MISSOURI

S&l

Library and

Learning Resources Scholars' Mine
Doctoral Dissertations Student Theses and Dissertations
Fall 2017

Event-triggering architectures for adaptive control of uncertain
dynamical systems

Ali Talib Oudah Albattat

Follow this and additional works at: https://scholarsmine.mst.edu/doctoral_dissertations

b Part of the Mechanical Engineering Commons
Department: Mechanical and Aerospace Engineering

Recommended Citation

Albattat, Ali Talib Oudah, "Event-triggering architectures for adaptive control of uncertain dynamical
systems" (2017). Doctoral Dissertations. 2616.
https://scholarsmine.mst.edu/doctoral_dissertations/2616

This thesis is brought to you by Scholars' Mine, a service of the Missouri S&T Library and Learning Resources. This
work is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu.


https://library.mst.edu/
https://library.mst.edu/
https://scholarsmine.mst.edu/
https://scholarsmine.mst.edu/doctoral_dissertations
https://scholarsmine.mst.edu/student-tds
https://scholarsmine.mst.edu/doctoral_dissertations?utm_source=scholarsmine.mst.edu%2Fdoctoral_dissertations%2F2616&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/293?utm_source=scholarsmine.mst.edu%2Fdoctoral_dissertations%2F2616&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarsmine.mst.edu/doctoral_dissertations/2616?utm_source=scholarsmine.mst.edu%2Fdoctoral_dissertations%2F2616&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarsmine@mst.edu

EVENT-TRIGGERING ARCHITECTURES FOR ADAPTIVE CONTROL OF
UNCERTAIN DYNAMICAL SYSTEMS

by

ALI TALIB OUDAH ALBATTAT

A DISSERTATION
Presented to the Graduate Faculty of the
MISSOURI UNIVERSITY OF SCIENCE AND TECHNOLOGY

In Partial Fulfillment of the Requirements for the Degree

DOCTOR OF PHILOSOPHY
in
MECHANICAL ENGINEERING
2017
Approved by
Dr. Tansel Yucelen, Advisor
Dr. Jagannathan Sarangapani
Dr. S.N. Balakrishnan

Dr. Robert Landers
Dr. Douglas A. Bristow



Copyright 2017
ALI TALIB OUDAH ALBATTAT
All Rights Reserved



11

PUBLICATION DISSERTATION OPTION

This dissertation consists of the six articles which have been submitted, or will be
submitted for publication as follows

Paper I: Pages 13-36 have been published in Journal of Dynamic Systems, Mea-
surement, and Control.

Paper II: Pages 37-75 have been published as a chapter in Adaptive Control for
Robotic Manipulators, CRC Press/Taylor & Francis Group.

Paper III: Pages 76-126 have been published in Sensors Journal.

Paper I'V: Pages 127-148 have been accepted by ASME Dynamic Systems and Con-
trol Conference.

Paper V: Pages 149-177 have been submitted to American Control Conference.

Paper VI: Pages 178-220 have been accepted by AIAA Guidance, Navigation, and

Control Conference.



v

ABSTRACT

In this dissertation, new approaches are presented for the design and implemen-
tation of networked adaptive control systems to reduce the wireless network utilization
while guaranteeing system stability in the presence of system uncertainties. Specifically,
the design and analysis of state feedback adaptive control systems over wireless networks
using event-triggering control theory is first presented. The state feedback adaptive con-
trol results are then generalized to the output feedback case for dynamical systems with
unmeasurable state vectors. This event-triggering approach is then adopted for large-scale
uncertain dynamical systems. In particular, decentralized and distributed adaptive control
methodologies are proposed with reduced wireless network utilization with stability guar-
antees.

In addition, for systems in the absence of uncertainties, a new observer-free output
feedback cooperative control architecture is developed. Specifically, the proposed architec-
ture is predicated on a nonminimal state-space realization that generates an expanded set
of states only using the filtered input and filtered output and their derivatives for each vehi-
cle, without the need for designing an observer for each vehicle. Building on the results of
this new observer-free output feedback cooperative control architecture, an event-triggering
methodology is next proposed for the output feedback cooperative control to schedule the
exchanged output measurements information between the agents in order to reduce wire-
less network utilization. Finally, the output feedback cooperative control architecture is
generalized to adaptive control for handling exogenous disturbances in the follower vehi-
cles.

For each methodology, the closed-loop system stability properties are rigorously
analyzed, the effect of the user-defined event-triggering thresholds and the controller de-
sign parameters on the overall system performance are characterized, and Zeno behavior is

shown not to occur with the proposed algorithms.
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SECTION

1. INTRODUCTION

1.1. NETWORKED SYSTEMS AND ADAPTIVE CONTROL

The last decade has witnessed an increased interest in physical systems controlled
over wireless networks (networked control systems) for their advantages in reducing cost
for the design and implementation of control systems [1, 2, 3, 4, 5]. These systems allow the
computation of control signals via processors that are not attached to the physical systems
and the feedback loops are closed over wireless networks. A critical task in the design
and implementation of networked control systems is to guarantee system stability while
reducing wireless network utilization and achieving a given system performance in the
presence of system uncertainties.

One of the fundamental problems in feedback control design is the capability of
the control system to guarantee system stability and performance in the presence of system
uncertainties resulting from mathematical modeling and degraded modes of operations. To
this end, adaptive control theory along with robust control theory have been developed
to address the problem of system uncertainties in control system design [6, 7, 8, 9, 10].
Specifically, robust control methods require the knowledge of characterized bounds result-
ing from system uncertainty parameterizations. From a practical standpoint, determina-
tion of these bounds is not necessarily easy since they can require excessive modeling and
ground testing efforts [11, 12]. In addition, adaptive control methods require less modeling
information than do robust control methods and are able to deal with high levels of system
uncertainties [8, 9, 10]. These facts make adaptive control theory an appealing candidate

for many applications.



1.2. EVENT-TRIGGERED ADAPTIVE STATE FEEDBACK CONTROL

In the networked control systems literature, notable contributions that utilize adap-
tive control approaches to suppress the effect of system uncertainties include [13, 14, 15,
16]. In particular, the authors of [13, 14] develop adaptive control approaches to deal with
system uncertainties, where their results only consider data transmission from a physical
system to the controller, but not vice versa. The authors of [15, 16] consider the case where
data transmits from a physical system to the controller and from the controller to this phys-
ical system (i.e., two-way data exchange is allowed over a wireless network). Although
this approach is promising, their methodology requires the knowledge of a conservative
upper bound on the unknown constant gain resulting from their uncertainty parameteri-
zation. While this conservative upper bound may be available for some applications, the
actual upper bound may change and exceed its conservative estimate; for example, when an
aircraft undergoes a sudden change in dynamics as a result of reconfiguration, deployment
of a payload, docking, or structural damage [17].

In this dissertation, we first study the design and analysis of adaptive control sys-
tems over wireless networks using event-triggering control theory (see, for example, [18,
19, 20, 21, 22, 23, 24, 25] and references therein), where two-way data exchange between
the physical system and the proposed adaptive controller is considered. The proposed
event-triggered adaptive control methodology schedules the data exchange dependent upon
errors exceeding user-defined thresholds to reduce wireless network utilization and guar-
antees system stability and command following performance in the presence of system un-
certainties. Specifically, we consider a state emulator-based adaptive control methodology
[26, 27, 28, 29, 30, 31, 32, 33] since this framework has the capability to achieve stringent
performance specifications without causing high-frequency oscillations in the controller

response [32, 33] unlike standard adaptive controllers.



First contribution of the dissertation, in particular, we analyze stability and bound-
edness of the overall closed-loop dynamical system, characterize the effect of user-defined
thresholds and adaptive controller design parameters to the system performance, and dis-
cuss conditions to make the resulting command following performance error sufficiently
small. As a byproduct, we also show that the resulting closed-loop dynamical system
performance is more sensitive to the changes in the data transmission threshold from the
physical system to the adaptive controller (sensing threshold) than the data transmission
threshold from the adaptive controller to the physical system (actuation threshold). This
means that the actuation threshold can be chosen large enough to reduce wireless net-
work utilization between the physical system and the adaptive controller without sacrificing

closed-loop dynamical system performance.

