power and return planes have the same raRiasd are
parallel to each other. A thin layer of dielectric with thicknéss 1

separates the planes. The noise current generated by the active be =1/~ o (6)
devices is modeled as#directed current source located at the

geometric center of the circular parallel plane pair. The cro¥dereo is the conductivity of the plane conductor.

section of the coaxial current feed is represented by an electri-The presence of imperfect conductor planes creates a finite
cally small circle of radiusy. When the spacing between théangential electric field,Er, corresponding to the current
power and the return planék) is less than a half wavelength afflowing along the conductor. However, the magnitudes of the
the highest frequency under study, the only modes supportedi@ygential electric field are generally trivial compared to the
the structure are the radial transmission-line modes with no vafiagnitudes of the normal electric field in most PCB and MCM
ation in theZ and® directions. For a lossless circular power-redesigns [9]. At the boundary between the power planes and the
turn p|ane pair' 0n|y théd®z and Hs components are nonzerodiG'GCtriC substrates, the electric fields are still nearly perpen-
[8]. Solving the 2-D Helmholtz equation in cylindrical coordi-dicular to the planes. Consequently, we can still approximately

nates yields define the voltage between two planes and the radial current.
Using the same source conditiér= I, atr,, and the boundary
E. = AHY (kr) + BHS® (kr) conditionHs = 0 atr = R, the input impedance of a lossy
G circular power-return plane pair evaluated-gis given by
Hp = % [AH{”(M) + BH{”(JW)} @)
v
Zin = —
whereA andB are arbitrary constants depending on the source .-,
and boundary conditions. In (2)s the radial distance from the =3jZ,(r0)
center, and = w,/y€ is the real-valued radial wave number for Jo(~jyro)Ni(=jyR)— No(—jvyro)J1(—jvR) 5
the lossless structurﬂé”(kr) andHfl)(kr) are the zeroth and X J1(=jyro)N1(=jyR) — Ni(=jvro) Ji(—jyR) "

the first-order Hankel functions of the first kind representing/here

the inward traveling wave. Similarlﬁég)(kr) and HfQ)(k'r)

are the zeroth and the first-order Hankel functions of the secoréd (ro) = hn
kind representing the outward traveling wave. 070

(8)

T 21
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r0=5 mils, R=3.8 cm

The input impedance of a circular power-return plane pa zn

given in (7) is comprised of six Bessel functions with comple; (ohm) B} | —— Zin of FR4 board calculated by full formula in (7)
arguments. Four out of the six Bessel functions are functiol | e D bt calomiotect oy T onuta in (7 |

of the feed port radius,. For power-return plane structures in o | -~ Envelope of EmGap board calculated by (10) |
PCBs and MCMs, the feed port radii are usually electricall 60 A N R T we e N
small and the structures are generally not over damped. In st

case, these four terms related to the feed port radius can be s 50

plified using the small-argument approximations of the Bess

. . . 40
functions resulting in

30

2
O (')

. 2 —Jr
No(=jvyre) = - [Eu—i—log( J; 0>]

- 2
. — 1T .o
T(yro) & =21 (m oo >+O(ro5)

Jo(=jyro) m 1+

8 Frequency ( Hz ) x 10°
. 2 Jjarg
Ni(=jyro) =~ - T Fig. 2. Input impedances for circular FR4 and EmCap boards.
0
Bro 1-55 Nej Zin r0=5 mils, R=3.8 cm, h=0.2 mils, er=21.5, itan=0.044
X |Eu+log ——-0.5——F~log [ 1-j— 02 ‘ ‘ ‘ ‘ ‘ ‘ , ‘
2 29 3 B (Ohm) ‘ | | i ! j ,
i 0.18} —— full RTL formula given in (7) [
If ﬂTo < 1 and a< ﬂ (9) -~= envelope given in (10) ,,J
016} Pl
In (9), « andg are the real and the imaginary part of the prope 044 //"

gation constanty, respectivelyEu ~ 0.5772 is the Euler con-
stant. A detailed derivation of (9) is provided in the appendix.

