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Abstract

An edge coloring of a connected graph G is a proper-path coloring if every two
vertices of G are connected by a properly colored path. The minimum number of
colors required of a proper-path coloring of GG is called the proper connection number
pc(G) of G. For a connected graph G with proper connection number 2, the minimum
size of a connected spanning subgraph H of G with pc(H) = 2 is denoted by u(G). It
is shown that if s and ¢ are integers such that ¢ > s +2 > 5, then p(Ks;) = 2t — 2.
We also determine u(G) for several classes of complete multipartite graphs G. In
particular, it is shown that if G = Ky, n,, . n, is a complete k-partite graph, where
k> 3, r:Zf:llni >3 and t =ng > r?+r, then u(G) = 2t — 2r + 2.

1 Introduction

An edge coloring of a connected graph G is a rainbow coloring of G if every two vertices are
connected by a path where no two edges are colored the same (a rainbow path). A connected
graph G with a rainbow coloring is a rainbow-connected graph. The minimum number of
colors required for a rainbow coloring of a connected graph G is its rainbow connection
number rc(G). These concepts were introduced and studied by Chartrand, Johns, McKeon
and Zhang in 2006 resulting in the 2008 paper [3]. Since then, much research has been done
on these topics. In fact, a book [5] has been written on rainbow connection in graphs.

An edge coloring of a graph G is a proper coloring of G if every two adjacent edges of G are
assigned distinct colors. The minimum number of colors required of a proper edge coloring
of G is its chromatic indez, denoted by x'(G). An edge coloring of a connected graph G is
called a proper-path coloring if every two vertices of G are connected by a properly colored
path (a proper path). The minimum number of colors required of a proper-path coloring
of G is called the proper connection number pc(G) of G. Therefore, pc(G) < x'(G) for
every connected graph G. This concept was independently introduced and studied in [1, 2].
Recently, much research has been done on these concepts and, in fact, there is a dynamic
survey on this topic due to Li and Magnant [4].

In [1] it was shown that every complete multipartite graph that is neither a complete
graph nor a star has proper connection number 2. In fact, many connected graphs have been
shown to have proper connection number 2. On the other hand, a graph can have a large
proper connection number. For example, pc(T) = A(T) for every tree T'. Indeed, we have
the following observation (see [1]).

Observation 1.1 Let G be a nontrivial connected graph containing bridges. If the maxi-
mum number of bridges incident with a single vertex in G is b, then pc(G) > b.

While trees can have large proper connection number, this is not true for 2-connected
graphs. The following theorem is due to Borozan, Fujita, Gerek, Magnant, Manoussakis,
Montero and Tuza in [2].

Theorem 1.2 [f G is a 2-connected graph that is not complete, then pc(G) < 3.
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Figure 1: A 2-connected graph G with proper connection number 3

The upper bound 3 in Theorem 1.2 cannot be improved as it was shown in [2] that
2-connected graphs with proper connection number 3 exist. The 2-connected graph G in
Figure 1 has proper connection number 3. A proper-path 3-coloring of GG is shown in Figure 1.

The graph G in Figure 1 is, of course, also 2-edge connected. That is, there exist 2-
edge connected graphs with proper connection number 3. While verifying that the proper
connection number of the graph G of Figure 1 is 3 may require some time, there is a class of
2-edge connected graphs with proper connection number 3, the verification of which is more
immediate.

A graph G is a friendship graph if every two distinct vertices of G have a unique common
neighbor. A friendship graph has odd order 2k+1 for some positive integer k. The friendship
graph of order 3 is K3 and the friendship graph of order 2k +1 > 5 is obtained by identifying
one vertex from each of k triangles.

Proposition 1.3 If G is the friendship graph of order 7, then pc(G) = 3.

Proof. Label the vertices of G as shown in Figure 2(a). First, the edge coloring ¢ where
d(wxy) = d(wyy) = d(wz) = 1, d(wxy) = d(wyz) = d(wz) = 2 and d(x129) = ¢ (y1y2) =
' (z129) = 3 is a proper-path 3-coloring of G and so pc(G) < 3.

x] T2
T
zZ2 U1
w T,
Z1 Y2

(a)
Figure 2: The friendship graph of order 7
Next, we show that pc(G) > 3. Assume, to the contrary, that there is a proper-path

2-coloring ¢ of GG with the colors 1 and 2. Denote the triangle with vertices x1, x5, w by 17,
the triangle with vertices y1, 42, w by Ty and the triangle with vertices 21, zo,w by T3, as
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shown in Figure 2(a). We claim that in each of the three triangles 77, Ts, T3, the two edges
incident with w are assigned different colors by c.