1.3. EVENT-TRIGGERED OUTPUT FEEDBACK ADAPTIVE CONTROL

As discussed in the previous section, the first contribution of this dissertation is a
new event-triggered state-feedback adaptive control architecture. Although the assump-
tion of full state feedback leads to computationally simpler control algorithms, in certain
applications of control systems the entire state vector is not available. Therefore, output
feedback is required for these applications the ones that involve high-dimensional models
such as active noise suppression, active control of flexible structures, fluid flow control
systems, and combustion control processes [34, 35, 36, 37, 38, 39, 40, 41].

Since a critical task in the design and implementation of networked control sys-
tems is to reduce wireless network utilization while guaranteeing system stability in the
presence of system uncertainties, an event-triggered adaptive control architecture is pre-
sented in an output feedback setting to schedule two-way data exchange dependent upon
errors exceeding user-defined thresholds. Specifically, we consider the output feedback
adaptive control architecture predicated on the asymptotic properties of LQG/LTR con-

trollers [39, 33, 40, 41], since this framework has the capability to achieve stringent per-



formance specifications without causing high-frequency oscillations in the controller re-
sponse, asymptotically satisfies a strictly positive real condition for the closed-loop dynam-
ical system, and is less complex than other approaches to output feedback adaptive control
(see, for example, [35, 36, 37]). While this part of dissertation considers a particular yet
effective output feedback adaptive control formulation to present its main contributions,
the proposed approach can be used in a complimentary way with many other approaches

to output feedback adaptive control (see, for example, [42, 43, 44, 45]).

1.4. EVENT-TRIGGERED ADAPTIVE ARCHITECTURES FOR DECENTRAL-
IZED AND DISTRIBUTED CONTROL OF LARGE-SCALE MODULAR SYS-
TEMS

The design and implementation of decentralized and distributed architectures for
controlling complex, large-scale systems is a nontrivial control engineering task involv-
ing the consideration of components interacting with the physical processes to be con-
trolled. In particular, large-scale systems are characterized by a large number of highly
coupled components exchanging matter, energy or information and have become ubiqui-
tous given the recent advances in embedded sensor and computation technologies. Exam-
ples of such systems include, but are not limited to, multivehicle systems, communication
systems, power systems, process control systems and water systems (see, for example,
[46, 47, 48, 49, 50, 51] and the references therein). This part of dissertation concentrates
on an important class of large-scale systems; namely, large-scale modular systems that
consist of physically-interconnected and generally heterogeneous modules.

Two sweeping generalizations can be made about large-scale modular systems. The
first is that their complex structure and large-scale nature yield to inaccurate mathematical
module models, since it is a challenge to precisely model each module of a large-scale sys-
tem and the interconnections between these modules. As a consequence, the discrepancies

between the modules and their mathematical models, that is system uncertainties, result in



the degradation of overall system stability and the performance of the large-scale modular
systems. To this end, adaptive control methodologies [8, 11, 10, 52, 9, 53, 31] offer an
important capability for this class of dynamical systems to learn and suppress the effect of
system uncertainties resulting from modeling and degraded modes of operation, and hence,
they offer system stability and desirable closed-loop system performance in the presence
of system uncertainties without excessively relying on mathematical models.

The second generalization about large-scale modular systems is that these systems
are often controlled over wireless networks, and hence, the communication costs between
the modules and their remote processors increase proportionally with the increase in the
number of modules and often the interconnection between these modules. To this end,
event-triggered control methodologies [54, 18, 55] offer new control execution paradigms
that relax the fixed periodic demand of computational resources and allow for the aperiodic
exchange of sensor and actuator information with the remote processor to reduce overall
communication cost over a wireless network. Note that adaptive control methodologies and
event-triggered control methodologies are often studied separately in the literature, where
it is of practical importance to theoretically integrate these two approaches to guarantee
system stability and the desirable closed-loop system performance of uncertain large-scale
modular systems with reduced communication costs over wireless networks, which is the
main focus of this part of dissertation.

More specifically, the authors of [56, 57, 58, 59, 60, 61, 17, 51] proposed decen-
tralized and distributed adaptive control architectures for large-scale systems; however,
these approaches do not make any attempts to reduce the overall communication cost over
wireless networks using, for example, event-triggered control methodologies. In addition,
the authors of [62, 63, 64, 65, 66, 67, 68] present decentralized and distributed control
architectures with event triggering; however, these approaches do not consider adaptive
control architectures and assume perfect models of the processes to be controlled; hence,

they are not practical for large-scale modular systems with significant system uncertain-



ties. Only the authors of [13, 14, 15, 69, 70, 71] present event-triggered adaptive control
approaches for uncertain dynamical systems. In particular, the authors of [13, 14] consider
data transmission from a physical system to the controller, but not vice versa, while de-
veloping their adaptive control approaches to deal with system uncertainties. On the other
hand, the adaptive control architectures of the authors in [15, 69, 70, 71] consider two-way
data transmission over wireless networks; that is, from a physical system to the controller
and from the controller to this physical system. However, none of these approaches can be
directly applied to large-scale modular systems. This is due to the fact that large-scale mod-
ular systems require decentralized and distributed architectures, and direct application of
the results in [13, 14, 15, 69, 70, 71] to this class of systems can result in centralized archi-
tectures, which is not practically desired due to the large-scale nature of modular systems.
To summarize, there do not exist resilient adaptive control architectures for large-scale sys-
tems in the literature to deal with system uncertainties while reducing the communication
costs between the models and their remote processors.

Building of our other contributions highlighted above, the third contribution of this
dissertation is to design and analyze event-triggered decentralized and distributed adaptive
control architectures for uncertain large-scale systems controlled over wireless networks.
Specifically, the proposed decentralized and distributed adaptive architectures of this dis-
sertation guarantee overall system stability while reducing wireless network utilization and
achieving a given system performance in the presence of system uncertainties that can
result from modeling and degraded modes of operation of the modules and their intercon-
nections between each other. From a theoretical viewpoint, the proposed event-triggered
adaptive architectures here can be viewed as a significant generalization of our prior work
documented in [70, 71] to large-scale modular systems, which consider a state emulator-
based adaptive control methodology with robustness against high-frequency oscillations in
the controller response [52, 26, 27, 28, 29, 30, 31, 32]. In this generalization, we also adopt

necessary tools and methods from [17, 51] on decentralized and distributed adaptive con-



troller construction for large-scale modular systems. In addition to the theoretical findings
including rigorous system stability and boundedness analysis of the closed-loop dynamical
system and the characterization of the effect of user-defined event-triggering thresholds,
as well as the design parameters of the proposed adaptive architectures on the overall sys-
tem performance, an illustrative numerical example is further provided to demonstrate the

efficacy of the proposed decentralized and distributed control approaches.

1.5. AN OBSERVER-FREE OUTPUT FEEDBACK COOPERATIVE
CONTROL ARCHITECTURE FOR MULTIVEHICLE SYSTEMS

Owing to the ever-increasing advances in embedded systems technologies, we are
rapidly moving toward a future in which squadrons of vehicles (henceforth, referred as
multivehicle systems) will autonomously perform a broad spectrum of tasks in both military
and civilian domains. Examples of such tasks include but are not limited to collaborative
exploration; search and rescue; nuclear, biological, and chemical attack detection; and
target tracking. Motivated from this standpoint, cooperative control enabling multivehicle
systems to work in coherence through local information exchange between vehicles has
been the focus of high research activity during the last two decades (e.g., see books [46,
47,72, 73] for a thorough coverage of the recent progress).

In this part of dissertation, we focus on the output feedback cooperative control
problem in the context of a containment problem (i.e., outputs of the follower vehicles con-
vergence to the convex hull spanned by those of the leader vehicles). While full state feed-
back designs lead to computationally simpler cooperative control laws, output feedback de-
signs are required for most applications that involve high-dimensional vehicle models with
inaccessible states. To this end, several output feedback cooperative control approaches are
proposed in the literature for multivehicle systems (e.g., see [74, 75, 76, 77,78, 79, 80, 81]
and references therein), where the common denominator of these approaches is that they

utilize an observer in their cooperative control laws.



