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Abstract

The tendon-to-bone attachment site integrates two distinct tissues via a gradual transition in 

composition, mechanical properties, and structure. Outcomes of surgical repair are poor, in part 

because surgical repair does not recreate the natural attachment, and in part because the 

mechanical features that are most critical to mechanical and physiological function have not been 

identified. We employed allometric analysis to resolve a paradox about how the architecture of the 

rotator cuff contributes to load transfer: whereas published data suggest that the mean muscle 

stresses expected at the tendon-to-bone attachment are conserved across species, data also show 

that the relative dimensions of key anatomical features vary dramatically, suggesting that the 

amplification of stresses at the interface between tendon and bone should also vary widely. 

However, a mechanical model that enabled a sensitivity analysis revealed that the degree of stress 

concentration was in fact highly conserved across species: the factors that most affected stress 

amplification were most highly conserved across species, while those that had a lower effect 

showed broad variation across a range of relative insensitivity. Results highlight how 

micromechanical factors can influence structure-function relationships and cross-species scaling 
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over several orders of magnitude in animal size, and provide guidance on physiological features to 

emphasize in surgical and tissue engineered repair of the rotator cuff.
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1. Introduction

The tendon-to-bone attachment connects two very different materials: compliant tendon and 

stiff bone. As an interface between such dissimilar materials, it is prone to stress 

concentrations and increased risk of failure (Munz and Yang, 1992; Thomopoulos et al., 

2012). In healthy tissue, the attachment site exhibits a number of structures which serve to 

attenuate stress concentration (Thomopoulos et al., 2003b; Liu et al., 2011; Schwartz et al., 

2012). However, after healing or surgical repair, these structures are not recovered in adults. 

Post-surgical failures, which can occur in 94% of elderly patients with massive tears (Galatz 

et al., 2004; Cummins and Murrell, 2003; Zumstein et al., 2008; Thomopoulos et al., 2010), 

tend to occur at the interface and constitute a major clinical challenge in orthopedic surgery 

(Paxton et al., 2013). These high failure rates point to the importance of identifying and 

reconstituting the interfacial structures most important to maintaining the structural integrity 

of the attachment. Understanding the mechanisms of load transfer at the tendon-to-bone 

attachment and characterizing this transitional tissue may uncover strategies to create 

stronger and more resilient interfaces in both engineering and medical applications.

The focus in this study is a gradient region from tendon to bone showing gradual increases 

in mineral content and collagen misalignment (Qu et al., 2013; Thomopoulos et al., 2006; 

Wopenka et al., 2008; Schwartz et al., 2012). With the goal of providing guidance for 

surgical repair and healing strategies, we quantified how anatomic features of the attachment 

site, including relative dimensions and anisotropy, affect load tendon-to-bone transfer across 

species ranging in size from 30 g mice to 45 kg pigs.

The efficient binding of dissimilar materials has been studied widely, as have engineered 

material systems that exhibit analogous spatial gradations in material properties, termed 

functional grading (Liu et al., 2011; Birman, 2014; Apalak, 2014). The mechanics of load 

transfer at isotropic functionally graded interfaces is well understood (Birman et al., 2013; 

Byrd and Birman, 2007). However, the tendon to-bone attachment exhibits a 10 fold change 

in tissue anisotropy between strongly anisotropic tendon and nearly isotropic bone. This 

latter effect has not been well studied, and results from the existing mechanics literature 

cannot provide guidance for the problem of interest (Birman et al., 2013; Byrd and Birman, 

2007; Genin and Birman, 2009). We therefore approached our problem with an anisotropic 

generalization of an approach that has been applied previously to study isotropic 

attachments.

The cross-species approach we adopted falls under the rubric of allometry (cf. Huxley et al. 

