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Four-body model for transfer excitation

A. L. Harris, J. L. Peacher, and D. H. Madison
Physics Department, Missouri University of Science and Technology, Rolla, Missouri 65401, USA

J. Colgan
Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

�Received 26 August 2009; published 3 December 2009�

We present here a four-body model for transfer-excitation collisions, which we call the four-body transfer-
excitation �4BTE� model. Each two-body interaction is explicitly included in the 4BTE model, allowing us to
study the effects of individual two-body interactions. We apply our model to fully differential cross sections for
proton+helium collisions, and study the effect of the incident projectile-atom interaction, the scattered
projectile-ion interaction, the projectile-nuclear interaction, and electron correlation within the target atom.

DOI: 10.1103/PhysRevA.80.062707 PACS number�s�: 34.50.�s, 34.70.�e

I. INTRODUCTION

Four-body atomic collisions present vast opportunities for
the study of many particle dynamics, and have been studied
for decades in the context of total cross sections. Recent
experimental advancements now allow for the measurement
of kinematically complete fully differential cross sections
�FDCS� �1–22�, which present more stringent tests of theo-
retical models. One of the simplest four-body collisions is a
charged particle collision with a helium atom. In this case,
two atomic electrons undergo a transition, and electron-
electron correlation would be expected to play an important
role.

In this paper, we study the four-body process of proton
+helium transfer excitation �TE�. In this process, an incident
proton captures one electron from the target helium atom and
leaves the collision as a hydrogen atom. The remaining elec-
tron in the helium ion is promoted to an excited state. This is
an attractive four-body process to study because the final
state contains no continuum electrons, avoiding the compli-
cations that are present in some other four-body processes.

For FDCS, the TE process has been studied very little,
with only two sets of experimental results, and one theoret-
ical model reported in the literature. The theoretical model is
that of Kirchner �21,22�, and the experiments are those of
Hasan et al. �21� and Schöffler �23�. Kirchner’s model is a
semiclassical, nonperturbative, impact parameter model that
employs the independent electron approximation. Experi-
mental absolute differential cross sections for TE show little
structure, while Kirchner’s theory predicts some structure.
This predicted structure is not unique to the TE process, but
also occurs in differential cross section calculations for
single transfer without excitation �24–26� where experiment
again shows little structure. For single charge transfer with-
out excitation, this structure is typically attributed to a can-
cellation of terms in the perturbation potential. For TE, the
structure has been partially, but not entirely, attributed to the
nuclear-nuclear interaction �27,28�.

We introduce here the four-body transfer-excitation
�4BTE� model, which is a fully quantum mechanical four-
body model. It explicitly takes into account each particle and
interaction in the collision, allowing for a systematic study of
the dynamics of the process. To do this, the T matrix is

evaluated by computing a nine-dimensional integral numeri-
cally. In this paper, we study the role of the incident
projectile-target atom interaction, the scattered projectile-
residual ion interaction, the projectile-nuclear interaction,
and target atom correlation. Atomic units are used through-
out.

II. 4BTE THEORY

The FDCS for transfer-excitation is differential only in the
projectile scattering angle, and can be written as

d�

d�
= �2��4�pa�hi

kf

ki
�Tfi�2, �1�

where �pa is the reduced mass of the projectile and target
atom, �hi is the reduced mass of the outgoing hydrogen and
residual He+ ion, and k�i �k� f� is the momentum of the incident
�scattered� projectile.

In the two potential formulation, the exact transition ma-
trix Tfi is given by �29�

Tfi = �� f
�−��Vi��i� + �� f

�−��Wf
†��	i

�+� − �i�� , �2�

where � f
�−� is an approximate final state wave function, 	i

�+�

is the exact initial state wave function, and �i is the
asymptotic initial state wave function. The final state pertur-
bation is Wf, and the initial state projectile-atom interaction
is Vi. It is given by

Vi =
ZpZnuc

r1
+

ZpZe

r12
+

ZpZe

r13
, �3�

where r1, r12, and r13 are the distances from the projectile to
the nucleus and two atomic electrons respectively. The quan-
tities Zp, Ze, and Znuc are the electric charges of the projec-
tile, electron, and target nucleus.