Unlike the existing literature, the fourth contribution is a new, observer-free out-
put feedback cooperative control architecture for continuous-time, minimum phase, and
high-order multivehicle systems. The proposed architecture is predicated on a nonminimal
state-space realization originally proposed in [82, 38] that generates an expanded set of
states only using the filtered input and filtered output and their derivatives for each follower
vehicle, without the need for designing an observer for each vehicle. Specifically, the pro-
posed observer-free output feedback control law consists of a vehicle-level controller and a
local cooperative controller for each vehicle as in [49], where the former addresses internal

stability of vehicles and the latter addresses the containment problem.

1.6. AN OBSERVER-FREE OUTPUT FEEDBACK COOPERATIVE
CONTROL ARCHITECTURE FOR LINEAR MULTIAGENT SYSTEMS
WITH EVENT-TRIGGERING

Building on the theoretical study of the previous section, in this part of dissertation,
we propose an event-triggering methodology for the output feedback cooperative control
to schedule the exchanged output measurements information between the agents in order
to reduce wireless network utilization. The utilized output feedback cooperative control
architecture is in the context of a containment problem (i.e., outputs of the follower agents
convergence to the convex hull spanned by those of the leader agents). While full state
feedback designs lead to computationally simpler cooperative control laws [83, 84], output
feedback designs are required for most applications that involve high-dimensional agent
models with inaccessible states, as also outlined before. To this end, several output feed-
back cooperative control with event triggering approaches are proposed in the literature
for multiagent systems (e.g., see [85, 86] and references therein), where the common de-
nominator of these approaches is that they utilize an observer in their cooperative control

laws.



Unlike the aforementioned existing literature, our fifth contribution is an event-
triggering mechanism on the exchanged output measurements between agents that are con-
trolled by an observer-free output feedback cooperative control architecture for continuous-
time, minimum phase, and high-order linear multiagent systems, where the results reported
here can be viewed as a generalization of our recent papers in [87, 88] that do not consider
event-triggering. The key feature of our adopted controller scheme is that it is predicated
on a nonminimal state-space realization originally proposed in [82, 38] that generates an
expanded set of states only using the filtered input and filtered output and their deriva-
tives for each follower agent, without the need for designing an observer for each agent.
In addition, the proposed event-triggering methodology is applied on the relative output
measurements of the agents, where each agent has its own event-triggering threshold to
transmit its own output measurements to the neighbor agents asynchronously. Note that
our cooperative controller scheme operates in a periodic sampling instances and it uses

event-triggered output measurements transmitted from the neighboring agents.

1.7. OBSERVER-FREE OUTPUT FEEDBACK ADAPTIVE CONTROL FOR MUL-
TIVEHICLE SYSTEMS WITH EXOGENOUS DISTURBANCES

In general, vehicle system models are represented by the first principles of physics
and derived using fundamental physical laws. Due to the system complexity, nonlinearity,
and uncertainty, the simplistic approximations create inaccuracies between the model and
the the actual system as discussed. As a result of this modeling error, it is very impor-
tant for the cooperative control design to not only achieve system level objectives, but also
possess the ability to maintain the stability of each vehicle in the presence of system un-
certainties. The most notable results that address cooperative control of uncertain vehicle
systems include [89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 49]. Specifically, the authors in

[89, 90, 91, 92, 93], consider the uncertain multivehicle systems problem as first and/or
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second order models which are suitable for a limited number of applications. For more
applicable system dynamics, [94, 95, 96, 97, 98, 49] use high-order vehicle models with
system uncertainties.

In particular, the authors in [94] consider linear single input and single output ve-
hicle systems with parametric uncertainties that range over an known compact set. The
work in [95] uses an internal model based distributed control scheme that makes the vehi-
cle controllers robust to small variation in their models. A finite-time disturbance observer
is proposed in [96] to estimate the system uncertainties. A distributed adaptive control
for both the uncertain follower and uncertain leaders is considered in [97], where the dis-
tributed adaptive control law is designed based on local consensus error feedback. The
authors of [98] design a decentralized adaptive tracking controller under the assumption
that the uncertain follower vehicles with Lipschitz-type disturbances are guided by a leader
with unknown input. The authors in [49] introduce cooperative control for higher-order
multivehicle systems having nonidentical nonlinear uncertain dynamics and large paramet-
ric uncertainties with no a prior information on their bound. While the above results are
promising, full state feedback is necessary for each proposed controller which requires
knowledge of the vehicle system state variables and this is not applicable when the mul-
tivehicle system state variables are unknown. Therefore, output feedback is necessary for
most applications that involve high-dimensional models with unknown system state vari-
ables, such as multiple unmanned aerial vehicles, multiple mobile robots, and multiple
manipulators.

To address this problem, [99, 100, 101, 102] propose adaptive output feedback con-
trollers for uncertain dynamical multivehicle systems. In particular, in [99, 100] the adap-
tive output feedback controller is design for consensus protocols, where the gains rely on
the global information of the network which is represented by the Laplacian matrix. The
authors of [101] adopt two observer designs, a local observer and an adaptive estimator,

for the distributed adaptive output-feedback consensus tracking control for unknown agent
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dynamics without depending on the Laplacian matrix information. Among the above men-
tioned works, the common feature is that the adaptive output feedback controller requires
an observer for estimating the unknown state variables. In a recent result [87], we em-
ploy an output feedback control architecture for dynamical multivehicle systems without
observers (outside the context of adaptive control). Specifically, the observer-free nature
of our work is an expansion of the original observer-free output feedback adaptive control
idea proposed in [103, 104, 38, 17]. In this part of dissertation, a new observer-free output
feedback adaptive control, (OF)?>AC, method is proposed for continu-

ous-time, minimum phase, and high-order linear multivehicle systems subject to exogenous
disturbances (hereinafter referred to as “uncertain multivehicle systems’), where the results
reported here can be viewed as an expansion of our recent paper in [87]. In particular, sim-
ilar to the observer-free methods studied in [103, 104, 38, 17, 87], the (OF)2AC is based on
a nonminimal state-space realization for each follower vehicle of the multivehicle system,
where this realization generates an expanded set of states using the filtered input, filtered
output, and their derivatives of the follower vehicles. The (OF)?AC consists of i) a local
cooperative controller in [49] and ii) a vehicle-level controller for each follower vehicle
Specifically, part i) of the proposed control method addresses the leader-follower contain-
ment control problem by receiving the relative output measurements of the neighboring
vehicles and its part ii) consists of an augmenting adaptive controller for stabilization and

command following in the presence of exogenous disturbances.

1.8. ORGANIZATION

The organization of this dissertation report is as follows. Paper I presents the pro-
posed event-triggered state feedback adaptive control architecture. The results of this pa-
per are generalized in Paper II to the output feedback case. Paper III presents the event-
triggered decentralized and distributed adaptive control architectures for uncertain network

large scale modular systems. An observer-free output feedback cooperative control archi-
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tecture for multivehicle systems is presented in Paper IV. On the results of this paper, an
event-triggering architecture is applied in Paper V. Then, Paper VI presents the generaliza-
tion of Paper IV to adaptive control to handle the system uncertainties. Finally, conclusions

and future research suggestions are presented in Section 2.



13

PAPER

I. DESIGN AND ANALYSIS OF ADAPTIVE CONTROL SYSTEMS OVER
WIRELESS NETWORKS

Ali Albattat!, Benjamin Gruenwald?, and Tansel Yucelen?
! Department of Mechanical & Aerospace Engineering
Missouri University of Science and Technology
2 Department of Mechanical Engineering

University of South Florida

ABSTRACT

In this paper, we study the design and analysis of adaptive control systems over
wireless networks using event-triggering control theory. The proposed event-triggered
adaptive control methodology schedules the data exchange dependent upon errors exceed-
ing user-defined thresholds to reduce wireless network utilization and guarantees system
stability and command following performance in the presence of system uncertainties.
Specifically, we analyze stability and boundedness of the overall closed-loop dynamical
system, characterize the effect of user-defined thresholds and adaptive controller design
parameters to the system performance, and discuss conditions to make the resulting com-
mand following performance error sufficiently small. An illustrative numerical example is
provided to demonstrate the efficacy of the proposed approach.

