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ABSTRACT

The damping of primordial perturbations at small scales gives rise to distortions of the cosmic
microwave background (CMB). Here, the dependence of the distortion on the different types
of cosmological initial conditions is explored, covering adiabatic, baryon/cold dark matter
isocurvature, neutrino density/velocity isocurvature modes and some mixtures. The radiation
transfer functions for each mode are determined and then used to compute the dissipative
heating rates and spectral distortion signatures, utilizing both analytic estimates and numeri-
cal results from the thermalization code CosmoTHERM. Along the way, the early-time super-
horizon behavior for the resulting fluid modes is derived in conformal Newtonian gauge, and
tight-coupling transfer function approximations are given. CMB spectral distortions caused
by different perturbation modes can be estimated using simple k-space window functions
which are provided here. Neutrinos carry away some fraction of the primordial perturba-
tion power, introducing an overall efficiency factor that depends on the perturbation type.
It is shown that future measurements of the CMB frequency spectrum have the potential
to probe different perturbation modes at very small scales (corresponding to wavenumbers
1 Mpc™! < k < few x 10* Mpc™'). These constraints are complementary to those obtained at

large scales and hence provide an exciting new window to early-universe physics.
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1 INTRODUCTION

It is well-known that energy release in the early Universe leads
to spectral distortions (SDs) of the CMB (Zeldovich & Sunyaev
1969; [Sunyaev & Zeldovich|1970b;|lllarionov & Sunyaev|1975alb;
Danese & de Zotti|{1982; Burigana et al.|[1991; [Hu & Silkl[1993a).
Atearly times, a u-type distortion is created, while energy release at
lower redshifts (z < 5 x 10*) results in a y-type distortion, similar to
the Sunyaev-Zeldovich effect from galaxy clusters. Constraints on
the - and y-parameters obtained with COBE/FIRAS (Mather et al.
1994; Fixsen et al.||1996) limit possible deviations from a black-
body tou < 9x 107 andy < 1.5 1075 at 95% confidence (Fixsen
et al.[1996). At slightly lower frequencies, there are similar limits to
u from the ARCADE (Kogut et al.[2004} 2006} Seiffert et al.|2011)
and TRIS (Zannoni et al.| 2008 |Gervasi et al.|2008) experiments.
Improvements in experimental design and technology may
soon allow much more sensitive (a factor of =~ 10° — 10* in u be-
yond the FIRAS limit!) measurements of the CMB frequency spec-
trum, as suggested for the proposed experiment PIX/E (Kogut et al.
2011). This has spurred renewed theoretical interest in the cosmo-
logical thermalization problem (e.g., Chluba & Sunyaev|2012; Pa-
jer & Zaldarriagal2012; |[Khatri & Sunyaev|2012b)) and the use of
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SDs to probe new physics. For instance, energy injection from dark
matter annihilation or decay at redshifts z < few X 10° (Hu &
S1lk|[1993bj; McDonald et al.|[2001}; |Chlubal[2010; |[Chluba & Sun-
yaev|[2012), cosmic strings (Ostriker & Thompson||1987} [Tashiro
et al.|2012bla), primordial magnetic fields (Jedamzik et al.|2000),
but also more exotic possibilities (Lochan et al.| 2012 Bull &
Kamionkowski[2013) could produce a detectable SD signal.

It has long been known that Silk damping (Silk||1968) of pri-
mordial small-scale perturbations also causes energy release in the
early universe (Sunyaev & Zeldovich|1970a;|Daly|1991}; |Barrow &
Coles|1991} Hu et al.|1994a). The SD signal depends on the ampli-
tude and shape of the primordial fluctuation power spectrum, which
in turn depend sensitively on the early-universe physics seeding
these perturbations. The detection and characterization of CMB
SDs could thus offer a powerful new probe of inflationary mod-
els (Chluba & Sunyaev|[2012; Khatri et al.|2012a} |Pajer & Zaldar-
riagall2012; |Dent et al.|2012; |Ganc & Komatsu|2012}|Chluba et al.
2012a; [Powell|2012)). The proper interpretation of measurements
of the CMB frequency spectrum in the context of early universe
physics requires an accurate treatment of acoustic mode dissipa-
tion (as developed in|Chluba et al.[2012b} |Khatri et al.|2012b; |Pajer
& Zaldarriagal2013), which we follow here.