Assuming the circular power-return plane structure is electi
cally large, and the feed port radius is small, it can be shown tt
the magnitude of the input impedance for a circular power-r
turn plane structure reaches its maximum arodftd= nr +
(w/4)(n = 1,2,3...). An upperbound envelope can be founc
for the magnitude of the input impedance as

whfu | G(L+5)8
|Zi11| S |Zupper| ~ 2 1- h 2 5
9
62aR+ 1 9 . o —j’YTo Frequency (Hz ) x 10
X eZall 1 + ; utlog 2 Fig. 3. Input impedance for a circular C-Ply board.
if Oro<kl; a<p; |yR| > 1. (10)

in Fig. 2. The input impedance of the FR4 board has two reso-

The derivation of (10) is detailed in the appendix. nances around 2.425 and 4.438 GHz correspondingtox

The upperbound envelope given in (10) is a relatively simp(&r/4) and SR =~ (97 /4), respectively. Though the upper-
analytical function of the frequency, the dimensions of strutbound envelope calculated using (10) does not exactly match
tures, the dimensions of the feed port, and the spacing betwéles peaks at these two resonance frequencies, the difference is
the power and return planes. It is also a function of the materigithin 15%. The EmCap board exhibits more resonances than
parameters of the circular power-return plane structure. To vitke FR4 board because of the much higher relative permittivity
idate this expression, the input impedance and its upperbowfdhe dielectric substrate. But the resonance peaks in the EmCap
envelope were calculated for two circular boards using (7) abdard are more damped compared to the FR4 board. Around
(10), respectively. The radius of each test board was 3.8 ctine resonance frequencies, the upperbound envelope predicted
Both boards were fed by circular current sources at their gewy (10) is about 20% higher than the input impedance for the
metric centers. The radius of the feed port was 5 mils for boBmCap board.
boards. The two circular planes in one test board were sepafig. 3 plots the calculated input impedance and the upper-
rated by a layer of 19.2-mil thick FR4 with a relative permitbound envelope for another circular board. The radius of this
tivity of 3.92 and a loss tangent equal to 0.021. The secopdwer-return plane structure was also equal to 3.8 cm. The di-
board employed a layer of 4.0-mil EmCamaterial with a rel- electric substrate in this board was a layer of 0.2-mil C-Ply
ative permittivity of 36 and a loss tangent of 0.015. The calcumaterial with a relative permittivity of 21.5 and a loss tan-
lated input impedances between 1 MHz and 5 GHz are plottgent equal to 0.044. The feed port was located at the geometric

1EmCap is a registered trademark of Sanmina Corporation. 2C-Ply is a registered trademark of 3M Corporation.
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center with a radius of 5 mils as in the previous two boards. TIzn I'°=5 mil'sv R=3~§ cm, hfo.z m"sr' er=21‘.5. ftan=\0.044 |
inputimpedance of the C-Ply board was significantly damped (onm) —— Zin by full formula given in (7)
demonstrated in Fig. 3. The envelope predicted by (10) is ab 018 *x= Zin approximated by Zc given in (16)
30% higher than the resonance peaks of the calculated in 016}
impedance using (7) for this lossy power-return plane structu sl N
The modeling results suggest that the difference betwe ; ‘
the upperbound envelope and the input impedance arot 0.12
resonances is more prominent for lossy circular power-r o1l . . :
turn plane structures. To develop a better approximation f | ; j ‘,,F*" !
high-loss structures, the characteristic impedance of the rac 008 i ] /5* 2 T
transmission line is used to estimate the input impedance o 0.06 |- ‘ _);\_/ i - 1‘—
circular power-return plane structure. ooal A;'/( 1 1
According to the relation between the Hankel function an < i |
the Bessel function of the same order, #alirection voltage 002} o7 ‘ T
and the radial current can also be expressed in traveling-we 0 ‘ s : R ST -
SOlUtionS as 0 05 1 1.5 2 25 3 35 4 4.5 95
Frequency ( Hz) x 10
V = — hGo(—jr) [Aeje(_”’") + Be—fe(—ﬂ”)] Eig. ﬁ Input impedance and the characteristic impedance of a circular C-Ply
oara.
=V-+Vt
7 = JhGi(=jor) [Aci#(=im) 4 pemiet=im] Bro < 1 such that andJo(—jyro)| < |No(—jro)| and
Zo(r) |J1(=j7r0)| < |Ni(—=jvr0)|, (15) can be further reduced to
=1 +1It (11) _
here |Zinl % | Ze(ro)| = ‘fu(l + 45, [Eu+1og< J;”))U.
16)
. ., . 2, . Fig. 4 plots the input impedance of the 0.2-mil C-Ply board
Go(—jyr) = \/‘]0 (=gyr) + No™(=jr) and its approximation using the characteristic impedance given
8(—jyr) = tan~! [ No(=jy7) ] in (16). Compared to the envelope given in (10), the character-
: L Jo(—4vr) | isticimpedance is a better approximation to the inputimpedance
) P P for this high-loss board.
Gi(=jrr) = \/Jl (=gr) + Ni* (=) In summary, the expressions given in (5), (10), and (16) can
. _1 [Na(=jr) | be used to estimate the input impedance of a center-fed circular
¢(—jyr) = tan . (12) X . . .
L Ji(=j7r) | power-return plane structure without running numerical simu-
lations. First, the complex propagation constant of the struc-
Accordingly, the wave impedance can be calculated as ture,, can be calculated according to (5) using the geometrical
and material parameters. For low loss structures, where the real
7= = V- — _7 cilo-6+3] part of v is much less t_han t_he imaginary partafan upper- .
I- N bound envelope of the input impedance can be calculated using
g+ _ V_Jr _ Zce_j[9_¢+§] (13) (10). Fpr high-loss structures where the real partydé ap-
I+ proaching or greater than one-half of the imaginary par,of

