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Path-factors involving paths

of order seven and nine

Yoshimi Egawa’ Michitaka Furuya'

Abstract

In this paper, we show the following two theorems (here ¢;(G — X) is the number
of components C' of G — X with |[V(C)| = 1i): (i) If a graph G satisfies ¢; (G — X) +
2c3(G — X) + 3¢5(G — X) < 2[X]| for all X C V(G), then G has a {P,, P;}-factor.
(ii) If a graph G satisfies ¢1(G — X) + 3(G — X) + 2¢5(G — X) + 2¢7(G — X) < 2|X]|
for all X C V(G), then G has a {P, Py}-factor.

1 Introduction

In this paper, all graphs are finite and simple. Let G be a graph. We let V(G) and E(G)
denote the vertex set and the edge set of G, respectively. For u € V(G), we let Ng(u) and
dg(u) denote the neighborhood and the degree of w, respectively. For U C V(G), we let
Ng(U) = (Uyer Na(u)) — U. For disjoint sets X, Y C V(G), we let Eg(X,Y) denote the
set of edges of G joining a vertex in X and a vertex in Y. For X C V(G), we let G[X]
denote the subgraph of G induced by X. For two graphs H; and H,, we let H; U Hy and
H, + Hy denote the union and the join of H; and Hs, respectively. For a graph H and an
integer s > 2, we let sH denote the disjoint union of s copies of H. Let K, and P, denote
the complete graph and the path of order n, respectively. For terms and symbols not defined
here, we refer the reader to [3].

Let again G be a graph. A subset M of E(G) is a matching if no two distinct edges in M

have a common endvertex. If there is no fear of confusion, we often identify a matching M
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of G with the subgraph of G induced by M. A matching M of G is perfectif V(M) =V (G).
For a set H of connected graphs, a spanning subgraph F of G is called an H-factor if each
component of F' is isomorphic to a graph in ‘H. Note that a perfect matching can be regarded
as a { Py }-factor. A path-factor of G is a spanning subgraph whose components are paths of
order at least 2. Since every path of order at least 2 can be partitioned into paths of orders
2 and 3, a graph has a path-factor if and only if it has a { P, Ps}-factor. Akiyama, Avis and
Era [1] gave a necessary and sufficient condition for the existence of a path-factor (here i(G)

denotes the number of isolated vertices of a graph G).

Theorem A (Akiyama, Avis and Era [1]). A graph G has a { Py, Ps}-factor if and only if
i(G— X) <2|X]| for all X CV(Q).

On the other hand, it follows from a result of Loebal and Poljak [4] that for & > 2, the
existence problem of a { Py, Pay41 }-factor is NP-complete. However, in general, the fact that
a problem is NP-complete in terms of algorithm does not mean that one cannot obtain a
theoretical result concerning the problem. In this paper, we discuss sufficient conditions for
the existence of a { Py, Py }-factor (for detailed historical background and motivations, we
refer the reader to [2]).

In order to state our results, we need some more preparations. For a graph H, we let
C(H) be the set of components of H, and fori > 1,let C;(H) ={C € C(H) | |V(C)| =i} and
¢;(H) = |C;(H)|. Note that ¢;(H) is the number of isolated vertices of H (i.e., ¢;(H) = i(H)).
For k > 1, if a graph G has a {P», Pay1 }-factor, then Zogz‘gk—l(k — )1 (G — X) <
(k+1)|X| for all X C V(G) (see Section 2). Thus if a condition concerning c9;11(G—X) (0 <
i <k—1)for X C V(G) assures us the existence of a {Pa, Py }-factor, then it will make
a useful sufficient condition.

Recently, in [2], the authors proved the following theorem, and showed that the bound
31X|+ 3 in the theorem is best possible.

Theorem B (Egawa and Furuya [2]). Let G be a graph. If c;(G—X)+3c3(G—X) < 5| X |+
for all X C V(G), then G has a {P», P5}-factor.

wl—

In [2], the authors also constructed examples which show that for & > 3 with k& =
0 (mod 3), there exist infinitely many graphs G having no {Ps, Pa41}-factor such that
D o<icho C2itt (G — X) < §E8|X | + 243 for all X C V(G), and proposed a conjecture that,
for an integer k > 3 and a graph G, if D o ;1 ¢2i41(G — X) < 4161 X for all X C V(G),

8k+3
then G has a {P», Pa1}-factor.
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In this paper, we settle the above conjecture for the case where k € {3,4} as follows
(note that Theorem 1.2 implies that the coefficient g”]:—j:g of | X in the conjecture is not best
possible for k = 4).

Theorem 1.1. Let G be a graph. If ¢i(G — X) 4 5¢3(G — X) + 5¢5(G — X)) < 2|X| for all
X CV(G), then G has a {Ps, P;}-factor.

Theorem 1.2. Let G be a graph. If ¢;(G—X)+c3(G—X)+3¢5(G—X)+3c(G—X) < 2|X]|
for all X C V(G), then G has a { Py, Py}-factor.

We prove Theorems 1.1 and 1.2 in Sections 3-5. We remark that hypomatchable graphs
play an important role in the proof, though P; and Py are not hypomatchable (see Section 4
for the definition of a hypomatchable graph). In Section 6, we discuss the sharpness of
coefficients in Theorems 1.1 and 1.2.

In our proof of Theorems 1.1 and 1.2, we make use of the following fact.

Fact 1.1. Let k > 2 be an integer, and let G be a graph. Then G has a { Py, Py11}-factor
if and only if G has a path-factor F such that Coi1(F) =0 for every i (1 <i<k—1).

2 A necessary condition for {P,, Py 1}-factor

In this section, we give a necessary condition for the existence of a {Ps, Payy1}-factor in

terms of invariants ¢o;41 (0 < ¢ < k —1). We show the following proposition.

Proposition 2.1. For an integer k > 1, if a graph G has a {Py, Paxy1}-factor, then
> o<icko1(k = )c21 (G — X) < (k+ 1)|X]| for all X CV(G).

Proof. Let F be a {P,, Py,11}-factor of G, and let X C V(G). Observe that

ST (k= i)esa (G = X) = S (k+%_W§n0'

0<i<k—1 Celpcicr—1 Coit1(G—=X)

With this observation in mind, we first prove the following claim.

Claim 2.1. Let P € C(F). Then Y pe e povy(k+ 5 = ) < (k+ 1)[Y] for all
Y CV(P). o

Proof. We proceed by induction on |Y]. If Y = (), the desired inequality clearly holds. Thus
let Y # (), and assume that the desired inequality holds for subsets of V' (P) with cardinality
Y| —1. Take z € Y, and set Y’ =Y — {x}. Then ZH€U0<'<k,1C2i+1(P_Y/)(k +1- Vil <

2 _—
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(k+1)|Y’|. Let Hy be the component of P —Y” containing x, and let H; and H, denote the
two segments of Hy obtained by deleting = from Hy. Note that H; or Hy (or both) may be
empty. If Hy has even order, then precisely one of H; and H,, say Hi, has odd order, and

hence

SR (Sl

HelUp<i<p—1C2it1(P=Y)
1 |[V(H) 1 |V(H))
- Ea - b -
S e e A G
HEUogigchQiH(P—Y/)
< (k+1)|Y|+k
< (k+DJY].

Thus we may assume that H, has odd order. Note that —(k+ 3 — @) +(k+1- W) +

(k+1— @) =k+1+ ‘V(HO)‘_‘V(QJI)‘_'V(HQN = k + 1. Consequently

R O

HelUy<i<p—1 C2it1(P=Y)
1 |[V(H) 1 [V(H)|
< k+—-— —k+=-—
- Z < + 2 2 + 2 2

HEU0§i§k71 Cgi+1(P—Y/)

+<k+1—w>+<k+%—m—}b)l)

2 2 2
<(k+ DY)+ (k+1)
= (k+1)[Y],
as desired (note that this argument works even if Y’ = ) and Hy = P). O

Let C' € Uycicp_y Coit1(G — X). Since [V(C)] is odd, F[V(C)] has a component Hc
of odd order. We have |V(H¢)| < |V(C)| and He € Uycicpy Coina(F — X). Now let
H ={Hc | C € Uycicp_1 Coir1(G — X)}. Clearly we have Ho # Her for any C,C" €
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Uo<ici_1 Coir1(G — X) with C # C’. Consequently

> (k=i (G —X) = 3 <k+ % - |V(20)|)

0<i<k—1 Celp<i<p—1C2i+1(G—X)

% o

Celo<i<k—1Cait1

gl

HelUg<i<k—1Cait1

=y > (P_X)(/{Z—F%—@)

PGC(F) HGUOSiSk—l CQi+1

IN
o
+

IN

Therefore it follows from Claim 2.1 that

Y (k=i (G-X)< Y (k+1)|V(P)nX|
0<i<k—1 PeC(F)

= (k+1)[X],

as desired. ]

3 Linear forests in bipartite graphs

In this this section, we show the following proposition, which plays a key role in the proof

of our main theorems.