The amplitude of the distortion also depends on the fype of
perturbation modes (Barrow & Coles|1991; |Hu & Sugiyamal[1994;
Dent et al.|2012). The combined system of fluid + Einstein equa-



2 Chluba and Grin

tions for cold dark matter (CDM), baryons, neutrinos, and photon{]
has a variety of propagating (and growing) normal modes.

Empirically, the most prominent is the adiabatic (AD) mode,
for which the curvature perturbation { is non-zero, but all initial
entropy fluctuations of other species relative to photons vanish:
Siy = on;/n; — ony/n, = 6p;i/[(1 + w;) p;] = (3/4) 6py/py = 0. Here,
w; denotes the equation of state of the i species. The other well-
behaved fundamental modes (on super-horizon scales) are known
as isocurvature or entropy fluctuations, and are characterized by
initial values £ = 0 and S, # 0. They may be simply thought of as
spatial fluctuations in the composition (or its time derivative) of the
Universe (e.g., see|Ma & Bertschinger|1995;|Bucher et al.[2000), for
additional details on perturbation equations and definitions). The
most straightforward isocurvature modes are density isocurvature
fluctuations, which naturally sort into the CDM isocurvature (CI),
the baryon isocurvature (BI), and the neutrino density isocurvature
(NDI) mode. Additionally, there is a neutrino velocity isocurvature
mode (NVI), with initial £ = ép = 0, but a relative velocity v, — v,
perturbation between photons and neutrinos.

The standard lore is that isocurvature fluctuations behave
differently from adiabatic perturbations, sourcing a much larger
Sachs-Wolfe effect at large angular scales in the CMB, and acous-
tic peak phases that are out of phase with those produced by adia-
batic fluctuations (Hu & Sugiyamal 1995|1996} [Kodama & Sasaki
1986; [Efstathiou & Bond|1986}|1987). Indeed, this is true of BI and
CI perturbations. NDI modes, on the other hand, behave more like
adiabatic modes, since the initially perturbed species (neutrinos) is
relativistic, and the isocurvature condition (dp = 0) requires an ini-
tial energy density perturbation in the photons (6p, = —dp,). Sim-
ilarly, for the NVI a significant CMB dipole is present. The phase
structure of the CMB anisotropy transfer functions for NDI and
NVI perturbations thus bears a closer resemblance to the adiabatic
transfer function than do the transfer functions for BI/CI modes (for
examples, see Kawasaki et al.|2012).

At large scales, corresponding to 10~ Mpc™" < k < 1 Mpc™',
these important differences are readily probed by precise measure-
ments of CMB anisotropies, and are highly constrained by the
BooMmEeraNG (Jones et al.|[2006) and WMAP (Larson et al.||[2011)
experiments, as well as large-scale structure (LSS) measurements
(Beltran et al.[|2005} |Seljak et al.[2006; [Zunckel et al.|2011; Muya
Kasanda et al.|[2012) and other CMB experiments (Moodley et al.
2004} MacTavish et al|[2006; [Bean et al.|[2006; Dunkley et al.
2009). We thus know that at large scales the primordial fluctuations
are predominantly adiabatic, and there is no evidence of a signif-
icant isocurvature component to the primordial initial conditions.
Recent results from the Planck collaboration (Planck Collabora-
tion et al.|2013c) strengthen this view, although the hemispherical
power asymmetry (Eriksen et al.|2004} |[Planck Collaboration et al.
2013d) could be interpreted as a hint for a modulated large-scale
isocurvature mode (Dai et al.[2013)).

The implications of this fact are dramatic. In the simplest in-
flationary models, fluctuations in all species are seeded by quantum
fluctuations of a single scalar field; the consistency of observations
with adiabatic initial conditions supports these scenarios (Bardeen
et al.[1983;|Guth & P1|1985} |Lyth|1984; |Maldacenal2003)). Indeed,
the BoomeraNG, WMAP and Planck data impose very strong con-
straints on topological defect-dominated models for cosmic struc-
ture formation (Contaldi et al.||[1999; |Albrechtl[2000; [Fraisse| 2005}

I 1n the following, for associated variables we use subscripts c, b, v and vy,
respectively.

