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Laser heterodyne study of water droplet growth*

J. P. Gollub
Haverford College, Haverford, Pennsylvania 19041

llan Chabay' and W. H. Flygare

Noyes Chemical Laboratory and Materials Research Laboratory, University of Illinois, Urbana, Illinois 61801

(Received 2 May 1974)

Droplet growth by condensation under simulated atmospheric conditions has been studied
quantitatively in a diffusion cloud chamber. Droplet size distributions were obtained from heterodyne
spectra of scattered laser light. The distributions were typically quite narrow, and the time
dependence of the mean radius agrees well with theoretical predictions for supersaturations of
1.02-1.05 in the size range 3-7 um. Our data indicate no need to postulate very small condensation
and thermal accommodation coefficients in contrast to previously published work at higher
supersaturations. However, the growth rates are anomalously low at supersaturations less than about

1.015.

1. INTRODUCTION AND THEORY

The nucleation and growth by condensation of micron-
sized water droplets is an important process in the life
history of clouds, and the resulting droplet populations
exert a major influence onthe Earth’s energy balance
and climatic patterns. The kinetics of the growth pro-
cess has been the subject of numerous!™® theoretical in-
vestigations, but until recently there were no accurate
experimental studies of the growth process. Vietti and
Schuster® recently reported accurate measurements of
growth in an expansion chamber, but these measure-
ments were made in supersaturations S=p/p, (ratio of
water vapor pressure to the equilibrium vapor pressure)
of 1.49 to 3.45. In this paper we present a study of
droplet growth in environments having a supersaturation of
1.01 to 1.05, which is much closer to the range im-
portant in the Earth’s atmosphere. By using a diffusion
chamber operated under steady state conditions, we
were able to observe the growth process accurately over
time intervals much longer than those that could be
achieved with an expansion chamber. The size distri-
bution of the droplets is obtained by a newly developed
technique® based on heterodyne spectra® of scattered
laser light. Basically, a size-dependent Doppler shift
is imparted to the scattered light due to the settling of
droplets in the Earth’s gravitationalfield. When this
scattered light is mixed with a reference signal derived
from a stationary scatterer, an audio-frequency hetero-
dyne spectrum results, manifesting a distribution of
Doppler shifts that is directly related to the droplet size
distribution. .

The growth process is rate limited by the diffusion
of water molecules toward the droplet and the conduction
of the heat of condensation away from the droplet.
Thermal conduction is a more important limiting factor
at ambient temperatures above 7 °C, and diffusion is the
limiting factor at lower temperatures, since the vapor
pressure is decreased. However, these two processes
are also influenced by “boundary resistances” to the in-
terchange of molecules and energy. These effects can
be described by introducing a condensation coefficient
B, the probability that an incident vapor molecule be-
comes part of the liquid droplet, and a thermal accom-
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modation coefficient a, which is the fractional ther-
malization of energy of an air molecule colliding with a
droplet. Of course these parameters, which have micro-
scopic significance, are averages over molecular

kinetic energy and angle of incidence. They are not
reliably known from independent measurements. One

of the goals of the present work is to place limits on
these parameters.

Fukuta and Walter? and Carstens and Kassner® predict
a growth law of the following form:

,dr ___ S-1-G)
dt A+B+vMAl, +BIl) ’

where the parameters are defined below.

(1

The rate of change of the radius v is proportional to
S ~1 except for a small correction G(r) =20M/p, RTr due
to the increased vapor pressure of water over a curved
surface relative to a flat one (o is the surface tension of
water, M its molecular weight, p, the density of the
liquid phase, R the gas constant, and 7 the absolute
temperature). Additional corrections to the vapor pres-
sure due to nuclei dissolved in the droplet are negligible
for the size range of the present experiment. The pa-
rameter A =L?Mp, /KRT? limits the growth rate due to
the latent heat of water condensation L, and the thermal
conductivity K, of the medium surrounding the droplet.
The parameter B=RT p,/MDp, expresses the effect on
the rate of the growth of the diffusion constant D of water
in air. The terms involving I, = K(2nM/RT)*/¢[aP,(C,
+3R)]" and ;= (27M/RT)*/%(D/p) are significant to the
extent that the thermal accommodation coefficient a or
condensation probability 8 differ greatly from unity.’
These terms are derived from the boundary conditions
at the droplet surface using standard transport theory.
In the above definition, M,, P,, and C, are the molec~
ular weight of air, the atmospheric pressure, and molar
heat capacity of air at constant volume. The theory out-
lined above could be incomplete if, for example, the
nuclei are more influential in this size range than we
have assumed. More significantly, the importance of
the terms in a and $ is not known.

