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Probing early-universe phase transitions with CMB spectral distortions

Mustafa A. Amin1,* and Daniel Grin2
1Kavli Institute for Cosmology at Cambridge, Madingley Road, Cambridge CB3 OHA, United Kingdom

2Department of Astronomy & Astrophysics, University of Chicago, Chicago, Illinois 60637, USA
(Received 14 May 2014; published 29 October 2014)

Global, symmetry-breaking phase transitions in the early universe can generate scaling seed networks
which lead to metric perturbations. The acoustic waves in the photon-baryon plasma sourced by these
metric perturbations, when Silk damped, generate spectral distortions of the cosmic microwave background
(CMB). In this work, the chemical potential distortion (μ) due to scaling seed networks is computed and the
accompanying Compton y-type distortion is estimated. The specific model of choice is theOðNÞ nonlinear
σ-model for N ≫ 1, but the results remain the same order of magnitude for other scaling seeds. If CMB
anisotropy constraints to the OðNÞ model are saturated, the resulting chemical potential distortion
μ ≲ 2 × 10−9.

DOI: 10.1103/PhysRevD.90.083529 PACS numbers: 98.80.Bp, 98.80.Cq, 98.70.Vc, 98.80.-k

I. INTRODUCTION

The primordial plasma likely underwent symmetry-
breaking phase transitions. Some, like electroweak sym-
metry breaking, are nearly certain to have occurred [1].
Others, like the Peccei-Quinn [2] and supersymmetric
phase transitions, are less established, but may be related
to solutions of fine-tuning problems, reheating after infla-
tion [3] and the physics of dark matter [4].
If the broken phase is degenerate, causally disconnected

regions (“Hubble patches”) end up in different vacua
forming topological defects and “nontopological textures”
through the Kibble mechanism. Vacua with dimension
n ¼ 0; 1; 2, or 3 form domain walls, cosmic strings,
monopoles, and textures respectively (see Ref. [1] and
references therein). If n ≥ 4, nontopological textures form
[5]; these still have significant gradient energy. These
“seeds” create long-range gravitational potential wells
and thus source density perturbations in matter and
radiation.
Long after the phase transition, scaling sets in: the

statistics of this scaling seed network always look the
same relative to the only scale in the problem, the current
physical horizon [1,6]. More precisely, the power spectra of
all seed-induced metric perturbations are self-similar,
obeying k3PΦðkÞ ∝ f2ðkηÞ for some analytic function
fðkηÞ, where k is the wave number and η is the conformal
time [7].
Seeds excite scalar, vector, and tensor metric fluctuations

[1,8,9]. These are sourced before and after horizon crossing
and so seeds are active sources of cosmological fluctua-
tions. The resulting perturbations in matter and the baryon-
photon plasma are similar to isocurvature fluctuations [10].
Cosmic microwave background (CMB) power spectra

sourced only by scaling seeds would be out of phase and

less coherent than those generated by adiabatic perturba-
tions [1,10–26]. CMB anisotropy and large-scale structure
(LSS) data [1,27,28] thus limit the fractional contribution
of seeds to the primordial fluctuation power to be
≲0.01–0.05 [7,29–32] on large scales, which are domi-
nated by the standard adiabatic (and likely inflationary)
power spectrum with index ns ≃ 0.96.
Smaller scales with wave number k≳ 50 Mpc−1 are

beyond the reach of CMB anisotropy and existing LSS
measurements. Fortunately, distortions of the CMB fre-
quency spectrum (spectral distortions) away from a perfect
blackbody are an interesting probe of fluctuations on these
scales. They provide a possible window on inflationary and
scaling seed-sourced contributions on small scales. In
general, acoustic waves damp by diffusion [33,34]. The
energy lost from acoustic motion and injected at redshifts
z≲ 2 × 106 cannot be perfectly thermalized [35–39],
imprinting spectral distortions on the CMB [35,36].
These spectral distortions allow the recovery of some of
the information lost from the anisotropy spectrum.
Modes (50 Mpc−1 ≲ k≲ 104 Mpc−1) that damp when

Compton scattering is efficient (5 × 104 ≲ z≲ 2 × 106)
will generate chemical potential (μ) distortions. Modes
with k≲ 50 Mpc−1 will damp later and generate Compton
y-type distortions, likely to be buried under a y-distortion
from reionization [40,41]. Distortions of the μ-type, how-
ever, are a robust probe of primordial physics.
The nearly perfect CMB blackbody measured by COBE

FIRAS imposed the limits μ ≤ 9 × 10−5 and y ≤ 1.5 ×
10−5 [42], putting to rest hints of large spectral distortions
and early structure formation [43–46]. Progress in exper-
imental techniques, described in the PIXIE and PRISM
satellite proposals [47,48], could allow detection of spectral
distortions 3–4 orders of magnitude smaller than the
FIRAS limits. The damping of acoustic modes sourced
by standard adiabatic fluctuations with ns ≃ 0.96 and
no running generates spectral distortions of the CMB.*mamin@ast.cam.ac.uk
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The signal is roughly μ≃ 1 × 10−8 and y≃ 2 × 10−9 [49],
providing a potentially attractive target for PIXIE/PRISM.
As discussed below, scaling seeds also lead to spectral
distortions, and could be detected by these missions.
In this paper, we calculate the spectral distortion imprint

of acoustic waves generated by scaling seeds. Our model of
choice is the OðNÞ nonlinear σ-model. In this model, a
global symmetry OðNÞ of a scalar field multiplet ~φð~x; ηÞ is
broken in a phase transition, with the field then restricted to
the vacuum manifold with an expectation value of v (see
Fig. 1). This model offers a computational advantage: the
evolution of the scaling seed network has a closed-form
solution in the large-N limit, known to be reasonably
accurate from simulations [5,50–53].
After the phase transition, fluctuations in the direction of

the vacuum state (Goldstone modes) are always being
ironed out for wavelengths within the horizon, as shown
schematically in Fig. 1 [54]. Nevertheless, the network
always has fluctuations with fixed variance on the horizon
scale, and is thus invariant when lengths are scaled with
the cosmic expansion. Such fluctuations (isocurvature in
nature) also generate temperature anisotropies in the CMB.
Limits to the nonlinear σ-model obtained from recent
Planck satellite measurements1 of CMB anisotropies [32]
can be expressed as v2=ð ffiffiffiffi

N
p

m2
plÞ ≲ 1.3 × 10−5.

We perform a detailed calculation of the gravitational
potential induced by scaling fields, and then self-
consistently determine the response of photons, baryons,

neutrinos, and cold dark matter (CDM), following modes
through horizon crossing on to acoustic oscillation and
diffusion damping. For the OðNÞ model, we find that

μ≃ 12 ×
1

N

�
v
mPl

�
4

; ð1Þ

and estimate (up to decoupling)

y≃ 2.4 ×
1

N

�
v
mPl

�
4

: ð2Þ

Saturating the anisotropy constraint on theOðNÞmodels,
the resulting μ- and y-type spectral distortion signals are

μ≲ 2 × 10−9; ð3Þ
y≲ 4 × 10−10: ð4Þ

A quantity like v4=ðNm4
plÞ normalizes other active source

models, and so we expect our prediction to apply up to a
factor of order unity to all such models, as argued later.
Our signature is smaller than the standard adiabatic case

by an order of magnitude, but comparable to the distortion
generated by adiabatic cooling of electrons [49]. There is
no direct evidence, however, that the standard scenario
holds at spectral distortion scales; if the adiabatic power
spectrum dies off at high k, a phase-transition-generated
spectral distortion signal could dominate. This may even be
the case in a wide class of single-field inflationary models,
due to running of the power spectrum on small scales [57].2

FIG. 1 (color online). After the phase transition the scalar fields reside on the vacuum manifold, picking out an (uncorrelated) “angle”
in each Hubble patch. As the universe expands, the local gradients in the field vanish on subhorizon scales. This process leads to scaling
network of the scalar field, that looks the same when compared to the contemporary Hubble horizon [54].