Keywords: Networked control systems; adaptive control; event-triggering control; system

uncertainties; system stability; system performance
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1. INTRODUCTION

The last decade has witnessed an increased interest in physical systems controlled
over wireless networks (networked control systems) for their advantages in reducing cost
for the design and implementation of control systems [1, 2, 3, 4, 5]. These systems allow the
computation of control signals via processors that are not attached to the physical systems
and the feedback loops are closed over wireless networks. A critical task in the design
and implementation of networked control systems is to guarantee system stability while
reducing wireless network utilization and achieving a given system performance in the
presence of system uncertainties.

One of the fundamental problems in feedback control design is the capability of
the control system to guarantee system stability and performance in the presence of system
uncertainties resulting from mathematical modeling and degraded modes of operations. To
this end, adaptive control theory along with robust control theory have been developed
to address the problem of system uncertainties in control system design [6, 7, 8, 9, 10].
Specifically, robust control methods require the knowledge of characterized bounds result-
ing from system uncertainty parameterizations. From a practical standpoint, determina-
tion of these bounds is not necessarily easy since they can require excessive modeling and
ground testing efforts [11, 12]. In addition, adaptive control methods require less modeling
information than do robust control methods and are able to deal with high levels of system
uncertainties [8, 9, 10]. These facts make adaptive control theory an appealing candidate
for many applications.

In the networked control systems literature, notable contributions that utilize adap-
tive control approaches to suppress the effect of system uncertainties include [13, 14, 15,
16]. In particular, the authors of [13, 14] develop adaptive control approaches to deal with
system uncertainties, where their results only consider data transmission from a physical
system to the controller, but not vice versa. The authors of [15, 16] consider the case where

data transmits from a physical system to the controller and from the controller to this phys-
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ical system (i.e., two-way data exchange is allowed over a wireless network). Although
this approach is promising, their methodology requires the knowledge of a conservative
upper bound on the unknown constant gain resulting from their uncertainty parameteri-
zation. While this conservative upper bound may be available for some applications, the
actual upper bound may change and exceed its conservative estimate; for example, when an
aircraft undergoes a sudden change in dynamics as a result of reconfiguration, deployment
of a payload, docking, or structural damage [17].

In this paper, we study the design and analysis of adaptive control systems over
wireless networks using event-triggering control theory (see, for example, [18, 19, 20,
21, 22, 23, 24, 25] and references therein), where two-way data exchange between the
physical system and the proposed adaptive controller is considered. The proposed event-
triggered adaptive control methodology schedules the data exchange dependent upon errors
exceeding user-defined thresholds to reduce wireless network utilization and guarantees
system stability and command following performance in the presence of system uncertain-
ties. Specifically, we consider a state emulator-based adaptive control methodology[26, 27,
28, 29, 30, 31, 32, 33] since this framework has the capability to achieve stringent perfor-
mance specifications without causing high-frequency oscillations in the controller response
[32, 33] unlike standard adaptive controllers. We analyze stability and boundedness of the
overall closed-loop dynamical system, characterize the effect of user-defined thresholds
and adaptive controller design parameters to the system performance, and discuss condi-
tions to make the resulting command following performance error sufficiently small. As a
byproduct, we show that the resulting closed-loop dynamical system performance is more
sensitive to the changes in the data transmission threshold from the physical system to
the adaptive controller (sensing threshold) than the data transmission threshold from the

adaptive controller to the physical system (actuation threshold). This means that the actua-
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tion threshold can be chosen large enough to reduce wireless network utilization between
the physical system and the adaptive controller without sacrificing closed-loop dynamical

system performance.

2. MATHEMATICAL PRELIMINARIES

Throughout this paper, we use R for the set of real numbers, R" for the set of n X 1
real column vectors, R"*™ for the set of n X m real matrices, R, for the set of positive real
numbers, R”*” for the set of n X n positive-definite real matrices, S"*" for the set of n X n
symmetric real matrices, D"*” for the set of n X n real matrices with diagonal scalar entries,
Amin(A) (resp., Amax(A)) for the minimum (resp., maximum) eigenvalue of the Hermitian
matrix A, || - || for the Euclidean norm, || - ||g for the Frobenius matrix norm, “V” for the
“or” logic operator, and “(-)” for the “not” logic operator. We also define the projection
operator needed for the results of this paper.

Definition 1. Let ¢ : R" — R be a continuously differentiable convex function
given by ¢(8) = ((eg+1)076 —02..)/(€462.,), Where Oax € R is a projection norm
bound imposed on 8 € R" and € > 0 is a projection tolerance bound. Then, for y € R", the

projection operator Proj : R" x R" — R" is defined by

v, if ¢(6) < 0,
Proj(,y) £ Y if $(0) > 0 and ¢'(0)y < 0, (1)
T (O)¢'(0)y .
_r v A7 f / .
P ITS ¢(0), if ¢(6) = 0and ¢'(§)y >0

It follows from Definition 1 that (6 — 0*)T(Proj(9,y) —y) <0, 6 € R" holds [34].
The definition of the projection operator can be generalized to matrices as Proj,,(®,Y) =
(Proj(col; (®),col;(Y)), ...,Proj(col,(0),col,(Y))), where ® € R"™*" Y € R"*" and
col;(+) denotes the ith column operator. In this case, tr [(@ - ®*)T(Projm(®,Y )—-Y )]:

™ |coli(® - ©)T(Proj(coli(©),coli(¥)) — col;(¥)) | < 0 holds, where ©* € R"™",
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We now overview necessary preliminaries on standard model reference adaptive
control problem needed for the results of this paper. Consider the uncertain dynamical
system given by

x(t) = Ax(t) + Bu(r), x(0) = xop, (2)

where x(¢#) € R" is the state vector available for feedback, u(¢#) € R is the control input,

and A € R and B € R are unknown system and control input matrices, respectively,
such that the pair (A, B) is controllable.

Assumption 1. Unknown control input matrix is parameterized as B = DA, where
D e R™™ is a known input matrix and A € R N D" is an unknown control effec-
tiveness matrix.

Next, consider the reference system capturing a desired, ideal closed-loop dynami-

cal system performance given by

Xiq(1) = Apxii(t) + Bre(t),  x4(0) = Xy, 3)

where x,;() € R" is the ideal reference state vector, c¢(t) € R™ is a given uniformly con-
tinuous bounded command with a bounded derivative, A, € R"*" is the Hurwitz reference
system matrix, and B, € R"*™ is the command input matrix.

Assumption 2. There exist gain matrices K; € R™*" and K, € R™*™ such that
A, = A+ DK, and B, = DK> hold.

Note that Assumptions 1 and 2 are standard in the model reference adaptive control
literature (see, for example, [9, 8, 33]). Using Assumptions 1 and 2, (2) can be equivalently

written by

X(t) = Apx(t) + Bre(t) + DA[u(t) + Wl x(@) + W) c(t)], (4)
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where W) = —K[A™! € R and W, £ —KJ A~ € R™*" are unknown matrices. Based
on the structure of the uncertain terms in (4), let the adaptive feedback control law be given

by
u(t) = =Wh(t)o (x(1),c(1)), (5)

where o (x(1),c(t)) = [xT(1),cT(#)]Te R™™ and W(r) € RO ig the estimate of

W 2 [W], W]]Te RU+m>m gatisfying the weight update law
W(t) = yo (x(t),c(t)) es(t)PD, W (0) = W. (6)

In (6), ¥ € R, is the learning rate, e,(¢) = x(f) — x(¢) € R" is the ideal system error, and

P e R N ™" is a unique solution [35] of the Lyapunov equation

0=A'P+PA +R, ReR”"nS™" (7)
Next, using (5), (4) can be rewritten as
X(t) = Ax(t) + Bee(t) - DAW! (o (x(1),¢(1)), &)

where the ideal system error dynamics can be given using (3) and (8) as

éo(t) = Areo(t) — DAWT (1) (x(1),¢(1),  eo(0) = eqps 9)

where W(r) £ W) — W € R"™>Xm Note from [9, 8, 33] that ,(¢) satisfying (9)
asymptotically goes to zero with the standard model reference adaptive controller given by