We proceed to a discussion of the cloud chamber and
optical heterodyne technique in Secs. IT and III, followed

Copyright © 1974 American Institute of Physics 2139
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by presentation of observed size distributions and growth
curves in Sec. IV, and an evaluation of the results in
Sec. V.

tl. CLOUD CHAMBER

In order to work at low supersaturations, a cylindrical
diffusion chamber with warm saturated upper surface
and cool saturated lower surface was chosen (see Fig.
1), If the height of the chamber is much less than its
diameter, linear gradients of water vapor pressure and
temperature develop, and the supersaturation as a func-
tion of height y (where the temperature is 7) can be
shown to be given by®

S() =<T;1y )_‘Tfa) (B + = (2)

In this expression Ty and P, are the temperature and
vapor pressure at the top of the chamber, and T, and
P, the corresponding values at the bottom. OQOur chamber
is 3.5 cm high (between the wire screens) and 10 cm in
diameter. The supersaturation S(y) is unity at the top
and bottom screens and peaks somewhat below the cen-
ter. Temperatures at the wire screens were measured
with thermocouples to an accuracy of 0.1 K. The tem-
perature along the side wall, which is harder to mea-
sure, was found to vary linearly with height to within
10% of the total temperature difference.

The presence of the cylindrical walls introduces a
complication because condensation causes S to be unity
on the walls. As a result, the vapor pressure does not
vary linearly with height. Since we must know S(y) ac-
curately along the vertical axis of the chamber in order
to study droplet growth, we determine the effect of wall
condensation as follows. The vapor pressure satisfies
Laplace’s equation in the steady state, the solutions to
which are zonal harmonics when expressed in spherical
coordinates (r*, 8, ¢) with the origin at the center of the
chamber. These are

Z,=*) P)(cos) ,

where P,(cosf) are Legendre polynomials. A series
solution was constructured to eighth order (odd orders
except for the first one do not enter), and the coefficients
determined which gave a least squares fit to a large
number of points on the boundaries, where the vapor
pressure is equal to the equilibrium value at the cor~
responding temperature. This method yielded a good {fit

Resistive heater
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with the worst deviation being 0.1% at the top and bot-
tom perimeters. The vapor pressure at the center was
the same for sixth- and eighth-order approximations
and was independent of the number of boundary points
used. We found that along the axis of the chamber,

[S(y) —1]is 0.94 times that given by Eq. (2) as a result
of condensation on the walls. This correction is the
same at all heights and is independent of the temperature
difference between the screens over the range of these
experiments. The accuracy of this correction is limited
mainly by our ability to check the temperature linearity
at the side walls. We estimate that the maximum pos-
sible error in (S— 1) is about 4% of (S - 1), after the
above correction has been made.

Another factor that might possibly affect S(y) is a
gradual flow of air from top to bottom (see Fig. 1), the
purpose of which was to replace condensation nuclei that
rain out. However, this flow was so slow that the cham-
ber air was replaced in about 17 min, a time long com-
pared to that required for the establishment of equilib-
rium vapor pressure and temperature profiles. This
air was saturated at the temperature T, before entry in-
to the chamber. Finally, we have used double windows
and carefully insulated the chamber to prevent heat
leaks that might cause convection.

In the steady state operation of the chamber, droplets
nucleate near the top of the chamber, grow, and fall
through a sequence of known environments at a speed
given by the sum of the mean flow speed of the air (6
%x10”° m/sec) and the Stokes law velocity v = 272 p1g/9m,
where g is the gravitational acceleration and 7 the
viscosity of air. The size distribution N{(r) was mea-
sured as a function of height in the chamber. Measure-
ments made high in the chamber correspond to early
times, while measurements made lower correspond to
later times in the growth process. In this manner, we
can study a transient growth process by a steady state
experiment. Each measurement can then take arbi-
trarily long, since the size distribution at a given height
is constant.