1Somewhat more stringent limits could be imposed using a
combination of Planck and BICEP2 data [55], if the B-mode
polarization anisotropy detected by BICEP2 is confirmed to be
primordial [56].

2The tension between Planck and the BICEP2 results (if
confirmed) can be ameliorated by a strong negative running of
the spectral index [56], reducing the overall μ distortion from
inflationary perturbations [58].
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Moreover, when more precise measurements of spectral
distortions are made, the detailed shape of the distortion
could potentially disentangle scenarios [59] that generate
spectral distortions.
In addition to a potential signal from scaling seeds,

spectral distortions could reveal the shape of the primordial
power spectrum [58,60], the proportions of adiabatic/
isocurvature modes [61,62], or the presence of primordial
magnetic fields [63–66], all on much smaller scales than
current measurements. Spectral distortions generated by
cosmic strings are estimated in Ref. [67]. Spectral dis-
tortions are also sensitive to other processes at z≲ 106,
like dark matter annihilation/decay [68–70] or early star
formation [40,71]. Missions like PIXIE and PRISM could
open a window to measuring μ, y in detail and also
detecting recombination-era line emission [72–75], moti-
vating recent work on thermalization during this era
[49,70,76–82].
Our plan for the rest of the paper is as follows. We begin

in Sec. II by developing the nonlinear σ-model in the large-
N limit, including a computation of the seed metric power
spectra. In Sec. III, we lay out perturbation evolution
equations for photons, baryons, neutrinos, and CDM,
and then compute the damped evolution of acoustic modes
sourced by large-N scaling seeds. We then compute the
resulting μ and y distortions. In Sec. IV we generalize the
OðNÞ model and provide estimates of the spectral dis-
tortion in a broader class of models. We conclude in Sec. V.
We discuss technical issues of seed-correlator coherence in
the Appendix.

II. NONLINEAR σ-MODEL

We consider N real scalar fields φaðx; ηÞ which are
governed by the following Lagrangian after a global phase
transition [1]:

L ¼ −
1

2
∂μ~φ · ∂μ~φ − λð~φ · ~φ − v2Þ2: ð5Þ

The N-component field vector ~φ ¼ fφ1;…;φNg settles
into different vacua (“directions”) in causally disconnected
Hubble patches.
After the phase transition, the fields are then accurately

modeled by assuming that they are on the vacuum
manifold everywhere. For N ≥ 4 the bulk of field energy
is contained in field gradients along the vacuum direction
[1,5,8,51]. Using the above Lagrangian with the constraint
~φ · ~φ ¼ v2, the equations of motion (EOMs) in Cartesian
field-space are

□~φþ ∂μ~φ · ∂μ~φ

v2
~φ ¼ 0: ð6Þ

This is the well-known nonlinear σ-model.
Note that although ~φ · ~φ ¼ v2 after the transition, there

are gradients in ~φ from one Hubble patch to another.

Since the transition is taken to occur after inflation, these
gradients subsist and source gravitational fields that influ-
ence the motion of photons, baryons, neutrinos, and cold
dark matter. We wish to compute the homogeneous and
perturbed evolution of these scalar fields, as well as the
gravitational potentials induced by them.
Before providing a detailed calculation we first esti-

mate the gravitational potentials generated by the seeds.
After the phase transition, the field energy is dominated
by gradients on Horizon scales. The energy density
due to φi, a single-field component with wave number
k ∼ aH, is a−2ð∇φiÞ2 ∝ H2φ2

i . Summing over N field
components, the variance of the energy-density fluc-
tuation ðδρφÞ2 ∼ NH4φ4

i . Since the scalar-field multiplet
is restricted to be on the vacuum manifold,

P
N
i¼1φ

2
i ¼ v2,

we can estimate the variance of a single field com-
ponent as φ2

i ∼ v2=N. Hence the variance of the density
fluctuations becomes ðδρφÞ2 ∼H4v4=N. With the
density perturbation in hand, we can use the Poisson
equation ðk=aÞ2ΦS ∼m−2

Pl δρφ to estimate the seed-
generated gravitational potential. On horizon scales
(k ∼ aH), this yields

ΦS ∼ v2=ð
ffiffiffiffi
N

p
m2

plÞ: ð7Þ

We now turn to a more careful treatment of the field
evolution and the gravitational potential generated by
them.

A. Evolution of N scalar fields

We use a flat FRW metric with conformal time η
(i.e. dη ¼ dt=a) and cosmological scale factor aðηÞ.
The EOMs, ignoring metric fluctuations, are then given
by [5]

̈~φþ α

η
_~φ −∇2~φ ¼ ∂μ~φ · ∂μ~φ

v2
~φ≡ Tðη;xÞ~φ; ð8Þ

where α ¼ 2d ln a=d ln η. During the epoch of interest, it is
accurate to treat the universe as a mixture of matter and
radiation, and so aðηÞ is given by3

aðηÞ ¼ η

ηeq
þ 1

4

�
η

ηeq

�
2

: ð9Þ

Hence α ¼ 2 for radiation domination and α ¼ 4 for matter
domination. Since seeds are assumed to form a small
fraction of the total energy density, the metric perturbations
induced by scaling seeds are small perturbations of the
background geometry. It is thus safe to use the FRW

3Note that this scale factor is not normalized to a ¼ 1 today,
and so care must be taken when converting present-day best-fit
cosmic densities to their early-time values.
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equation of motion for the scalar field; this is the “stiff
approximation” [83].
The EOM, Eq. (8), is cubic, and may be simulated

numerically, but to simplify our treatment, we make the
scaling ansatz that the trace of the scalar stress-energy
tensor Tðη;xÞ is replaced by a spatially averaged quantity T̄
which scales appropriately with η, the only dimensionful
quantity in the problem [5,8,51]:

T̄ðx; ηÞ ¼ T0

η2
: ð10Þ

The intuition behind this ansatz is that there is only one
physical scale in the problem, the horizon η, and thus any
product of first-order time derivatives must scale accord-
ingly, with some normalization. Similarly, the average
picks out k ∼ η−1 for spatial gradients. We assume that
this does not undermine our assumption that the field is
everywhere on the vacuum manifold.
We will later show that this is sufficient to guarantee

that the perturbations scale in the sense discussed in the
introduction. This hypothesis turns out to be quite accurate
in capturing both the homogeneous and perturbed stress-
energy tensors of the scaling seeds [5].
Using Eq. (8), we now obtain the scalar-field evolution,

evolving forward from initial field amplitudes ~φkðηtÞ at the
conformal time ηt of the phase transition [5,51]:

~φk ¼ ϕkðηÞ~φkðηtÞ; ð11Þ

ϕkðηÞ ¼
�
η

ηt

�ð1−αÞ=2 JνðkηÞ
JνðkηtÞ

; ð12Þ

ν2 ¼ T0 þ
1

4
ðα − 1Þ2: ð13Þ

The mode function ϕkðηÞ describes the time evolution of
the field for a comoving wave vector k, while ~φkðηtÞ
captures its stochastic nature at the moment of transition.
By definition, ϕkðηtÞ ¼ 1. We have ignored a decaying
mode here.4