(5) and (6).
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Finally, we overview the state emulator-based adaptive control framework [26, 27,
28, 29, 30, 31, 32, 33] considered for the results of this paper. Consider the (modified)

reference system so-called the state emulator given by

Xr(1) = Acxe(t) + Bee(t) + L (x(1) = xc(1)),  x:(0) = xr0, (10)

where L € R"™" N §"*" is the state emulator gain. Letting ¥(z) = x.(t) — x;i(t) € R",
the reference system error dynamics capturing the difference between the ideal reference

model (3) and the state emulator-based (modified) reference model (10) is given by

X(t) = Ax(@) + L(x(1) — x:(2)), %(0) = %o. (11

In addition, letting e(t) = x(¢) — x(t) € R" to denote the system state error vector, the

(state emulator-based) system error dynamics is given by

é(t) = Ae(r) = DAWT (o (x(1),c(2)), e(0) = e, (12)

using (8) and (10), where A £ A, — L € R™" is Hurwitz by a suitable selection of the

state emulator gain L (e.g., A is Hurwitz with L = kI, k € R*, since A, is Hurwitz). It can
be shown that X(¢) satisfying (11) and e(?) satisfying (12) asymptotically go to zero with
the adaptive controller given by (5), (6), and (7) with e, (¢) replaced with e(¢) in (6) and A;
replaced with A in (7) [33].

Note from [32, 33] that the state emulator-based adaptive control framework achieves
stringent transient and steady-state system performance specifications by judiciously choos-
ing the learning rate y and the state emulator gain L without causing high-frequency os-
cillations in the controller response unlike standard model reference adaptive controllers

overviewed earlier in this section. We also note that if one selects L = 0, then the results of
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this paper holds for standard model reference adaptive controllers, and hence, there is no
loss in generality in using a state emulator-based adaptive control framework for the results

of this paper.

3. EVENT-TRIGGERED STATE FEEDBACK ADAPTIVE CONTROL

In this section, we present a state emulator-based adaptive control approach, which
reduces wireless network utilization and allows a desirable command tracking performance
during the two-way data exchange between the physical system (uncertain dynamical sys-
tem) and this controller over a wireless network. For this purpose, we utilize event-
triggering control theory to schedule the data exchange dependent upon errors exceeding
user-defined thresholds. In particular, when a predefined event occurs, the uncertain dy-
namical system sends its state signal to the adaptive controller. The kth time instants of the
state transmission is represented by the monotonic sequence {si};,, where s; € R,. The
controller uses this triggered system state signal to compute the control signal using state
emulator-based adaptive control architecture. When another predefined event occurs, the
updated feedback control input is transmitted to the uncertain dynamical system. The jth
time instants of the feedback control transmission is then represented by the monotonic se-
quence {r j}o_:], where r; € R,. As shown in Figure 1, each system state signal and control
input is held by a zero-order-hold operator (ZOH) until the next triggering event for that
signal takes place.

Considering the two-way data exchange depicted in Figure 1, the controller gen-
erates a control signal () and the uncertain dynamical system is driven by the sampled
version of this control signal us(¢) depending on the event-triggering mechanism to be dis-
cussed later. Likewise, the controller utilizes x4(¢) that represents the sampled version of
the uncertain dynamical system state x(¢). Mathematically speaking, consider the uncertain

dynamical system given by
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us(t) . : (1)
Uncertain Dynamical System

[]«— ---4  Event Triggering Mechanism | -- —»[]

Adaptive Controller
u(t) zs(t)

Figure 1. Event-Triggered Adaptive Control System.

x(t) = Ax(t) + Bus(t), x(0) = xo, (13)

where ug(t) € R™ is the sampled control input vector. Using Assumptions 1 and 2, (13) can

be equivalently written by
X(1) = Apx(t) + Bre(t) + DALus(t) + W x(t) + Wy c(1)]. (14)

Now, let the adaptive feedback control law be given by

ut) = -Wrt)os (xs(t),c()), (15)

where x (1) € R" is the sampled state vector, o (x5(1),c(t)) = [xX(1),cT(1)]Te R"™*™ and

W (1) satisfies the weight update law
W (1) =y Proj,[W (1), 07 (x5(1), c(t))el (1) PD],  W(0) = W, (16)

with es(r) = x4(t) — x:(t) € R" being the error of the triggered system state vector and

P € R N $™*" being a unique solution of the Lyapunov equation
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0=A"P+ PA+R. (17)

Note that using (15), (14) can be rewritten as

x(t) = Awx(t) + Bee(t) + DA (us(t) — u(t)) — DAWT (t)o (x(1),c(t))

—DAW" (1) [0 (x5(1),c (1)) = o (x(2), (1)) ], (18)

Next, consider the state emulator-based reference system given by

Xe(1) = Apx (1) + Bre(t) + Leg(1),  x:(0) = xy0, (19)

The (state emulator-based) system error dynamics and the reference system error dynamics

are now respectively given by
é(t) = Ae(t) + DA (us(1) — u()) = DAWT ()0 (x(1),c(1)))
— DAWT (1) [0 (x5(1), ¢ (1)) — 0 (x(2),c(1)) | =L (x5(t) — x(£)), e(0) =eo, (20)

X(t) = A x(t) + Les(t),  %(0) = %o. 21

In the next section, we present user-defined event thresholds for scheduling the data ex-
change and analyze the stability and performance of the state emulator-based adaptive con-
trol approach introduced in this section using the error dynamics given by (21) and (20)

along with the adaptive feedback control law given by (15) and (16).

4. STABILITY AND PERFORMANCE ANALYSIS

In this section, we first present the user-defined event thresholds for scheduling
the two-way data exchange and analyze the uniform ultimate boundedness of the resulting
closed-loop dynamical system (Section 4.1). Then, we compute the ultimate bound and

discuss the effect of user-defined thresholds and the adaptive controller design parameters
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to this ultimate bound (Section 4.2). Since a Zeno behavior implies a continuous two-
way data exchange between the proposed controller and the physical system, and hence,
is not desired in the context of reducing wireless network utilization, we finally show that
the proposed state emulator-based adaptive controller does not yield to a Zeno behavior

(Section 4.3).

4.1. Scheduling Data Exchange and Uniform Ultimate Boundedness. Let €, €
R, be a given, user-defined sensing threshold to allow for data transmission from the un-
certain dynamical system to the controller. In addition, let €, € R, be a given, user-defined
actuation threshold to allow for data transmission from the controller to the uncertain dy-

namical system. We now define three logic rules for scheduling the two-way data exchange

Ey: lxs@) = x|l < e, (22)
Er o lus(®) —u(@)|| < ey, (23)
E;: The controller receives x(t). 24)

Specifically, when the inequality (22) is violated at the s; moment of the kth time instant,
the uncertain dynamical system triggers the system state signal information such that x4(7)
is sent to the controller. Likewise, when (23) is violated or the controller receives a new
transmitted system state from the uncertain dynamical system (i.e., when E; V Ej is true),
then the adaptive controller sends a new control input u,(¢) to the uncertain dynamical
system at the r; moment of the jth time instant. Note that the three logic rules given above
and the ones in [15] are not the same; that is, the proposed approach of this paper does not
require the second and third logic rules of [15] and our second logic rule is different than

the logic rules of [15].
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Next, we show the uniform ultimate boundedness of the closed-loop dynamical sys-
tem subject to the proposed state emulator-based event-triggered adaptive control method-
ology utilizing the data exchange rules £y, E», and E3 given by (22), (23), and (24), respec-
tively.

Theorem 1. Consider the uncertain dynamical system given by (13) subject to
Assumptions 1 and 2, the ideal reference system given by (3), the state emulator given by
(19), and the adaptive feedback control law given by (15) with the weight update law given
by (16). In addition, let the data transmission from the uncertain dynamical system to the
controller occur when Ej is true and let the data transmission from the controller to the
uncertain dynamical system occur when E; V Ej is true. Then, the closed-loop solution

(e(t),W(1),%(1)) is uniformly ultimately bounded for all initial conditions.

Proof. Since the data transmission from the uncertain dynamical system to the
controller and from the controller to the uncertain dynamical system occur when E; and
E> v Ej are true, respectively, note that ||xs(f) — x(¢)|| < €, and |Jus(t) — u(t)|| < €, hold.