The calculations are performed in the center of mass
frame, using the Jacobi coodinates �30� shown in Figs. 1 and
2.

In this coordinate system, R� i is the relative vector between
the incident projectile and the center of mass of the helium
atom, and Rf

� is the relative vector between the center of mass
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of the hydrogen atom and the center of mass of the He+ ion.
They are given by

R� i = r�1 −
me

m
 + 2me
�r�2 + r�3� �4�

and

R� f =
mer�2 + mpr�1

mp + me
−

me

me + m


r�3, �5�

where me, m
, and mp are the masses of the electron, alpha
particle, and projectile respectively.

The approximation we use for the final state wave func-
tion is

� f
�−� = �p

f �R� f��H�r�12��He+�r�3� , �6�

where �p
f �R� f� is the outgoing hydrogen wave function,

�He+�r�3� is the final state He+ wave function, and �H�r�12� is
the hydrogen atom wave function. Both �H�r�12� and �He+�r�3�
are hydrogenic wave functions, and thus known exactly. The
final state wave function has been properly symmetrized in
the calculations, but the electrons have been labeled here for
clarity.

For the outgoing hydrogen atom, either a plane wave
given by

�p
f �R� f� =

eik� f·R
�

f

�2��3/2 �7�

or a Coulomb wave given by

�p
f �R� f� =

eik� f·R
�

f

�2��3/2e−�
/2��1 − i
� � 1F1„i
,1,− i�kfRf

+ k� f · R� f�… �8�

is used, where 
=
ZpZHe+

vH
. The quantity ZHe+ is the electric

charge of the He+ ion, and vH is the speed of the outgoing
hydrogen atom.

We approximate the exact initial state wave function as

	i
�+� = �p

i �R� i��He�r�2,r�3� , �9�

where �p
i �R� i� is an incident projectile wave function and

�He�r�2 ,r�3� is the ground-state helium atom wave function.
For the ground-state helium atom, either an analytic

Hartree-Fock �31� wave function or a 20-term Hylleraas �32�
wave function is used. The Hartree-Fock wave function has
no electron-electron correlation, while the Hylleraas wave
function contains both radial and angular correlation.

For the incident projectile wave function, either a plane
wave given by

�p
i �R� i� =

eik�i·R
�

i

�2��3/2 �10�

or an Eikonal wave function �33� given by

�p
i �R� i� =

eik�i·R
�

i

�2��3/2exp�i
Zp

vp

� ln	 �vpr1 − v�p · r�1�Znuc

�vpr12 − v�p · r�12��vpr13 − v�p · r�13�

� �11�

is used, where v�p is the velocity of the incident projectile.
Since the asymptotic form of the exact initial state wave

function �i is a plane wave times an atomic wave function �,
using the plane wave of Eq. �10� in the approximate 	i

�+� of
Eq. �9� causes the second term in the T matrix of Eq. �2� to
vanish. The T matrix then reduces to

Tfi
PWi = �� f

�−��Vi��i� . �12�

In terms of perturbation theory, the first term in Eq. �2� rep-
resents first order and the second term represents all higher
order terms. Consequently, when we use the Eikonal wave
function, we are getting parts of all higher order terms in
perturbation theory.

The final state perturbation Wf needed for the Eikonal
calculation is given by �29�

Wf =
1

� f
�−� �H − E�� f

�−�, �13�

where H is the full Hamiltonian

H = −
1

2�pa
�r1

2 −
1

2
�r2

2 −
1

2
�r3

2

+
2

r1
−

2

r2
−

2

r3
−

1

r12
−

1

r13
+

1

r23
, �14�

E is the total energy

E =
kf

2

2�pa
+ BH + BHe+, �15�

and the final state wave function � f
�−� is given by Eq. �6�. The

quantities BH and BHe+ are the binding energies of the hydro-
gen atom and He+ ion, respectively.

FIG. 1. Jacobi coordinate system for the projectile-helium atom
system.