The condensation nuclei used in this experiment were
those of ambient air, collected in advance so that the
population of nuclei was invariant during the course of
the experiment. The nuclei are small compared to the
droplet sizes under investigation and presumably have
little effect on the growth process beyond providing a
droplet population that is not completely uniform in size

FIG. 1. Side view of the cloud
chamber and optical path. The
inner dimensions of the cham-

ber are 3.5 cm high (between
the screens) by 10 cm diam.
-|— A very slow flow of saturated

air through the chamber re-
places nuclei that rain out.
The chamber can be moved
vertically with respect to the

Copper block
i Walr-saturated pper > — —7-[==1 ST
Incident beam Fine wire screen— D
- - Ee— """" Incident beam
pportara | SCateredbean | .. Finewirescroen~
— I_I_J'_'E Air flow out

Copper block

incident beam in order to mea-
sure the droplet size distribu-

[ I IIRIT
#lele00020%e% %0 0te%% %

5
Thermoelectric coolers

tion as a function of height.
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even near the top of the chamber.

I1l. LASER HETERODYNE METHOD

Since we have reported elsewhere® the light scattering
technique used to obtain the droplet size distribution as
a function of height in the chamber, we will simply sum-
marize the method here, together with a few recent
changes.

An unfocused (1 mm diam) 150 mW beam fromanargon
ion laser (with wavelength A = 5145 A in air) passes
horizontally through the chamber, and light scattered at
6="T7° downward from the horizontal enters the detection
system. A 1 mm aperature 66 cm from the ‘center of the
chamber limits the observed scattering volume to a rod
the diameter of the laser beam and 2 cm long. This
scattering volume of 0.02 cm® rarely contains more than
one droplet at a time, but in several minutes, 25-200
droplets may pass through this region. A final 100 pm
aperature in front of the EMI 9502 photomultiplier re-
stricts the exposed region to one coherence area. The
reference signal for the light beating process was ob-
tained from stray light scattered by the chamber walls
and windows.'® Real time spectrum analysis of the pho-
tocurrent fluctuations was obtained from a Federal
Scientific UA-14 analyzer and 1015 averager.

The Doppler shift imparted to the light by a droplet
moving vertically at speed v, is

w, = (27, /\) sinz6 .

We assume that Brownian motion of the droplets is slow
compared to v,, which is a good approximation for drop-
lets larger than about 2 um in radius, 5 Then the number
of droplets of size 7, (having Doppler shift w) is related
to the photocurrent power spectrum P(w) by®

Nlr) a7, ,Pw)/[ipdlir )] (3)

Here 7., is the photocurrent due to the local oscillator

or reference signal alone, and {i,(7,)) is the mean photo-
current produced by a droplet of size 7 in the absence of
the local oscillator. The latter quantity is proportional
to the Mie scattering intensity! for size 7 at the angle 6.
This quantity is shown in Fig. 2 for 8 =7° and vertically
polarized incident light, as obtained numerically. Since
(i,(7,)) has strong oscillations, P(w) manifests dips when
the size distribution is broad enough to encompass at
least one minimum in {i,(»,)). These dips can be used
as size markers to check the calibration of the system.
Physically, the dips result from the fact that droplets of
certain sizes (and corresponding Doppler shifts) scatter
little light.

IV. RESULTS

Sample heterodyne spectra are shown in Fig. 3 for
three closely spaced heights in the chamber. The dip at
530 Hz is due to a dip in the Mie scattering intensity at
4,24 um (see Fig, 2), Note that the spectral peak shifts
to higher frequencies as one observes lower portions of
the chamber, indicating the expected increase in size
and velocity. However, the Mie scattering dip always
remains at the same frequency, as expected. This phe-
nomenon has been observed at several different heights

RELATIVE MIE SCATTER ING INTENSITY
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0 1 L 1 1 |
0 1 Z 3 4 5 6 7
RADIUS (um)

FIG. 2. Scattering intensity at an angle 6="7° (for light polar-
ized in the scattering plane) as a function of droplet radius, as
calculated from the Mie theory. The normalization is not im-
portant for the purposes of this experiment.