Planck Collaboration et al.[2013f). Therefore, a detection of a sub-
dominant but non-zero isocurvature component would imply devia-
tions from the simplest inflationary picture. For example, dark mat-
ter could be composed of axions (Sikivie| 2008} |Cadamuro|[2012).
The axion field would be present and energetically sub-dominant
during inflation, exciting the CI mode (Axenides et al.[1983;|Linde
1985; |Seckel & Turner||1985} [Turner & Wilczek|1991). Isocurva-
ture constraints thus limit the parameter space available for axion
dark matter, and SDs might help shed light on this.

Alternatively, in the curvaton model, a sub-dominant scalar
field (the curvaton) picks up quantum fluctuations, comes to dom-
inate the cosmic energy budget and then seeds a correlated mix-
ture of adiabatic and isocurvature fluctuations. The amplitudes of
CI, BI and NDI fluctuations are then set by the relative placement
of the epochs of dark matter production, lepton number creation,
or baryon number creation, relative to the time of curvaton decay
(Lyth & Wands 2002} |Lyth et al.2003}|Gordon & Lewis|2003}|Gor-
don & Pritchard|2009). It would be useful to determine if SDs offer
any additional leverage on curvaton parameter space.

The curvaton model may also excite compensated isocurva-
ture perturbations (CIPs), for which p = ¢ = 0, and 65 =
ong/n. — 6ny/my, # 0. Surprisingly, current CMB data analyses do
not impose constraints to CIPs, but they could soon be detected us-
ing higher order correlations of the CMB (Holder et al.[2010; |Grin
et al.|2011alb). It would be interesting to see if SDs could be used
to detect CIPs or other curvaton-induced modes on small scales, a
possibility analyzed in this work. We find that SDs are only useful
for this purpose at very futuristic sensitivity levels.

Another interesting theoretical possibility is inhomogeneous
baryogenesis, which predicts the existence of BI modes (Peebles
1999albi Koyama & Sodal[1999). More broadly, multi-field infla-
tionary models excite isocurvature fluctuations (Gordon|2001};|Gor-
don et al.|2001). Constraints to all these possibilities from CMB
data are informative, and promise to be even more sensitive with
the next Planck cosmology data release, including the full temper-
ature and polarization information.

CMB SDs could allow the characterization of primordial fluc-
tuations on length-scales far smaller than possible with CMB
anisotropy measurements. Most recent work on CMB SDs explores
their dependence on the power spectrum of primordial fluctuations,
restricting attention to the adiabatic mode (Chluba et al.|2012bja;
Powell 2012 |Khatri & Sunyaev|[2013). SDs could, however, also
test for the presence of isocurvature initial conditions, providing a
complementary probe to measurements of CMB anisotropies and
cosmological large-scale structure on radically different length-
scales than those measurements.

The imprint of isocurvature fluctuations on the CMB spec-
trum was first studied in detail by |Hu & Sugiyama| (1994), where
BI models were tightly constrained. In BI models, stars would form
early, leading to early reionization and a detectable Compton y-type
distortion of the CMB frequency spectrum. More recently, the early
energy release from BI/CI fluctuations was investigated by |Dent
et al.|(2012), using a simplified treatment of both the transfer func-
tion that maps primordial fluctuations to moments of the radiation
field, and of the heating rate itself.

Recent work has shown the heating process is only 3/4
as efficient as previous estimates, and that closer to recombina-
tion, baryon loading and second-order Doppler terms are impor-
tant to the heating rate calculation (Chluba et al.|[2012b). Fur-
thermore, free-streaming relativistic particles, like neutrinos, carry
away some fraction of the perturbation power, introducing a depen-
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dence on the effective number of relativistic species. These details
are carefully considered here but were omitted in previous work.

Here, we revisit the problem, using the perturbation and heat-
ing modules of the SD code COSMOTHERI\/EI (Chluba & Sunyaev
2012} |Chluba et al.|[2012b) to precisely calculate both the evolu-
tion of fluid and radiation variables from isocurvature initial con-
ditions, as well as the resulting effective plasma heating rate and
CMB spectral distortion signal. We compute the SD signal from BI
and CI models, improving the estimates of |Dent et al.| (2012)), and
extend our reach to the SD signature of NDI and NVI modes, as
well as the CIP (baryon-CDM isocurvature) mode. We expand on
Dent et al.|(2012) to compute both x and y-type SDs for adiabatic
and isocurvature modes, exploring the dependence of the signal on
the spectral index of the initial power spectrum of each mode. We
compare these different possibilities with the sensitivity of the pro-
posed PIXIE mission and existing limits to the chemical potential
p and Compton y-parameter from COBE/FIRAS. We also provide
simple analytic expressions for the heating rate of different pertur-
bation types, as well as k-space window functions which may be
used to estimate the SD (u and y) signal of arbitrary power spectra.