We also assume that at ηt, φaðx; ηtÞ is correlated on
subhorizon scales but uncorrelated on superhorizon scales.
In Fourier space, this behavior is equivalent to a white
noise power spectrum on superhorizon scales and a rapidly
decaying spectrum on subhorizon scales. Explicitly we
assume

hφa
kðηtÞφb�

q ðηtÞi ¼ ð2πÞ3δabδðk − qÞPφðk; ηtÞ

Pφðk; ηtÞ ¼
�
Aα ≠ 0 if kηt ≤ 1;

0 if kηt ≥ 1:
ð14Þ

Small changes in shape, smoothness etc. of this assumed
power spectrum do not affect our answers significantly.
We normalize the power spectrum by imposing the con-
dition that the field is on the vacuum manifold at all times,
v2 ¼ hj~φðx; ηÞj2i, yielding [5]

v2 ¼ NAα

�
η

ηt

�
−ð2þαÞ Z η=ηt

0

d3x
ð2πÞ3

J2νðxÞ
J2νðxηt=ηÞ

:

We are interested in epochs long past the phase transition,
and so η ≫ ηt. Taking this limit in the above integral, time
independence of the lhs forces us to set

ν ¼ 1þ α=2; ð15Þ
whereas for the rhs to equal v2, we have to set

Aα ¼
�
3.63 × 1

N v
2η3t α ¼ 2;

2.38 × 1
N v

2η3t α ¼ 4:
ð16Þ

Furthermore, using the relationship between ν and α
in Eq. (13) we get T0 ¼ ð3=4Þð1þ 2αÞ. We can now
determine the time-dependent field power-spectrum using
Eqs. (11)–(16):

Pφðk; ηÞ ¼
�
η

ηt

�
1−α

�
J1þα=2ðkηÞ
J1þα=2ðkηtÞ

�
2

Pφðk; ηtÞ: ð17Þ

The dimensionless power spectrum of the field fluctua-
tions: ðN=v2ÞΔ2

φðk; ηÞ≡ ðN=v2Þk3Pφðk; ηÞ=ð2π2Þ is com-
puted and shown in Fig. 2. As long as kη ≪ η=ηt

0.01 0.1 1 10 100

10 6

10 5

10 4

0.001

0.01

0.1

1

k

N
2

2
k,

FIG. 2 (color online). The dimensionless power spectrum
of the scalar-field fluctuations at a given scale and time:
ðN=v2ÞΔ2

φðk; ηÞ≡ ðN=v2Þk3Pφðk; ηÞ=ð2π2Þ in a radiation-
dominated universe. This spectrum depends only on kη, and is
thus self-similar. There exists an additional cutoff (not apparent
in this plot) at kη ¼ η=ηt ≫ 102, set by the initial time of the
phase transition ηt.

4Our condition that the fields be restricted to the vacuum
manifold everywhere might be violated near the phase transition.
As a result the above solution is strictly valid only at times
η ≫ ηt. Details near the phase transition do not affect the
behavior of the fields on the scales we are interested in at late
times, for which k ≪ η−1t .
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(a constraint trivially satisfied at late times η ≫ ηt for the
wave numbers of interest), the results depend only on kη.
They are thus self-similar, with a cutoff at kη≳ 1 reflecting
the erasure of perturbations through vacuum realignment as
different regions come into causal contact [5]. This network
thus exhibits the scaling phenomenon discussed in the
Introduction.

B. Metric perturbations

To calculate the evolution of acoustic waves in the
baryon-photon fluid sourced by the scaling seeds, we
must compute the gravitational potential generated by
the scaling seeds. We work with the metric in conformal
Newtonian gauge

ds2 ¼ a2½−ð1þ 2ΦÞdη2 þ ð1 − 2ΨÞdx · dx�; ð18Þ
where we have neglected vector and tensor perturbations
for simplicity’s sake. In Fourier space, the Einstein equa-
tions are then

δG0
0 ¼ 6

H2

a2

�
Φk þ

_Ψk

H
þ k2

3H2
Ψk

�
¼ δT0

0

m2
Pl

; ð19Þ

δG0
j ¼ −2i

H
a2

kj

�
Φk þ

_Ψk

H

�
¼ δT0

j

m2
Pl

; ð20Þ

δGi
j ¼

1

a2
kikjðΦk −ΨkÞ

þ 2
H2

a2

�
Ψ̈k

H2
−

k2

2H2
ðΦk −ΨkÞ

þ 1

H
ð _Φk þ 2 _ΨkÞ − Φk

�
1 −

2ä
H2

��
δij ¼

δTi
j

m2
Pl

; ð21Þ

where the stress-energy tensor here includes contributions
from seeds, baryons, photons, neutrinos, and dark matter.
Linearly combining Eqs. (19)–(20) and applying the
anisotropic stress projection operator k̂ik̂j − 1

3
δji to

Eq. (21), we obtain

Ψk ¼ 1

2m2
pl

a2

k2

�
δT0

0 − 3i
H
k
k̂jδT0

j

�
; ð22Þ

Φk ¼ Ψk þ 3

2m2
pl

a2

k2

�
k̂ik̂j −

1

3
δji

�
δTi

j: ð23Þ

Repeated indices are summed over. We now obtain the seed
potentials in a fixed realization of φð~x; ηÞ.
It is helpful to decompose the stress-energy tensor

into seed and nonseed components, that is Tν
μ ¼P

n
ðnÞTμ

ν þ Sμν , where n denotes baryons, cold dark matter,
neutrinos, or photons. This allows the seed component of
the metric perturbation to be separately evaluated. The total
metric perturbation can then be computed after allowing
matter and radiation components to respond to the seed

potentials. In terms of the seed stress tensor (which is
denoted δSμν as we assume that it has no homogeneous
background value), we then have the seed-induced potentials

Ψk;S ¼
1

2m2
pl

a2

k2

�
δS00 − 3i

H
k
k̂jδS0j

�
; ð24Þ

Φk;S ¼ Ψk;S þ
3

2m2
pl

a2

k2

�
k̂ik̂j −

1

3
δji

�
δSij: ð25Þ

The seed stress tensor can be calculated from Eq. (5) with
~φ · ~φ ¼ v2 as follows:

0.01 0.1 1 10 100
10 6

10 4

0.01

1

k

N
m

pl
4

2
S

S
k,

FIG. 4 (color online). The dimensionless power spectrum of
the difference between the Newtonian and curvature potentials
due to the scalar field only (in a radiation-dominated universe,
under the scaling ansatz for the solutions). The spectrum on
superhorizon scales is ≈ 0.64ðkηÞ−1 whereas on subhorizon
scales it is ≈ 30.4ðkηÞ−4 ln ½0.56ðkηÞ�.

0.01 0.1 1 10 100

10 5

0.001

0.1

10
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N
m

pl
4

2
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k,

FIG. 3 (color online). The dimensionless curvature potential
spectrum due to the scalar field only in a radiation-dominated
universe (under the scaling ansatz for the solutions). The
spectrum on superhorizon scales is ≈0.94ðkηÞ−1 whereas on
subhorizon scales it is ≈ 4.2ðkηÞ−4 ln ½0.56ðkηÞ�.
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S00 ¼ −
1

2a2
½ _~φ · _~φþ∇~φ ·∇~φ� ¼ −δρ; ð26Þ

S0i ¼ −
1

a2
_~φ · ∂i ~φ; ð27Þ

Sij ¼
1

a2
∂i ~φ · ∂j ~φþ 1

2a2
δij½ _~φ · _~φ −∇~φ ·∇~φ�: ð28Þ

Using Eqs. (24)–(28), expressions for the scalar gravi-
tational potentials in Fourier space are

Ψk;S ¼ −
1

4m2
Plk

2

Z
d3q
ð2πÞ3

�
_~φqþk · _~φ�

q

þ q · ðqþ kÞ~φqþk · ~φ�
q − 6

H
k
ðk̂ · qÞ _~φqþk~φ�

q

�
;