with the dips always occurring at the expected frequen-
cies to within 25 Hz, indicating that radii are being mea-
sured to an accuracy of about 0.08 yum in the range 3-8
pm. ’

The size distribution corresponding to the middle
curve of Fig. 3 has been obtained by applying Eq. (3),
and the result is displayed in Fig. 4. The shoulder on
the high side of the distribution may be an artifact. The
reason for this is that any loss of resolution in the ex-
perimental spectra (for example, due to Brownian mo-
tion) will cause spurious structure to be introduced into
the size distribution when the division of Eq. (3) is per-
formed. However, the most important feature of the
distribution is that it is quite narrow compared to the
mean radius of 4.20 um, as is always the case for.the
results reported in this paper. In fact, some of the ob-
served width reflects growth of droplets during their
passage through the finite width of the laser beam, so
the actual distribution may be even more nearly uniform
in size than is apparent from Fig. 4. Therefore it should
should be meaningful to compare the predictions of Eq.
(1) with the .observed evolution of the mean radius.

The mean radius at each height was estimated directly
from the corresponding heterodyne spectrum. Equation
(3) was used only to verify that the distribution was nar-
row, as discussed above. The Mie scattering curve,
whichweights the spectrum, introduced some nonsystem-
atic error into the estimation of the mean radius, which
limited the precision to 0.1 pmin any instance. This
limit on the precision is verified by the scatter in the
data discussed below, which is on the order of 0.1 um,
Systematic error arises from the dependence of the fre-
quency shift on the square of the radius, which means
that the root-mean-square radius, rather than the mean
radius, was used. The difference between these mea-
sures of the radius is 0,03 pm typically, which is negli-
gible. A third possible source of error is the distortion

J. Chem. Phys., Vol. 61, No. 5, 1 September 1974
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FIG. 3. Square root of the photocurrent power spectrum P(w)
(or the absolute magnitude of the photocurrent Fourier trans-
form) as traced directly from the output of the spectrum analy-
zer. The three curves correspond to light scattered by drop-
lets at three heights in the chamber (y=2.75, 2.65, and 2.60
cm, respectively). The spectrum shifts to higher frequencies
as one moves lower in the chamber, but the dip, which results
from a minimum in the scattering intensity at »=4.24 um,
remains at the same frequency. These spectra must be squared
to obtain the power spectrum P(w) of Eq. (3). The numbers
indicate relative gains.

of the spectrum due to droplet growth in the scattering
volume, but this contributes much less than 0.1 pm to
the uncertainty.

The mean radius is plotted as a function of height in
the chamber for various temperature differentials in
Figs. 5-7, with error bars reflecting the precision of
the measurements, The corrected supersaturation pro-
file is also plotted in each case as 100(S-1). The theo-
retical curves were obtained by numerical integration of

- 1 L T T
:"_g‘.
z | T
ol 1
5 I 1
5
B L 4
=4
&
s .
[¥9)
N
v 1 1 i 1

0 1 2 3 4 5

RADIUS (um)

FIG. 4. Size distribution of cloud droplets obtained from the
middle spectrum of Fig. 3 by applying Eq. (3). The narrow-
ness of the distribution justifies our subsequent comparison of
the growth theory with the evolution of the mean radius.
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TIME (sec)
0 2 4 6
8 T T L T
a=1.0, =10
7F ~~1a=10,8=0.12
1
~
-——— od

6 -
£ I/ :
= B 45 =2
b / &
E i <
b= ar 1/ 14 E
o
= —— 5)
5 3r 43
= ]

ZL . T = 295.15°K 492 »

Ty = 284.55°K

Ir 11

O 1 1 . 0

3.5 2.5 1.5 0.5 0.0

HEIGHT IN CHAMBER {cm)

FIG. 5. Mean radius of droplets as a function of height in the
chamber when the maximum of 100(S-1) (which is also given

as a function of height in the lower curve) is 4.7. The numeri-
cally evaluated prediction of the growth theory is given for
several choices of thermal accommodation and condensation
coefficients @ and . The approximate time scale at the top

of the graph was also obtained from the theory.