FIG. 2. Jacobi coordinate system for the hydrogen-helium ion
system.
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Because the evaluation of Wf depends on the final state
wave function � f

�−�, we must calculate Wf for both a plane
wave and Coulomb wave, the two scattered projectile wave
functions considered here. Evaluating Wf for a plane wave in
the final state gives

Wf
PW =

2 − r12

2�par12
+ i

kf� · r12�

�par12
+ 	 2

r1
−

2

r2
−

1

r13
+

1

r23

 . �16�

For a Coulomb wave in the final state, the final state pertur-
bation is given by

Wf
CW = −


kf

�pa

1F1�1 + i
,1;− ikfr1 − ikf� · r1� �

1F1�i
,1;− ikfr1 − ikf� · r1� �

+ 1F1�1 + i
,2;− ikfr1 − ikf� · r1� �

1F1�i
,1;− ikfr1 − ikf� · r1� �

� � 
kf

�pa
�k̂f + r̂1� ·

r12�

r12
− i


kf

�pa
k� f · �k̂f + r̂1��

+
2 − r12

r12
+ 	 2

r1
−

2

r2
−

1

r13
+

1

r23

 + i

kf� · r12�

�par12
.

�17�

III. RESULTS

Currently, experimental data for fully differential cross
sections are available for proton+helium transfer excitation
collisions at projectile energies of 25, 50, and 75 keV. The
experiment was performed by Hasan et al. �21�, and is abso-
lute. From experiment, it is known that the outgoing hydro-
gen atom is in the ground state, and the residual helium ion is
in an excited state. However, it is not known in which ex-
cited state the helium ion is left. Therefore, the cross sections
must be summed over all possible excited states. Figure 3
shows the relative magnitude of leaving the helium ion in the
n=2, 3, or 4 excited states. As can be seen, the n=4 contri-
butions are more than an order of magnitude smaller than the

n=2 contribution. Also, for a given energy level, we found
that the contribution of leaving the ion in an angular momen-
tum state greater than l=1 is negligible. Because of this, the
present results include only s and p excited states for 2�n
�4.

In Fig. 4, the effect of initial state electron-electron cor-
relation is shown. One would be inclined to think that corre-
lation would play an important role in a first-order model of
a four body process because the only interactions included in
the perturbation are between the projectile and each indi-
vidual electron, as well as the projectile-nuclear interaction.
Thus, in order for two electrons to change state, it seems
reasonable to expect that some correlation should be required
�i.e., the projectile strikes one electron, and the interaction
between the two electrons causes the second electron to
change state�.

Here, two different target helium atom wave functions are
used. The Hartree-Fock wave function is a product wave
function and contains no correlation. This calculation corre-
sponds to an independent electron model. The Hylleraas
wave function includes both radial and angular correlation
between the two initial state atomic electrons. Surprisingly,
there is very little difference between these calculations, in-
dicating that correlation is not important in this process.

In the final state, the outgoing hydrogen atom is in the
field of the He+ ion. Asymptotically, the ion has a charge of
1, but the hydrogen atom is neutral. This seems to imply that
a plane wave should be used for the outgoing hydrogen in
order to match asymptotic boundary conditions. However,
the dynamics of the collision take place at small projectile-
ion separations, so that one might consider the use of a Cou-
lomb wave for the proton in the field of the He+ ion �i.e., a
Coulomb wave with charge 1�. Results for both of these
approximations are shown in Fig. 5. It is clear that the use of
a Coulomb wave is required in order to achieve the correct
order of magnitude. However, virtually no change in shape
between the two calculations is observed. One might also
notice that the difference between the calculations dimin-
ishes as projectile energy increases. This is expected since a
projectile with a larger speed spends less time in the field of
the ion than one with a smaller speed.

FIG. 3. FDCS as a function of the laboratory projectile scatter-
ing angle for p+He TE showing the relative magnitudes of excita-
tion to different energy levels in the He+ ion. All theoretical curves
are from the 4BTE model with a plane wave for the incident pro-
jectile, Hylleraas wave function for the helium atom, and Coulomb
wave for the scattered projectile. Theoretical results:—excitation to
the n=2 level; - - - excitation to the n=3 level; ¯ excitation to the
n=4 level.