Assume, to the contrary, that one of 77, T5, T3 has its two edges incident with w colored
the same, say c(wz;) = c(wzy) = 1. Since there is a proper z; — y; path and there is
a proper x; — z; path, at least one edge incident with w in 75 and T3 is colored 2, say
c(wyy) = ¢(wzy) = 2. Since G contains a proper y; — z; path, either wy, or wzy is colored 1,
say c(wys) = 1. Since G contains a proper x; — yo path, c¢(y132) = 1. Thus, (y1,w, 22, 21)
is the unique proper y; — z; path, which implies that c(wz) = 1 and ¢(z122) = 2. However
then, there is no proper x; — 2o path, which produces a contradiction. Thus, as claimed, in
each of three triangles T}, T3, T3, the two edges incident with w are assigned different colors
by c¢. Hence, we may assume that c(wz;) = c(wy;) = c(wz;) = 1 and c(wzxs) = c(wyz) =
c(wzy) = 2, as shown in Figure 2(b).

Since G contains a proper x; — y; path, it follows that c(xiz9) = 1 or ¢(y1y2) = 1, say
the former. There is now only one possible proper xs — 2 path, namely, (zq,w, 21, 23), which
implies that c(z122) = 2. However then, there is only one proper xs — y» path, namely
(2, w,y1,y2), which implies that c¢(y;y2) = 2. Thus, we arrive at the coloring of G shown
in Figure 2(c). However then, there is no proper y; — 2; path, producing a contradiction.
Hence, pc(G) > 3 and so pc(G) = 3. ]

The proof of Proposition 1.4 and the proper-path 3-coloring of G' described in this proof
can be extended to give the following result.

Corollary 1.4 FEvery friendship graph of order at least 7 has proper connection number 3.

We have noted that many graphs have proper connection number 2. Certainly, many
2-connected graphs have proper connection number 2. If G is a noncomplete connected
graph containing a connected spanning subgraph H such that pc(H) = 2, then pc(G) = 2 as
well. In fact, every noncomplete connected supergraph F' of H with V(F) = V(H) also has
proper connection number 2. This suggests the following concept. For a connected graph
G with pc(G) = 2, let u(G) denote the minimum size of a connected spanning subgraph H
of G with pc(H) = 2. In this context, we refer to a spanning subgraph H of G with u(G)
edges as a minimum spanning subgraph of G. In what follows, we determine p(G) for some
familiar graphs G with pc(G) = 2.

2 Complete Bipartite Graphs

We now investigate this concept for complete multipartite graphs that are neither a star nor
a complete graph, beginning with complete bipartite graphs K, with 2 < s <t¢. Since K,
contains a Hamiltonian path if and only if ¢ — s < 1, it follows that this minimum size is
t 4+ s — 1 for these graphs. It therefore suffices to consider those graphs K, with ¢t —s > 2.
We begin with the graphs K, ,; where t > 4.

Theorem 2.1 For an integer t > 4, u(Kyy) = 2t — 2.
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Proof. Let U = {u;,us} and W = {wy, wy, ..., w} be the two partite sets of Ky, and let
H = Ky; — {uqyws, ugw; }. Thus, the size of H is 2t — 2. We show (1) pc(H) = 2 and (2)
H has the minimum size of a connected spanning subgraph of K,; with proper connection
number 2.

First, we show that pc(H) = 2. Define the edge coloring ¢ : E(H) — {1,2} by

1 ifeitheri=1and j=1or3<j<t—1or (i) =(21)
2 ifeitheri=2and 2<j <t—1or (i,§) = (1,1).

c(uw;) = {

To verify that ¢ is a proper-path coloring of H, we show that every two vertices of H are
connected by a proper path. Let x and y be two nonadjacent vertices of H.
* If {z,y} = {w1,us}, then (uj,ws, us) is a proper u; — uy path.
If {x,y} = {u1,ws}, then (uy,wy, us, wy) is a proper u; — wq path.

If {x,y} = {u2, w1}, then (ug, wy, uy,w;) is a proper us — w; path.

* Let © = w; and y = w; where 1 <i < j <t. First, suppose that = € {w, ws}.

If 2 =w; and y = w; for 2 < j <t —1, then (wy,us, w, ug, w;) is a proper wy — w
path.

If x = wy and y = wy, then (wy,uy,w) is a proper wy — w; path.

If 2 =wy and y = w; for 3 < j <t —1, then (wa, us, wy, ug,w;) is a proper wy — w
path.

If  =wy and y = wy, then (ws, us, wy) is a proper wy — wy path.

Next, suppose that z = w; where 3 <7 <t — 1.

If y=wjfori+1<j<t—1,then (w;, us,w, us, w;) is a proper w; — w; path.

If y = wy, then (w;, uq,w;) is a proper w; — w; path.

Hence, c is a proper-path coloring of H and so pc(H) = 2.