Consider the Lyapunov-like function V (e, W, %) = T Pe + y~ltr(WA2)T(WA?) +
BxXTPx, where 8 € Ry, P € R™" N §"" is a solution of the Lyapunov equation given by
(17) with R € R?™" N §"*" and P € R™" N §"*" is a unique solution of the Lyapunov
equation given by 0 = ATP + PA, + R, R € R n ™", Note that V(0,0,0) = 0 and
V(e,W,%) > 0 for all (e, W, %) # (0,0,0). The time-derivative of V (e, W, %) is given by

V(e(1), W (1), (1))
< = Anin(R) le@)I> + 2 llxs(t) = (O IPDIlg Il ||W @], llos Gea0), e )]
+2leO I IPDIIg AR Wl llos (x5(), ¢ (1)) = o (x(8),c())]
+2[le() Il PDIIg 1Al Nlus(r) = u@]] + 2 1le@ I IPIg LI llxs(2) = x(0)]

= BAuin(R) IZ@)I + 28 15O || B ILIIE lles)1I (25)
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We now determine an upper bound for ||os (x4(¢),c(¢))]| in (25). To this end, one can write
losGxs (8), c )1 = ||x T < IxOI + @I < (@l + @D,

and hence, ||os(xs(?),c(?))]| < ||xs(?)|| + ||c(¥)||. Furthermore, letting é, to be an upper

bound of ||x(?)|| + €5+ |[c(?)]], 1.e., ||xi () ||+ €x+|lc(?)|| < €, and using ||xs(¢) — x(2)|| <
€x, we have [|os (x5 (1), c(O) | < [Ixs 1+l = lle(®) + x:(2) + x5(2) — x(D[+]c@)]] <
leIl + Xl + €x + [lc@I < lle@Il + IXOI + llxi N + €x + [lc@I < lle@)]l +
|X(¢)]| + €. In addition, we determine an upper bound for ||es(?)|| in (25) as |les(t)|| =
lle(t) + xs(¢) — x(2)]| < |le(?)]| + €. Using these upper bounds, ||xs(¢) — x(¢)|| < €y, and

|us(2) — u(t)|| < €4, (25) can be rewritten as
V(e(t), W (1), (1))
< = Amin(R) lle@)II> + 2 IPDIp | Allg |[W@)]|, lle@)ll €x + 2 1PDIIg A llg |[W (0)]|,
NEO I €x + 2 IPDIIp IAllg [W )|, €xex + 2 eI IPDIIE IAllE Wl €
+2lle(@) Il PDIIF IAllF €x + 2 le® I IPllg LIl €x = BAmin(R) 151>

+ 2B 15O ||P|| LI €x + 28 1EOI || Pl I LIIE e (26)

Next, consider 2xy < ax? + éyz, x € R,y € R, @ € R, [36], where using this

inequality for the last term in (26) yields
V(e@),W1),2(1) < =di lle®)”> = d2 1IXOI° + d3 lle@l + dy |XD)]| + ds5, (27

where di 2 Awin(R)=a | B[ IILIZ > 0.d2 2 BAmin(R)~E > 0.d5 £ 2 |PDllg | Allp ",
+2 ||PDIIg IAllg IW g €x+2 [IPDIIg IAllg €4+2 IPllg [ILlIF €x, da =2 [IPDI|g IAllg W*ex+

28 (|15||F IL|Ig €x, and ds 2 2 || PD||g |Allp W*éxex with ||[W(2)||r < w* due to utilizing the
projection operator in the weight update law given by (16). Note that the positiveness
of d; and d; can be readily assured by letting (arbitrary) positive constants @ and S to
be sufficiently small. We now rearrange (27) as V(e(t),W(t),7(t)) < —(\/d_l lle(®)] —
o) - (Ve s

2
d‘;) +(ds+ 15+ 24), which shows that V (e(1), W (1), £(1)) < 0
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~ . d2 dZ
when [le(®)|| > ¢ and ||£(t)]| = ¥, where ¥y 2 [233_1 +/ds + 13- + 52| /Vdi and

sy gy B, 4 ' ' '
Yo = [2 vo T ds + 7 ot dz]/ Vd,. This argument proves uniform ultimate boundedness

of the solution (e(¢), W (¢),%(¢)) for all initial conditions [37, 33]. [

4.2. Computation of the Ultimate Bound. The next corollary computes the ul-
timate bound for the system error between the uncertain dynamical system and the ideal
reference model, where this bound explicitly shows the effect of user-defined thresholds
and the adaptive control design parameters to the system performance and how the result-
ing command following performance error can be made sufficiently small.

Corollary 1. Consider the uncertain dynamical system given by (13) subject to
Assumptions 1 and 2, the ideal reference system given by (3), the state emulator given
by (19), and the adaptive feedback control law given by (15) with the weight update law
given by (16). In addition, let the data transmission from the uncertain dynamical system
to the controller occur when Ej is true and let the data transmission from the controller to
the uncertain dynamical system occur when E, V Ej is true. Then, the ultimate bound of
the system error between the uncertain dynamical system and the ideal reference model is

given by

leoOIl = 11x() = x5O < &, = DA (P) + (BAmin(P)) ™! LieT (28

where ® 2 [Anax (P2 + Bl (P2 + 7y~ 12 [Alp ] .

Proof. Tt follows from the proof of Theorem 1 that V (e(t), W (¢),%(¢)) < 0 outside
the compact set given by S = {(e(?),X(1)) : |le(®)|| < Y1} N{(e(®), %)) : XD < ¥}
That is, since V (e(t), W (1), X()) cannot grow outside S, evolution of V (e(r), W (1), £(1))
is upper bounded by V (e(¢), W), %)) < max.(r).xi)es V(e(t), W(),%(t)) = /lmaX(P)t,//f+

BAmax(P)y3 +y 1w ||Allg = ®2. Now, it follows from e" Pe < V (e, W, %) and B%T P% <
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V(e,W, %) that le®)I” < 727 and 1801 < 572 Finally, since e,(1) = x(1) -
xe (1) + x:(t) — x4(t) = e(t) + X(¢), and hence, |le,()]| < |le(®)]] + ||X(¢)]], the ultimate
bound given by (28) is now immediate. |

Remark 1. The ultimate bound given by (28) depends on ®; and ®;,, where @,
and @, depend on the magnitude of di, d», d3, d4, and ds. Note that, among these d;, (i =
1,---,5) terms only d3, d4, and ds depend on €, and €,. In general, since the magnitude
of the terms multiplied by €, in d3, d4, and d5 is larger than the magnitude of the only term
multiplied by €, (i.e. in the presence of large system uncertainties), then it is expected that
€, has a more dominating effect on the ultimate bound (28) than €, on the ultimate bound.

Remark 2. To elucidate the effect of the user-defined thresholds and the adaptive
controller design parameters to the ultimate bound given by (28) and discussed in Remark
l,letA,=-5,D=1,A=1,W=1,R=1,R=1,a = 0.5, and 8 = 0.25. In this
case, Figure 2a shows the effect of the variation in L and y to (28) for e, = 1 and ¢, = 1.
Specifically, one can conclude from this figure that increasing y reduces the ultimate bound

and the minimum value of this bound is obtained for L = 2. Figures 2b and 2c show the

effect of the variations in €, and ¢,, respectively. From these figures and in general from

8
6
4
‘0\
— 2

0 2 4 8 10 0 1 2 3 4

@
>

Figure 2. Effect of a) y € [1,100] and L € [0,10] to the ultimate bound (28) for €, = 1
and €, = 1, where the arrow indicates the direction 7 is increased (dashed line denotes the
case with y = 100); b) €, € [0, 1.5] to the ultimate bound (28) for €, = 1, L € [0,10], and
v = 100, where the arrow indicates the direction €, is increased (dashed line denotes that
case with €, = 1); ¢) €, € [0,3] to the ultimate bound (28) for ¢, = 1, L € [0,10], and
v = 100, where the arrow indicates the direction €, is increased (dashed line denotes that
case with €, = 1).
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the structure of the ultimate bound given by (28), it is of practical importance to note that
the resulting closed-loop dynamical system performance, which is characterized by the
upper bound on ¢,(¢), is more sensitive to the changes in the sensing threshold €, (the
data transmission threshold from the physical system to the adaptive controller) than the
actuation threshold €, (the data transmission threshold from the adaptive controller to the
physical system). This means that the actuation threshold can be chosen large enough to
reduce wireless network utilization between the physical system and the adaptive controller
without necessarily sacrificing closed-loop dynamical system performance.