FIG. 4. FDCS as a function of the laboratory projectile scatter-
ing angle for p+He TE showing the effect of electron correlation in
the target atom wave function. Experiment: � results of Hasan et
al. �21� for the incident projectile energies shown in the figure.
Theoretical results:—4BTE model with a plane wave for the inci-
dent projectile, Hylleraas wave function for the helium atom, and
Coulomb wave for the scattered projectile; - - - 4BTE model with a
plane wave for the incident projectile, Hartree-Fock wave function
for the helium atom, and Coulomb wave for the scattered projectile.
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In addition, the use of a Coulomb wave for asymptotic
charge 1 changes the asymptotic boundary conditions of the
problem, and is likely the reason that agreement with experi-
ment improves at large scattering angles. This is because
large scattering angles imply small impact parameters, where
the Coulomb interaction between the projectile and ion
would be expected to be most important. This improved
agreement for large scattering angles seems to imply that the
dynamics of the close collisions are more important than the
asymptotic boundary conditions. However, we are puzzled
by the lack of agreement with experiment at small scattering
angles, particularly for the largest projectile energy, where a
perturbative model should work best.

Despite the fact that the target atom is neutral, the initial
state interaction of the projectile with the constituents of the
target atom can be included through the use of an Eikonal
initial state wave function. In the Eikonal initial state ap-
proximation, the interaction of the projectile with the target
nucleus and the atomic electrons is included through a phase
factor modifying a plane wave �see Eq. �11��. This Eikonal
phase factor is the asymptotic limit of the Coulomb interac-
tion between the respective particles. Using an Eikonal wave
function has the added advantage of including higher order
perturbation series contributions.

The Eikonal wave function is typically used for high en-
ergy projectiles, and is considered a valid approximation
when the ratio Znuc /vp is less than 1. For the three energies
studied here, this ratio ranges between 1.2 �75 keV� and 2
�25 keV�, pushing the limit of the Eikonal’s validity. How-
ever, even at the lowest energy, use of the Eikonal initial
state wave function should be an improvement over a plane
wave.

In Fig. 6, the effect of changing the incident projectile
wave function from a plane wave to an Eikonal wave func-
tion is shown. It is seen that the use of the Eikonal wave
function has a fairly small effect for the highest energy, but
becomes increasingly important as the energy decreases. For
larger scattering angles, the Eikonal wave function increased
the cross section, producing better agreement with experi-

ment. This is particularly evident at 25 and 50 keV. The
better agreement with experiment for larger scattering angles
is expected because a plane wave treatment should become
worse with increasing scattering angle. Surprisingly, for
small scattering angles, the Eikonal treatment produced
worse agreement with experiment at all energies.

As mentioned in the Introduction, for single charge trans-
fer without excitation, inclusion of all three terms in the per-
turbation potential usually results in some structure �i.e., a
minimum� in the FDCS, while excluding the projectile-
nuclear term results in a nearly uniform decrease in the cross
section. This pronounced change in shape for single charge
transfer without excitation prompted us to examine the same
effect for transfer excitation. Figure 7 shows the effect of
either including or excluding the projectile-nuclear interac-
tion in the perturbation Vi of Eq. �3� on the fully differential
cross sections. One would expect that the projectile-nuclear
interaction should have a greater effect at large scattering
angles, and thus its exclusion from the calculation should

FIG. 5. FDCS as a function of the laboratory projectile scatter-
ing angle for p+He TE showing the effect of the scattered
projectile-residual ion interaction. Experiment: � results of Hasan
et al. �21� for the incident projectile energies shown in the figure.
Theoretical results:—4BTE model with an plane wave for the inci-
dent projectile, Hylleraas wave function for the helium atom, and
Coulomb wave for the scattered projectile; - - - 4BTE model with a
plane wave for the incident projectile, Hylleraas wave function for
the helium atom, and plane wave for the scattered projectile.