Next, we show that H has the minimum size of a connected spanning subgraph of Ky,
with proper connection number 2. Suppose that there is a connected spanning subgraph F
of Ky, having less than 2t — 2 edges for which pc(F) = 2. Necessarily, at least three vertices
of W have degree 1 in F. It cannot occur that three vertices of degree 1 in F' are adjacent to
the same vertex of U, for otherwise pc(F) > 3 by Observation 1.1. Hence, we may assume
that the vertices w;, 1 <17 < 3, have degree 1 in F' and that ujw,, ujws, usws are edges of
F. Any proper-path coloring ¢ : E(F) — {1,2} of F must assign distinct colors to ujw;
and ujws, say c(ujw;) = 1 and c(ujwy) = 2. We may assume, without loss of generality,
that c(ugws) = 1. Let P be a proper wy — ws path in F. Thus, P = (wy, u1, wj, ug, ws) for
some integer j > 4. Since c(wju;) = c(ugws) = 1 and P is a proper path, it follows that
c(ugw;) # 1 and c(wjug) # 1 and so c(uyw;) = c¢(wjug) = 2, which is a contradiction. ]

Next, we determine p(Kj,) for all integers s and ¢ with ¢ > s +2 > 5.

Theorem 2.2 Ifs andt are integers witht > s+ 2 > 5, then p(K,4) = 2t — 2.
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Proof. Let G = K, with partite sets
U={uy,ug,...,us} and W = {wy,ws, ..., w}.

Write ¢t = sq + r for integers ¢ and r where 0 <r < s — 1.
First, we construct a connected spanning subgraph H of G of size 2t — 2 such that
pc(H) = 2. We consider two cases, according to whether r =0or 1 <r <s— 1.

Case 1. r = 0. Partition the set W into ¢ > 2 subsets Wy, W, ..., W, where |W;| = s
for 1 <i < q such that Wi = {wy, ws, ..., ws} and Wy = {wsi1, weia, ..., was}.

x First, suppose that s = 3. If ¢ = 2, let Q1 = (uy,ws, uz, wy,u;) = Cy and Qo =
(ug, ws, us, we, us) = Cy. If ¢ > 3, then for each integer ¢ with 3 < i < ¢, let Q; = Cy
be a Hamiltonian cycle of the subgraph G[U U W;] = K33 of G induced by U U W;.
Let H be the spanning subgraph of G' with

E(H)=E(Q1)UE(Q2)U---UEQ, U{uw,ujws}. (1)

* Next, suppose that s > 4. Let U = U — {uj,us} and W' = Wy — {wy,wy}. Let
()1 = Cs5_4 be a Hamiltonian cycle in the subgraph G[U'UW'| = K;_5 ,_5 of G induced
by U'U W' and for each integer i with 2 <1i < ¢, let Q; = Cy, be a Hamiltonian cycle
in the subgraph G[U UW,] = K, of G induced by U U W,. Let H be the spanning
subgraph of G whose edge set is described in (1). Hence, the size of H is 2t — 2.

It remains to show that pc(H) = 2. We first define an edge coloring ¢ : E(H) — {1,2}.
For 1 <i < ¢, let ¢ be a proper edge coloring of the even cycle Q;. Also, let c(ujw;) =1
and c(ujws) = 2. Next, we show that ¢ is a proper-path coloring of H. Let x and y be two
nonadjacent vertices of H. If  and y lie on some even cycle @), for some p € {1,2,...,q},
then there is a proper z — y path in H. Thus, we may assume that x and y do not lie on a
common even cycle Q; where 1 < i <gq.

First, suppose that s = 3. Since x and y do not lie on a common even cycle (); where
1 <1 <gq, it follows that x,y € U U {wy,ws,...,ws}. Let H' be the subgraph of H induced
by U U {wy,ws, ..., ws}. We may furthermore assume that the edges of H' are colored as
shown in Figure 3, where a solid edge and a dashed edge are colored differently. If x,y € U,
say © = u; and y = ug, then (uy, w3, ug, ws, uz) is a proper  —y path. Thus, we may assume
that at least one of z and y does not belong to U, say y € W. Then y = w; for some i with
i=1,2,...,6. A case-by-case argument shows that there is a proper x — y path in H’ (and
so in H). For example, (u1,wy, us, we) is a proper u; — wg path and (wyq, uy, wy, uz, we) is a
proper w; — wg path.

Next, suppose that s > 4. Since every two distinct vertices of U lie on the even cycle (),
it follows that at least one of x and y does not belong to U, say y € W. We consider two
subcases, according to whether x € U or x € W.

Subcase 1.1. x € U. First, suppose that y = w; for 3 <i <s. Then x € {uy,us}. Since
x lies on ()9 and y is adjacent to a vertex z on ()9, there are two x — y paths passing through
z, one of which is proper. Next, suppose that y € {wy,wy}. Since x and y are nonadjacent,
x = u; for some ¢ with 2 < i < s. Then x lies on ()2 and y is adjacent to the vertex u; on
(2. Then there are two x — y paths passing through w;, one of which is proper.
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Figure 3: A subgraph H' in H when s =3

Subcase 1.2. x € W. We may assume that + = w; and y = w; where 1 <7 < j. First,
suppose that ¢ € {1,2}. If (4,5) = (1,2) or j > s + 1, then (w;, uy,w;) is a proper w; — w;
path in H. Next, suppose that 3 < j < s. Then z is adjacent to u; of ()3 and y is adjacent
to a vertex z of Q2 (where it is possible that u; = z). There are two x — y paths passing
through z, one of which is proper. Next, suppose that ¢ > 3. Hence, x € W, and y € W,
where 1 < a < b < gq. Then zx is adjacent to a vertex z on ), and y lies on Q). Thus, there
are two x — y paths passing through z, one of which is proper.