) o the input impedance can be approximated using the character-
where Z. is the characteristic impedance of the lossy radial;. impedance given in (16).

transmission line. According to (11)—(13)

7 NGl —i lll. HIGH-LOSs POWER-RETURN PLANE
Z.(r) = Zo(r)Go(=jr) (14) STRUCTURES OFARBITRARY SHAPE

Gi(=jr) o .

The expression given in (10) predicts an upperbound enve-

Whena > 0.53, board resonances are essentially eliminateldpe for the magnitude of the input impedance of a circular
The input impedance of such high-loss structures can be acpawer-return plane structure assuming the structure is fed at
rately approximated by the characteristic impedance evaluatisdgeometric center. However, power-return plane structures in
at the feed ports PCBs and MCMs are generally not circular and the feed and
observation ports are not necessarily at the geometric centers

Zo(ro)Go(=j770) (15) of the structures. As a result, the magnitudes of the power-bus
G1(—jro) input and transfer impedance are not only determined by the
board dimensions, the port dimensions, the spacing between the
If the feed port radius is electrically small at all frequencieglanes, and the loss in the structure, but they are also affected
of interest, the expression in (15) can be simplified using thwy the shape of the structure and the relative port locations on

small-argument approximations given in (9). In particular, whehe board.

Zin & Ze(rg) =
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o1s h=0.2 mils, r0=5 mils, R=3.8 cm, er=21.5, ltan=0.044 wavelength and the structure is not over-damped, the upper-
” [ T—"Zin ofthe circular board calcuiated using (7) — t bound envelope of the input impedance can be calculated using
in | e m Zin of the circular board approximated by Zc given in (16) } | asimple analytical expression based on geometric and material

—w—Zin of the square board calculated using a cavity model

(Ohm) parameters. For high-loss structures, a better approximation for

the input impedance is the characteristic impedance of the cir-
cular power-return plane structure. Since the board resonances
are significantly damped in high-loss power return plane struc-
tures, the exact shape of the board does not have a significant
effect on the input impedance. Consequently, the closed-form
expression developed for circular structures can be used to es-

0.1

005 timate the input impedance of power-return plane pairs of any
shape.
APPENDIX
I S S R EVALUATION OF THE UPPERBOUNDENVELOPE
Frequency (Hz) 10 FOR THE INPUT IMPEDANCE OF A CIRCULAR

POWER-RETURN PLANE STRUCTURE

Fig. 5. Inputimpedance of circular and square C-Ply boards. With conductive and dielectric losses, the input impedance of
a center-fed circular power-return plane structure is given by