Proposition 3.1. Let S and T be disjoint sets, and let Ty and Ty be disjoint subsets of T'.
Let G be a bipartite graph with bipartition (S,T), and let L C E(G). Suppose that

(i) |Na(X)| > |X]| for every X C S, and
(i) [Ne—(Y)| > [Y NTi| + 3|Y NT3| for every Y C T} U Ts.

Then G has a subgraph F with V(F) 2 S UT, UT;y such that each A € C(F) is a path

satisfying one of the following two conditions:

(I) |V(A)| =2; or

Published by Digital Commons@Georgia Southern, 2016
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(Il) E(A) C EG)—L, V(A)NT C Ty UTy, |[V(A) NTy = 2 and the two vertices in
V(A) N Ty are the endvertices of A.

As a preparation for the proof of Proposition 3.1, we first show the following lemma.

Lemma 3.1. Let S and T be disjoint sets, and let Ty and Ty be disjoint subsets of T
such that Ty UTy, = T. Let H be a bipartite graph with bipartition (S,T), and suppose
that [INg(Y)| > Y NTi| + 3|Y NTy| for every Y C T. Then H has a subgraph F with
V(F) 2 Ty UTy such that each A € C(F) is a path satisfying one of the following two

conditions:
T) [V(4)] =2 or
(I") |[V(A) NTy| =2 and the two vertices in V(A) N'Ty are the endvertices of A.

Proof. By the assumption of the lemma, |[Ny(Y)| > [Y NTy| + 5|V NTy| = [Y] for every
Y C Ti. Hence by Hall’'s marriage theorem, there exists a matching F' of H such that
V(F)NT = T). In particular, H has a subgraph F' with V(F) D T} such that each A € C(F)
is a path satisfying (I’) or (II"). Choose such a subgraph F so that |(S UTy) — V(F)] is as
small as possible.

It suffices to show that To—V (F) = (). By way of contradiction, suppose that To—V (F') #
(). Now we define the set A of paths of H as follows: Let Ay be the set of paths of H consisting
of one vertex in Ty — V(F'). For each i > 1, let A; be the set of components A of F' with
A ¢ Upcjcir Ajand Eg(V(A) NS, Uyca, ,(VA)NT)) # 0. Let A= ;50 Ai-

Claim 3.1. FEvery path A € A with |V (A)| =2 satisfies that V(A)NT C Tj.

Proof. Suppose that A contains a path A such that |[V(A)] =2 and V(A)NT < Ty (ie.,
V(A)NT C Ty). Let i be the minimum integer such that 4; contains a path A; such that
[V(A;)] =2 and V(A)NT C T, Write A; = v%i)véi), where vy) € S and vy) € Ty, and
set [; = 2. By the minimality of 7, every path A belonging to U,,;;, ; A; with [V(A4)] =2
satisfies V (A)NT C T}. By the definition of A;, there exist paths A; = o -'Ul(j) €A (0<
Jj <i—1)such that Eg(V(A4;41) NS, V(A4;)NT) # 0 for every j (0 < j <i—1). For each
Jj(0<j<i—1), wefixanedgee; € Eg(V(Aj+1) NS, V(A;)NT), and write e; = vgﬂ)vg)
By renumbering the vertices vy), ey vl(j) of A; backward (i.e., by tracing the path U%j) e vl(jj)
backward and numbering the vertices accordingly) if necessary, we may assume that t; < s;
for each j (1 <j <i—1). For each j (0 <j <i—1), let Q be the path on A; from vgj) to
v For each j (1 <j <), let QF be the path on A; from Ug) to vl(j) (see Figure 1). Note

J

that if A; satisfies (II'), then [V(Q))| is odd and [V(QY)] is even.

https://digitalcommons.georgiasouthern.edu/tag/vol3/iss1/5
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Figure 1: Paths Q' and QY

Write {j | 1 < j < i— L[V(A)| = 3} = {ki,koy... k) with 1 < by < ky <
+ < kpor < i—1, and let kg = 0 and k,,, = ¢ (it is possible that m = 1). Write
{J11<j<i—=1V(A))| >3} ={ki,ka,...,kmoa} with 1 <k <ky <+ <kp1 <i—1,
and let kg = 0 and k,,, =4 (it is possible that m = 1).
Recall that every A € U,;<; 1 A;j with [V(A)| = 2 satisfies V(A) N'T C T;. Hence for
each h (1 < h < m), the graph

Bh: U Aj +{€j|kh—1+1§j§kh_2}

kp—14+1<j<kp—1
is a path of H with V/(By) NT C T} (here By, may be an empty graph). Therefore for each
h (1 < h <m), the graph

Qn = (Q, , UBLUQL )+ {ex, ,,en,—1}

is a path of H satisfying (II') (see Figure 2). Note that when h = m, we here use the
assumption that V(A;) N T C Ty. Further, for 1 < h < m — 1, since [V (A, )| and [V (Q},, )|
are odd and [V(QY, )| is even, A, — (V(Q}, ) UV (Qy,)) is a path of even order, and hence
it has a perfect matching Mj,.

Let
F’z(F— U V(Aj)>u< U Qh>u< U Mh>.

Then F” is a subgraph of H such that V(F') = V(F)UV (A,) (= V(F)U{v{”}) and each A €
C(F") is a path satisfying (I') or (II"), which contradicts the minimality of |(SUTy) — V (F)]|,
completing the proof of Claim 3.1. O

Let Yo = (U, V(A) NT.
Claim 3.2. We have Nu(Yy) = (Usea V(A4)) NS.

Proof. Suppose that Ny (Yy) # (Uaeq V(A)) NS, Then there exists an integer 7 and there
exists a vertex v € S — (U eq V(A)) such that Ny (v) N (Ugea, V(A)) # 0. Let A;yy be the

Published by Digital Commons@Georgia Southern, 2016



Theory and Applications of Graphs, Vol. 3 [2016], Iss. 1, Art. 5

Ay, Ap, 1Ak, —2 Ak, 11 Ay, .

Figure 2: Paths Bj, and @)y,

path of H consisting of v. By the definition of A;, there exist paths A; € A; (0 < j < 1) such
that Eg(V(Aj41) NS, V(A4;)NT) # 0 for every j (0 < j <1i). Foreach j (0 < j <), we fix
an edge u;vj41 € Eg(V(A;41) NS, V(A;)NT) with u; € V(A;)NT and vj4 € V(A;41)NS.

Let k£ (0 < k < i) be the maximum integer such that |V (Ay)| is odd (the fact that
|V (Ap)| = 1 assures us the existence of k). Then for each j (k+1 < j <), we have |V (A,)| =
2 (i.e., A; = u;v;). Furthermore, since Ay is a path with |[V(Ay) NT| = [V(4Ax) N S|+ 1
and u, € T, A — uy, has a perfect matching M. Hence M* = {ujvjyq | k< j <i}UM
is a perfect matching of the subgraph of H induced by |, j<itl V(A;). Therefore F' =
(F'=Up<j<i V(Aj))UM™ is a subgraph of H such that V/(F') 2 V(F)U{v} and each A € C(F")
is a path satisfying (I’) or (II’), which contradicts the minimality of |(SUTy) — V(F)|. O

We continue with the proof of the lemma. By the definition of A, we have
YoNT, = ( U V(A)) N, (1)
AcA-Ay
and
YoNTy = (( U V(A)> N T2> U (Ty — V(F)). (2)
AeA—Ap
If A€ A satisfies (I), then |[V(A)NS|=1=|V(A)NTi| and V(A) N Ty = () by Claim 3.1.
Thus

1
V(A)NS|=|V(A)NTy| + §|V(A) NT,| for each A € A satisfying (I'). (3)

https://digitalcommons.georgiasouthern.edu/tag/vol3/iss1/5
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If A € A satisfies (II'), then |V(A)NTi| = |V(A)NS|—1and |V(A)NT,| =2 by (I"). Thus
1
V(A)NS|=|V(A)NTy| + §|V(A) NT;| for each A € A satistying (II'). (4)
Recall that To — V/(F') # 0. Hence by Claim 3.2 and (1)—(4),

[Nu(Yo) =D [V(A)nS|

AcA

= ¥ vns

AeA-Ay

1
= X:(WMW”H+5WMWBO

AeA—Ap

= Y VNGl Y VAN

AeA—-Ay AeA—Ay

1
ﬂ%mﬂu§mwwuw%—vwm

1
qnmm+§%mﬂh

which contradicts the assumption of the lemma.