(1932); Thompson et al. (1942); Huxley and Teissier (1936)). The allometric scaling of 

rotator cuff anatomy with body size was pursued both to gain insight into the sizing and 
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mechanical function of the tendon-to-bone attachment site and to address the challenge of 

relating research on small animal models to human health. A specific question of interest is 

whether experiments on the mineral gradient at the tendon-to-bone attachment of the rat can 

inform human surgeries through the principle of similarity (Schmidt-Nielsen, 1984; 

Wopenka et al., 2008). We studied the scaling via the Huxley and Teissier (1936) power-law 

expression for the relationship between the size of a body part and the size of the body as a 

whole:

(1)

where Y is a biological variable, M is a measure of body size, and α and b are fitting 

parameters (Gayon, 2000). This has proven effective in describing scaling of morphological 

traits (e.g., brain versus body size among adult humans), physiological traits (e.g., metabolic 

rate versus body size among mammals) and ecological traits (e.g., wing size versus flight 

performance in birds) (West and Brown, 2005; Smith, 1984; Huxley et al., 1932; Gould, 

1966, 1977; Klingenberg and McIntyre, 1998). The range of animals considered stretched 

from small rodents to pigs, with the mass of pigs approaching the lower end of the normal 

range for humans.

The current study follows recent investigations of the scaling of the supraspinatus muscle 

and the force it applies in relation to the geometry of the insertion into the humeral head 

(Mathewson et al., 2013; Deymier-Black et al., 2015). Volume and physiological cross-

sectional area (PCSA) of the muscle scale geometrically across species, and the area of 

attachment at the humeral head scales to maintain constant nominal stress at the interface. 

However, paradoxically, the microscale mineral gradient length changes minimally across 

species: given that the mean muscle stresses are conserved across species, why would this 

factor, known to affect the amplification of stress at the bi-material interface, show such 

broad variation? The answer that emerged from a simple model is that cross-species 

variation was substantial only in a range of parameters for which the effect on stress 

amplification was relatively low: the design of the rotator cuff attachment and cross-species 

variation appear intertwined in a way that conserves stress concentrations across species.

In the current study, we first adapted a mathematical idealization of the rotator cuff 

attachment site to identify the effects of anisotropy on load transfer. Special attention was 

devoted to finding a smooth spatial scaling of material properties between tendon and bone 

that did not violate thermodynamic bounds at any point between the two tissues. Then, the 

concept of allometry was employed to test the hypothesis that, despite the unusual scaling of 

the size of the mineral gradient, stress concentration is conserved across species.

2. Methods

2.1. Stress analyses

The mechanical consequences of mineral gradation allometry were studied through an 

adaptation of a previously published idealized mathematical model of the rotator cuff 

attachment site (Fig.1b) (Liu et al., 2012). The mathematical model is an axisymmetric, 
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orthotropic linear elastic idealization of the anatomy of the rotator cuff viewed in the sagittal 

plane (Fig.1a). In this model, the tendon-to-bone attachment was idealized as three 

concentric layers including: (1) a central core of bone with a radius of Rb, (2) a graded 

attachment band in the middle with a length La, and (3) an outer sheath of tendon with 

length Lt (Fig.1b). Stresses were estimated by idealizing the attachment as a series of N 
axisymmetric concentric cylinders. The tendon was loaded with a uniform radial stress p, 

which is a reasonable first order approximation of loading that might occur physiologically 

(Liu et al., 2012). Using the plane stress solution presented in Liu et al. (2012) and the radial 

distribution of orthotropic material properties described below, we estimated the radial and 

tangential stresses in each band and then computed the maximum principal stress in the 

attachment site. A sufficient number of bands (typically N > 500) was used to ensure that 

subsequent refinement would not change the estimated peak stress by more than 1%. Hence, 

this discrete solution approximated the continuous solution.

The stress concentration arising at the tendon-to-bone attachment was studied as a function 

of tendon length, attachment length, and bone radius. Because linear elasticity solutions are 

independent of length scale, the stress concentrations could be described in terms of two 

dimensionless variables: the normalized attachment length La/Rb, and the normalized tendon 

length, Lt/Rb.

The effects of the normalized attachment length on stress concentration were studied over a 

broad range that encompassed the physiological range (0.001 < La/Rb < 0.02) observed in 

adult animals ranging from mice (0.03 kg) to pigs (40 kg) (Deymier-Black et al., 2015). In 

these studies, the normalized tendon length was held constant, with the value of Lt/Rb = 20 

chosen as a baseline; this value represents the approximate ratio of the Achilles tendon 

length and calcaneus radius over a broad range of animals (Gàlvez-López and Casinos, 

2012). In other studies focusing on the effects of tendon length, the normalized attachment 

length was held constant at La/Rb = 0.0120, the value for mice, while the normalized tendon 

length was varied over a range encompassing the physiological range (0.0001 < Lt/Rb < 

100).