Eq. (1) with initial conditions appropriate to the highest
observable point!? in the chamber. The fact that the
supersaturation and temperature experienced by the
droplets as they fall are constantly changing is included
in the calculation., The parameters used in the calcula-
tion that can significantly affect the results are listed in
Table I. The thermal conductivity and diffusion constant
are somewhat temperature dependent, but the tempera-
ture range to which the droplets are subjected is so nar-
row that a maximum error of only about 1% in growth
rates results from neglecting this temperature depen-
dence, The viscosity is used both for measuring the
mean radius and for evaluating the growth theory. Thus,

TIME (sec)
0 2 4 6
7 T T T T
6 [ o=10, B=0.12
- I%
S5t e
”n - I/I
2 I
a 4r .
g / z
= =
S 3r 32
= T =
o
N 1
<
Ty = 293.9°K 44
1F Ty = 286.35° K -1 1 &
=2
wvy
0 | 1 1
3.5 2.5 1.5 0.5 0.0

HEIGHT IN CHAMBER (cm)

FIG. 6. Same as Fig. 5, except that 100(S-1) as shown in the
lower curve is less. The theory is plotted for a=1.0, $=0.12,
which also gives a good fit to the data of Fig. 5.
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TIME (sec)
02 4 6 8 10 12
6 T T T T T T
5 5F a=10, p=0.12
Y - a=1.0, p=0.010
a4t g N
o S
= s
s 3r / 5
= =
2 r 42 %
<L
1+ m - lg
Ty = 290.6%° K o
=
0 1 1 1 v
3.5 2.5 1.5 0.5 0.0

HEIGHT IN CHAMBER (cm)

FIG. 7. Same as Fig. 5, except that 100(S-1) never exceeds
1.5 (lower curve). The data in this case are in strong disagree-
ment with the =1.0 and 8=0.12 curve that adequately de-
scribes the data of Figs. 5 and 6.

its temperature dependence, which is small (0. 25% per
degree) will not affect the comparison between theory
and experiment. The major source of uncertainty in
evaluating the theoretical curves is the 4% uncertainty

in (S-1) mentioned previously. The precision inthe theo-
retical curves at the lowest point in the chamber is about
0.1 pm,

In Fig. 5 predictions are shown for @ =8=1.0 and for
a=1,0and 8=0.12. It is evident that the measurements
lie slightly below the first of these curves, but that the
second yields quite a good fit. Note that either o or 8
must be far from unity to significantly affect the growth
curve. It is not possible to determine both a and 8 from
these measurements. In fact, inspection of Eq. (1)
shows that the growth curve will be almost the same for
all values of @ and 8 for which (Al, + Bl takes on a
given value. (This quantity is not quite constant during
the growth process due to the pressure dependence of
B.) The data of Fig. 5 allow us to place limits on the
possible values of o and B, as shown in Fig. 8. The re-
gion which is excluded by the measurements is shaded.
In this region, « or 8 (or both) is too small to account
for the observed growth rates. The remaining area of
the figure represents values of @ and 8 that are consis-
tent with the data of Fig. 5, in the sense of producing
theoretical growth curves that lie within the error bars.
The line labeled “best fit” in Fig. 8 contains pairs of
values for o and 8 which yield growth curves essentially

TABLE I. Parameters used in the growth theory.

Property® Symbol  Value Source
Thermal conductivity of air K 2.53%x10°2 W m™le K1 b
Diffusion coefficient D 2.40 %1077 m? sec™! b

Heat of vaporization L 2.45%10° J kg™! c
Surface tension o 0.0735 J m™2 c
Viscosity of air n 1.795%107° kg miesect b

2A11 parameters are evaluated at 15 °C.

YAmevican Institute of Physics Handbook (McGraw-Hill, New
York, 1972), 3rd. ed.

®Handbook of Chemistry (Handbook Publishers, Sandusky, Ohio,
1956), 9th ed.
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B

FIG. 8. The values of o and B that are inconsistent with the

data of Figs. 5 and 6 lie in the shaded region of this graph.
Pairs &, 8 lying in the unshaded region are consistent with that
data, but those pairs yielding the best fit satisfy the relation

o l=—0.296"+3.5.

identical to the one for a =1.0 and 8=0. 12 shown in Fig.
5. For example, a@=0.31 and B=1. 0 would yield essen-
tially the same growth curves as does @ =1.0 and 8
0.12. This line of best fit in the a, 8 plot is a™!
=-0.208"1+3.5.