ð29Þ

Φk;S ¼ −
1

4m2
Plk

2

Z
d3q
ð2πÞ3

�
_~φqþk · _~φ�

q

þ 3ðq2 − k · q − 2ðk̂ · qÞ2Þ~φqþk · ~φ�
q

− 6
H
k
ðk̂ · qÞ _~φqþk~φ�

q

�
: ð30Þ

In the high-N limit, the central limit theorem and
vacuum manifold constraint force the individual field
components to be approximately Gaussian distributed5

with zero mean and variance ∝ 1=N . Using Eqs. (11),
(12), (29), (30) and Eq. (14) along with Wick’s theorem
allows us to calculate the dimensionless power spectra of
the potential fluctuations:

Δ2
ΨS
ðk; ηÞ≡ k3

2π2
PΨS

ðk; ηÞ ð31Þ

¼ N
16π2m4

Pl

1

k

Z
d3q
ð2πÞ3 Pφðjkþ qj; ηtÞPφðq; ηtÞ

×

�
_ϕjkþqj _ϕq þ q · ðqþ kÞϕjkþqjϕq − 6

H
k
ðk̂ · qÞ _ϕjkþqjϕq

�

×

�
_ϕjkþqj _ϕq þ q · ðqþ kÞϕjkþqjϕq − 3

H
k
ðk̂ · qÞ _ϕjkþqjϕq þ 3

H
k
ðk̂ · qþ kÞϕjkþqj _ϕq

�
; ð32Þ

Δ2
ΦS−ΨS

ðk; ηÞ≡ k3

2π2
PΦS−ΨS

ðk; ηÞ

¼ 9N
4π2m4

Pl

1

k

Z
d3q
ð2πÞ3 Pφðjkþ qj; ηtÞPφðq; ηtÞϕ2

jkþqjϕ
2
q

�
ðk̂ · qÞ2 þ 2

3
ðk · qÞ − 1

3
q2
�
2

: ð33Þ

Using Eqs. (12) and (16), these integrals may be numerically
evaluated to obtain the curves shown in Figs. 3–4. Their
amplitudes are proportional to ðv=mPlÞ4=N, with v4 entering
through the initial power spectra of the fields [see Eqs. (14)
and (16)]. The quantity ΦS −ΨS is proportional to aniso-
tropic stress dividedby k2. Note that the dimensionless power
spectra of the potentials are functions of (kη) only; thus the
only scale in the problem is the horizon scale. This is a system
that obeys scaling in the sense discussed in the Introduction.
Importantly, note that the level of power is preserved on the
scale kη ∼ 1 as the network of scaling seeds evolves, a direct
consequence of the cubic term in the equations (which in turn
arises from the vacuum manifold constraint).
Although there are infrared divergences in the scalar

potential ΦS and ΦS −ΨS power spectra, these metric
perturbations are consistent with the fundamental causal
requirement that hTμνðx; ηÞTρσðy; η0Þi vanish outside the

light cone (where x and y are two spatial locations). These
divergences in metric potentials are a property of many
scaling seed models [1,29].6 Furthermore, observable quan-
tities of interest such as the gauge invariant radiation density
perturbation arising from these seed potentials do not diverge
in the infrared.
Although the fundamental degrees of freedom here are

the scalar fields, the stress energy is at lowest-order quadratic
in the field amplitude, and so scalars, vectors, and tensor
fluctuations in the stress-energy are present [1,8,14,23,24].
They make comparable contributions to CMB anisotropies
(in contrast to most inflationary scenarios), and are generally
included when imposing limits to scaling seeds and the
nonlinear σ-model (such as those stated in the Introduction)
from CMB anisotropies. While the constraints from CMB
anisotropies include tensor and vector contributions, we will
ignore them when calculating the spectral distortions. In this
sense our result is likely an underestimate.

5Non-Gaussian signatures, however, have been computed
[52,53,84,85] and used to search for scaling seeds in Planck
data [32].

6The divergences in metric potentials at superhorizon scales
can be thought of as corrections to our local background.
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III. SPECTRAL DISTORTIONS

Our goal here is to calculate the μ and y distortions from
diffusion damping of acoustic waves sourced by the scaling
seeds. Seeds have been considered in previous work,
mainly in the context of generating CMB temperature
anisotropies [1,7,10–26,29–32]. Although they are not the
dominant source of temperature anisotropies, seeds could
still contribute to and perhaps even dominate the spectral
distortion signature.
We begin with an order-of-magnitude estimate of this

signature. Recall from Sec. II that the potential generated
by the seeds ΦS ∼ ðv2=m2

PlÞ=
ffiffiffiffi
N

p
. This potential sources

acoustic oscillations in the photon fluid at horizon scales
with an amplitude δγ ∼ ΦS. The spectral distortion ampli-
tude is then determined by energy conservation:
μ ∼ jδγj2 ∼ v4=ðNm4

plÞ. Saturating the limits from Planck,
we get μ ∼ 10−10.
We now undertake a more detailed calculation. We

first develop the EOMs for linearized perturbations in the
distribution of dark matter, baryons, radiation and massless
neutrinos in Fourier space. We then numerically solve for the
evolution of acoustic modes in the presence of seeds. This
calculation yields a larger value of μ≃ 10−9, due to the
detailed evolution of modes near horizon crossing.

A. Conservation equations

We will continue to work in the conformal Newtonian
gauge, but instead of the usual density perturbations δn in
that gauge, we will use

un ≡ δn − 3ð1þ wnÞΨ; ð34Þ
where wn ≡ pn=ρn is the equation of state for a given
species and where n ¼ γ; ν; dm; b. These are density
perturbations on constant scalar curvature hypersurfaces
[86]. The following additional definitions reduce clutter in
the upcoming equations:

Λ≡H=k;

Rn ≡ ρn=ρtot;

Λ0 ¼ −
Λ2

2

X
n

Rnð1þ 3wnÞ;

A≡ 1þ 9

2
Λ2

X
n

Rnð1þ wnÞ; ð35Þ

Pn ≡ u0n: ð36Þ
Note that we will be writing the conservation equations
in first-order form, hence the definition Pn ≡ un0.
Equation (35) above follows from the Friedmann equation.
Note that

r≡ kη and 0 ≡ d=dðkηÞ: ð37Þ

The variable r is a natural choice for our independent
variable given the scaling behavior of our seed potentials.7

The evolution equations for the different species can be
written as follows (see Ref. [87] for a derivation, though
with different notation8):

P0
γ ¼ −

4

3

�
1

4
uγ þ ΦþΨ − σγ

�
−

4

3ϵ

�
3

4
Pγ − Pb

�
; ð38Þ

σ0γ ¼ −
1

10
½2Pγ þ 3Fγ3�−

9

10ϵ
σγ þ

1

20ϵ
ðGγ0 þGγ1Þ; ð39Þ

F0
γl ¼

1

2lþ 1
½lFγðl−1Þ − ðlþ 1ÞFγðlþ1Þ�−

1

ϵ
Fγl l ≥ 3; ð40Þ

G0
γl ¼

1

2lþ 1
½lGγðl−1Þ − ðlþ 1ÞGγðlþ1Þ�

−
1

ϵ

�
Gγl −

1

2
ðFγ2 þ Gγ0 þGγ2Þ

�
δl0 þ

δl2
5

��

P0
b ¼ −ΛPb − Φþ 1

Rϵ

�
3

4
Pγ − Pb

�
; ð41Þ

where σn is the anisotropic stress for the nth species
(relevant here for photons and neutrinos), Fn2 ¼ 2σn,
Fn1 ¼ −Pn and R ¼ ð4=3Þðρb=ργÞ. We have ignored the
baryon sound speed since its effects are negligible during
the tight-coupling era. The moments Gγl capture polariza-
tion effects. The tight-coupling expansion parameter ϵ used
above is

ϵ≡ ðk=neσTaÞ; ð42Þ
and is the ratio of the mean free-path of the photons
ðneσTÞ−1 to the physical wavelength of the perturbations
(a=k). Here σT is the Thomson cross section and ne is
the number density of free electrons. The appearance of the
last term in Eqs. (38) and (41) is due to the energy and
momentum exchange between these species because of
Thomson scattering.9

The equations for dark matter and neutrinos which are
coupled through gravity to all the other species are given by

7This is not true during the radiation-matter transition, but is
valid deep into radiation and matter domination separately.