This completes the proof of Lemma 3.1. O

Proof of Proposition 3.1. Applying Lemma 3.1 to (G — L)[S U T, UTs], we see that G — L
has a subgraph F" with V(F')NT = Ty U T, such that each A € C(F') is a path with
V(A)NT C T1UT, satistying (I) or (II). In particular, G has a subgraph F' with V(F') D T1UT5
such that each A € C(F) is a path satisfying (I) or (II). Choose F' so that |[S — V(F)]| is as
small as possible.

It suffices to show that S—V (F) = (). By way of contradiction, suppose that S—V (F) #
(). Now we define the set A of paths of G as follows: Let A be the set of paths of G consisting
of one vertex in S—V (F'). Let D be the set of paths of G consisting of one vertex in T'—V'(F).
For each i > 1, let A; be the set of those members A of C(F) UD such that A & o, 1 A;
and Eg(V(A)NT,Uea,_,(V(A)NS)) #0. Set A= ;50 A:

Suppose that A — A, contains a path of odd order. Let ¢ be the minimum integer such
that A; contains a path A; of odd order. By the definition of A4, there exist paths A, €
A; (0 <j <i—1)suchthat Eq(V(A;11)NT,V(A;)NS) # 0 for every 0 < j <i—1. Write
V(Ap) = {vo}. By the minimality of 4, for each j (1 < j <i—1), we have |[V(4;)| = 2. For
each j (1 <j <i—1), write A; = u;jv;, where V(A;)NT = {u;} and V(4,;)NS = {v;}. Let
u; € Ng(vi—1)NV(A;). Since A; is a path with |V (A4,)NT| = |V (A;)NS|+1and uw; € T, A;—u;
has a perfect matching M. Hence M* = {v;u;y1 |0 < j <i—1} UM is a perfect matching
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of the subgraph of G induced by Jy<;<; V(4;). Therefore F' = (F —J,.,;; V(A;)) UM™ is
a subgraph of G such that V(F") D V(F)U{vy} and each A € C(F") is a path satisfying (I)
or (II), which contradicts the minimality of |S — V(F')|. Thus every element of A — A4, is a
path of order 2. In particular, AN D = 0.

Let Xo = (Uyen V(4)) N S. Since AND =0, No(Xo) = (Uneu_a, V(A)) NT. Since
every element of A— Ay is a path of order 2, [(U e s_4, V(A)NT| = [(Useu_a, V(A))NS].
Consequently

INe(Xo)| = Y [V(A)NT]
AecA—Ag

= > [V(4)ns

AeA—Ay

=Y V(A NS —|S - V(F)

AeA

<Y V(A NS
AeA
= |X0|7

which contradicts the assumption of the proposition. O

4 Hypomatchable graphs having no {P,, Py;.1}-factor
A graph G is hypomatchable if G — = has a perfect matching for every z € V(G). In this

section, we characterize hypomatchable graphs having no {Ps, Pay1 }-factor for k € {3,4}.

4.1 Fundamental properties of hypomatchable graphs

We start with a structure theorem for hypomatchable graphs. Let G be a graph. A sequence
(Hy,...,Hp,) of edge-disjoint subgraphs of G is an ear decomposition if

(E1) V(G) = Uicicm V (H);

(E2) for each 1 <i <m, |E(H;)| is odd and |E(H;)| > 3;
(E3) H; is a cycle; and

(E4) for each 2 < i <m, either

(E4-1) H; is a path and only the endvertices of H; belong to U,;, ; V(Hj;), or
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(E4-2) H; is a cycle with |V (H;) N (U <j<; 1 V(H;)))| = 1.
Lovész [5] proved the following theorem.
Theorem C (Lovész [5]). Let G be a graph with |V (G)| > 3.

(i) If G has an ear decomposition, then G is hypomatchable.

(ii) IfG is hypomatchable, then for each e € E(G), G has an ear decomposition (Hy, . .., Hy,)
such that e € E(H,).

In the remainder of this subsection, we let G be a hypomatchable graph, and let H =
(Hy,...,Hp,) be an ear decomposition of G. We start with lemmas which hold for an ear

decomposition of a hypomatchable graph in general.

Lemma 4.1. For each i (2 <1i <m), there exists an ear decomposition (Hi,..., H!,) of G
such that H; C Hj.

Proof. Set H = HyU---U H;. Then (Hy,..., H;) is an ear decomposition of H, and hence
H is hypomatchable by Theorem C(i). Take e € E(H;). By Theorem C(ii), H has an
ear decomposition (Hj,...,H]) such that e € E(Hj). Since H; satisfies (E4), we have
dr(v) = 2 for all v € V(H;) — (U<j<; 1 V(H;)). Since Hj satisfies (E3), this implies
H; C Hj. Since U<, V(Hj) = U,<;<; V(Hj), it follows that (Hi,..., H,, Hi1, ..., Hy)

is an ear decomposition of G with the desired property. O

Lemma 4.2. Suppose that each H; (1 < i < m) is a cycle, and let iy, ..., i, be a permu-
tation of 1,...,m such that V(H;) N (U<j; V(Hi;)) # 0 for each 1 (2 <1 < m). Then

(Hi,,...,H;,) is an ear decomposition of G.

Proof. Since each H; is a cycle, it follows from the definition of an ear decomposition that
H; is a block of G for each i. Thus for each [ (2 <1 < m), the assumption that V(H;) N
(Uicjcr1 VI(Hi;)) # 0 implies that [V (H;, )N (U, <<,y V(Hi;))| = 1. Hence by the definition

of an ear decomposition, (H;,, ..., H;, ) is also an ear decomposition. O

Our next result is concerned with a hypomatchable graph with no {Ps, Pay41 }-factor.
In order to state the result, we need some more definitions. For each i (1 < i < m), let
Py (i) = Hi — U <j<; 1 V(Hj). Note that V(Py(i)) NV (H;) = 0 for any 4, j with 7 > j, and
Uicj<i V(H;) = Uicjc; V(Pu(j)) for each i. We have Py(1) = Hy and, by (E2) and (E4),
P3(i) is a path of even order for 2 < i < m. For an odd integer s > 5, aset I C {1,2,...,m}
of indices with 1 € I is s-large with respect to H if >, , [V (Py(i))| > s and the subgraph
of G induced by |J,c; V(Px(7)) has a spanning path.
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Lemma 4.3. Let k > 3, and suppose that G has no { Py, Pyy1}-factor. Then there is no
(2k + 1)-large set with respect to H.

Proof. Suppose that there exists a (2k + 1)-large set I with respect to H. Then by Fact 1.1,
the subgraph of G induced by |J,.; V (Py(7)) has a { P2, P41 }-factor F. On the other hand,
for each i with 2 < i < m and ¢ € I, from the fact that Py(i) is a path of even order, we
see that Py (i) has a perfect matching M;. Since {V(Py(7)) | ¢ € I} is a partition of V(G) —
(Uier V(Pu(i))), F U (U;gr Mi) is a { Py, Py }-factor of G, which is a contradiction. O

el

Hereafter we consider the following condition:
(D1) H = (Hy,...,H,,) is chosen so that |E(H;)| is as large as possible.

Lemma 4.4. Suppose that H = (Hy,..., Hy,,) satisfies (D1). Let 2 < i < m, and let v,
v' be the endvertices of Py(i). Then no two vertices w, w' with w € Ng(v) NV (Hy) and
w' € Ng(v') NV (H,) are adjacent in H;.