The data of Fig. 6, for which the maximum supersatu-
ration was only 1. 024 instead of 1. 047, also follow rea-
sonably well the growth curve for ¢ =1.0, 8=0.12 (and
equivalent pairs). However, the data shown in Fig. 7,
for a maximum supersaturation of 1.014, fall consistently
below this growth curve. Even a choice of parameters
such as @ =1.0 and 8=0. 010 produces a relatively poor
fit, besides being in the “excluded region” of o, 8. Ap-
parently, the droplets essentially cease growing although
the surrounding supersaturation is still substantial.

V. DISCUSSION AND CONCLUSIONS

There have been some measurements!® of g for water
molecules impinging on ice at cryogenic temperatures
indicating a value very near unity (8= 0.99). It is rather
difficult to measure § for liquid water directly and re-
liably, but the large binding energy (compared tothermal
energies) suggests that g is not likely to be strongly
temperature dependent. Consequently, we feel it is
more reasonable to regard the marginally detectable
deviations from a =8=1.0 in Fig. 5 as being due mainly
to a #1 rather than 8#1, if they are real,

Vietti and Schuster® found at very high supersaturations
that the growth theory expressed in Eq. (1) would fit
their data best with @ =0.1 and =0, 035 (and presumably
other equivalent pairs). These values areinthe excluded
region of our Fig. 8. However, the agreement* was
actually poor, since the predicted radii were too small
at early times and too large at late times, Their mea-
surements extended over a wider size range than ours,
but if one examines only the comparable range (3-7 um),
one finds their data would imply even smaller values of
a and B than those quoted above, Vietti and Schuster
were sensitive to these problems and suggested other
theoretical formulations besides the one used here,

J. Chem. Phys., Vol. 61, No. 5, 1 September 1974
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There appears to be a definite contrast between their
results and ours., We find that at supersaturations of
1.02-1.05, Eq. (1) is satisfactory, with values of a, B
that do not seem physically unreasonable. Vietti and
Schuster find that at supersaturations over 1,5 Eq, (1)
provides a roughly correct description only with «, B
being very small. One possible explanation is that the
rapid time scale of their experiment makes thermal
equilibration less complete, but on the other hand the
thermal time constant of a 3 um droplet is only 2Xx107®
sec.

We do not understand why our data at 1,02<S5<1,05
are in better agreement with the theory than the data at
S5=1.01. If the supersaturation were less than the indi-
cated value, the data for S>1.02 should also be affected.
In addition, this hypothesis would not explain the cessa-

tion of growth (Fig. 7) in the center of the chamber where

the supersaturation is surely the greatest. Vapor deple-
tion is not a possibility at the droplet densities of these
experiments.

Another possible explanation of the data at the lowest
peak supersaturations is that the nuclei or surface con-
taminants are substantially affecting the growth process.

On the one hand, such effects normally would be expected

to increase the growth rates by reducing emission rates
of molecules from the surface. On the other hand, there
are experiments' indicating enhanced molecular emis-
sion from contaminated surfaces. In any case, there is
no compelling reason why effects of nuclei or surface

materials would not be manifested at higher supersatura-

tions as well, if they exist at all, We feel that it will be
necessary to study growth on well characterized nuclei
in order to understand the low growth rates of Fig. 7.
One of us (J. P. G.) is undertaking this work at the pres-
ent time.

In conclusion, we have observed droplet growth in the
3-7 um radius range in supersaturations similar to
relevant atmospheric conditions for droplet formation.
A theoretical description that takes into account imper-
fect condensation and thermal accommodation at the
droplet surface is in good accord with the data for 1,02

<S§<1,05, The optimum values of @ and 8 are related

by a™'=-0.298"1+(3.5% ,), but @ =B=1.0 is not definite-

ly excluded. For S<1,015 we observe strong deviations
from this theory which are not understood. These de-
viations could be significant for understanding atmo-
spheric processes.
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