However, for high-loss power-return plane structures where
the board resonances are significantly damped or essentiafyn =7 Zo(70)
eliminated, the exact shape of the board edges does not have  Jo(—jv70)N1(—jvR)— No(—jvro)J1(—j7vR)
a significant effect on the power-bus impedance. The maximum J1(=57r0)N1(=jYR)— N1 (~jyro) J1(~jvR)
amplitude of a wave reflected from a board edge is proportional
to e=22P, where D is the shortest distance from the feedinghere
point to the board edge. When the value of this factor is below
a given threshold (e.g., 5%), the impact that the exact shape of ~y=a+jf3
the board has on the feed point impedance may no longer be i(149)5,
considered to be significant. _Jwﬁ\/ 4> (1—jtané) (A2)
Embedded capacitance boards are good examples of PCBs
with high-loss power-return plane structures [10]. For such
high-loss structures, as long as the ports are not near the edges
the simplified expressions developed for the circular structures
can be used to estimate the input impedance of an arbitrarily hn
shaped board. Fig. 5 compares the calculated input impedance Zo(ro) =
of a 7.6 by 7.6-cm square board to the input impedance of a

circular board with a diameter equal to 7.6 cm. Both boards argis expression contains six Bessel functions with complex ar-
fed at the geometric center with Z-directed current probe. guments. Four out of the six Bessel functions are dependent on
The feed wire radius is 5-mils for both boards. The powehe feed port radiusy. If the feed port radius is electrically small
and the return planes in both structures are separated bynd the structure is not over damped, these four terms related to

layer of 0.2-mil C-Ply material. The input impedance of thehe feed port radius can be simplified using small-argument ap-
square board is calculated using the cavity model [9]. Thgoximations of the Bessel functions.

input impedance of the circular board is calculated using the

full formula in (7) and approximated by the characteristia, Small-Argument Approximation 8§ (—jvro)
impedance at the feed port using (16). As we can see, the

power-bus resonance frequencies are determined by the ed ffccordlng to the addition theorems [11], for Bessel functions
However, since the power-bus resonances are S|gn|f|can e first kind with general argumenisandv, if |v] < |ul
damped in these C-Ply boards, the approximate calculation in

(16) can be used to provide a good estimate of the power-bus (u %) Z I (0) T (). (Ad)
impedance for the square board.

(A1)

j(1+7)6s
(1_ ]( h]) )

(1 —jtané)

(A3)

r=—oo

In (A4), the orders- andm of the Bessel functions are arbitrary
IV. CONCLUSION integers. Furthermore, for Bessel functions of integer order

A closed-form estimate for the input impedance of circultccording to [11], [12]

power-return plane structures has been developed. The dielec-
tric and conductive losses are incorporated in a complex prop- J_n(2)
agation constant. When the feed port is small compared to a N_,.(2)

(=1)"JIn(2) = Jn(=2)
(=1)"Nn(2). (A5)
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And the Bessel functions with pure imaginary arguments avéhena < 3, (A12) can be simplified using binomial expan-

related to the modified Bessel functions as [11], [12] sions resulting in
(0.5, No(=jyro) = 2 [ Bro _e
= ;" S N2 o(—Jjyro) = — |Eu+log — +log | 1 —
m= 2 —q
—= [Eu +log <%>} . (A13)
Using (A4)—(A6), the termJy(—j~ro) can be expanded into T
Jo(=jro) = Jo(ﬂro — jaro) C. Small-Argument Approximation g@f (—j~ro)
—9 Z T (Bro) I () 5™ According to (A4)—(A6), wherw < 3, J1(—jvro) can be
expanded to
+ J()(ﬂ’l"())[o(a’l“o). (A?)
_ _ _Nil=jrro) = Ji(Bro)lo(aro) + Z Im1(Bro)Im(aro)j™
The Bessel functions with small arguments can be approximate me1
as [13]
- Z Tm—1(Bro) L (o) ™. (A14)
JQ(ZE) ~1
No(z ~2 Fu+lo When the feed-wire radius, is very small compared to a wave-
o(z) ~ +log =
7; 2 length, using the small-argument approximations given in (A8)
—(= ields
In(z) & n! (2) y
(n—1)!/2\" .
Npy(#) = ——( =), f 0. ) - 5
(fﬂ) T - orn > Jl(—j’YTO) ~ J;TO <1 4 (Zﬂ%) + 0] (TUO) ) (A15)

In (A8), Eu =~ 0.5772 is the Euler constant. Using (A8), when
the feed wire radius, is very small compared to a wavelength