Finally, the data of Deymier-Black et al. (2015) were input into the model to estimate how 

stress concentration varied across species (Table I). In the absence of data for the ratio of the 

length of the supraspinatus tendon to the radius of the humeral head, a scaling was used 

based upon the cross-species scaling relationship of Pollock and Shadwick (1994) for the 

Achilles tendon length and body mass, m:

(2)

where Lt
a is in mm and m is in kg, and that of Gàlvez-López and Casinos (2012) for

calcaneus radius and body mass:

(3)
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where Rb
c is in mm and m is in kg. These relationships indicated that the ratio Lt/Rb is

nearly independent of body mass. However, La/Rb scaled strongly with animal mass, m 
(Deymier-Black et al., 2015):

(4)

where m is in kg. This relationship enabled the establishment of a trend relating stress 

concentration to animal mass.

2.2. Material properties

In the above analyses, the mechanical properties of bone were modeled as isotropic, while 

those of tendon were modeled as cylindrically orthotropic (Fung and Cowin, 1994). The two 

material constants used for bone were elastic modulus Ebone = 20 GPa and Poisson’s ratio 

νbone = 0.3. For tendon, three elastic constants were required. Following Liu et al. (2014b), 

the radial elastic modulus was Er = 450 MPa, the tangential elastic modulus was Eθ = 45 

MPa, and the Poisson’s ratio for tangential contraction arising from radial tension was νrθ = 

3. While these latter values are for ligaments rather than tendons, they represent the best data

available. Despite morphological and compositional variations unique to the rotator cuff, the

mechanical properties of rotator cuff tendons are expected to be of the same order as those

of other tendons and ligaments of the body.

Little information is available in the literature about the material properties of the graded 

attachment site. Its structure and composition vary smoothly from tendon (unmineralized 

and compliant) to bone (mineralized and stiff) (Thomopoulos et al., 2003a), and the 

mechanical properties appear to vary smoothly as well (Genin et al., 2009).

Our primary model involved a linear gradation in the tangential elastic modulus Eθ(r) over 

the attachment site (Fig. 2c), and a linear gradation in the ratio of tangential to radial elastic 

modulus Eθ(r)/Er(r) (Fig. 2a). This required a parabolic gradation in the radial modulus Er(r) 
(Fig. 2d). The interpolation of the Poisson’s ratio νrθ(r) between tendon and bone required 

special care to stay below the thermodynamic bound (cf. (Liu et al., 2014b)):

(5)

A cubic interpolation between νbone and νrθ was the simplest implementation that stayed 

(just) beneath the thermodynamic bound for Eθ/Er ≤ 10 for the moduli interpolations used 

(Fig. 2b). This was thus adopted in our analyses. The other Poisson ratio, νθr, could be 

computed from the three independent moduli using the relation (cf. (Liu et al., 2014b)):

(6)
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This resulted in a function that was continuous and was equal to 0.3 at the interfaces of the 

attachment site with tendon and bone (Fig. 2).

Beyond this baseline model, we explored the effects of the degree of tendon anisotropy and 

Poisson’s ratio on the stress field. To avoid complications associated with the 

thermodynamic bound (Eq. 5), the effects of tendon anisotropy were first studied using a 

fictional attachment site, bone, and tendon with Poisson’s ratios all set to zero. In other 

analyses, the Poisson ratios of tendon, bone, and each point within the graded attachment 

site were set to the upper bound at that point (cf. Eq. 5). We note that although several 

studies show a non-monotonic variation in Er(r) within the graded attachment (Thomopoulos 

et al., 2003a; Genin et al., 2009), the monotonic gradient adopted here serves as a first order 

representation to estimate how the relative size of the graded attachment site affects stress 

concentrations.