4.3. Computation of the Event-triggered Intersample Time Lower Bound. For
the following result, similar to [15], we consider rl.k € (Sk,Sk+1) to be the ith time instant
when E; is violated over (si, Sx+1), and since {s;};_, is a subsequence of {r J}j: r it follows
that {rj};; = {sk}i"zl U {rzk}:oj];:p where m; € N is the number of violation times of E»
over (sg,Sr+1). We also let @ and @, to denote ||A||g ||x(®)|| + || DIlg IAllg llus(?)]] < @,

and y(lle(®)ll + @)1l + &)* (el + €) IPDIE + W),
- |[é(®)]] < Do, respectively, where the existence of positive constants ®; and @, are guar-
anteed by Theorem 1.

Corollary 2. Consider the uncertain dynamical system given by (13) subject to
Assumptions 1 and 2, the ideal reference system given by (3), the state emulator given by
(19), and the adaptive feedback control law given by (15) with the weight update law given
by (16). In addition, let the data transmission from the uncertain dynamical system to the
controller occur when Ej is true and let the data transmission from the controller to the
uncertain dynamical system occur when E, V Ej is true. Then, there exist positive scalars

@, 2 = and o, £ £, such that

(O] 0,
Skl — Sk = @y, YkeN, (29)
rk o= >, Yie{0,.,m), VkeN. (30)

Proof. The time derivative of ||xs(¢) — x(¢)|| over ¢t € (s, Sk+1), Yk € N, is given by
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d
g 1@ = xOl < lxs(@) = 2@ = [xON < [[Allg @I + I Dllg 1Al lus @I (31)

Using @, for the upper bound of (31) and with initial condition satisfying lim,_, st [|xs(2) —
x(t)|| = 0, it follows from (31) that || x(z) — x(¢)|| < ®(t — s¢), t € (Sk,Sk+1). Therefore,
when E| is true, then hmt—”;;l [lxs (£) — x (t)|| = €, and it then follows that s;.1 — s; = ay.

k .k

Next, the time derivative of ||us(#) — u(t)|| overt € (rl. N +1) ,Vi € N, is given by

d
g s —u@ll < las (@) — i@l = [la@]
y (le@l + 1E@ + €)* (le®)l + €x) | PDIIg

+|[Wo)| el (32)

IA

Once again, using @, for the upper bound of (32) and with initial condition satisfying
limt_)r:g+ llus (1) —u (t)]| = 0, it follows from (32) that ||us(¢) — u(?)|| < Po(t — rl.k), t €
(rl.k,rl.kﬂ). Therefore, when E, V Ej is true, then limt_vl/;_l |us(2) — u(t)|| = €, and it then
follows that rl."+1 - ri" > . [ ]

Remark 3. Zeno behavior implies a continuous two-way data exchange between
the proposed controller and the physical system (for example, when €, = €, = 0 that yields
to an asymptotic command following performance), which is not desired in the context of
reducing wireless network utilization. Corollary 2 shows that the intersample times for
the system state vector and feedback control vector are positive scalars, and hence, the
proposed event-triggered adaptive control approach does not yield to a Zeno behavior and

reduces wireless network utilization.

S. ILLUSTRATIVE NUMERICAL EXAMPLE

To illustrate the proposed event-triggered adaptive control approach, consider an

uncertain dynamical system given by
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x1(0) _ 0 1 x1(0) . 0 w0, x1(0) _ 0 . (33)
X2(1) 0.2 -0.2 x2(1) 1 x2(0) 0
For this example, let x| (¢) represent an angle in radians and x;(¢) represent an angular rate
in radians per second. We choose a second-order ideal reference system that has a natural
frequency of 0.40 rad/s and a damping ratio of 0.707. Furthermore, we set R = I and
R=1D.
Figures 3a-3d show the proposed event-triggered adaptive control approach for var-
ious y and L settings. In particular, we set y = 2.5 and L = 0 in Figure 3a that results in a
control response with high-frequency oscillations. In order to get rid of these oscillations,
we set L = 57 in Figure 3b. In this figure, even though such oscillations are reduced, the
command tracking performance becomes worse as we increase L. Following the discus-
sion in Remark 2, in addition to increasing L, we also increase y in Figures 3¢ and 3d,
where the command tracking performance is improved without causing high-frequency os-
cillations. Finally, the state and control event triggers for the cases in Figures 3a-3d are
given in Figure 4a. If we compare L = 0 case (standard adaptive control) with L # O cases
(state emulator-based adaptive control), we can observe that the state emulator approach
has a recognizable effect in reducing state and control event triggers. Figure 4b also shows
a comparison of the proposed event-triggered adaptive control approach in Figures 3a-3d
with a conventional periodic (i.e., non-event-triggered) strategy in terms of state and control
transmission (a fixed period of 0.005 seconds! is used in the execution of the conventional

periodic strategy).

! Since a continuous-time formulation is adopted in this paper, we chose a sufficiently
small sampling time of 0.005 seconds in all simulations for discretization purposes. Specif-
ically, to make a fair comparison with the proposed event-triggered control law subject to
this sampling time, we also used the same sampling time in the execution of the conven-
tional periodic strategy that corresponds to a fixed period of 0.005 seconds for the two-way
communication between this controller and the considered uncertain dynamical system.
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t [s] t [s]

(©) ex = 0.1, €, = 0.1, =20, and L = 5I. () ey =0.1,€, =0.1,y = 40, and L = 51.

Figure 3. Command following performance for the proposed event-triggered adaptive con-
trol approach.

6. CONCLUSION

Design and analysis of an event-triggered adaptive control methodology is pre-
sented in this paper for a class of uncertain dynamical systems in the presence of two-way
data exchange between the physical system and the proposed controller over a wireless
network. In particular, using tools and methods from nonlinear systems and Lyapunov
stability, we showed that the proposed approach reduces wireless network utilization, guar-

antees system stability and command following performance in the presence of system
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(a) State and control event triggers for the cases  (b) Comparison of the proposed event-triggered
presented in Figures 3a-3d. adaptive control approach in Figures 3a-3d with
a conventional periodic strategy.

Figure 4. Event triggers in Figures 3a-3d and comparison with a conventional periodic
strategy in terms of state and control transmission.

uncertainties, and does not yield to a Zeno behavior. In addition, the effect of user-defined
thresholds and adaptive controller design parameters to the system performance is char-
acterized and discussed. As a byproduct, we found that the actuation threshold (the data
transmission threshold from the adaptive controller to the physical system) can be chosen
larger than the sensing threshold (the data transmission threshold from the physical sys-
tem to the adaptive controller) to reduce wireless network utilization between the physical
system and the adaptive controller without necessarily sacrificing closed-loop dynamical
system performance. Finally, we illustrated the efficacy of the proposed adaptive control

approach in a numerical example.
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II. OUTPUT FEEDBACK ADAPTIVE CONTROL OF UNCERTAIN
DYNAMICAL SYSTEMS WITH EVENT-TRIGGERING
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ABSTRACT

Networked control for a class of uncertain dynamical systems is studied, where
the control signals are computed via processors that are not attached to the dynamical
systems and the feedback loops are closed over wireless networks. Since a critical task
in the design and implementation of networked control systems is to reduce wireless net-
work utilization while guaranteeing system stability in the presence of system uncertainties,
an event-triggered adaptive control architecture is presented in an output feedback setting
to schedule the data exchange dependent upon errors exceeding user-defined thresholds.
Specifically, using tools and methods from nonlinear systems theory and Lyapunov stabil-
ity in particular, it is shown that the proposed approach guarantees system stability in the
presence of system uncertainties and does not yield to a Zeno behavior. In addition, the
effect of user-defined thresholds and output feedback adaptive controller design parameters
to the system performance is rigorously characterized and discussed. The efficacy of the
proposed event-triggered output feedback adaptive control approach is demonstrated in an
illustrative numerical example.

