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Reexamining blackbody shifts for hydrogenlike ions

Ulrich D. Jentschura'? and Martin Haas®
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Institut fiir Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany
3Department of Diagnostic Radiology, Medical Physics, University Hospital Freiburg, 79095 Freiburg, Germany
(Received 15 July 2008; revised manuscript received 19 September 2008; published 13 October 2008)

We investigate blackbody-induced energy shifts for low-lying levels of atomic systems, with a special
emphasis on transitions used in current and planned high-precision experiments on atomic hydrogen and
ionized helium. Fine-structure- and Lamb-shift-induced blackbody shifts are found to increase with the square
of the nuclear charge number, whereas blackbody shifts due to virtual transitions decrease with increasing
nuclear charge as the fourth power of the nuclear charge. We also investigate the decay width acquired by the
ground state of atomic hydrogen, due to interaction with blackbody photons. The corresponding width is due
to an instability against excitation to higher excited atomic levels, and due to blackbody-induced ionization.
These effects limit the lifetime of even the most fundamental, a priori absolutely stable, “asymptotic” state of
atomic theory, namely, the ground state of atomic hydrogen.

DOI: 10.1103/PhysRevA.78.042504

I. INTRODUCTION

Energy shifts of atomic levels due to interactions with
blackbody radiation are primarily important for Rydberg
states, where large dipole polarizabilities enhance the mag-
nitude of the effect [1-3], but at the current rate of advance
of high-precision spectroscopy, their importance for the cor-
rect realization of frequency standards has also been stressed
in the literature [4—7]. In particular, the work of Farley and
Wing [2] was mainly focused on Rydberg states, which were
accessible to high-precision spectroscopy at the time. In con-
trast, we here focus on the ground state and on the 25 state of
hydrogen and hydrogenlike ions. The transition frequencies
in these systems have only recently come within reach of
high-precision laser spectroscopy, due to the development of
frequency combs. In all cases studied by Farley and Wing
[2], the Lamb shift and fine structure shifts could be ne-
glected, but this does not hold for the transitions studied
here.

Ionization by blackbody radiation also is an important ef-
fect for excited atomic states. The ionization process leads to
a finite width of the states (resonances), with the energy ac-
quiring a (small) imaginary part. The sign of the imaginary
part is negative, and we can write the blackbody induced
energy shift Alzg as

AT’
Agp=AEgg—i ZBB, (1)

where AEgg is the real part of the energy shift, and Al'gg/h
is the blackbody-induced width.

Several peculiarities characterize the blackbody-induced
radiative shift. First of all, we recall that two virtual pro-
cesses contribute: one where the atom absorbs a blackbody
photon and then returns to the reference state by emission
into the same mode of the electromagnetic field from which
a photon had been absorbed, and another one where the se-
quence of absorption and emission processes is reversed.
This is very much analogous to the so-called ac Stark shift
(see, e.g., [8,9]) that an atom feels in a laser field, but with
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the difference that the blackbody radiation is isotropic, and
that the polarization vectors are equally distributed among all
possible directions in space. For the ground state being the
reference state, the “width” (imaginary part of the energy
shift) is exclusively generated by the absorption-first chan-
nel, where one of the propagator denominators becomes
resonant and the virtual state takes the role of the final state
of the ionization or excitation process [10]. Note that re-
cently [11] a finite width has been predicted for the ground
state of hydrogen at very high temperatures on the basis of
field-theoretical considerations [see Eq. (23) of Ref. [11]].

One observation, potentially of fundamental interest, sub-
stantiated here by a concrete calculation, is that even the 1S
state of atomic hydrogen, acquires a finite width when the
hydrogen atom is exposed to blackbody radiation, although
the ground state of the most fundamental atomic system is
otherwise assumed to be the perfect “asymptotic state”” used
in all S-matrix type calculations regarding the quantum elec-
trodynamic shifts of energy levels [12-14]. However, before
we come to an analysis of this effect, we briefly reconsider
the evaluation of the real part of the blackbody-induced en-
ergy shifts, for the 15—2S transition in hydrogen [15,16] and
ionized helium (see Sec. IT). We then analyze the imaginary
parts of the blackbody-induced energy shifts in Sec. III. Con-
clusions are drawn in Sec. IV.