Proof. Suppose that there exist w € Ng(v) NV (H;) and w" € Ng(v') N V(H;) such that
w and w’ are adjacent in Hy. Then G[V(H;) U V(Py(i))] contains a spanning cycle C.
Since |E(C)| = |[V(C)| = |V(Hy)| + |V (Pu(i))], |E(C)| is odd and |E(C)| > |E(H,)|. Since
V(H;)NV (Py(i)) = 0 for every j with2 < j <i—1, (C, Hy, ..., H;_1) is an ear decomposition
of GIV(H,)U---UV(H;)], and hence (C, Hs, ..., H;—1, Hi11, ..., Hy) is an ear decomposition
of G, which contradicts (D1). O

Lemma 4.5. Suppose that (D1) holds, and suppose further that |E(H)| = 3. Then each H;
1s a cycle of order 3, and G = HyU---U H,,.

Proof. Let 2 < i < m. By Lemma 4.1, there is an ear decomposition (H,...,H] ) such
that H; C H,. If |E(H;)| > 3 or H; is a path, then we get |E(H;)| > 3, which contradicts
(D1). Thus each H; is a cycle of order 3.

Now suppose that there exists e = ab € E(G) such that e ¢ E(H, U---U H,,). Since
(HyU---UH,,) + e is hypomatchable by Theorem C(i), it follows from Theorem C(ii) that
there is an ear decomposition (Hi,...,H!,) of (Hy U---U H,,) + e such that e € E(H}).
By (D1), |E(H{)| = 3. Write H] = abva. Let i, j be the indices such that av € E(H;) and
bv € E(H;). Then i # j,v e V(H;)NV(H;), and (H; U H;) + e has a spanning cycle C. By
Lemma 4.2, G has an ear decomposition (HY,..., H)) with H = H; and H) = H;. This
implies that (C, H},..., H)!) is an ear decomposition of GG, which contradicts (D1). Thus

G=HU---UH,. O
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Constructions of hypomatchable graphs

In this subsection, we construct five families Gy, G1, G2, G3, G4 of hypomatchable graphs (see

Figure 3).

(GO)

Let Gf = {K1+sKs | s > 2} and Gy = {K,+sK» | s > 3}. Note that for each H € G,
H is hypomatchable and has no {P», P;}-factor.

Let s, s9, 83 be nonnegative integers. Let (Q = wujusus be a path of order 3 and, for
i€ {1,2,3} and 1 < j < s;, let L;; be a path of order 2. For each 1 < j < sy, write

Loy =v1,jv3,5-

(G1)

(G2)

(G3)

(G4)

Let Aj(s1, s2,s3) be the graph obtained from Q U (U,c(123,(Ui<;<;, Lij)) by adding
the edge ujuz and joining u; to all vertices in (U, V(Li;) for each i € {1,2,3}.
Note that A;(s1,0,0) ~ K + (51 + 1)Ks. Let G = {A1(s1, 82,83) | $1+ s2 + 53 > 1}
and G = {A;(s1, S2,53) | s1+ 2+ s3 > 3}.

We divide the set G; into three sets. Let gf” = {A1(s1, 52, 83) € Gi | min{sy, 52,53} <
1}, G2 = {Ai(s1,52,83) € G1 | min{sy, 52,53} = 2} and G” = {Ai(s1, 52, 83) € Gy |
min{sy, 2,53} > 3}.

Let Aj(s1, s2,83) be the graph obtained from Q U (U,cqy 2.3 (Ui<j<s, Lij)) by joining
u; to all vertices in (U<, V(Lij)) U{viy | 1 < j < so} for each i € {1,3}. Let
Aj(s1, 52, 83) be the graph obtained from Q U (U,cq1 23 (Ui<j<, Lij)) by adding the
edge ujuz and joining wu; to all vertices in (U<, V(Lij)) U (Ui<jcs, V(L2y)) for
each i € {1,3}. Let Go = {H | A\(s1,52,53) C H C Al(s1,S2,53) with so > 1, and
S1+ S2 + s3 > 3, and either s; > 1 and s3 > 1 or sy > 2}.

Assume sy = 1 and s3 = 0. Let A(s1) = Aj(s1,1,0). Let A%(s1) be the graph
obtained from Aj(s;) by joining all possible pairs of vertices in V(@) U Ly;. Let
gg = {H ’ Ag(sl) g H g Ag(Sl) with S1 Z 2}

Assume that s; = 2 and s3 = 0. Let A/j(s1) be the graph obtained from A} (sy,2,0) by
adding the edge vs1v32. Let Alf(s1) be the graph obtained from A)(s;) by adding the
edges ujug, uivs 1, u1vs 2. Let Gy = {H | Ay(s1) € H C Al(s1) with s; > 1}.

We can verify that for each H € G7 UGy U G3 U Gy, H is hypomatchable and has no
{Pz, Pg}—faCtOI".
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K, + sK5 defined in (GO)

V1,1V3,1 V1,5,V3,s

V1,1V3,1 V1,5,V3,s9

Aq(s1, 82, 83) defined in (G1) AL(sy, S2, s3) defined in (G2)  AJ(sy, s2, $3) defined in (G2)

V1,1 V31 V1,1 V31
U1 (%) us Uy Uus
A4(s1) defined in (G3) A% (s1) defined in (G3)

A/ (s1) defined in (G4) A(s1) defined in (G4)
Figure 3: Graphs in G or G;
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Now we define crush sets of graphs belonging to U0§i§4 G;. For H € Gy, aset X CV(H)
is a crush set of H if x € X and | X NV(C)| = 1 for each C € C(H — x), where z is the
unique cutvertex of H. Let H € Gy, and write H = A;(s1, $2,53). We may assume that
min{sy, 9,83} = s3. If H € gf) U gf), a crush set of H is a set X C V(G) such that
XNV(Q) = {ur,ua}, X N (Ujcjey, V(Ls ) = 0 and [X NV(L; ;)| = 1 for each i € {1,2}
and each 1 < j < s; (note that if s3 = 0 and s; or s5 is zero, then this definition is consistent
with the definition of a crush set for a graph in Gy). If H € Qfg), a crush set of H is a
set X C V(G) such that V(Q) C X and |X NV(L;;)| =1 for each i € {1,2,3} and each
1<j<s;. For He Gy, aset X CV(H) is a crush set of H if X N V(Q) = {uy,us} and
|IX NV (L;;)| =1foreachi e {1,2,3} and each 1 < j <s;. For H € G5, aset X C V(H)
is a crush set of H if X NV(Q) = {u1,us}, X NV (Lyy) =0 and | X NV(Ly ;)| =1 for each
1 <j<s. For He Gy, aset X CV(H) is a crush set of H if X NV(Q) = {uy,us},
XNV (Lay) =Avs1}, XNV (Lap) ={vso} and [ X NV(Ly ;)| =1 for each 1 < j < s5.

By inspection, we get the following lemma, which will be used in Section 5.
Lemma 4.6. Let H € U0§¢§4 Gi, and let X be a crush set of H. Then the following hold.

(i) If H € Go, then ci(H — X) = ¢;(H — X) + c3(H — X) + 3¢5(H — X) = |X| — 1 and
| X] > 4.

(i) If H € G UG UG UGy, then ey(H — X) + cs(H — X) + 2¢5(H — X) = |X| — 1 and
1X| > 4.

(i) If H € GV, then ei(H — X) + c3(H — X) + 2¢5(H — X) = |X| — & and |X| > 6.

(iv) If H € G, then ey(H — X) + cs(H — X) + 2¢5(H — X) = |X| — 3 and |X| > 12.

4.3 Hypomatchable graphs having no {P», P;}-factor

In this subsection, we prove the following proposition, Proposition 4.1, which characterizes
hypomatchable graphs with no { P, P;}-factor. The proposition can be derived as a corollary
of Proposition 4.2, which will be proved in Subsection 4.4, but we here give a proof which

does not depend on Proposition 4.2 because the proof is not too long.

Proposition 4.1. Let G be a hypomatchable graph of order at least 7 having no { Py, P;}-
factor. Then G € G.

Proof. By Lemma C, G has an ear decomposition H = (Hy,..., H,,). Choose H so that
(D1) holds. We use the notation introduced in Subsection 4.1.