8Schematically, we have taken the equations in Ref. [87],
eliminated the density and velocity perturbations ðδn; θnÞ
by rewriting the conservation equations in terms of ðun;PnÞ,
used r ¼ kη as the time variable, and used the alternative
metric convention ðψ ;ϕÞ → ðΦ;ΨÞ. The fluid variables in
Ref. [87] are related to ours as follows: un ¼ δn − ð1þ wnÞΨ,
θn ¼ −kð1þ wnÞPn.9Note that although the expressions are in Fourier space, we
have dropped the k subscript to reduce clutter.
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P0
dm ¼ −ΛPdm − Φ; ð43Þ

P0
ν ¼ −

4

3

�
1

4
uν þ ΦþΨ − σν

�
; ð44Þ

F0
νl ¼

1

2lþ 1
½lFνðl−1Þ − ðlþ 1ÞFνðlþ1Þ� l ≥ 2: ð45Þ

Recall that 2σν ¼ Fν2 and Pν ¼ −Fν1. These equations for
photons, baryons, dark matter and neutrinos are valid after
neutrino decoupling, on all scales as long as the perturba-
tions remain linear.

B. Tight coupling and Silk damping

Let us focus on the evolution equations for photons and
baryons first, Eqs. (38)–(41). In a Hubble time, the comov-
ing photon diffusion length scale k−1D ∼ ðHneσTÞ−1=2 ∝ a3=2.
In the last step we assumed radiation domination. This
diffusion causes a decay of the acoustic oscillations for
k > kD (Silk damping). For k ≪ kD, the baryons and
photons are tightly coupled, making the baryon and photon
velocities equal to each other.
Note that for modes that start getting damped in the

μ era, ϵ ≪ 1. For ϵ ≪ 1, the equations above have to be
handled with some care. In this regime the EOMs for the
photons and baryons simplify considerably. In particular
the Boltzmann hierarchy for photons can be truncated as
follows [88]:

σγ ¼ −
4

15
ϵPγ: ð46Þ

This includes the effects of photon polarization.
Furthermore, we can eliminate Eq. (41), the evolution
equation for baryon perturbations, using a tight-
coupling expansion. Following the clear exposition of
Ref. [67],

Pb ¼ ð3=4ÞPγ þ ϵfðrÞ þ ϵ2gðrÞ þ � � � ð47Þ

Using this ansatz and keeping only leading-order terms in
ϵ, we use Eqs. (38), (41) and (46) to obtain

fðrÞ ¼ R
1þ R

�
1

4
uγ −

3

4
ΛPγ þΨ

�
;

gðrÞ ¼ −
R

1þ R

�ðϵfÞ0
ϵ

þ Λf −
4

15
Pγ

�
: ð48Þ

Using the above f and g in Eqs. (47) and (38) we obtain
(at leading order in ϵ)

Pb ¼
3

4
Pγ þ ϵ

R
1þ R

�
1

4
uγ −

3

4
ΛPγ þΨ

�
; ð49Þ

P0
γ ¼ −3Rc2sΛPγ − c2suγ −

4

3
ðΦþ 3c2sΨÞ

− 4ϵc2s

�
4

15
Pγ þ Rf0 þ 3RΛf

�
; ð50Þ

where

f0 ¼ Λ
1þ R

f þ R
1þ R

�
Pγ

4
−
3

4
ðΛPγÞ0 þΨ0

�
: ð51Þ

These equations are more general than those in Ref. [88],
following modes starting with their superhorizon evolution
on through to horizon crossing, acoustic oscillation, and
diffusion damping. We also allow for distinct gravitational
potentials. As we will see below, Eq. (49) allows us to
eliminate the equation for P0

b. Unlike photons, neutrinos
are decoupled (free-streaming), and so the fluid approxi-
mation (truncation of the Boltzmann hierarchy after the
l ¼ 2 moment) cannot be applied.

C. Einstein equations with seed potentials

We need to complete the above system using the Einstein
equations. From the 00þ 0i, i ≠ j and 0i Einstein equa-
tions we have

Ψ ¼ ΨS þ
1

2m2
pl

a2

k2
X
n

�
δT0

0ðnÞ − 3i
H
k
k̂jδT0

jðnÞ

�
;

Φ ¼ Ψþ ΦS −ΨS þ
3

2m2
pl

a2

k2
X
n

�
k̂ik̂j −

1

3
δji

�
δTi

jðnÞ;

Ψ0 ¼ −
H
k
ΦþΨ0

S þ
H
k
ΦS þ

1

2m2
Pl

a2

k2
X
n

ik̂jδT0
jðnÞ; ð52Þ

where 0 ¼ d=dðkηÞ, ΨS and ΦS are the gravitational
potentials generated by the scaling seeds and

P
n is over

all the species ðn ¼ γ; ν; dm; bÞ. In our notation, these
equations can be rewritten as [see Eqs. (35)]

Ψ ¼ 1

A

�
ΨS −

3

2
Λ2

X
n

Rnðun − 3ΛPnÞ
�
;

Φ ¼ Ψþ ΦS −ΨS −
9

2
Λ2

X
n

Rnð1þ wnÞσn;

Ψ0 ¼ −ΛΦþΨ0
S þ ΛΦS −

3

2
Λ2

X
n

RnPn: ð53Þ

The Ψ from the 00þ 0i Einstein equation, Eq. (53), can be
used in Eq. (49) to express Pb in terms of un;Pn≠b;ΨS as
follows:
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Pb ¼
3

4
Pγ þ 3ϵ

R
A
c2s

�
ΨS −

3

2
Λ2Rb

�
ub −

9

4
ΛPγ

�

þ A
4
ðuγ − 3ΛPγÞ −

3

2
Λ2

X
n≠b

Riðun − 3ΛPnÞ
�
: ð54Þ

After substituting for Pb using Eq. (54), our system of
equations consists of the following, u0n ¼ Pn (n ¼ γ;
ν; b; dm), the P0

γ;P0
dm;P

0
ν, Eqs. (38), (41), (44), (46), for

the photon Boltzmann hierarchy Eq. (45) for the neutrino
Boltzmann hierarchy, and the Einstein equations, Eqs. (53).
These can now be solved once appropriate initial conditions
are specified and ΨS and ΦS are provided.
The full system of equations to be numerically solved

has the form

L~X ¼ ~S; ð55Þ
where ~S is a vector consisting of linear combinations of ΦS
and ΨS, ~X ¼ fPγ;Pdm;Pν; uγ; ub; udm; uν; σν; FνðlÞg, with
l > 2, and L ¼ L½d=dy; y� is the first-order differential
operator. Note that Pb is not part of the ~X.