3. Results

3.1. The model is not sensitive to assumptions made about material properties

We began by studying the nature of the stress field in our model to determine how the 

assumed material properties affected the peak stresses. The first variable studied was the 

degree of anisotropy of the tendon, Eθ/Er. In these first studies, Poisson’s ratio was set to 

zero throughout the attachment site (Fig.3a). In cases for which tendon was taken as stiffer 

along its axis than transverse to its axis (Eθ/Er < 1), as occurs in the physiological case, the 

peak radial stress  occurred at the outer boundary of the bone. The stress distribution 

did not change substantially for Eθ/Er ≤ 0.1. For the isotropic case (Eθ/Er=1), the peak radial 

stress occurred at the bone-attachment boundary with a maximum radial stress of ~ 1.7. For 

all (non-physiological) cases of Eθ/Er > 1, the peak radial stress occurred at the outermost 

boundary. As a comparison, the normalized radial stress field for a completely isotropic and 

homogeneous system would be uniform, with a magnitude of σr(r)/p = 1.

When Poisson’s ratio was varied according to upper limit of Eq.(5), the peak stress 

concentrations were all reduced and the trends of Fig. 3a were retained (Fig.3b). The one 

exception was the isotropic case (Eθ/Er = 1), which had a higher stress concentration due to 

irregularities that arose with the interpolation scheme: the peak allowable Poisson ratio for 

an isotropic material is 0.5 due to an additional thermodynamic constraint that differs from 

Eq. 5, which allows a Poisson ratio of 1. Trends were similar for several additional, non-

linear, radial distributions tested for the degree of anisotropy, Eθ/Er(r) (data not shown). 

From this, we concluded that the trends arising from the model were sufficiently insensitive 

to the choice of material parameters around the baseline model of Eθ/Er = 0.1 that we could 

proceed to use it to assess qualitative trends associated with allometry.

 3.2. The stress concentration is insensitive to the length of the graded attachment site 
over the physiological range, but highly sensitive beyond the physiological range

We next studied the degree to which stress concentrations were affected by variations in the 

normalized graded attachment length (Fig.4a) when the normalized tendon length was held 

constant (Lt/Rb = 20). Decreasing the normalized attachment length (La/Rb) an order of 
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magnitude, from 1 to 10−1, increased the SCF by 1/3. Note that, We also examined the effect 

of the normalized tendon length for two other constants (Lt/Rb = 10, 35) which resulted in a 

similar trend as Lt/Rb = 20. The physiological range is very broad, extending over two orders 

of magnitude. However, the SCF was almost invariant over the two decades of the 

physiological range (Fig. 4b).

3.3. The stress concentration is highly sensitive to the normalized tendon length

The normalized tendon length (Lt/Rb) had a significant effect on the SCF over a range that 

encompassed the physiological range (Fig.5). This sensitivity was lost for Lt/Rb < 1. 

However, above this range the SCF increased ~ 25 fold over two decades of (Lt/Rb). The 

physiological range lay within the region of high sensitivity, but was limited a relatively 

narrow portion of this region.

 3.4. The stress concentration does not vary significantly across animals whose mass 
varies over three orders of magnitude

Combining these effects, SCF was seen to be nearly invariant with respect to animal body 

mass for all animals studied (Fig. 6). SCF reduced only a few percent between mice and 

pigs.

4. Discussion

We studied the mechanical function of the tendon-to-bone attachment across species using a 

mathematical model, with the aim of gaining insight into strategies for surgical and tissue 

engineered repair of the rotator cuff. A hypothesis in the literature is that the attachment site 

is optimized to minimize stress concentration (Liu et al., 2012).

However, data from a broad range of species, when interpreted through our models, suggest 

that this is not the case. The model shows that SCF decreases with increasing normalized 

attachment length, La/Rb (Fig. 4a), and with decreasing normalized tendon length, Lt/Rb 

(Fig. 5). The SCF can clearly be reduced by eliminating the tendon altogether and replacing 

it with a long graded attachment site. Even minor changes to the normalized tendon length 

would reduce the SCF. The morphometrics of the animals considered were clearly not 

optimized to minimize the SCF.