Case 2. 1 < r < s — 1. Partition the set W into g + 1 subsets Wy, Wy, Wy, ..., W,
where |[Wy| = r and |[W;| = s for 1 < i < ¢ such that Wy = {wy,ws,...,w,} and W; =

{wr+17 Wr4-25 - - - 7w'r+s}'

*x For r = 1, let W = W) — {wy} and U" = U — {u;}. Now, let Q1 = Co_2 be a
Hamiltonian cycle in the subgraph G[U' U W'| = K,_; ,1 of G induced by U' U W’
and for 2 < i < qif ¢ > 2, let Q; = Cy be a Hamiltonian cycle in the subgraph
GIUUW,;] = K, of G induced by U U W,. Let H be the spanning subgraph of G

whose edge set is described in (1).

* For r =2, let Q; = Cy be a Hamiltonian cycle in the subgraph G[U U W] = K, for
1 <1< gq. Let H be the spanning subgraph of G whose edge set is described in (1).

* For r =3, let Qo = (u1, w3, ug, wy,uy) = Cy. Let U = U —{uy} and W = Wy — {w,}.
Now let ()1 = Ca5—2 be a Hamiltonian cycle in the subgraph G[U' UW'| = Ks_; 1 of
G induced by U'UW’. For each integer ¢ with 2 < i < ¢, let Q; = C5, be a Hamiltonian
cycle in the subgraph G[UUW,] = K ; of G induced by UUW;. Let H be the spanning
subgraph of G whose edge set is

* Forr >4, let W = Wy—{wy,ws} and U" = {uq,ug,...,v,_2}. Now, let Qo = Co,_4 be
a Hamiltonian cycle in the subgraph G[U'UW'] = K, _5,_5 of G induced by U'UW’ and
for 1 <7 < gq, let Q; = Oy be a Hamiltonian cycle in the subgraph G[U U W;] = K, 4
of G induced by U U W;. Let H be the spanning subgraph of G whose edge set is
described in (2).

In each case, the size of H is 2t — 2. We define an edge coloring ¢ : E(H) — {1,2} such
that each even cycle @; (1 <i < gor 0 < i < q) is properly colored and c¢(u;w;) = 1 and
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c(ujws) = 2. An argument similar to that in Case 1 shows that ¢ is a proper-path coloring
of H and so pc(H) = 2.

Next, we show that the minimum size of a connected spanning subgraph of K, with
proper connection number 2 is 2t — 2. Suppose that there is a connected spanning subgraph
F of K, having less than 2¢ — 2 edges but pc(F') = 2. Necessarily, at least three vertices
of W have degree 1 in F. It cannot occur that three vertices of degree 1 in F' are adjacent
to the same vertex of U, for otherwise, pc(F) > 3 by Observation 1.1. We may assume
that the vertices w;, 1 < i < 3, have degree 1 in F. Suppose that e, es, €3 are the three
pendant edges that are incident with wq, ws or ws, respectively. Any proper-path coloring
c: E(F)— {1,2} of F must assign the same color to two of ey, es, €3, say c(e;) = c(ez) = 1.
Thus, e; and e; cannot be adjacent, say e; = ujw; and es = usws. Let P be a proper
wy — we path in F, say P = (wy, uy, w;, . .., wj, ug, wy) for some integers i,j € {3,4,...,t}.
Let P! = P — {wy,uy, us, wa} be the subpath of P. Then P’ has even length and the edges
of P’ are colored alternately 2 and 1. However then, c(w;us) = c(usws) = 1, which is a
contradiction. Therefore, the minimum size of a connected spanning subgraph of K, with
proper connection number 2 is 2t — 2. ]

Combining Theorems 2.1 and 2.2, we obtain the following.
Corollary 2.3 Ifs andt are integers with t > s +2 > 4, then pu(Ks;) = 2t — 2.
The proof of Theorem 2.2 gives rise to the following useful corollary.

Corollary 2.4 Let F' be a connected spanning subgraph of the complete bipartite graph K,
with partite sets U and W, where |U| = s, |W| =t and 1 < s <t and t > 3. If at least three
vertices of W have degree 1 in F, then pc(F') > 3.