We begin in Section [2] with a review of acoustic mode dis-
sipation and the resulting plasma heating responsible for SDs. In
Section [3] we move on to discuss the different families of cosmic
initial conditions, and the resulting acoustic mode amplitudes at
small scales. We also consider mode mixtures in this section, but
restrict ourselves to the simplest cases, providing a simple recipe
for correlated, uncorrelated and anticorrelated modes. In Section[d]
we present the precise numerical heating rates produced by differ-
ent acoustic modes. In Section[5] we discuss possible constraints to
the power spectra of different pure modes and some representative
mixtures of different modes, as well as implications of SD exper-
iments for specific early-universe scenarios, such as the curvaton
model. We conclude in Section[6l

2 CMB SPECTRAL DISTORTIONS CAUSED BY THE
DISSIPATION OF ACOUSTIC MODES

In this section, we briefly review how the dissipation of acous-
tic modes creates spectral distortions. For a more in-depth dis-
cussion, see |Chluba et al|(2012b) and |Khatr1 et al.| (2012b). The
problem boils down to computation of the effective heating rates
for different perturbation modes. These are obtained both numeri-
cally, by solving the cosmological perturbation equations (see Ma
& Bertschinger|[1995] for details) with CosmoTHERM, and analyt-
ically in the tight-coupling approximation. With the heating rates
in hand, we use simple analytic estimates to compute the result-
ing chemical potential, 1, and Compton y-parameter. Generally, the
detailed shape of the distortion is not just represented by a simple
superposition of u- and y-distortion, as shown in |Chluba & Sun-
yaev| (2012} e.g., see Figs. 15 and 19) and more recently by Khatri
& Sunyaev| (2012a) or|Chlubal (2013)). These details will, however,
be addressed in some future work, since for estimates the approach
presented here suffices.

2 CosmoTHERM is available at www.Chluba.de/CosmoTherm,
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2.1 Estimates for the u- and y- parameters caused by early
energy release

At high redshifts, z > z, ~ 1.98 x 10, the thermalization process
is extremely efficient. As a result, any energy release just increases
the specific entropy of the Universe, and thus raises the average
temperature of the CMB without producing SDs. For lower red-
shifts, z < z,, thermalization becomes less efficient, and energy
release can produce SDs. For all z < z,, energy injection initially
appears as a y-distortion to the CMB blackbody. If additionally,
z > z,, ~ 5 x 10*, Comptonization of the radiation field is still ef-
ficient and the initial y-distortion is mostly converted into a chem-
ical potential y. On the other hand, if z < z,,, Comptonization
is inefficient, and the SD take the form of a non-zero Compton y-
parameter, and essentially amounts to an early-universe analogue to
the Sunyaev-Zeldovich effect. Thus, a u-distortion is created by en-
ergy release at 5x 10* < z < 2x10° and a y-distortion at z < 5x 10*
(see|Hu & Silk|1993a), for more details).

To estimate the values of the chemical potential, 1, and Comp-
ton y-parameter, it is sufficient to compute the effective energy re-
lease during the corresponding epochs. Defining the distortion visi-
bility function, Jy,(z) ~ exp (—[z/ FAR 2), the weighted total energy
release in the y- and y-era is

A ©0 4

ﬂ ~ jt;b(Z) d(a Ouc) dz (1a)
Py |, uy @ Py dz

A w1 d(a* Qe

bl [ L s, )
Py l, Jo dpy  dz

We introduced the energy release caused by the dissipation of pri-
mordial acoustic modesﬂ a~*p;' d(a*Q,c)/ dz; however, any pro-
cess leading to energy release can be added here. The factors of the
scale factor (normalized to unity today) a = (1 + z)~! cancel the
main redshift dependence of the background radiation field, which
is irrelevant for the creation of SDs. The factor ¥y, (z) parametrizes
the thermalization efficiency accounting for the effects of photon
production/destruction by double Compton scattering (see [Danese
& de Zotti| 1982; [Burigana et al.[1991;|Hu & Silk||1993a;Chluba &
Sunyaev|2012; |Khatri & Sunyaev|2012b} for more details).