Published by Digital Commons@Georgia Southern, 2016



Theory and Applications of Graphs, Vol. 3 [2016], Iss. 1, Art. 5

By Lemma 4.3, {1} is not a 7-large set. Hence |V (H;)| < 5. Since |V(H)| > 7 by
assumption, this implies m > 2. By the definition of an ear decomposition, H; U Hy contains
a spanning path. Since {1,2} is not 7-large by Lemma 4.3, we get |V (Hy)|+ |V (Py(2))| < 5.
Hence |V (H;)| = 3. We also have m > 3.

By Lemma 4.5, each H; (1 < i < m) is a cycle of order 3, and G = H, U --- U H,,.
Since |V (H)| > 7 by assumption, it suffices to show that G € G5. We actually prove that
for each i (2 < i < m), we have Hy U---UH; € G}, ie, HHU---UH; ~ Ky + iK,.
We proceed by induction on i. We clearly have Hy U Hy ~ K| + 2K,. Thus let ¢ > 3,
and assume that Hy U---UH;_y ~ K; + (i — 1)Ky, Write V(Hy) N - NV (H;—y) = {u}.
Suppose that V(H;) N (V(H)U--- UV (H;_1)) # {u}. In view of Lemma 4.2, by relabeling
Hy, ..., H;_y if necessary, we may assume that V(H;) N V(H;) # 0. Then Hy, U H; U H;
contains a spanning path, and hence {1, 2,4} is 7-large, which contradicts Lemma 4.3. Thus
V(H)N(V(H)U---UV(H;—1)) = {u}, and hence H; U---UH; 4 U H; ~ K; + iK>, as
desired. O

4.4 Hypomatchable graphs having no {P», Py}-factor

Proposition 4.2. Let G be a hypomatchable graph of order at least 9 having no { Py, Py}-
factor. Then G € Gy UGy U G3 U Gy.

Proof. By Lemma C, G has an ear decomposition H = (Hy,...,H,,). Choose H so that
(D1) holds.

By Lemma 4.3, {1} is not a 9-large set. Hence |V (H;)| < 7. Since |[V(G)| > 9, this
implies m > 2. By the definition of an ear decomposition, H; U Hy contains a spanning
path. Since {1,2} is not 9-large by Lemma 4.3, we get |V (H;y)| + |V (Py(2))| < 7. Hence
|[V(Hy)| = 3 or 5. We also have m > 3.

Case 1: |V(H,)| = 3.

By Lemma 4.5, each H; (1 < i < 3) is a cycle of order 3, and G = Hy U---U H,,. We
show that G € G;. We actually prove that for each i (2 <1i < m), we have H;U---UH,; € G7,
e, HHU---UH,; ~ Ai(sy, $2, s3) for some sy, 9, 53 with s; + s9 + s3 = ¢ — 1. We proceed
by induction on i. Note that H; U Hy ~ A;(1,0,0). Thus let i > 3, and assume that
HyU---UH; 1 ~ A(s],sh,s5) with s] + sh, + s5 =i — 2. If only one of &, s, and s} is
nonzero, i.e., Hy U---U H;_1 ~ A;(i — 2,0,0), then Hy U---U H; 1 UH; ~ A;(i — 1,0,0)
or Ay(i —2,1,0). Thus we may assume that at least two of s}, s, and s are nonzero.

In view of Lemma 4.2, by relabeling Hy,..., H;_; if necessary, we may assume that H;
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intersects with all of Ha, ..., H;—1. Write H; = wjwowsw;. We may assume that s}, = |{7j |
2<j<i—-1V(H;)NV(H) = {wr}}| for each h = 1,2,3. Suppose that there exists
Jj (2 <5 <i—1)such that V(H;) NV (Py(j)) # 0. Since at least two of s}, s}, s5 are nonzero,
there exists j' (2 < j' <i—1) with 5’ # j such that V/(H; )NV (H,) # V(H;)NV (H;). Then
H; UH,UH;UH, contains a spanning path, and hence {1, j, j’, i} is 9-large, which contradicts
Lemma 4.3. Consequently V' (H;) NV (Py(j)) = 0 for every j (2 < j <i— 1), which implies
V(H) N (Ui<jeiy V(H))) = V(H;) NV (H;). We may assume V(H;) "V (H;) = {w:}. Thus
HiU---UH;_UH; ~ A(s] + 1,5, s4), as desired.

Case 2: |V(H,)| =5.

We first prove two claims.

Claim 4.1. For each i (2 <i<m), |V(Py(i))| =2 and

Ne(V(Py(2))) N ( U V(R{(J’))) =0
2<j<i—1
Proof. We proceed by induction on i. Since |V (Hy)|+ |V (Py(2))| < 7, the desired conclusion
clearly holds for i = 2. Thus let ¢ > 3, and assume that for each ¢/ with 2 < <1i—1, we
have [V (Py(i"))| = 2 and Ng(V(Py(i")) N (Ugejcir1 V(Pu(4))) = 0. It follows from (E4)
that for each ¢/ (2 <4’ <i—1) and for each v € V(Py(¢')), H1UH; contains a spanning path
having v as one of its endvertices. Let U be the set of the endvertices of Py(i). Suppose
that Ng(U) N (Ugejci 1 V(Pr(5))) # 0, and take v € Ng(U) N (Uyejc; 1 V(Pr(j)))- Let
i’ denote the index such that v € V(Py(i')). Then since H; U Hy contains a spanning
path having endvertex v, G|V (H;) UV (Py(i")) UV (Py(i))] contains a spanning path. Since
\V(HD)|+ |V (P (i) + |V (Py(i)] = 74+ |V (Py(i))| > 9, this implies that {1,4,4'} is 9-large,
which contradicts Lemma 4.3. Thus Ng(U) N (Uyejciy V(Pr(4))) = 0. It now follows
from (E4) that H; U H; contains a spanning path. Hence by Lemma 4.3, |V (Py(i))] <
7 — |V(Hy)| = 2. This implies U = V(Py(7)), and thus the claim is proved. O

Claim 4.2. If No(Uy<;<,, V(Pr(@))) NV (Hy) contains two vertices w,w' which are adjacent
in H, then |No(w) 0 (Uneacn V(PR = INa() 1 (Uzsen VPx(0)] = 1 and No(w)
(U2§i§m V(Py(i))) = No(w') N <U2§i§m V(Py(i)).

Proof. Suppose that [Ng(w) N (Uycicp V(Pr(i)))] > 2 or [No(w') N (Us<icm V (Pu(4)))] = 2
or No(w) N (Uscicm V(Pr(i))) # No(w') N (Uscicy, V(Pr(i))). Then we can take v €
Na(w) N (Uycicm V(Pu(i))) and v € Ne(w') N (Uy<icp V(Pr(4))) so that v # v'. Let i and
i’ be the indices such that v € V(Py(7)) and v € V(Py(7')). By Claim 4.1, |V(Py(7))| =
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|V (Py(7'))] = 2. Hence by Lemma 4.4, i # 4'. Note that G[V (H;) UV (Py(i)) UV (Py(?))]
contains a spanning path. Since |V (Hy)| + |V (Py(3))| + |V (Pr(?'))| = 9, this contradicts
Lemma 4.3. [l

We return to the proof of Proposition 4.2. Write H; = wywswswswsw,. We first con-
sider the case where Ng (U, <;<,, V(Px(i))) N V(H;) contains two vertices w,w’ which are
adjacent in H;. We may assume w = ws and w' = wy. By Claim 4.2, there exists b €
Uicicm V(Pr(i)) such that Na(ws) N (Uy<icn V (Pr(2))) = Na(wa) 0 (Uycicn V (Pr(2))) =
{b}. Note that Claim 4.1 in particular implies that for any permutation iy, ..., i, of 2,...,m,
(H., H,, ..
Py (2) = bb'. By Claim 4.2 and (E4), Ng(b') NV (Hy) = {w:}, {ws,ws} € Ng(b) NV (H,) C
{wi, w3, wy}, and Ng(v) NV (Hy) = {wi} for all v € Useye,, V(Px(i)). Consequently
Aj(m —2) C G. By Lemma 4.3, {1,2,3} is not 9-large. Hence G|V (H;) UV (Py(2))] does
not contain a spanning path with endvertex w;. This implies wowy, wows, wyws ¢ E(G), and
hence it follows from Claim 4.1 that G C Aj(m — 2). Therefore G € G.