D. Solutions

To compute spectral distortions, we need only the values
of photon-related variables, in particular the power spec-
trum of uγ . Distinct fluid components, however, are
coupled through gravitational interactions (via Einstein’s
equations), and so we are forced to solve the entire system
simultaneously.
In the previous section we calculated the power spectra

of ΨS and ΦS −ΨS. To solve Eqs. (55), however, we need
the actual mode functions for each Fourier mode of the
gravitational potentials. These are not available without
numerical field simulations (we do have the mode functions
for the scalar field itself, but not the energy momentum
tensor or the gravitational potentials). We make the
following simplifying ansatz, which we justify in an
Appendix. We replace ΨS and ΦS −ΨS [89],

ΨSðk; rÞ →
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π2

k3
Δ2

ΨS
ðrÞ

s
ek;

ðΦS −ΨSÞðk; rÞ →
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π2

k3
Δ2

ΦS−ΨS
ðrÞ

s
ek; ð56Þ

where ek are random variables with heke�qi ¼ δðk − qÞ.
This is known as the “coherent approximation” [1,16,18].
The two power spectra were calculated in the previous

section and are shown in Figs. 3 and 4. Since we are
interested in calculating spectral distortions generated by
the seeds, we will set the perturbations in all the compo-
nents (except the seeds) to be zero initially. Given the
linearity of the equations, the solutions we will get will
automatically be fiðk; rÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π2Δ2

i ðk; rÞ=k3
p

ek for the

component of interest. Here, one should think of r as
a time variable. There can be k dependence in the solutions
(apart from the k−3=2) because damping breaks the scaling
nature of the solutions in spite of the scaling behavior of
the seed potentials.
Once the seed potentials and initial conditions are

specified, we can numerically solve Eq. (55). For the
requisite cosmological parameters we use the current
best-fit cosmology from Planck temperature data
(Table 2, last column in Ref. [90]). We also use the
prescription described in Eq. (51) of Ref. [87] to cut off
the neutrino hierarchy at lmax ¼ 12. We have made sure that
our answers for the spectral distortions are not affected
significantly (< 10%) by going up to lmax ¼ 32. For comp-
arison, the photon hierarchy was truncated at lmax ¼ 2
because of tight coupling.
The evolution of uγðk; rÞ for k ¼ 102 Mpc−1 is shown

in Fig. 5. The vertical dashed lines indicate horizon entry
and time when the mode starts getting Silk damped
[kDðηÞ ¼ k]. On superhorizon scales uγ ∝ η3=2 whereas
on subhorizon scales, we see the characteristic acoustic

0.1 1 10 100
10 4

0.001
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0.1

1

10

k 1

,
2

FIG. 5 (color online). The evolution of the radiation density
perturbations uγ ¼ δγ − 4Ψ in the presence of seeds, for
k ¼ 102 Mpc−1. The black line corresponds to the full evolution
of the radiation density perturbation. The orange line follows
the full evolution prior to the beginning of acoustic oscillations,
and tracks the peak-to-peak envelope of acoustic oscillations
once they begin. The dashed line on the left corresponds
to horizon entry. Outside the horizon kη ≪ 1, juγðk; ηÞj2 ∝ η3.
This also implies that the dimensionless power spectrum
∼k3juγðk; ηÞj2 ∝ ðkηÞ3, corresponding to a scaling, white noise
spectrum on superhorizon scales. For kη≳ 10, we see the
characteristic acoustic oscillations. For subhorizon scales,Ψ≪ δγ
even with seed potentials, hence uγ ≈ δγ . Note the continued
growth of the photon perturbation for roughly a decade inside
the horizon. Finally when the diffusion wave number kDðηÞ < k,
diffusion takes away the acoustic energy of the mode. The dashed
line on the right denotes kDðηÞ ¼ k.
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oscillations as well as exponential damping. We compute
this evolution for all modes of interest. In general, acoustic
oscillations maintain a fixed amplitude, set essentially by
the amplitude at horizon entry, until damping takes over.
This is the characteristic behavior of acoustic modes, with
and without seed potentials. To understand this note that on
subhorizon scales, uγ ¼ δγ − 4Ψ ≈ δγ . This approximation
is valid because gravitational potentials will be suppressed
compared to the density perturbations in the dominant
component by factors of ðkηÞ−2 because of Poisson’s
equation. Hence the solution deep inside the horizon is
almost independent of the potential (including the seed
potentials), and we are simply seeing the usual acoustic and
damping behavior.
While we use a more detailed treatment discussed in the

next section, the spectral distortion amplitude can be
estimated using the uγ power spectra at the beginning
and end of the μ era [49,80,91]. On subhorizon scales these
spectra show oscillations reflecting the oscillations present
in the individual mode solutions. Taking the envelope of
these oscillations, the power spectra at the beginning and
end of the μ era are shown in Fig. 6.
With the mode-by-mode solutions of the fluid perturba-

tions generated by the seeds at hand, we are now ready to
compute spectral distortions sourced by scaling seeds.

E. μ Distortion

During the μ era, 5 × 104 ≲ z≲ 2 × 106, double
Compton scattering and Bremsstrahlung become ineffi-
cient. Acoustic waves damp due to diffusion out of wave
fronts on small scales. Neighboring blackbodies are mixed
by Thomson scattering, yielding an initial y-type distortion.
At high z, the y-type distortion can be partially thermalized
and converted into a μ-type distortion by photon energy-
changing (single) Compton scattering.
The damping of acoustic waves heats the plasma, leading

to spectral distortions. The fractional heating rate which
leads to spectral distortions is given by [49]

1

a4ργ

dða4QacÞ
dz

¼ −4_τhSaci
Hð1þ zÞ ;

hSaci ¼
Z

dk

�
R2

1þ R
þ 16

15

� kΔ2
Pγ
ðk; ηÞ

16_τ2
; ð57Þ

where HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωrð1þ zÞ4 þ Ωmð1þ zÞ3

p
, Ωr and Ωm

are the fractions of the critical density today in radiation
and matter, respectively, and _τ ¼ neσTa is the conformal-
time derivative of the Thomson scattering optical depth.
In the above expression, Δ2

Pγ
ðk; ηÞ is the time-dependent

dimensionless power spectrum of Pγ . This expression is
derived from a more general one in the tight-coupling limit.
When waves are diffusion damped, r ¼ kη ≫ 1, and so we
justifiably ignore gravitational potentials in the heating
formula from Ref. [49] and make the approximation
Pγ ≃ −F1;γ. We have also ignored higher multipole
moments from the Boltzmann hierarchy for photons, which
are negligible when ϵ ≪ 1.
Assuming that Pγ ¼ P̄γðk; ηÞfðk; ηÞ for a smooth

envelope P̄γðk; ηÞ and fast oscillatory function fðk; ηÞ,
and averaging over the fast time scale

R
dηf2ðk; ηÞ≃ 1=2,

the heating rate simplifies to

1

a4ργ

dða4QacÞ
dz

¼ −1
8Hηð1þ zÞ

�
R2

1þ R
þ 16

15

�

×
Z

∞

rmin

drϵðr; ηÞΔ2
P̄γ
ðr; ηÞ; ð58Þ

where Δ2
P̄γ
ðr; ηÞ is the dimensionless power spectrum of

P̄γ, we have switched to dimensionless wave number r ¼
kη as an integration variable and used ϵ ¼ k=_τ. In practice
we set rmin ¼ 10; below this scale we do not have acoustic
oscillations.
The total μ distortion generated can be obtained by

integrating the heating rate during the μ era (with a
multiplicative factor of ≃1.4 [49]):

μ≃ 1.4
Z

zμ

zμ;y

dz
1

a4ργ

dða4QacÞ
dz

: ð59Þ
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FIG. 6 (color online). The envelope of the dimensionless power
spectrum Δ2

ūγ ðk; ηÞ of the photon density perturbation evaluated
at the beginning and end of the μ era. Explicitly the top curve
corresponds to Δ2