II. REAL PARTS OF BLACKBODY-RADIATION-INDUCED
ENERGY SHIFTS

For clarity, we keep all factors of &, ¢, and ¢, in all cal-
culations. The Boltzmann constant is denoted kz. We recall
that the energy distribution per frequency interval dv of
blackbody radiation is

-1
p(v)dv= Stzy?[exp(kh—];) - 1} dv, (2)
B

which is connected to the time-averaged square of the elec-
tric field ¢?(v) at frequency v (in units of the square of the
electric field strength per frequency) as
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e(v)dv= ip(v)dv. (3)
€

We write the Cartesian coordinates as x' and rewrite the di-
pole polarizability of an nS state to take the isotropic char-
acter of the polarization vectors of blackbody radiation into
account [cf. Eq. (20) of Ref. [9]]. Then, the blackbody en-
ergy shift AEgg(nS) is given by the formulas

° 1 . 1 .
P,(nS) = g 1221 5 nS|x mx nS ), (4a)
P
AEgp(nS) =— EP f dv &2 (v)P,(nS), (4b)
0

where E(nS) is the energy of the reference nS state. The
latter integral actually has to be taken as a principal-value (P)
integral because the propagator denominators in (4a) can be-
come singular when a blackbody photon hits an atomic reso-
nance (see the discussion below in Sec. III).

For the 1S state, the properties of the dipole polarizability
P (1S) are well understood [17], and P,(1S) can be evalu-
ated using an entirely nonrelativistic approximation [18], and
H in (4a) may be replaced by the Schrodinger Hamiltonian.
To see why that is the case, let us consider the typical photon
frequencies at which the blackbody photon energy peaks.
Ignoring the “~1” in the denominator of (3), it is easy to
derive the result

3kpT
Vimax = ,f (5)

for the frequency at which p(v) assumes its maximum value.
We consider a temperature range from 4 to 300 K. In
this temperature range, the frequency v, Vvaries from
2.5X 10" to 1.9 X 10'3 Hz, which is well below the Rydberg
constant expressed in frequency units, R.c=3.298
X 10" Hz, which defines the frequency range for the virtual
excitations to P levels that are decisive for the evaluation of
the dipole polarizability. For the ground state acting as the
reference state, we may therefore even ignore the terms =hv
in the propagator denominators in (4a) and replace the dy-
namic by the static polarizability, which can be evaluated
easily and is used here in the nonrelativistic approximation
(cf. Ref. [19])

o A\ 1
na9=3r) Za)'m (©

The dipole polarizability defined in Eq. (4a) parametrically
scales as Z™*, because the energy differences in the propaga-
tor denominators scale with Z2, whereas the two dipole tran-
sition matrix elements in the numerator each acquire a factor
1/Z (the atom becomes “smaller” by a factor Z~! as the
nuclear charge number increases). We finally obtain the ap-
proximation
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TABLE I. Blackbody energy shift of the ground state of atomic
hydrogen and ionized atomic helium, at temperatures of 7=4, 77,
and 300 K. The shift AEgg(1S) is obtained by numerical integration
according to Eq. (4b) and divided by the Planck constant in order to
be expressed in frequency units.

Nuclear charge Temperature h'AERg(1S)
number (K) (Hz)
Z=1 4 -1.22%x107°
Z=1 77 -1.68 X 107
Z=1 300 —-3.88 X 1072
Z=2 4 -7.65% 10712
Z=2 77 -1.05X107°
Z=2 300 —242%1073
3mkh T
AEgg(18) =~ - ——2-—. (7)
BB 5a°mic® Z*

The corresponding data in Table I are in excellent agreement
with this approximation.