3 Complete Multipartite Graphs

We now look at complete k-partite graphs for & > 3. Let G = K, ,...n, be the complete
k-partite graph of order n = Zle n;, where 1 < n; <ny <--- <ny and k > 3. Since G
contains a Hamiltonian path if and only if n; < Z;:ll n; + 1, it follows that u(G) =n —1
in this case. Thus, it suffices to consider the case when n; > Zi:ll n; + 2. We begin by
establishing an upper bound for u(G) for such complete k-partite graphs G.

Proposition 3.1 Let G = Ky, n,,..n, be the complete k-partite graph of order n = Zle n;,
where 1 <ny <ng <---<ny and k> 3. Ifn, > Z;:llni—i—l then u(G) < 2ny — 2.

Proof. Let Vi,Va, ..., Vi be the partite sets of G with |V;| = n; for 1 < ¢ < k and let F
be the complete bipartite graph with partite sets V; UVo U --- U Vi1 and Vj. It follows by
the proofs of Theorems 2.1 and 2.2 that F' contains a connected spanning subgraph H of
size 2ny, — 2 such that pc(H) = 2. Since F' is a connected spanning subgraph of G, it follows
that G contains a connected spanning subgraph H of size 2n; — 2 such that pc(H) = 2 and
so u(G) < 2ny — 2. m

Next, we describe a class of complete k-partite graphs where & > 3 such that the upper
bound described in Proposition 3.1 is attainable.
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Proposition 3.2 Let G = Ky, ,,..n, be the complete k-partite graph of order n = Zle n;,
where 1 <ny <ng <---<nypand k> 3. If ny :Zf’;lni—i—l then u(G) = 2ny — 2.

Proof. Since G has order n with n;, = Zf;ll n; + 2, it follows by Proposition 3.1 that
w(G) < 2ny, — 2. Every connected spanning subgraph H of G of size 2n; — 3 is a tree. Since
G contains no Hamiltonian path, it follows that pc(H) = A(H) > 3. Thus, there is no

connected spanning subgraph of size 2n;, — 3 having proper connection number 2. Hence,
w(G) > 2ny, — 2 and so u(G) = 2ny, — 2. ]

We now investigate u(G) for the complete 3-partite graphs G. To simplify the notation,
let G = K, ; be a complete 3-partite graph where 1 <r < s <tandt>r+s+2. We
show that the upper bound described in Proposition 3.1 is attainable when r = s = 1 and
t > 4. First, we state a useful observation.

Observation 3.3 If F' is a connected spanning subgraph of a graph G such that pc(F) =
pe(G) = 2, then u(G) < p(F).

Proposition 3.4 For each integer t > 4, p(K 1) = 2t — 2.
Proof. Since Ky; C K 1,4, it follows by Observation 3.3 and and Theorem 2.1 that
(K1) < p(Kayp) <2t — 2.

Thus, it suffices to show that p(Kj1¢) > 2t — 2. Assume, to the contrary, that there is
a connected spanning subgraph F' of K, of size m < 2t — 2 with pc(F) = 2. Thus, at
least three vertices of W have degree 1 in F'. Let the partite sets of K1, be {u}, {v} and
W = {wy,ws, ..., w}.

First, suppose that exactly three vertices of W have degree 1 in F. Thus, m > 2t — 3.
Since m < 2t — 2, it follows that m = 2t — 3 and so uv ¢ E(F). However then, F' is a
bipartite subgraph of Kj; with partite sets {u,v} and W. Since F has three vertices of
degree 1 in W, it then follows by Corollary 2.4 that pc(F') > 3, which is impossible.

Next, suppose that at least five vertices of W have degree 1 in F. Then either u or v is
incident with at least three bridges in F' and so pc(F') > 3 by Observation 1.1, which is a
contradiction. Thus, exactly four vertices of W have degree 1 in F' and each of u and v is
incident with exactly two of these four vertices. Therefore, we may assume that the vertices
w; (1 <1 < 4) have degree 1 in F' and wwy, uwsq, vws, vw, are edges of F. Furthermore, if
wv ¢ E(F), then F is a bipartite subgraph of K,; with partite sets {u,v} and W. Again,
since F' has four vertices of degree 1 in W, it then follows that pc(F') > 3 by Corollary 2.4,
which is impossible. Thus, we assume that uv € E(F).

Any proper-path coloring ¢ : E(F) — {1,2} of F' must assign distinct colors to uw, and
uwy, say c(uw;) = 1 and c(uws) = 2 and distinct colors to vws and vwy, say c(vws) = 1 and
c(vwy) = 2. Assume, without loss of generality, that ¢(uv) = 1. Any proper w; — w3 path P
in /' must begin with w,u and terminate with v, ws. Necessarily, the only other vertex on
P is w; for some j with 5 < j <t that is, P = (w1, u, w;, v, ws). Since c(wiu) = c(vws) =1
it follows that c(uw;) = ¢(vw;) = 2, which is a contradiction. ]

Next, we show that the upper bound described in Proposition 3.1 can be strict if ¢ is
sufficiently large.
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Proposition 3.5 For an integer t > 11, if G € {Ki1 2+, K11.1+}, then

u(G) =2t — 4.