Instead, results supported a hypothesis that SCF is conserved across species. This was 

evident when predictions were plotted as a function of animal body mass (Fig. 6), and was 

further supported by the amount of variance across species in the normalized length of the 

attachment and tendon. The normalized attachment length La/Rb has a physiological range 

over which the sensitivity of the SCF is low. La/Rb ranged over more than two orders of 

magnitude (0.001 < La/Rb < 0.02) across the species studied, but this two-decade variance 

corresponded to less than 4% change in SCF. This variance within a region of relative 

insensitivity is consistent with a design that conserves stress concentration across species. 

The normalized tendon length, on the other hand, has a physiological range over which the 

sensitivity of the SCF is very high. Although a plateau region exists (Fig. 5), the 

physiological range is far from it. From the perspective of our hypothesis, the relatively 

small cross-species variance in normalized tendon length conserves SCF across species.
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As the animal mass increases, one might expect the size of the gradient region to also 

increase to accommodate the higher applied loads. However, Deymier-Black et al. (2015) 

showed that the mean muscle stress at the rotator cuff attachment site, analogous to the 

applied load p in our model, is highly conserved across species. Our results demonstrate that 

the SCF ≡ σmax/p is also conserved across species. Taken together, these data suggest that 

the peak stress level at the attachment site is also highly conserved. This suggests that the 

tendon-to-bone attachment site is tailored to ensure a homeostatic range of stresses that is 

conserved across species.

Why would such a homoeostatic stress target be optimal for tendon-to-bone attachment sites 

across species? Mechanical loading is well known to play an essential role in 

musculoskeletal growth and development (Robling and Turner, 2009; Ehrlich and Lanyon, 

2002; Klein-Nulend et al., 2005). Inadequate mechanical stimulation reduces bone mineral 

content, retards bone formation, and increases bone resorption, and increased mechanical 

stimulation leads to increased bone formation and decreased bone resorption (Morey and 

Baylink, 1978). Numerous studies have highlighted the interplay between mechanical, 

structural and biochemical signals that cells use to adapt and respond to the local stain/stress 

environments (Benjamin and Ralphs, 1998), and the tendon-to-bone attachment site does not 

develop a proper fibrocartilaginous transition or cell population in the absence of 

physiological loading (Schwartz et al., 2013, 2015). Indeed, the challenge during 

development might be to amplify low stresses generated by small muscles to homeostatic 

levels sufficient to promote and sustain bone mineralization (Liu et al., 2014a; Schwartz et 

al., 2012). Given the well known mechanical adaption of cells and its dependence upon the 

magnitude, duration, and rate of the applied loads (Duncan and Turner, 1995; Liedert et al., 

2005; Nekouzadeh et al., 2008; Thomopoulos et al., 2011; Lee et al., 2012; Elson and Genin, 

2013), and given that the machinery used to transduce loads is highly conserved across 

mammals, the existence of a highly conserved target stress range is logical.

These results have ramifications for the broad sets of literature on tendon-to-bone healing, 

development, and tissue engineering (Lu and Thomopoulos, 2013; Smith et al., 2012; 

Kolluru et al., 2013; Lipner et al., 2014; Thomopoulos et al., 2010). Results suggest that a 

preferred range of target stresses is desirable within the tendon-to-bone attachment in 

animals across a three order of magnitude range of body mass, and motivate further study to 

determine whether extrapolation to humans is possible. In these animals, factors such as the 

length of tendon are critically important to the stress distribution. The size of the graded 

attachment site can vary over several orders of magnitude without affecting the stress 

concentration substantially, but would have a significant effect outside of that range.

5. Conclusions

Using data from a number of mammals and a simplified mechanical model, we found 

support for a hypothesis that the structures of the tendon-to-bone complex combine to 

conserve stress concentrations across species. The results indicate that the stress 

concentration factor arising at the attachment of tendon to bone is insensitive to the variation 

of the normalized graded attachment length over the physiological range. The stress 

concentration is sensitive to the normalized tendon length, but little variation exists across 
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species. As a result, within the range of body masses studied, mammals all maintain a 

constant peak stress at the attachment of tendon to bone. This observation motivates further 

study of stress concentration in human rotator cuffs. Furthermore, this highly conserved 

range of stresses, and the structures that support it, are potential targets for improved 

surgical and tissue engineered repair of the rotator cuff tendon-to-bone attachment.
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Figure 1. 
(a) The model used was based upon a lateral view of the rotator cuff of the humeral head