With the simple expressions from |Sunyaev & Zeldovich
(1970b), 4 ~ 1.4Ap,/p,l, and y ~ +Ap,/p,ly, Eq. (I) can be
used to estimate the expected distortion at high frequencies. This
imposes upper limits to any energy-releasing process in the early
Universe. The relative ratio of the u- and y-parameters in principle
can be further used to distinguish different sources of early energy
release via their redshift dependence, although this is possible only
for specific models of the thermal history. At low redshifts, after
the recombination epoch, many mechanisms [e.g., reionization (Hu
et al.|1994b); supernova heating (Oh et al.[2003); large-scale struc-
ture formation shocks (Sunyaev & Zeldovich|1972;(Cen & Ostriker
1999} [Miniati et al.|2000); unresolved Sunyaev-Zeldovich clusters
and the warm-hot intergalactic medium (Markevitch et al.[1991} |da
Silva et al.|2000; |Zhang et al.[2004)] give rise to large average y-
type distortions. As a result, early-universe processes which gener-
ate a u-type SD are more readily constrained with measurements of
the CMB frequency spectrum, although useful bounds may still be
derived from measurements of or limits on y-type distortions. One
way to distinguish y-distortions from the pre-recombination epoch
from those created at later stages might be the cosmological re-
combination radiation (Chluba & Sunyaev|2006} 2009; Sunyaev &

S Alternatively, one can write a‘4p;1 d(a*Quc)/ dz = d(Quc/py)/ dz.
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Chlubal2009; |Chluba2010); also spectral-spatial information could
be used to disentangle different sources of y-distortions, but a more
detailed discussion is beyond the scope of this paper. To make fur-
ther progress, we must specify the effective heating rate, Q,., and
its dependence on the cosmological initial conditions.

2.2 The effective heating rate from acoustic damping

Small-scale perturbations of the photon temperature are completely
erased by shear viscosity and thermal conduction (Weinberg|2008).
These processes isotropize the photon-baryon fluid and lead to the
mixing of blackbodies with slightly different temperatures (Zel-
dovich et al.|1972; |Chluba & Sunyaev|2004) causing an increase of
the local average photon temperature and a y-type SD. The spatially
averaged SD source function, (S,.), directly depends on the am-
plitude and shape of the primordial perturbation power spectrum,
P;(k), as well as the detailed evolution of moments of the radiation
field for given initial conditions. It is determined by (Chluba et al.
2012b; [Khatri et al.[2012b):

2 N2
=[5 dkP«(k)[(3®’3 L6

—%@)2 (@5 +0f)+ > e+ e}, (@)

>3

where ©; and ©F denote the photon temperature and polarization
transfer functions and v the one for the baryon velocity. This source
function can be computed accurately using the cosmological ther-
malization code CosMOTHERM.

Given (S,.), the required effective energy release rate caused
by the damping of acoustic modes is determined by

R d(@*Q.)  41(Su)
atp, dz T H(+72)’

3

where T = orN.c = 4.4 x 1072(1 + z)* sec”! denotes the rate of
Thomson scattering and H ~ 2.1 x 1072 (1 + z)>sec™! is the Hub-
ble expansion rateﬂ The factor of 4 arises because a y-distortion
causes a change in the photon energy density by Ap, =~ 4p,. The
factor t arises because the source function, (S,.) > 0, is defined
with respect to the Thomson-scattering time-scale and the factor
1/[H(1 + z)] is needed for the conversion to dz.

Below we compute the effective heating rate for different ini-
tial perturbation modes, with particular focus on AD, BI, CI, NDI,
NVI modes (see Sect. [] and Fig. ), and simple mode mixtures.
The important differences are caused by the transfer functions and
their relation to the initial power spectra, which can be understood
using some simple analytic approximations deep into the radiation-
dominated era, when photons and electrons are tightly coupled.