We now consider the case where Ng(Us<ic,, V(Px(4))) NV (H;) does not contain two
vertices which are adjacent in H;. In this case, |[No(Uy<icp V(Pr (i) NV (H1)| < 2. We may
assume Ng(Uy< i<y, V(Pr(2)))NV (Hy) € {ws, w3} Let sy = [{i [ 2 <i < m, No(V(Py(i)))N
V(Hy) = {wp}}| for each h € {1,3}, and so = |{i | 2 < i < m, Nag(V(Py(i))) NV(H;) =
{wy,w3}}|. Since m > 3, s; + s9 + s3 > 2. If s = 0 and s; or s3 (say s3) is zero, then it
follows from Claim 4.1 that Aj(s;) € G C A%(s1), and hence G € G3. Thus we may assume
that we have s; # 0, or s; # 0 and s3 # 0. Since s1 + s9 + s3 > 2, it follows from Lemma 4.3

., H; ) is an ear decomposition. Thus we may assume b € V(Py(2)). Write

that G[V(H;)] does not contain a spanning path connecting w; and ws. Hence wywy, wows &
E(G), which together with Claim 4.1 implies that A}(s1,s0+1,53) € G C AJ(s1, 52+ 1, s3).
Therefore G € G,.

This completes the proof of Proposition 4.2. O]

4.5 Alternating paths

In this appendant subsection, we prove two lemmas about hypomatchable graphs, which we
use in the proof of Theorem 1.2. Throughout this subsection, we let G denote a hypomatch-
able graph, let v € V(G), and let M be a perfect matching of G —v. A path vyvs - - - v; with

vy, = v is called an alternating path if ve;v9;11 € M for each ¢ with 1 <1 < Z_Tl

Lemma 4.7. For each w € V(G), G contains an alternating path @ of odd order connecting
v and w such that M — E(Q) is a perfect matching of G — V(Q).
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Proof. If w = v, then it suffices simply to let ) = v. Thus we may assume w # v. Let M’
be a perfect matching of G — w, and let H denote the subgraph induced by the symmetric
difference of M and M’. Then dy(v) = dy(w) =1, and dy(x) = 2 for all x € V(H) — {v, w}.
This implies that the component ) of H containing v is an alternating path connecting v
and w. Since the edge of () incident with v does not belong to M and the edge of () incident
with w belongs to M, @ has odd order, and M — F(Q) is a perfect matching of G-V (Q). O

Lemma 4.8. Suppose that |V (G)| > 5 and, in the case where G is isomorphic to K; + sKj
for some s > 2, suppose further that v is not the unique cutvertex of G. Then G contains
an alternating path @ of odd order having v as one of its endvertices such that |V (Q)| > 5
and M — E(Q) is a perfect matching of G — V(Q).

Proof. It vu € E(G) for all u € V(G)—{v}, then the assumption of the lemma implies that G
contains an edge xy joining endvertices of two distinct edges xza’, yy' in M, and hence va'zyy’
is a path with the desired properties. Thus we may assume that there exists u € V(G) —{v}
such that vu ¢ F(G). Let uw € M. By Lemma 4.7, G contains an alternating path @ of
odd order connecting v and w such that M — E(Q) is a perfect matching of G — V' (Q). Since
@ is an alternating path of odd order and vu € E(G), we get |V (Q)| > 5, as desired. O

5 Proof of main theorems

For a graph H, we let Coqq(H ) denote the set of those components of H having odd order,
and set coqda(H) = |Coaa(H)|.

The following theorem is known as Tutte’s 1-factor theorem.

Theorem D (Tutte [6]). If a graph G of even order has no perfect matching, then there
exists S C V(G) such that coaa(G — S) > |S| + 2.

In this section, we often choose a set S of vertices of a given graph G so that
(S1) coaa(G —S) — | S| is as large as possible, and
(S1) subject to (S1), |S| is as large as possible.

Note that coqa(G —S) — |S| > coaa(G) — || > 0 (it is possible that S = (}, but our argument
in this section works even if S = ().

We first give a fundamental lemma.
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Lemma 5.1. Let G be a graph, and let S be a subset of V(G) satisfying (S1) and (S2).
Then the following hold.

(i) We have C(G — S) = Coaa(G — S5).

(ii) For each C € Coaa(G — S), C is hypomatchable.

(iii)

Let H be the bipartite graph with bipartition (S, Coaa(G — 5)) defined by letting uC' €
E(H) (u € S,C € Coaa(G — S)) if and only if Ng(u) NV (C) # 0. Then for every
X CS, INu(X)| > |X].

Proof. (i) Suppose that there exists C' € C(G — S) such that |V(C)| is even, and take

(i)

(i)

5.1

v € V(C). Then coqq(C —v) > 1. Let Sy = S U {v}. Then coaa(G — S1) — |S1] =
(Coad(G — ) + Coad(C — ) = (|S| + 1) > coaa(G — S) — |S| and |S;| > |S|, which
contradicts (S1) or (S2).

Suppose that C'is not hypomatchable. Then there exists v € V(C') such that C'—v has
no perfect matching. Note that C' — v has even order. Applying Theorem D to C' — v,
we see that there exists S” C V(C) — {v} such that coqq((C —v) —S") > |S"| + 2.
Hence Sj = S"U{v} (C V(C)) satisfies coaa(C' —Sj) > |S{|+1. Let Sy = SUS{. Then
Codd(G = 82) = [B2| = (Coad(G = ) = 1+ coad (C' = 57)) = (IS +[551) = Coaa(G = 5) —[S]
and |Sa| = |S| + S| > |S|, which contradicts (S1) or (S2).
Suppose that there exists X C S such that |[Ny(X)| < |X]|. Set S3 =S5 — X. Then
every component in Coqq(G — S) — Ng(X) belongs to Coqq(G — S3). Hence
Coad(G = 3) — |53 = (coaa(G' = ) — [N (X)]) — [Ss]
> coad(G — 5) — | X| — [ 53]
= Coaa(G — 5) — |5,

which contradicts (S1).

Proof of Theorem 1.1

For a graph H, we let C'(H) denote the set of those components C' € Coqq(H) such that
|[V(C)| > 3 and C is a hypomatchable graph having no {P,, Pr}-factor, and set ¢(H) =
IC'(H)-

We first give a sufficient condition for the existence of a {P,, P;}-factor in terms of ¢;

and ¢.
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Theorem 5.2. Let G be a graph. If ¢i(G — X) + 1 (G — X) < |X| for all X C V(G), then
G has a {P», P:}-factor.

Proof. Choose S C V(G) so that (S1) and (S2) hold.

Set T = Coqd(G—S8) (=C(G-29)), T1 =C1(G—S)and T, =C'(G—S). Then T1NT, = ()
and 77 UTy C T. We construct a bipartite graph H with bipartition (S,7") by letting
uC € E(H) (ue S,C eT)if and only if Ng(u) NV(C) # 0.

Claim 5.1. For every Y C Ty UTs, [Ng(Y)| > [Y NTh|+ 3]Y N T3]

Proof. Suppose that there exists Y C Ty U T such that [Ny (Y)| < |Y NTi| + 1Y N T3l
Set X’ = Ng(Y). Then each element of Y N T3 belongs to C;(G — X’), and each element
of Y N'Ty belongs to C'(G — X'). Hence |Y NTi| < (G —X')and |Y NTy| < (G- X').
Consequently |X'| = [Ny(Y)| < |[Y NTi|+ Y NT| < (G — X') + 2 (G — X'), which

contradicts the assumption of the theorem. O

Now we apply Proposition 3.1 with G' and L replaced by H and (), respectively. Then
by Lemma 5.1(iii) and Claim 5.1, H has a subgraph F' with V(F) D S UT; U T, such that
each A € C(F) is a path satisfying one of (I) and (II) in Proposition 3.1. For A € C(F), let
Us=V(A)NSand L4 =V(A)NT, and let G4 = G[UaU (Uge,, V(O))]-

Claim 5.2. For each A € C(F'), G4 has a { P, P;}-factor.