Proof. Since K, is a spanning subgraph of K, it follows by Observation 3.3 that
(K1 114) < (K 24). Thus, it suffices to show that pi( K 0,) < 2t—4 and pu(Ky11¢) > 2t—4
for each integer ¢ > 11.

We first show that pu(K;2,) < 2t —4. Let G = K 2,, whose partite sets are {xz, 2z}, {y}
and W = {wy,ws,...,w;}. Let F' be the connected spanning subgraph of G' obtained from
the path Py = (z,y,2) by joining w; and wy to z, ws and wy to y, ws and wg to z, wy to
x and z, w; to x and y for 8 <1 <t —2, w; toy and z for ¢« =t — 1,¢t. The graph F' is
shown in Figure 4 for ¢ = 11. Since (i) there are six vertices of W of degree 1 in F', namely
w; for 1 <7 <6, (ii) the remaining ¢ — 6 vertices of W have degree 2 in F' and (iii) there are
exactly two edges in G[{z,y, z}], it follows that the size of F' is 2t — 4.

wg Wog w10 w11
wr
x z
/z;\ \
°
w1 w2 ws W4 Ws We

Figure 4: A connected spanning subgraph F' of K41 for ¢t =11

Since there is a proper-path 2-edge coloring of F', it follows that pc(F) = 2. Such a
proper-path 2-edge coloring of F' is shown in Figure 5 for ¢ = 11. If ¢ > 12, then (1) color
the two edges w;x and w;y (10 < i <t — 2) as wgx and wgy, (2) color the two edges w; 1y
and w;_12z as wioy and wigz and (3) color the two edges wyy and w;z as w1y and wyiz. It
can be verified that for every two nonadjacent vertices u and v of F', there is a proper u — v
path in F'. For example, if 12 < i <t — 2, then (ws, z, wy,y, w;) is a proper wg — w; path
in F.

Figure 5: A proper-path 2-edge coloring of F' for t = 11
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Next, we show that p(K;114) > 2t — 4. Let G = K; 11, whose partite sets are {z}, {y},
{z} and W = {wq,ws, ..., w:}. Assume, to the contrary, that ;(G) < 2t —5. Then there is a
connected spanning subgraph F of G of size m < 2t — 5 with pc(F') = 2. We consider three
cases, according to the number of edges in the subgraph G[{x,y, z}| induced by {z,y, z}.

Case 1. The subgraph G[{z,y,z}] contains no edge. Then F' is a connected spanning
subgraph of K3, with pc(F) = 2. Since u(K3;) = 2t — 2, the size of F' is at least 2t — 2,
which is impossible.

Case 2. The subgraph G[{z,y,z}| contains exactly one edge, say e = xy is an edge of
G[{z,y, z}]. Since the size of F' is at most 2t — 5, at least six vertices of W have degree 1
in F'. It cannot occur that three vertices of degree 1 in W are adjacent to a vertex in F, for
otherwise, pc(F) > 3 by Observation 1.1. Thus, we may assume, without loss of generality,
that the vertices w; (1 < i < 6) have degree 1 in F' and xwy, zwsq, yws, ywy, zws, zwg. Any
proper-path coloring ¢ : E(F) — {1,2} of F' must assign distinct colors to the two adjacent
pendant edges in F', say c(zw;) = c(yws) = 1 and c(zwy) = c(ywy) = 2. Then a proper
w; — ws path must be (wy, z,y, ws) and so ¢(xy) = 2; while a proper ws — w4 path must be
(wa, x,y,ws) and so c¢(xzy) = 1, which is impossible.

Case 3. The subgraph G[{x,y, z}] contains at least two edges. Then at least seven vertices

of W have degree 1 in F'. Thus, three vertices of degree 1 in W are adjacent to a vertex in F’
and so pc(F) > 3 by Observation 1.1, which is impossible.

Hence, u(Ky114) > 2t —4. Since 2t —4 < p(Ky114) < p(Ki24) < 2t — 4, it follows that
p(Kia1,e) = p(Ky) =2t — 4. -

Proposition 3.5 is a special case of a more general result. Let G = K, n, be the
complete k-partite graph, where k > 3, let r = Zf:f n; and t = ng. We now present a

formula for ©(G) when r > 3 and ¢ is sufficiently large compared to r.

1,125

Theorem 3.6 Let G = K, n,...n, be a complete k-partite graph where
k> 3, r:Zi:llni >3 and t = ny,.

Ift > r*+r, then
w(G) =2t —2r +2.