2.3 Source term before recombination

In this work we are particularly interested in energy release well
before the recombination epoch (z 2 10%). At that time, the Uni-
verse is still radiation-dominated and with small baryon loading

= 3pp/4p, = 673(1 + 2)™' < 7%. Also, photons and baryons
are tightly coupled so that (3®; — v) ~ 0. Furthermore, higher or-
der temperature perturbations with £ > 2 are negligible (Thomson
scattering isotropizes the radiation field) and the dissipation physics

4 The approximations for + and H are only valid at high redshifts, during
the radiation-dominated era.

is mainly determined by the quadrupole anisotropy. In this limiﬂ
@, = £kO; and ©F + O] = 2 O, (Hu & Sugiyama|1996), so that

N k% dk 15 , 4 2
S~ [ SErmgels 5 [ SEErwEe. @

This result shows that an approximation for the source term can
be obtained using analytic expressions for the CMB dipole trans-
fer function. Inside the horizon, ® and ®; = —9,0,/k have the
generic form (Hu & Sugiyama)|1996)

Q) ~ ﬁ [A(k) cos(kr,) + B(k) sin(kr)] e /% (5a)

L
(1+R)/

where (c,/c)*> = 1/[3(1 + R)] ~ 1/3 is the photon-baryon sound
speed, n = f cdt/a denotes conformal time and the damping scale,
kp, is determined by

[A(k) sin(krs) — B(k) cos(krs)] e* (5b)

0, »

o
Ok’ = >

R? Lo K8
] 7 (6)

1+R 15 45t

Furthermore, r; is the sound horizon, and the WKB amplitudes A(k)
and B(k) are determined by the initial condition (see Sect.[3).

For a given wavenumber k the source function oscillates
rapidly, but for the net effect of many modes on the CMB spectrum
we are only interested in time-averaged values. Squaring Eq. (§)
and averaging over many periods, interference terms vanish and by
replacing sinz(krs) — 1/2 and cos?(kr;) — 1/2 we obtain

(Sue) ~ 45 — f WK e, (k) [4%(K) + B (k)| /%
- ) 4 2 —24 I
< Lok f SR PO CRy T
1 22
Yo f Pi(k) C2(k) e > d In k. 0

Here, we defined C2(k) = A%(k) + B>(k) and P;(k) = k> P;(k)/(27?).
This expression can be used to estimate the effective heating rate
caused by initial fluctuations, characterized by their power spectra
and perturbation type (Sec. [d). Furthermore, since a separation of
time and scale dependent terms is achieved, it is possible to de-
fine k-space window functions that can be pre-computed once the
cosmology is fixed (Sect. [5.I). Differences between various per-
turbation modes are then determined by the overall normalization,
C?(k), specifying a mode dependent heating efficiency.

3 DEPENDENCE ON THE POWER SPECTRUM AND
FLUID MODES AT SMALL SCALES

As equations (Z), (3) and (7) show, the energy release depends di-
rectly on the primordial perturbation power spectrum, P;(k), which
we characterize using the simple parametrization (Kosowsky &
Turner|1995)),

Py(k) = 2ﬂ2k"3Ai(k/k0)”"_1+%""v“‘“ In(k/ko) 8)

with amplitude A;, spectral index n;, running n;n, = dn;/dInk,
and pivot scale ko, which we set to ky = 0.002 Mpc".

The definition of the power spectrum, P;(k) (in particular,
whether or not P;(k) describes density fluctuations or fluctuations
of a gauge-invariant variable like { or the entropy S;,) may vary,

5 Note that in our definition (9?“ =20+ 1)0y.
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depending on the perturbation type (see below). For adiabatic per-
turbations, SD constraints for a variety of theoretically instructive
values of n; and n;,,, were recently discussed by (Chluba et al.
(2012bla), in the context of inflationary theory. Here, we focus on
the dependence of the heating rate on different perturbation types,
and provide simple expressions for the sub-horizon amplitudes,
C*(k) = A%(k) + B*(k), defined by Eq. (7), of small-scale modes.
These allow comparing the heating rates of different perturbation
types and also provide simple means for understanding the depen-
dence on the spectral index (Sect. ).

To determine the coefficients, A(k) and B(k), of Eq. (3)), we can
resort to analytic approximations (e.g.,|Hu & Sugiyamal|1996)), or
simply solve the evolution equations for the fluid and metric vari-
ables (see Ma & Bertschinger|[1995| for definitions) numerically
for different initial conditions (see Appendix [A| for pure modes)
to determine the main dependences on scale and cosmology. The
evolution of the potentials and their decay during horizon crossing
affect the mode amplitudes in a non-trivial way, and so we use the
latter approach to obtain a more accurate but simple description.
Given approximations for A(k) and B(k), the heating rates for gen-
eral mode mixtures at high redshifts can be constructed. Here, we
restrict ourselves to simple mode mixtures, although more general
cases with off-diagonal correlations could be of theoretical interest
(Moodley et al.[2004).