A subtle point concerns the dipole polarizability of ex-
cited states [19]: While for the 1S state, it is entirely suffi-
cient to approximate H by the Schrodinger Hamiltonian, this
is not the case for the 25 state and for higher excited nS
states with n>2. Indeed, the 2P, ,, state is displaced from 2.5
only by the Lamb shift, and the 2P5), state is displaced in
energy only by the fine structure, and yet the dipole transi-
tion matrix elements between the 25 and the 2P states are
manifestly nonvanishing. The dipole transition matrix ele-
ments which enter the numerators for the dipole polarizabil-
ity, can still be taken in a nonrelativistic approximation, but
the denominators must be adjusted for the Lamb shift and the
fine-structure effects. In summary, we have for an nS level
with n=2,

P ,(nS)
12

3 .
- [(nS,(m = 3)|x|n Py (m = )
2;’ 2 2 EnP,,) — E(nS) = hv

i=1 p=—1/2

3/2 i
2 |<”S1/2(m = %)|x |”P3/2(m = M)>|2

E(}’lP3/2) —E(nS) * hy

1 3
+522

+ =l u=-3/2

12§ é > [(nS(m = 0) [ Pm = w)I?

T3 E(n'P) - E(nS) *+ hv

o=l pE=l gy
(8)

Here, the |nS,,), the |[nP; ), and the |nPs,) states can be
approximated by Schrodinger-Pauli wave functions, i.e., the
radial part is taken in the nonrelativistic approximation, but
the angular part is given by a spinor (two-component) func-
tion x;(7) defined as in [20]; k=2(I-/)(j+1/2) is the Dirac
angular quantum number, with / being the orbital angular
momentum quantum number and j the total electron angular
momentum, and w € {—(j+1/2),...,j+1/2} is the magnetic
projection (half integer). The states nP and 2S, by contrast,
are plain nonrelativistic Schrodinger eigenstates with an an-
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TABLE II. Blackbody energy shift of the 25 excited state of atomic hydrogen and ionized atomic helium,
evaluated according to Eq. (8), expressed in terms of frequencies via division by the Planck constant /. Note
that the entries for AER(2S)+AERR(2S) are given here only as an indication of the quality of the approxi-
mation given in Egs. (11) and (14) and therefore in parentheses. The entries for AEgg(2S) are obtained by
numerical integration of (4b) and thus are relevant for comparison to experiment. The explanation for the
discrepancy of the approximation and the numerical integration for 4 K and Z=2 is given in the text (see also

Fig. 1).
Temperature h'AERR(2S) W [AERs(2S) +AELR(25)]

Nuclear charge number (K) (Hz) (Hz)

Z=1 4 7.79 %X 1077 (8.13x1077)

Z=1 77 -1.44x1073 (-1.46%107%)

Z=1 300 -9.89 %X 107! (-9.87x 107"

Z=2 4 3.40%107° (3.30 X 1079)

7Z=2 77 1.18 X 1072 (1.19 X 1072)

7Z=2 300 1.21x 107! (1.21x 107"

gular part of the form Y,,,(7), where [ is the orbital angular
momentum, and m e{-[,...,[} is the magnetic projection
(integer).

In the following, we concentrate on the case n=2, i.e., on
the blackbody shift of the 2S5 state. The key to finding an
analytic approximation to AEgg(2S) is the following. We ob-
serve that for most cases of interest studied here, the condi-
tion

EFS < thax < hROCC, (9)

is satisfied, where R..c =3.289 X 10'> Hz is the Rydberg con-
stant expressed in frequency units. This hierarchy means that
we can make different approximations for the first two as
opposed to the third term on the right-hand side of (8).
Namely, the relevant frequency range of the blackbody ra-
diation is large as compared to the fine structure and the
Lamb shift, but small in comparison to the frequencies cor-
responding to transition with a change in the principal quan-
tum number. For the last term of (8) we can thus make the
static approximation and obtain

N o L[S =0)lxiln’ P(m = p)
Py28)=1lim 2 > > > K éﬁ,m)ﬂ'@gi hl:»l

=0+ =1 pu=-1,/_3 3

= 1zo<i)2; (10)

myc) (Za)*m,c?’

where we reemphasize that the sum over n’ starts from
n'=3. The corresponding energy shift is

167k, T*

a’mic®ZY

AEL,(28) ~ (11)

For the blackbody shift corresponding to the first two terms
on the right-hand side of (8), we first recall the fine-structure
interval and the Lamb shift in leading order,

(Za)*m,c*

Egs=E(2P;3) — E(2S,)5) = )