Proof. We first assume that A satisfies (I) in Proposition 3.1. Then |Us| = |£a] = 1. Write
Ua = {u} and L4 = {D}, and let v € V(D) be a vertex with wv € E(G). Since D is
hypomatchable by Lemma 5.1(ii), D — v has a perfect matching M. Hence M U {uv} is a
perfect matching of G 4. In particular, G4 has a {P,, P;}-factor.

Next we assume that A satisfies (IT). Note that |V (A)| is odd and |V (A)| > 3. Write
A = DyuiDoug - - - DywyDyyqy (u; € Ua, Dy € L4). Let v; € Ng(u;) NV(D;) for 1 <i <1, and
let vi41 € Ng(u)) NV (Dyyq). Since A satisfies (IT), V(D) —{v1}| > 2, [V(Dig1) —{vig1 } > 2
and V(D;) = {v;} 2 < ¢ < 1). Fixi € {1,l +1}. Since D; is hypomatchable by
the definition of Ty, D; — v; has a perfect matching M;. Since |V(D;)| > 3, v; is ad-
jacent to a vertex u, € V(D;). Let v, € V(D;) be the vertex with ujv, € M;. Then
P = viujviugvaus - - - viugupp w4 vy, is a path of order at least 7. Since M; — {ujvj} is a
matching for each i € {1,l+1}, Fy = PU(M; —{ujv]})U(My1 —{up, v, }) is a path-factor
of G4 with C3(F4) = C5(F4) = 0. By Fact 1.1, G4 has a { P, P;}-factor. O

By Lemma 5.1(i)(ii), each component in C(G—S)—C1(G—S5)—C'(G—S) has a {P,, P;}-
factor. This together with Claim 5.2 implies that G has a {P,, P;}-factor.
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This completes the proof of Theorem 5.2. O]

Proof of Theorem 1.1. Let G be as in Theorem 1.1. Suppose that G has no {P,, P;}-factor.
Then by Theorem 5.2, there exists X C V(@) such that ¢;(G — X) + 1d(G — X) > |X].
Write C'(G — X) — (C3(G — X) UCs(G — X)) = {Ds,...,D,}. For each i (1 < i < q),
since D; is a hypomatchable graph of order at least 7 with no {P,, Pr}-factor, it follows
from Proposition 4.1 that D; € Gy. For each i (1 < i < q), let X; be a crush set of D;.
By Lemma 4.6, ¢1(D; — X;) = |X;| — 1 and |X;| > 4, and hence ¢;(D; — X;) > 2|X;|. Let
Xo=XU (U1gigq Xi).

Then Cl(G - X()) = Cl(G - X) + Zlgigqcl(Di - Xz) Z Cl(G - X) + %Zlgiﬁq |Xz|
Consequently

2 1 2
(G = Xo) = 3a1(G = X) = 20— 3 > x|

1<i<q
3 2 1 2
> (G- X)+ 2 X, - 2ei(G—-X)—>q—= X,
>a(G-X)+ ] Y Xl - zalG-X) - 30— 5 3 IXI
1<i<q 1<i<q
1 3 1 2
= = G—X _Xi____Xi
G-+ ¥ (3pl-5 - x)
1<i<q
G-+ 3 (-
= —C — —_— il — =
1 ~ \12 3
1<i<q
>0,
and hence
2 1 2
30(G = X)+ 2+ 3 > X < a(G - Xo).
1<i<q
https://digitalcommons.georgiasouthern.edu/tag/vol3/iss1/5 22

DOL 10.20429/tag,2016.030105



Egawa and Furuya: Path-factors involving paths of order seven and nine

This leads to

2 2
g‘X0| =3 <|X‘ + Z |Xz‘>

1<i<q

2 1,
<3 (cl(G—X)+§c(G—X) + Z |Xi\)
1<i<q
2 1., 1,
1 2
+ 3106 = X) = (G(G = X)UC(G = X))+ 5 D ||
1<i<q
2 1 1 1 2
1<i<q
2 1 1 1 2
= gcl(G - X) -+ gCg(G - Xo) + 505(0 — X[)) -+ gq -+ § I;q ‘XZ’
1 1
S Cl(G — Xo) + gCg(G — X()) + §C5(G — Xo),
which contradicts the assumption of the theorem.
This completes the proof of Theorem 1.1. O]

5.2 Proof of Theorem 1.2

Let H be a graph. We let C*(H) denote the set of those components C' € Coqq(H) such
that C is a hypomatchable graph having no {P,, Py }-factor, and let CZ5(H) = {C € C*(H) |
VIO < 5}, CalH) = {C € C(H) | [V(C)] = T} and C25(H) = {C € Co(H) | C'is
isomorphic to K 4+ sK» for some s > 3}.

Proof of Theorem 1.2. Let G be as in Theorem 1.2. Choose S C V(G) so that (S1) and
(S2) hold.

Set T = Coaa(G — S) (= C(G = 95)), Ty = C45(G — S) and Ty = C3,(G — S). Then
TiNTy =0 and T UTy, C T. Now we construct a bipartite graph H with bipartition (S, T')
by letting uC' € E(H) (u € S,C € T) if and only if Ng(u) NV (C) # (. Let L be the set of
those edges uC' € E(H) such that u € S, C € C3%(G — S) and Ng(u) N'V(C) consists only

of the unique cutvertex of C'.
Claim 5.3. For every Y CTyUTs, [Ng_(Y)| > [Y NTy| + 3]Y N T3l

Proof. Suppose that there exists Y C T UT} such that |[Ny_(Y)| < [Y 0T[4+ 5]V NTy|. Set
X'= Ny_1(Y). We divide Y NT5 into two disjoint sets. Let Z; be the set of those elements
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C of YNT;, such that |V(C)| = 7 and C ¢ C35(G —S), and let Z, = (Y NT3) — Z;. Note that
Z is the set of those elements C' of Y N T3 such that C' is either isomorphic to K + 3K5 or
a hypomatchable graph of order at least 9 with no {P», Py}-factor. Hence by the definition
of Gy and Proposition 4.2, each element of Z, belongs to Gy UG UGy U Gz U Gy. Write Zy =
{D1, ..., Dy} Let X; be a crush set of D; for each 1 <4 < ¢, and set Xo = X' U (U<, Xi)-
Let 1 < ¢ < ¢q. We show that U0§j§2 Cojr1(D; — X;) C U0§j§2 Caj+1(G — Xy). This clearly
holds if D; is a component of G — X’. Thus we may assume that D; is not a component
of G — X'. By the definition of L, this means that D; € C%7(G — S) and the unique
cutvertex of D; is the only vertex of D; that is adjacent to vertices in S — X’. On the other
hand, the unique cutvertex of D; is contained in X; by the definition of a crush set. Hence
U0§j§2 C2j+1(Dz’ - Xz‘) c U0§j§2 C2j+1(G - XO)-

Since i is arbitrary, we see that cj1(G — Xo) = coj41(G — X') + 321 i, C241(Di — Xi)
for each 0 < j < 2. By Lemma 4.6, ¢1(D; — X;) + c3(D; — X;) + §c5(Di - X;) > %|Xi| and
| X;| > 4 for every 1 < i < ¢. Consequently

2
Cl(G — Xo) -+ C3<G — X()) —+ gC5(G — Xo)

/ / 2 / 3

1<i<q

Hence

2 2 12
01<G - X0> + Cg(G — X()) + §C5<G - X()) - g Z 02j+1(G - X ) — gq - g Z |Xz|

0<j<2 1<i<q

2 3
> (G = X') +es(G = X) + 205G = X)+2 Y |X)|
3 4 &
1<i<q
2 1 2
—3 > 02j+1(G—X')—§q—§§ | X
0<5<2 1<i<q
1 1 3 1 2
— —el(G = Xo) + ~e5(G — X, 21X, - = - I1x,
G~ X0 3@ X+ 3 (G0 -3 - 31

1 1 1 1

1<i<q

>0

which implies

2 12 2
g Z 02j+1(G—X)+§q+§ Z |Xz| S01<G—X0)+63(G—X0)+§C5<G—X0).