Proof. Denote the partite sets of G by Vi, Vs, ..., Vi, where |V;| = n; for 1 <i < k. First,
we show that u(G) > 2t — 2r + 2. Let H be a minimum connected spanning subgraph of
G with pc(H) = 2. Certainly, every vertex of Vj has degree at least 1 in H. Also, at most
2r vertices of V, have degree 1, for otherwise, there are vertices of H incident with three
or more pendant edges and so pc(H) > 3 by Observation 1.1, contradicting the fact that
pc(H) = 2. Thus, at most two vertices of V}, of degree 1 can be adjacent to the same vertex
of UM}V, If any two vertices w’, w” of degree 1 in V; are incident with edges of the same
color, then H[U*Z!V;] must contain an edge of the other color. Thus, the size of H must be
at least

(Z degHw> +2> 2 4+ 2(t—2r) +2 =2t —2r +2

weVy

https://digitalcommons.georgiasouthern.edu/tag/vol3/iss2/2
DOI: 10.20429/tag.2017.030202



Bi et al.: On Minimum Spanning Subgraphs of Graphs With Proper Connection Number 2

and so u(G) > 2t —2r + 2.

Next, we show that pu(G) < 2t — 2r + 2. To verify this, we show that there exists
a connected spanning subgraph F' of size 2t — 2r + 2 in G such that pc(F) = 2. Let
Uf’:llVi = {v1,v,...,0,}, where the only edges of F[Uf:_fVi] are v,_ovU,_; and v,_;v,. Let
Vi = {wy,wa, ..., w} where degpw; = 1 for 1 < i < 2r. In particular, for 1 < i < r,
way;—1 and wy; are adjacent to v;. Next, we define an edge coloring ¢ : E(F) — {1,2} as
follows. Let c¢(v,_2v,—1) = 1, c(v,_1v,) = 2, c(v;wa;—1) = 1 and e(v;wy;) =2 for 1 < i < r.
There are (g) distinct pairs of vertices in {vy, va,...,v,.}. For each such pair {v,, v}, two
vertices w’ and w” in {wy,41, Wopya, . .., w2, } are selected, which are both joined to v, and
vy, where c(v,w') = c(vyw”) = 1 and c(v,w”) = c(vpw’) = 2. If t > r? + r, then each vertex
in {w2 1, W24009,...,w} is joined to two vertices in {vy,vs,...,v,}, where one edge is
colored 1 and the other edge is colored 2. This completes the construction of F' and the
edge coloring c of F'. The subgraph F' and the coloring ¢ of F' are illustrated in Figure 6
for K90, where each solid edge is colored 1 and each dashed edge is colored 2.

Figure 6: A subgraph F' of K399 and an edge coloring of F

We now show that c is a proper-path 2-coloring of F'. It remains to show that every two
nonadjacent vertices x and y of F' are connected by a proper path. This is obvious if there
is a proper path of length 2 connecting x and y. Thus, we consider the other possibilities,
namely either z,y € V. or exactly one of z and y belongs to Vi. First, we consider the
situation when z,y € Vi. There are three cases.

Case 1. {x,y} = {w;, w;} where 1 <i# j < 2r. Suppose that w;v, and w;v, are edges
in F' where 1 < p < q <r. We consider three subcases, according to whether p < ¢ <r —3
orp,g>r—2orp<r—3andq>r—2.

Subcase 1.1. p < g <1 — 3. If c(w;v,) # c(w;v,), say c(wv,) = 1 and c¢(w;v,) = 2, then
there exists a vertex ws where s > 2r such that vyws, wsv, € E(F) and c(v,ws) = 2 and
c(wsvg) = 1. Then (w;, vy, ws, vy, w;) is a proper w; — w; path in F. If c(wv,) = c(w;vy,),
say c(w;v,) = c(w;v,) = 1, then there are vertices w, and w, where a,b > 2r such that
UpWa, WaUp_1, VgWp, Wpvy € E(F) with ¢(w,v,—1) = c(wpv,) = 1 and c(wav,) = c(wpy,y) = 2.
Thus, (w;, vy, Wa, Vr_1, Uy, W, Vg, w;) is a proper w; — w; path in F.

Subcase 1.2. p,q € {r — 2,7 — 1,r}. First, assume that w;v,_o, w,;v,_; € E(F).
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* If w;v,_5 and v,_j;w; are both colored 2, then (w;, v,_2,v,_1,w;) is a proper w; — w;
path in F.

* If wv,—o and v,_jw; are both colored 1, then there is a vertex w, with a > 2r
such that v,_sw,, w,v, € E(F) such that c¢(v,_ow,) = 2 and c¢(w,v,) = 1. Hence,
(Wi, Vy_2, Wq, Uy, Vp_1,w;) is a proper w; — w; path in F.

* If w;v,_o and v,_yw; are colored differently, say c(w;v,—2) = 1 and c(v,_qw;) = 2,
then there is a vertex w, with a > 2r such that v, _sw,, w,v,—1 € E(F) such that
c(v_ow,) = 2 and c(w,v,—1) = 1. Hence, (w;, vy_2, Wy, V1, w;) is a proper w; — w;
path in F.

An argument for the situation where w;v,_1,w;v, € E(F) is similar. Next, assume that
Wiv,—o2, wv, € E(F).