, (12a)

Ep = E(2Sl/2) - E(2P1/2)
o

g 7T(ch)‘lmecz( % In[(Za)7%]

4 91
+ 5[1“ ko(2P) —1n ky(25)] + %> . (12b)

Here, we make the opposite approximation and expand the
terms for large v,
P!(25)
3012

33 3

i=1 u=-1/2

|<2S]/2(m = %)|xi|2P1/2(m = ,U«)>|2
EQ2P,,) - EQ2S) + hv

3 ~
2/: (28 2(m = %)|Xl|2P3/2(m =)

E(2P5,) — E(2S) = hv

: 3
3 ; z u=-3/2
1 3Egg 1 3E;
T T (Za) mic? " §2ﬂ'2(Za)2micz'
Using (3), we can integrate over the blackbody spectrum
and obtain

(13)

3,2 472
maky a’ky (4
AEL(28) = ——T1°7% - (—1 Za)™?
5a(25) 8m€c2 4mec2 3 nl(Za)™]

4 91
~[In ko(2P) = In ky(28)] + — | T°Z°.
+3[n 0(2P) = In ko( )]+90)
(14)
The approximation then is
AEgp(2S) = AERR(2S) + AER5(2S). (15)

From Table II we see that the approximation holds for all
cases studied except for the shift of the 25 state for ionized
helium (Z=2) at 4 K. The inequality (9) is not satisfied in
this case, because v,,,=2.5X10'' Hz at 4 K whereas
Erg/h=1.8 X 10" Hz for Z=2 (see also Fig. 1). For Z=1, at
the same temperature, the inequality Epg<<hw,,, is better

042504-3
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FIG. 1. (Color online) Blackbody spectrum given by (2) is dis-
played as a function of the frequency v and of the temperature 7. In
order to visualize the spectrum over a wide range of temperatures,
we plot p!/1° and we use arbitrary units (arb.units), normalized so
that p assumes a value of unity at its maximum (as a function of v)
for 7=400 K. The maximum of the blackbody spectrum as a func-
tion of the frequency at given temperature is denoted as vy, [see
also Eq. (5)]. The relation of v, to the relevant atomic frequen-
cies, as immediately discernible from the plot, illustrates why the
approximation (11) and (14) is not applicable to ionized helium at
T=4 K. The frequency v,g3p is the frequency for excitation of the
28 state to the 3P state for ionized helium.

satisfied, and this affords an explanation for the fact that the
approximation works well in the latter case.

One would naively assume that the blackbody shifts
should decrease with the nuclear charge, because of the zZ4
scaling of the polarizability. However, that is not the case.
The formulas (11) and (14) indicate that there are two com-
peting effects for the shift of the 2§ state, one which is re-
lated to virtual transitions with a change in the principal
quantum number [see Eq. (11)], and another one which is
related to fine-structure and Lamb-shift transitions [see Eq.
(14)]. The former scales with T*Z™*, as expected, but the
latter scales as 7272, and increases with the nuclear charge
number (somewhat counterintuitively). We would thus like
to refer to this as an anomalous scaling. This particular be-
havior, in connection with planned experiments [21], has
been a major motivation for carrying out the calculation re-
ported here.

Incidentally, we note that the blackbody shifts at
T=300 K are by several orders of magnitude larger than
other nonstandard, nonresonant effects (“accuracy limits”)
for two-photon spectroscopy recently discussed in Refs.
[22,23]. Note that, after leaving the cooled nozzle in the
current hydrogen atomic beam experiment [15,16], the slow
hydrogen atoms enter a high vacuum which is kept at room
temperature.

III. IMAGINARY PART OF THE BLACKBODY-INDUCED
ENERGY SHIFT

In order to evaluate the blackbody-induced decay rates,
we have to be more precise than in Egs. (4a) and (4b).