D. The Small-Argument Approximation —q
Jo(—jvr0) can be approximated by ¢ PP i (=jrro)

According to (A4)—(A6), whenx < 3, Ny1(—jvyro) can be
expanded to

ﬂTo

Jo(=jyro) = 1+3 +0 (’I“O) (A9)

Ni(=jyro) = — jNo(ﬁro)h(OéTo) + N1(Bro)lo(aro)

+ Z N y1(Bro)Im(aro)s™

m=1

B. Small-Argument Approximation &f (—jvro)

Similar to (A4), for Bessel functions of the second kind with iad .
general arguments andu, if [v| < |ul = > N1 (Bro) In(ar) 5™ (A16)
m=2
(u+v) Z I (0) Ny (). (A10) When the feed-wire radius, is very small compared to a wave-

length, the first two terms in (A16) can be simplified using the
small-argument approximations given in (A8) as

r=—00

In (A10), the orders andm of the Bessel functions are arbitrary

integers [11]. Ifa < f, the termNy(—jyro) can be expanded — jNo(Bro)Ii(are) + Ni(Bro)lo(ar)
to —jarg Bro 2
~ 0 By g 20 - 2 AL7
™ [ Tlog 2 } By (AL7)
=J7ro) Z_ m(Bro)lm(er0)j™ +No(Bro)lo(aro). Using the small-argument approximations on the two series

(A11) termsin (A16) yields

When the feed-wire radius, is very small compared with a
wavelength, using the small-argument approximations giveri Nowir (5
(A8), No(—7j~ro) can be approximated by me1(Bro)]

oo

m(arg)j Z m—1(070)Im (ar)j™

\m - p— Jo jary — 1 j_a "
(45) . m;(a) o mzlm(mﬂ)(ﬁ)
m (A18)

. 2 r 2 e
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Sincea < 3, expression in (A18) can be approximated by

oo

> N1 (Bro) I (aro)i™ = Y Non—1(Br0) I (aro)i™
m=1 m=2
2 3
Throl—j5
; 1—j@
+ 1800 4 — P o (1—;’9) . (A19)
2T j[_i ,3

Substituting (A17) and (A19) into (A16) yields

) 2 jor
Ny(=jyro) m —— =122
JTYTo m
Bro —JG e
X |[Eu+log ——-0.5———F—log (1—j5—]| .
2
R - (A20)
Jmyro

E. Upperbound Envelope for the Input Impedance of the
Circular Power-Return Plane Structure With Center Feeding

According to the small-argument approximations of

Jo(=jvro), No(=jvro), Ji(=jvro), andNi(—jyro) given in
(A9), (A13), (A15) and (A20) respectively, if, approaches
to 0

|- Jo(=57o
|No(—jyro

) —1

)| = o0

|J1(—
| N1 (=

Jyro)] = 0

jyro)| — oo, (A21)

In addition, for electrically large circular power-return plan
structures whergyR| > 0, the magnitude ofV; (—jvR) and
the magnitude of/; (—j~yR) are of the same order. As a result

[J1(=jyro)Ni(=jvR)| < |[Ni(=jvro)Ji(—jvR)|. (A22)
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maximums. When the board is electrically large, large-argument
approximations of the Bessel functions can be applied [13]

. 2 e('YR_j%TW)
Ji(=jvR) =1/ —

+ e_(VR_j%)

2

. 2 e(WR_j%r) - e_(vR_jBTW)
Ni(=jvR) =/ — . . (A25)
¥ 29
|(N1(—jvR))/(J1(—jyR))| reaches its peaks when

BR = nx + (7/4) (wheren = 1,2,3...). And the maximum
of [(N1(—jvR))/(J1(—jvR))| is given by

Nl(_]’yR) _ 62aR +1 (A26)
Consequently
jZo(TO)
Zin S Zu erlmax = |~y , -~
5] < Zaper s =| )

2aR + 1
X eZaR

This expression can be further simplified using the approxima-
tions given in (A13) and (A20)

+ | No(— jWo)q (A27)

Y10 Zo(T0)
2

2o on (222

Equation (A28) can be used to determine an upper bound for
the input impedance of a general circular power-return plane
structure assuming the structure is electrically large and the feed

|Z1n| < |Zupper| ~

e2aR +1
X e?nR -1

_J;TO (A28)

port (located at the geometric center of the structure) is electri-

cally small.
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