0<j<2 1<i<q
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Recall the definition of X', Z; and Xy. Since each element of Y'NT belongs to CZ5(G—X"),
we have [Y NT1| < [CZ5(G — X)| < 3 jcq €2j+1(G — X'). Since each element of Z; belongs
to C7(G — Xy), we have |Z;| < ¢7(G — Xj). Therefore

2 2
§|Xo| =3 | X' + Z |Xi|>
1<i<q
2
=3 INp_t (V)| + > 1X]
1<i<q
<2 |YﬂT|+1|YﬂT|+ > x|
3 1 9 2 . A
1<i<q
2 1
<3 Z c2j+1(G = X') + 5 (|4 +22]) + Z | X
0<j<2 1<i<q
2 1
<3 Z Cajr1 (G = X) + S (er(G = Xo) +q) + Z \Xz'!)
0<j<2 1<i<q

2 1
S Cl(G — XO) + Cg(G — X()) + §C5(G — X()) + §C7(G — Xo),
which contradicts the assumption of the theorem. O

Now we apply Proposition 3.1 with G replaced by H. Then by Lemma 5.1(iii) and
Claim 5.3, H has a subgraph F' with V(F') DO S UT; UT, such that each A € C(F) is a
path satisfying one of (I) and (II) in Proposition 3.1. For A € C(F), let Uy = V(A)N .S and
La=V(A)NT, and let G4 = G[UaU (Uge,, V(O))]-

Claim 5.4. For each A € C(F), Ga has a { Py, Py}-factor.

Proof. We first assume that A satisfies (I). Then |Ua| = [La] = 1. Write Uy = {u} and
L4 = {D}, and let v € V(D) be a vertex with uv € E(G). Since D is hypomatchable by
Lemma 5.1(ii), D — v has a perfect matching M. Hence M U {uv} is a perfect matching of
G 4. In particular, G4 has a { P, Py }-factor.

Next we assume that A satisfies (IT). Note that |V (A)| is odd and |[V(A)| > 3. Write
A = DiyuyDous -+ DywyDyyq (u; € Ua,D; € L4). For 1 < i <, let v; € Ng(u;) NV (D)
and w;+1 € Ng(u;) NV (D;y1). Since uy Dy and w; Dy are edges of H — L, we may assume
that vy is not the unique cutvertex of Dy if D; ~ K; + sK, for some s > 3, and w;
is not the unique cutvertex of D, if D;; 1 ~ K; + 'Ky for some s’ > 3. Since D; and
Dy, are hypomatchable graphs of order at least 7 by the definition of 75, it follows from
Lemma 4.8 that D; contains a path (); with endvertex v; such that |V (Q1)] > 5 and
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S\/ZIE\VaR RN

Figure 4: Graph H,

Dy —V(Q,) has a perfect matching M;, and D,;;; contains a path @41 with endvertex w4
such that |V(Qv1)] > 5 and Djyq — V(Q41) has a perfect matching M;,;. We regard v,
as the terminal vertex of )1, and w;y; as the initial vertex of Q1. For each i (2 < i <
l), since D; is hypomatchable by the definition of 77, it follows from Lemma 4.7 that D;
contains a path @); connecting w; to v; such that D; — V(Q;) has a perfect matching M;.
Hence P = Qiu1Qous - - - Quuy Q41 is a path of G4 having order at least 11. Consequently
Fo = P U (Ujciqiy1 Mi) is a path-factor of G4 with C3(Fa) = C5(Fa) = C7(Fa) = 0 (and
Co(Fa) =0). By Fact 1.1, G4 has a {P,, Py }-factor. O

By Lemma 5.1(i)(ii), each component in C(G — S) — CZ5(G — S) — C%;(G — §) has a
{ Py, Py}-factor. This together with Claim 5.4 implies that G has a {P», Py }-factor.
This completes the proof of Theorem 1.2. n

6 Sharpness of Theorems 1.1 and 1.2

We first consider the coefficient of |X| in Theorem 1.2. Let n > 1 be an integer. Let Ry be
a complete graph of order n. For each i (1 <1i < 2n+ 1), let R; be a graph isomorphic to
Ky + (K4 U2K,). Let Hy = Ry + (U <j<on41 Bi) (see Figure 4).

For 1 <i < 2n+1, since |V(R;)| = 9 and R; does not contain a path of order 9, R; has no
{Ps, Py}-factor. Suppose that H,, has a { P, Py}-factor F'. Then for each i (1 <i < 2n+ 1),
F contains an edge joining V(R;) and V(Ryp). Since 2n + 1 > 2|V(Ry)|, this implies that
there exists © € V(Ry) such that dp(z) > 3, which is a contradiction. Thus H, has no
{ Py, Py}-factor.

Lemma 6.1. For all X CV(Hy), D o< jcs Coji1(Hy — X) < 21X |+

Wl

Proof. Let X C V(H,).
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Claim 6.1. For eachi (1 <i<2n+1), > 1 ;c3Co41(R — X) < HV(R)NX|+ 1.

Proof. Let u be the unique cutvertex of R;.

We first assume that v ¢ X. Then R; — X is connected. Clearly we may assume
that > e coir1(Ri — X) = 1. Then [V(R;) N X[ > 2 because |V(R;)| = 9. Hence
D o<jcs (i —X)=1< 2.2+ 3 < 2|V(R;)N X|+ 3. Thus we may assume that u € X.

Let a be the number of components of R; —u intersecting with X. Since a < 3, we have
a < 3(a+ 1) + 5. Furthermore, Y7 g caj1(Ri — X) = c1(R; — X) + ¢3(R; — X) < v and

V(R:)NX| = H{u}| + |(V(R:) —{u}) N X| > a+ 1. Consequently we get » .5 Caji1(F —
X) < 2V(R) N X|+ 3. 0

Assume for the moment that V(Ry) € X. Then H, — X is connected. Clearly we
may assume that > ;g CQJH( X) = 1. Then |X| > 2 because |V (H,)| > 9. Hence
Do<jesCojrt(Hy = X) =1< 32+ % < 2|X| + 5. Thus we may assume that V(Ry) C X.
Then clearly

Cojur(Hn = X)[ = > [Cojsa(Ri = X)|. (5)

1<i<2n+1

By Claim 6.1 and (5),

Yo epn(Hy—X)= ) ( > C2j+1(Rz'—X)>

0<j<3 0<j<3 \1<i<2n+1
2 1
< z VYA X+ =
< ¥ (Grmonxiy)
1<e<2n+1
2 1
= Z(X| = IV(R)]) + 5(20+ 1)
S(1X] =)+ 520+ 1)
== —n)+=(2n
3 3
2 1
= 21X+ =
3| [+ 3
Thus we get the desired conclusion. O]

From Lemma 6.1, we get the following proposition, which implies that the coefficient of
|X| in Theorem 1.2 is best possible in the sense that it cannot be replaced by any number

greater than %

Proposition 6.1. There exist infinitely many graphs G having no { Py, Py}-factor such that
20§i§3 62i+1(G — X) S §|X| + % fO'f’ all X g V(G)
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We now briefly discuss the sharpness of other coefficients. Let n > 8, and let Ry be a
complete graph of order n. For each i (1 < i < n+ 1), let R; be a graph isomorphic to
Ky + 2K5, and let u; be the unique cutvertex of R;. Let H be the graph obtained from
Ro U (U <jcpy1 i) by joining u; to all vertices in Ry for each i (1 <4 < n+1). Then
c1(H —V(Ry)) +cs(H — V(Ry)) + 2¢5(H — V(Ry)) + 5¢7(H — V(Ry)) = 3¢5(H — V(Ry)) =
2IV(Ro)| + 2, and ¢1(H — X) + c3(H — X) + 2¢5(H — X) 4 3e7(H — X) < 2|X| for all
X CV(H) with X # V(Ry), and H has no {Ps, Py}-factor. This shows that the coefficient
of ¢5(G — X) in Theorem 1.2 is best possible in the sense that it cannot be replaced by any
number less than 2. Similarly graphs K, 4+ (2n + 1)K7 (n > 1) show that the coefficient of
¢7(G — X) in Theorem 1.2 is best possible in the sense that it cannot be replaced by any
number less than .

As for Theorem 1.1, graphs K,, + (2n + 1)(K; + 3K3) (n > 1) show that the coefficient
2 of |X] is best possible, and graphs K, + (2n + 1)K3 and K, + (2n 4+ 1)K5 (n > 1) show
that the coefficient 3 of ¢3(G — X) and ¢5(G — X) are best possible.
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