* If c(wjv,—2) = 2 and c(v,w;) = 1, then (w;, v,_2,v,_1,v,, w;) is a proper w; — w; path
in F.

* If c(w;v,—2) = 1 and c(v,w;) = 2, then there is a vertex w, with a > 2r such that
Up_oWq, Wev, € E(F) such that c(v,_sw,) = 2 and c¢(w,v,) = 1. Hence, (w;, v,_a, wy,
v,, w;) is a proper w; — w; path in F.

* If w;v,_9 and v,w; are colored the same, say c(w;v,_2) = c¢(v,w;) = 1, then there is a
vertex w, with a > 2r such that v, _ow,, w,v,—1 € E(F) such that ¢(v,_ow,) = 2 and
c(wgvy—1) = 1. Hence, (w;, vy_2, Wq, Ur—1, Vr, w;) is a proper w; — w; path in F.

Subcase 1.3. p < r—3 and ¢ € {r —2,r — 1,r}. Suppose that ¢ = r — 2 and so
Wiy, WU,—o € E(F).

* If w;v, and wjv,_o are colored differently, say c(w;v,) = 1 and c¢(w;jv,_2) = 2, then
there is a vertex w, with a > 2r such that c(w,v,) = 2 and c(w,v,—2) = 1. Hence,
(wj, Vp, Wq, Vr_2, w;) is a proper w; — w; path in F'.

* If c(w;v,) = c(v,—ow;) = 1, then there are vertices w, and w, with a,b > 2r such
that vyw,, Wevy, Ve_1Wp, Wpv,—2 € E(F) where c(w,v,) = c(v,—qwp) = 1 and c(wqv,) =
c(vr_owyp) = 2. Then (w;, vy, Wq, Vy, Vy_1, Wh, Vy_g, W;) is a proper w; — w; path in F.

* If e(w;v,) = c(v,—ow;) = 2, then there is a vertex w, with a > 2r such that v,w,, wev,—1 €
E(F) such that c(v,w,) = 1 and c¢(w,v,—1) = 2. Hence, (w;, vp, Wa, Vr_1, Vp_a, w;) is
a proper w; — w; path in F'.

The situations for ¢ = r — 1 or ¢ = r are similar.

Case 2. {x,y} = {w;, w;} where 2r < i # j <t. Since each of w; and w; is incident with
two edges of different colors in F', it follows that there exist p,q € {1,2,...,r} such that
Wy, wiv, € E(F) and c(w;v,) # c(w;v,). If v, = v, then (w;, v,, w;) is a proper w; —w; path
in F'; while if v, # v,, then there is a vertex w, with a > 2r such that v,w,, w,v, € E(F)
such that c(w;v,) # c(vpw,) and c(wjv,) # c(vaw,). Thus, (w;, vy, we, vy, w;) is a proper
w; —w; path in F'.
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Case 3. {z,y} = {w;,w;} where 1 < i < 2r and 2r +1 < j < t. Suppose that
w;v, € E(F). Choose v, such that c(w;v,) # c(w;v,). We may assume that v, # v,. Then
there is a vertex w, with a > 2r such that v,w,, w,v, € E(F) where c(w;v,) # c(vyw,).
Thus, (w;, vy, Wa, Vg, w;) is a proper w; — w; path in F.

Next, we consider the situation when exactly one of x and y belongs to V;, say x € V}, and
y = v; for some integer j with 1 < 7 < r. First, suppose that x = w; where 2r +1 <1¢ <.
Let w;v,, wiv, € E(F), where say c(w;v,) = 1 and c(w;v,) = 2. Then there is a vertex
w, with @ > 2r such that v;w,, w,v, € E(F) and c(w,v;) = 1 and c(w,v,) = 2. Thus,
(w;, vy, We, w;) is a proper w; — w; path in F. Next, suppose that z = w; where 1 < i < 2r.
Let wyv, € E(F), where say ¢(w;v,) = 1. Then there is a vertex w, with a > 2r such that
VjWe, Wav, € E(F) and c(wyvj) = 1 and c¢(w,v,) = 2. Thus, (w;, vy, w,, w;) is a proper
w; —w; path in F'.

Hence, c is a proper-path 2-coloring of F' and so pc(F') = 2. Therefore, u(G) < 2t —2r+2
and so u(G) = 2t — 2r + 2. n

What remains then is determining p(G) for G = K, py....n,, Where k > 3, r = Zf;ll n;
and t = ny, when » +2 < t < 7?2 + r. Of course, the more general problem is that of
determining or at least finding bounds for ;(G) for other connected graphs G not possessing
a Hamiltonian path.

Closing Remarks: In a relatively short period after the concept of proper-path colorings
in graphs was introduced, it has been studied by many, resulting in numerous beautiful
theorems and intriguing conjectures and open questions (such as in the previous paragraph).
Li and Magnant’s a dynamic survey [4] provides useful information on this topic.
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