3.1 Adiabatic mode (AD)

For adiabatic (isentropic) perturbations, we consider the power
spectrum of curvature perturbations, P,(k). The WKB mode am-
plitude at small scales is (Hu & Sugiyama|1996)

4\
A=~ (1 + ERV) 9
and B ~ 0. Here, R, = p,/(p, + p,) = 0.41 denotes the fractional
contribution of massless neutrinos to the energy density of relativis-
tic species, for effective number of relativistic degrees of freedom,
Neg =~ 3.046. The term 4R, /15 accounts for the correction caused
by anisotropic stress in the neutrino fluid. It allows neutrinos to
carry away some part of the perturbation power, without sourcing
any CMB SD. Increasing the effective number of neutrinos there-
fore decreases the net heating rate and SD.

Although the initial temperature perturbation of the monopole
is about three times smaller than A, decay of the potentials after
horizon crossing boosts the mode amplitude to this larger value by
gravitational forcing. Numerically, we find a small admixture of
the sine term, i.e. B # 0, to the photon monopole transfer function,
Eq. (33), caused by the driving term. As shown in Fig.[I] the overall
amplitude of the small-scale mode is well represented by |C| =~ (1 +
4R,/15)7!, but

A=~1-0.338R,, B=~-7.16x 1072 -0.418R, (10)

provide better approximations for the sine and cosine terms. At
R, = 0.41, this gives A ~ 0.86, B ~ —0.24 and C? ~ 0.81. The
dependence of A(k) and B(k) on R, is illustrated in Fig. E}

3.2 Baryon and CDM isocurvature mode (BI/CI)

For BI and CI perturbations, the situation is very different. In this
case, P;(k) is defined as the power spectrum of density perturba-
tions, and the WKB mode amplitudes are roughly given by (Hu &
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Sugiyamal|1996)

B =

V6 & ke (1 4 Rv), (11)

40, k15
and A = 0. Here, keq = 9.46 X 1072Q,,h2 VT — R, Mpc™" = 9.56 x
103 Mpc™! is the wavenumber of a mode crossing the horizon at
matter-radiation equality, and i = {b, ¢} for baryons and cold dark
matter, respectively. As this expression shows, for scales k < keq
the amplitude of photon temperature perturbations is suppressed.
This occurs because these modes enter the horizon during radiation
domination, when the gravitational sourcing of photon temperature
perturbations by baryon/CDM density fluctuations is suppressed. In
this case, the dissipative heating rate is larger at late times (during
matter domination), when smaller £ modes enter the horizon.
From the WKB solution, we can also see that the heating rate
decreases as the number of effective neutrino species increasesﬂ
Numerically, we find that the total mode amplitude is represented
slightly better by replacing (1 — 4R,/15) — (1 + 2R,/5)"", but the
difference is only a few percent. For the WKB amplitudes, we find

Qi keq

oY e —— 72
A= % [4.79 x 1077 + 0.195RV] (12a)
B = i Ky [0.613 -0.235R,] (12b)
Q, k7 ’ v

which gives A = —0.13(Q;/Qp)(keq/k), B = —0.52(Q;/ Q) (keq/ k)
and C? = 0.28(€/ Q) (keq/k)? for R, = 0.41 (see Fig..

Our calculations also show that, in contrast to the AD mode,
the potentials do not decay as fast after entering the horizon. Con-
sequently, the zero-point of the monopole transfer function is off-
set by ~ ¥, in agreement with previous analysis (e.g., see [Hu &
Sugiyamal|1995; Kawasaki et al.|2012). For the heating rate this as-
pect is not important, since the local monopole does not source any
significant distortion (Chluba et al.[2012b)).

3.3 Neutrino density isocurvature mode (NDI)

Unlike BI/CI modes, NDI modes begin with non-vanishing initial
(super-horizon) potential perturbations ¢ and ¢, which immediately
source photon perturbations close to horizon crossing. Addition-
ally, as a result of the isocurvature condition (5p = 0), the initial
neutrino density perturbation dp, requires an equal but opposite
photon energy density perturbation 6p, = —dp, (see Appendix EI)
The non-zero photon energy density perturbation means that in
principle both the sine and cosine parts of the monopole transfer
function are excited. Thus, perturbations in the neutrino density im-
mediately start oscillating with appreciable amplitude after horizon
crossing, rendering the sine part sub-dominant. From our numeri-
cal solutions, we find that at small scales the total amplitude of the
neutrino density isocu