(from Liu et al. (2012), used with permission). JC: joint capsules that interconnect with

muscles (red). Tendons (white) connect the humeral head (bone, tan) to muscles. SS:

subscapularies tendon; S: supraspinatus tendon; I: infraspinatus tendon; TM: teres minor

tendon. (b) The plane stress, axisymmetric model for the rotator cuff tendon-to-bone

attachment contained a bone core, a concentric graded attachment layer, and a concentric

tendon layer. The latter was loaded with a uniform radial traction of magnitude p.
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Figure 2. 
The simplified distribution of mechanical properties considered for tendon, bone, and the 

graded attachment site. Bone was modeled as isotropic; tendon and the attachment site were 

modeled as cylindrically orthotropic, and mechanical properties were required to be 

continuous. (a) Within the graded attachment site, the anisotropy ratio was modeled as 

linear. (b) This required a cubic interpolation of the Poisson ratio νrθ(r); this relationship lay 

below the upper bound on νrθ(r) for an anisotropy ratio less than 10. (c) The tangential 

modulus Eθ(r) was modeled as varying linearly. (d) The radial modulus was thus required to 

follow a parabolic interpolation. (e) The resulting interpolation of νθr(r) was non-monotonic 

but continuous, smooth, and positive.
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Figure 3. 
The effect of anisotropy ratio Eθ/Er in the tendon (numbers in boxes) on the radial stress 

distribution at the tendon-to-bone attachment. (a) With Poisson’s ratio of the tendon, bone, 

and the attachment site considered to be zero, all models of tendon with radial modulus 

exceeding tangential modulus showed monotonically increasing radial stress from tendon-

to-bone. For anisotropy ratio ≤ 0.1, the stress distributions reached a peak value of 

approximately 2. A tendon ring that was stiffer in the transverse than radial direction would 

shield the attachment site from radial stresses. Note that experimentally measured anisotropy 

ratio for tendon is in the range of 0.1 – 0.01. (b) Trends were similar with Poisson’s ratio set 

close to the upper bound, with the exception of the case of anisotropy ratio equal to 1 (see 

note in text).
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Figure 4. 
(a) The stress concentration factor (SCF) varied substantially with the normalized gradient

size (La/Rb) for all various ratio of Lt/Rb = 10, 20, 35. (b) However, in the two decades of

the physiological range, this variation was only a few percent. In both figures, Red circles

are data for animals ranging from mice to pigs at a constant normalized tendon length Lt/Rb 

= 20. Note that error bars are too narrow to be seen relative to the red circles.
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Figure 5. 
The stress concentration factor (SCF) was highly sensitive to tendon length over the 

physiological range (red circle corresponding to Lt/Rb = 20).
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Figure 6. 
The stress concentration factor (SCF) was invariant across species for animals ranging from 

0.03 kg (mice) to 50 kg (pigs). Lt/Rb = 20; red circles: physiological data.
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Table 1

Cross-species morphometric data.

species body mass,
m (kg)

humeral head
radius, Rb (mm)

attachment length,
La (µm)

normalized attachment
length, La=Rb

mouse 0.03* 2.4** 14.7 ± 4.31 0.0120 ± 0.0036

rat 0.30 ± 0.01 5.16 ± 0.24 29.0 ± 4.0 0.010 ± 0.001

rabbit 4.24 ± 0.23 12.3 ± 0.4 26.2 ± 2.7 0.0042 ± 0.0003

dog 21.7 ± 2.4 31.4 ± 1.0 39.3 ± 9.0 0.0025 ± 0.0006

pig 43.3 ± 2.3 40.0 ± 2.4 43.6 ± 16.4 0.0022 ± 0.0008

Data from Deymier-Black et al. (2015), Pollock and Shadwick (1994), and Gàlvez-López and Casinos (2012). In computing the variances of ratios, 
attachment lengths were assumed to be independent of humeral head radius.

Notes:

*
average mass,

**
average diameter
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