ūγ ðk; ηfÞ and the bottom curve corresponds to
Δ2

ūγ ðk; ηiÞ where ηi and ηf correspond to the conformal times at
the beginning and end of the μ era. Black points come from the
full evolution code, while the orange curve interpolates between
these points. The spectral distortions may be estimated by
integrating the difference of the two spectra (with a logarithmic
measure). Note that in the text we carry out a more detailed
calculation instead of using this integral estimate.
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Here zμ ≃ 2 × 106 marks the transition from perfect ther-
malization to μ distortions while zμ;y ≃ 5 × 104 marks the
transition into the y-distortion epoch.10 We verified that our
numerical implementation of Eqs. (58) and (59) reproduces
(within 20%) the value of μ in Ref. [49] for the adiabatic
case with ns ¼ 1 and no running.
We use our actively sourced Boltzmann implementation

discussed in the previous subsections to determine
Δ2

P̄γ
ðr; ηÞ. One of the inputs, the amplitude of the source

seed functions, is determined by the combination
ðv=mPlÞ2=

ffiffiffiffi
N

p
(see Figs. 3 and 4). We find that

μ≃ 12 ×
1

N

�
v
mPl

�
4

: ð60Þ

This is one of the main results of our paper. Constraints
from CMB anisotropies impose the limit ðv=mPlÞ2=

ffiffiffiffi
N

p ≲
1.3 × 10−5 [32]. Saturating this limit and using our numeri-
cally obtained Δ2

P̄γ
ðr; ηÞ in Eq. (59) we get

μ≃ 2 × 10−9: ð61Þ

Note that rather than use the familiar approximate
damping envelope e−2k

2=k2D , we have used the full sourced
Boltzmann equations to evaluate Δ2

P̄γ
ðr; ηÞ. This is done to

account for the active sourcing of perturbations after
horizon entry in the nonlinear σ-model. Our more accurate
treatment is relevant at times soon after horizon entry; deep
within the horizon, however, the exponential envelope
should still provide a good approximation. This is due
to the fact that seed gravitational potentials decay rapidly
inside the horizon: ΦS;ΨS ∼ 1=ðkηÞ2.

F. y distortion

We now turn to the calculation of the y distortion [49]:

y≃ 1

4

Z
zμ;y

0

dz
1

a4ργ

dða4QacÞ
dz

: ð62Þ

We calculate the y distortion less accurately than the μ
distortion for both technical and pragmatic reasons.
On the technical side, note that to evaluate the fractional

heating rate, we need to solve the sourced Boltzmann
equations. Some of these equations, however, are only valid
during the tight-coupling era when ϵ ≪ 1. This approxi-
mation is adequate during the μ era; however it is violated

around decoupling (zdec ≃ 1090 [90]) which lies within the
domain of integration for the y calculation. Moreover, the
computation of Qac after decoupling is complicated by
baryon loading, second-order Doppler motion and recom-
bination effects.
We could argue that in the case of passively sourced

adiabatic modes, the post-decoupling y distortion is several
orders of magnitude smaller than the contribution prior
to decoupling, and so the integral can be truncated at
decoupling:

y≃ 1

4

Z
zμ;y

zdec

dz
1

a4ργ

dða4QacÞ
dz

: ð63Þ

This approximation, however, has not been tested in the case
of active sources like OðNÞ scaling seeds. Additionally, the
time dependence of the scalar mode functions changes near
matter-radiation equality at zeq ≃ 3392 [90], as can be seen
from Eqs. (12) and (13). In fact, the scaling property of the
solutions breaks down during this transition.
On the pragmatic side, the present day y distortion

should be dominated by a contribution from reionization
of y ∼ 10−7, unrelated to the primordial signal. As a result
the y distortion is not the best probe of primordial
physics, though it may someday be possible to use
cosmological recombination line emission to distinguish
primordial y distortions from the signal generated at
reionization [75].
With these caveats in mind, we would still like to

estimate the contribution to the OðNÞ model y distortion
up to decoupling. This, at the very least, requires the
evaluation of seed potentials during matter domination as
well as a transition in these functions from radiation to
matter domination. As a simple approximation, we impose
a switch on the seed potential power spectra Δ2

ΨS
ðk; ηÞ and

Δ2
ΦS−ΨS

ðk; ηÞ, evaluating them with α ¼ d ln a=d ln η ¼ 2

when z > zeq and α ¼ 4 when z ≤ zeq. We could also
have interpolated between mode functions with some
continuous function of η as in Refs. [23], but as a first-
pass approximation, our method should suffice.11 We find
that

y≃ 2.4 ×
1

N

�
v
mPl

�
4

: ð64Þ

Saturating the same upper limit from observed CMB
anisotropies as used in the μ case, our estimated value
for the y distortion (up to decoupling) from OðNÞ scaling
seeds is

y≃ 4 × 10−10: ð65Þ10It is possible to model the transition between the μ- and
y-type distortions more carefully using the method described in
Ref. [92]. This approach could provide a bridge between the full
distortion signal and details about the time dependence of the
energy-injection process [59,70,93]. We find, however, that the
heating rate from seed-sourced acoustic waves does not have
dramatic features near this transition. We thus defer a compu-
tation of this intermediate distortion for future work.

11We have tested that details of “switching” the seed functions
at matter-radiation equality do not affect our answer significantly.
Even without the switch, that is continuing with seed functions
from the radiation-dominated era, does not change the y up to
decoupling by more than a percent.
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We defer a detailed test of our approximations for
future work.

IV. BEYOND THE OðNÞ MODEL

So far, we have computed the spectral distortion sig-
nature in the large-N limit of the nonlinear σ-model. It is
interesting, however, to consider the spectral distortion
signature of a broader class of scaling seed models. As an
example, we consider models that are identical to theOðNÞ
case on superhorizon scales, but differ from it on subhor-
izon scales. We parametrize these models by two numbers:
r� and γ. For r < r� the seed functionsΨS and ΦS −ΨS are
identical to theOðNÞ case, whereas for r > r� we allow the
slopes of these functions to vary: ΨS;ΦS −ΨS ∼ r−γ. We
find that as long as r� > 10, the μ distortion does not
change by more than 10% for −1 ≤ γ ≤ 3. This shows that
for a large class of scaling seed models, as long as the
behavior of the seed functions up to a decade in k inside the
horizon is similar to the OðNÞ case, we will have similar μ
distortions.
We also tried a set of models defined by

Δ2
ΨS
ðr ¼ kηÞ ¼ Aseed

r½1þ ðbrÞ2γ−1� ; ð66Þ

Δ2
ΦS−ΨS

ðrÞ ¼ cπΔ2
ΨS
ðrÞ: ð67Þ

In the case γ ¼ 3.5 and cπ ¼ 0, these models coincide
with “Family I” of Refs. [94], designed to reproduce the
observed CMB temperature anisotropies (circa the year
2000). The power spectra are normalized by the quantity
Aseed, which is chosen to match the maximum allowed
large-scale normalization of the large-N nonlinear σ-model
considered earlier.12

To get a sense of how robust our results are to changes in
cπ , b and γ we calculated the μ distortions for a few
different values of these parameters. For example, when we
fixed cπ ¼ 0, b ¼ 0.25 and considered 1≲ γ ≲ 3.5, or we
fixed cπ ¼ 0, γ ¼ 2 and considered 0.01≲ b≲ 0.3, we still
found that μ ∼A2

seed. For γ ¼ 2 and b≳ 0.3, the μ value
starts decreasing rapidly with b. This is because as b
increases beyond 0.3, it significantly decreases the power in
the seed potentials in the first decade inside the horizon.
This is consistent with our analysis of the cutoff scale r�
discussed earlier.