PHYSICAL REVIEW A 78, 042504 (2008)

Namely, we have to collect all the poles from the bound-state
spectrum as well as integrate over the transitions to the con-
tinuous spectrum, and introduce infinitesimal imaginary dis-
placement into the propagator denominators. The relevant

formulas are
nS >

12
P,(nS) = 52 <<nS X
nS>), (16a)

) 1
H-ie—EnS)-hv

xi

i=1

+ <nS

1
X
H-ie—EnS)+hv

i

xl

2 o0
Aus(nS) = lim = | dv&1)P,(nS)
e—0" 2 0
ATgs(nS
= AEgy(nS) - i%. (16b)

The first term on the right-hand side of (16a) describes a
process with absorption of a photon by the atom from a
blackbody mode, which lowers the energy of the blackbody
photon field in the virtual state (term —Av), and a subsequent
emission into a blackbody mode. For this term, the imagi-
nary part is generated for virtual atomic states, as contained
in the spectral decomposition of H, which have an energy
higher than that of the reference state E(nS). This is the only
relevant process to generate a blackbody-induced width if
the ground state acts as a reference state, and it is easy to see
that the imaginary part of the energy shift thus generated has
the correct sign, i.e., it contributes a negative imaginary part
to A&pp(nsS).

The second term on the right-hand side of (16a) describes
a process with (first) emission into a blackbody mode, then
absorption from the blackbody field. In this case, the imagi-
nary part is generated for virtual atomic states of an energy
lower than that of the reference state E(nS). This process can
be relevant for the generation of a blackbody-induced decay
when the 2§ states acts as a reference state, and the virtual
state is a 2P, state. It is again easy to see that the imaginary
part of the energy shift thus generated has the correct sign,
i.e., it also contributes a negative imaginary part to
A&gp(nS).

We can then easily obtain the blackbody-induced decay
rates of the 1S and 28 states. Numerical results are given in
Table III, where we restrict ourselves to atomic hydrogen.
There is a very strong increase of the rates with temperature,
and we note a comparatively large induced decay rate for the
28§ state, due to the proximity of the 2P, and 2P, levels.

IV. CONCLUSIONS

In this paper, we have set up a formalism for the treatment
of blackbody-induced energy shifts and corresponding decay
rates (widths) for low-lying atomic states in atomic systems
with a low nuclear charge. We have evaluated our expres-
sions for the 1S and 2§ states of atomic hydrogen and hy-
drogenlike (ionized) helium. The formula (8) leads to a con-
sistent treatment of the virtual nP; states (j=3/2 and 1/2)
which are displaced from the reference nS,,, state only by a

042504-4
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TABLE III. Blackbody-induced width AT'gg(1S)/h of the
ground state and of the 25 excited state, evaluated according to Eq.
(16b) for atomic hydrogen. The results are given in Hz (cycles per
second).

Temperature h~' AT g (nS)
State (K) (Hz)
I 300 1.13x 107163
I 3000 2.15%x 107
1S 30000 8.00 X 10°
28 300 3.08x 1073
28 3000 7.49% 103
28 30000 2.34% 107

fine-structure splitting and by the Lamb shift, respectively
(see Sec. II), and can be easily generalized to other cases of
interest. We note that all blackbody shifts given in Tables I
and II are well below 1 Hz in absolute magnitude and do not
have to be taken into account at current and projected levels
of accuracy for high-precision laser spectroscopy, although it
is perhaps useful to remark that they are larger than other
nonstandard effects (accuracy limits) for two-photon spec-

PHYSICAL REVIEW A 78, 042504 (2008)

troscopy recently discussed in the literature (Refs. [22,23]).

The imaginary part of the blackbody-induced energy shift
(blackbody ac Stark shift) has been discussed and evaluated
in Sec. III. The corresponding decay rates given in Table III
can be quite substantial, especially at elevated temperatures.
At T=3000 K, the 2 state of hydrogen acquires a blackbody
width of about 8 kHz, and at 7=30000 K, the ground state
of atomic hydrogen is roughly 8 MHz wide, purely due to
the blackbody-induced interactions. At the same temperature,
the Boltzmann factor exp[—(E,p—E,g)/ (kgT)] for the excita-
tion of the ground state into the 2P state is only 2%.

Although the blackbody energy shifts have been studied
quite intensively, the numerical results and approximations
have not yet appeared in the literature to the best of our
knowledge. We have worked in SI units throughout this pa-
per in order to enhance the clarity of the details of the deri-
vation.
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