FIG. 6. FDCS as a function of the laboratory projectile scatter-
ing angle for p+He TE showing the effect of the incident projectile-
target atom interaction. Experiment: � results of Hasan et al. �21�
for the incident projectile energies shown in the figure. Theoretical
results:—4BTE model with an Eikonal wave function for the inci-
dent projectile, Hylleraas wave function for the helium atom, and
Coulomb wave for the scattered projectile; - - - 4BTE model with a
plane wave for the incident projectile, Hylleraas wave function for
the helium atom, and Coulomb wave for the scattered projectile.

FIG. 7. FDCS as a function of the laboratory projectile scatter-
ing angle for p+He TE showing the effect of the projectile-nuclear
interaction. Experiment: � results of Hasan et al. �21� for the inci-
dent projectile energies shown in the figure. Both theoretical curves
are from the 4BTE model with a plane wave for the incident pro-
jectile, Hylleraas wave function for the helium atom, and Coulomb
wave for the scattered projectile. Theoretical results:—all three
terms in the perturbation; - - - without the projectile-nuclear term in
the perturbation.
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result in a more rapid decrease of the fully differential cross
section as scattering angle increases. We found that exclud-
ing the projectile-nuclear interaction resulted in a decrease in
the cross section, but that this decrease was nearly uniform
as a function of scattering angle. Figure 7 also shows that,
unlike single capture without excitation, including or exclud-
ing the projectile-nuclear term in the interaction potential has
little effect on the shape of the FDCS.

One may argue that the nuclear term should be neglected
since this term would be zero if the initial and final state
wave functions are orthogonal. However, � f

�−� and �i are
eigenfunctions of different Hamiltonians, and not necessarily
orthogonal. Thus, the nuclear term does not necessarily van-
ish. Although, neglecting the nuclear term produced im-
proved agreement with experiment for the smaller scattering
angles at the two higher energies, we assume that this is
fortuitous.

Finally, in Fig. 8, we compare the 4BTE model using an
Eikonal wave function for the incident projectile, Hylleraas
wave function for the helium atom, and Coulomb wave for
the scattered projectile with the two-center-basis generator
method �TC-BGM� calculation of Kirchner �22�. The TC-
BGM model is based on the impact parameter model, and
uses the Eikonal approximation to describe the projectile de-
flection. It employs the independent electron model, which
contains no electron-electron correlation. Overall, the 4BTE
model tends to yield better agreement with experiment for
the larger scatting angles, and the TC-BGM model tends to
do better for small scattering angles. At the two higher ener-
gies, both models exhibit a similar shape, with the 4BTE

model falling off somewhat more rapidly as scattering angle
increases. For all energies, the TC-BGM model exhibits a
change in slope at about 0.7 mrad. The 4BTE model predicts
a less dramatic change in slope for lower energies, and no
noticeable change for the highest energy.

IV. CONCLUSION

We have introduced the four-body transfer-excitation
model, and applied it to fully differential cross sections for
proton+helium collisions. The effects of target atom electron
correlation, the scattered projectile-ion interaction, the inci-
dent projectile-atom interaction, and the projectile-nuclear
interaction were studied.

Electron correlation in the target atom was studied by
comparing results using an uncorrelated helium wave func-
tion with those of a fully correlated wave function. Results
with and without correlation were nearly identical, showing
that electron correlation has a negligible effect in the TE
process.

For the projectile-ion interaction, a plane wave and Cou-
lomb wave treatment of the outgoing hydrogen atom were
compared. The use of a Coulomb wave for the scattered
projectile was necessary to achieve the correct order of mag-
nitude, with its effect diminishing as projectile energy in-
creased. For the projectile-atom interaction, an Eikonal wave
function was used to include distortion of the incident pro-
jectile wave function by the target atom. The Eikonal treat-
ment gave better agreement with experiment for large scat-
tering angles, and worse agreement for small scattering
angles.

Finally, the importance of the projectile-nuclear interac-
tion was studied by either including or excluding this term in
the perturbation. Excluding the projectile-nuclear interaction
lowered the magnitude of the FDCS slightly, but did not
change the shape.
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