V. CONCLUSIONS

The cosmic microwave background anisotropies provide
a detailed picture of the conditions in the early universe
for k≲ 10−1 Mpc−1. Damping of acoustic modes due to
diffusion (and foregrounds) robs us of a chance to get
further information on smaller length scales. This very
damping, however, leads to distortions of the blackbody
spectrum. Thus, spectral distortions allow us to recover
some of the lost information on these very small scales:
50≲ k≲ 104 Mpc−1. These length scales have never been
probed empirically in the linear regime.
In the standard adiabatic scenario, if we assume an

almost scale-invariant initial spectrum of perturbations, the
distortions are ∼10−8. This in itself provides an exciting
target for future missions. Distortions can be generated in
many different ways. One possibility is that components
that only contribute sub-dominantly to anisotropies might
contribute significantly to the distortion. The magnitude of
such a contribution depends on the amplitude and scale
dependence of the perturbations.
In this work, we have explored a scenario where the

density perturbations generated by global phase transitions
in the early universe damp due to photon diffusion and give
rise to spectral distortions of the CMB. These perturbations
generated by global phase transitions also influence the
CMB anisotropies. When the CMB anisotropy constraints
to the OðNÞ model are saturated, we find that the μ-type
spectral distortion is μ≃ 2 × 10−9. Although we worked
with a specific model, the OðNÞ nonlinear sigma model
with N ≫ 1, we have shown that our result should hold
for a much broader class of models to within an order of
magnitude. We also estimated the y-type signal up to
decoupling, and found y≃ 4 × 10−10.
We made a few simplifying assumptions in our calcu-

lation of these spectral distortions. First, we considered
equal time correlators, rather than the full unequal time
correlators of the seed potentials. We have argued in the
Appendix that this could decrease the final answer by a
factor of a few at most. It would be useful to check this
approximation more carefully by calculating the distortions
using the full unequal time correlators. Second, our y
estimate can be improved by extending the calculation to
the present time by including, for example, effects of free
streaming after decoupling. Seed functions that correctly
interpolate between the matter and radiation era would also
improve the estimate.
Finally we only considered scalar perturbations.

In many defect models and in particular the OðNÞ model,
the tensor and vector perturbations are comparable to the
scalar ones. While tensor and vector contributions were
used in determining limits from the CMB anisotropies, we
did not include them in the calculation of the spectral
distortions. We expect their contribution to be less than
the scalar case since these perturbations damp inside the
horizon (though not as rapidly as the inflationary case

12We note that the maximum allowed Aseed value could in fact
be considerably higher, and hence not obey such a tight
anisotropy constraint. A class of such models [1,7,28,95] was
designed to perform more favorably compared to the CMB
anisotropy data in absence of inflation. A detailed comparison
between these models and present data has not been published.
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because of the active sourcing). Including them will likely
enhance our signal. We will carry out a detailed calculation
of vector and tensor contributions to spectral distortions in
future work.
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APPENDIX: UNEQUAL TIME CORRELATORS

In the text we calculated the response of photons,
baryons, dark matter and neutrinos to the gravitational
potentials generated by the seeds by replacing the ΨS and
ΦS −ΨS by the square root of their respective power
spectra. Here we estimate the error induced by this
approximation.
To reveal the structure of the equations and justify the

above simplification, let us ignore all components except
photons, and treat them as a perfect fluid with
wγ ¼ c2s ¼ 1=3. The conservation and Einstein equations
become

u0γ ¼ Pγ;

P0
γ ¼ −

1

3
uγ −

4

3
ðΦþΨÞ;

Ψ ¼ 1

1þ 3
8r2

�
ΨS −

3

2r2

�
uγ −

3

r
Pγ

��
;

Φ ¼ Ψþ ΦS −ΨS: ðA1Þ
Substituting the potentials into the conservation equations
we have

u0γ ¼ Pγ;P0
γ þ

�
12

rðr2 þ 6Þ
�
Pγ þ

�
r2 − 6

3ðr2 þ 6Þ
�
uγ ¼ S;

ðA2Þ
where

S ¼ −
4

3

�
2r2

r2 þ 6
ΨS þ ðΦS −ΨSÞ

�
: ðA3Þ

This equation can be immediately solved to yield

uγ ¼
Z

r

0

dvGðr; vÞSðvÞ; ðA4Þ

where

Gðr; vÞ ¼
ffiffiffi
3

p
v

rð6þ v2Þ
�
ð12þ vrÞ sin

�
r − vffiffiffi

3
p

�

−6
�
r − vffiffiffi

3
p

�
cos

�
r − vffiffiffi

3
p

��
: ðA5Þ

We have set the homogeneous solutions, which can be
interpreted as the inflationary contribution, to 0. The
dimensionless power spectrum of uγ is then given by

Δ2
uγ ðrÞ ¼

Z
r

0

Z
r

0

dwdvGðr; wÞGðr; vÞΔ2
Sðw; rÞ; ðA6Þ

where Δ2
Sðw; vÞ is the unequal time, dimensionless power

spectrum of S:

k3

2π2
hSkðvÞS�

qðwÞi ¼ ð2πÞ3Δ2
Sðv; wÞδðk − qÞ: ðA7Þ

We restored the explicit dependence on the vector aspect of
the Fourier momenta above for the sake of clarity.
In the case of the OðNÞ model discussed earlier, these

unequal time power spectrum can be calculated in terms of
fields and their power spectra. From this unequal time
correlator, Δ2

uγ ðyÞ can be calculated using the above
Green’s functions.
The unequal time correlator is time consuming to

evaluate. This source becomes a vector rather than a single
function, when dealing with multiple species. In addition,
for the system which includes baryons, dark matter and
neutrinos, the Green’s functions are not available analyti-
cally. Significant time and effort is saved by making the
following approximation. First we write down the unequal
time correlator for the source function S:

Δ2
Sðv; wÞ ¼

16

9

��
2v2

v2 þ 6

��
2w2

w2 þ 6

�
Δ2

ΨS
ðv; wÞ

þ
�

2v2

v2 þ 6

�
Δ2

ΨSðΦS−ΨSÞðv; wÞ

þ
�

2w2

w2 þ 6

�
Δ2

ΨSðΦS−ΨSÞðv; wÞþΔ2
ΦS−ΨS

ðv; wÞ
�
:

ðA8Þ

The ansatz of replacingΨS and ΦS −ΨS by square roots of
their respective power spectra (as used in the main body of
the text) is equivalent to
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Δ2
Sðv; wÞ →

16

9

��
2v2

v2 þ 6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΨS
ðvÞ

q �
2w2

w2 þ 6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΨS
ðwÞ

q
þ
�

2v2

v2 þ 6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΨS
ðvÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΦS−ΨS
ðwÞ

q

þ
�

2v2

w2 þ 6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΨS
ðwÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΦS−ΨS
ðvÞ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΦS−ΨS
ðvÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

ΦS−ΨS
ðvÞ

q �
ðA9Þ

for this simple one component system. In this system, we
have checked that this replacement changes (enhances) the
solution juγj2 by a factor of 3. This makes it plausible that
our spectral distortion calculation (within the coherent
approximation) including all relevant species (photons,
dark matter, baryons and neutrinos) will be within a factor
of a few of the true answer.

Given the fact that the spectral distortions generated by
the OðNÞ model are within an order of magnitude of those
generated by the usual inflationaryþ ΛCDM scenario, and
given the possibility that the spectral index for the infla-
tionary case might have running [56], it would be worth-
while to check the result using the full unequal time
correlator and the eigenfunction method used in Ref. [24].
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