Keywords: Networked control systems; output feedback adaptive control; event-triggering

control; system uncertainties; system stability; system performance.
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1. INTRODUCTION

Networked control of dynamical systems is an appealing methodology in reducing
cost for the development and implementation of control systems [1, 2, 3, 4, 5, 6, 7, 8].
These systems allow the computation of control signals via processors that are not attached
to the dynamical systems and the feedback loops are closed over wireless networks. In
a networked control setting, since the processors computing control signals are separated
from the dynamical systems, not only the feedback control algorithms can be easily mod-
ified as necessary but also this setting allows to develop small-size physical systems for
low-cost control theory applications.

1.1. Motivation and Literature Review. A challenge in the design and imple-
mentation of networked control systems is to reduce wireless network utilization. To this
end, the last decade has witnessed an increased interest in event-triggering control theory
[9, 10, 11, 12, 13, 14], where it relaxes periodic data exchange demand of the feedback
loops closed over wireless networks. Specifically, this theory allows aperiodic data ex-
change between the processors computing control signals and the dynamical systems, and
hence, asynchronous data can be exchanged only when needed.

In networked control systems, another challenge is to guarantee system stability in
the presence of system uncertainties. Often when designing feedback controllers for dy-
namical systems, idealized assumptions, linearization, model-order reduction, exogenous
disturbances, and unexpected system changes lead to modeling inaccuracies. If not miti-
gated, the uncertainties present in the system model can result in poor system performance
and system instability [15, 16, 17, 18, 19, 20, 21, 22]. Therefore, it is essential in the
feedback control design process to achieve robust stability and a desired level of system
performance when dealing with dynamical systems subject to system uncertainties.

Motivated by these two challenges of networked control systems, this chapter stud-
ies control of uncertain dynamical systems over wireless networks with event-triggering.

To this end, we consider an adaptive control approach rather than a robust control ap-
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proach, since the former approach requires less system modeling information than the
latter and can address system uncertainties and failures effectively in response to system
variations. Notable contributions that utilize event-triggered adaptive control approaches
include [23, 24, 25, 26, 27].

In particular, [23, 24] develop neural networks-based adaptive control approaches to
guarantee system stability in the presence of system uncertainties, where these results only
consider one-way data transmission from a dynamical system to the controller. Two-way
data transmission over a wireless network; that is, from a dynamical system to the controller
and from the controller to this dynamical system, is considered in [25, 26, 27] to guarantee
system stability under system uncertainties. The major difference between the results in
[25, 26] and [27] 1s that the latter does not require the knowledge of a conservative upper
bound on the unknown constant gain resulting from the system uncertainty parameteriza-
tion. Finally, it should be noted that all these approaches documented in [23, 24, 25, 26, 27]
consider an event-triggered state feedback adaptive control approach. Yet, output feedback
is required for most applications that involve high-dimensional models such as active noise
suppression, active control of flexible structures, fluid flow control systems, and combus-
tion control processes [28, 29, 30, 31, 32, 33, 34, 35].

1.2. Contribution. In this chapter, networked control for a class of uncertain dy-
namical systems is studied. Since a critical task in the design and implementation of
networked control systems is to reduce wireless network utilization while guaranteeing
system stability in the presence of system uncertainties, an event-triggered adaptive con-
trol architecture is presented in an output feedback setting to schedule two-way data ex-
change dependent upon errors exceeding user-defined thresholds. Specifically, we con-
sider the output feedback adaptive control architecture predicated on the asymptotic prop-
erties of LQG/LTR controllers [33, 21, 34, 35], since this framework has the capability to

achieve stringent performance specifications without causing high-frequency oscillations
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in the controller response, asymptotically satisfies a strictly positive real condition for the
closed-loop dynamical system, and is less complex than other approaches to output feed-
back adaptive control (see, for example, [29, 30, 31]).

Building on this output feedback adaptive control architecture as well as our pre-
vious event-triggered state feedback adaptive control methodology [27], it is shown using
tools and methods from nonlinear systems theory and Lyapunov stability in particular that
the proposed feedback control approach guarantees system stability in the presence of sys-
tem uncertainties. In addition, the effect of user-defined thresholds and output feedback
adaptive controller design parameters to the system performance is rigorously character-
ized and discussed. Moreover, we show that the proposed event-triggered output feed-
back adaptive control methodology does not yield to a Zeno behavior, which implies that it
does not require a continuous two-way data exchange and reduces wireless network utiliza-
tion. Similar to the state feedback case [27], we also show that the resulting closed-loop
dynamical system performance is more sensitive to the changes in the data transmission
threshold from the physical system to the adaptive controller (sensing threshold) than the
data transmission threshold from the adaptive controller to the physical system (actuation
threshold), which implies that the actuation threshold can be chosen large enough to reduce
wireless network utilization between the physical system and the adaptive controller with-
out sacrificing closed-loop dynamical system performance. The efficacy of the proposed
event-triggered output feedback adaptive control approach is demonstrated in an illustrative
numerical example. Although this chapter considers a particular output feedback adaptive
control formulation to present its main contributions, the proposed approach can be used
in a complimentary way with many other approaches to output feedback adaptive control
concerning robotic manipulators (see, for example, [36, 37, 38, 39]).

1.3. Notation. The notation used in this chapter is fairly standard. Specifically, R
denotes the set of real numbers, R” denotes the set of n X 1 real column vectors, R**™
denotes the set of n X m real matrices, R, denotes the set of positive real numbers, R’} *"

denotes the set of n X n positive-definite real matrices, S"*" denotes the set of n X n
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symmetric real matrices, D"*" denotes the set of n X n real matrices with diagonal scalar
entries, (-)T denotes transpose, (-)~! denotes inverse, tr(-) denotes the trace operator, and
“2” denotes equality by definition. In addition, we write Api, (A) (respectively, Amax(A))
for the minimum and respectively maximum eigenvalue of the Hermitian matrix A, || - || for
the Euclidean norm, and || - ||r for the Frobenius matrix norm. Furthermore, we use “V”’ for

the “or” logic operator and “(-)” for the “not” logic operator.

2. OUTPUT FEEDBACK ADAPTIVE CONTROL OVERVIEW

In this section, we overview the output feedback adaptive control architecture pred-
icated on the asymptotic properties of LQG/LTR controllers [33, 21, 34, 35], which are
needed for the main results of this chapter. For this purpose, consider the uncertain dynam-

ical system given by
ip(t) = Apxp(1) + ByA [u(t) + A (xp(0) |, xp(0) = xpo, (1)

yreg(t) = Cregxp (1), (2

where A, € R"*", B, € R™*", and Cie; € R”*" are known system matrices, x, (1) € R
is the state vector, which is not available for state feedback design, u(¢) € R is the control
input, A € R N D™ is an unknown control effectiveness matrix, A : R” — R" is a
system uncertainty, and ye,(f) € R"™ is the regulated output vector. In addition, we assume

that the uncertain dynamical system given by (1) and (2) has a measured output vector

Yp(t) = Cpxp(2), 3)

where y,(t) € R»,C, € R*"™, and [, > m such that the elements of yreg(?) are a subset
of the elements of y,(z). Throughout this chapter, we assume that the triple (A, B, Cp) is

minimal, the system uncertainty in (1) can be linearly parameterized as
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Alxp (1) = W), (xp (1)), (4)

where W, € R**™ is an unknown weight matrix satisfying ||[W,||r < w*, w* € Ry, and

0o (xp(1)) is a known Lipschitz continuous basis vector satisfying

lloo(xp) = oo (Ep)Il < Lo llxp = Xpll, &)

with L, € R;. These assumptions are standard in the output feedback adaptive control
literature (see, for example, [33, 21, 34, 35, 40, 41]). For the case when the system un-
certainty given by (4) cannot be perfectly parameterized and/or the basis vector does not
satisfy (5), note that universal approximation tools such as neural networks can be used in
the basis vector on a compact subset of the state space (see, for example, [42, 43]).
Similar to the approaches documented in [40, 41, 33], we consider a state observer-
based nominal control architecture to achieve command following, where control of the
regulated outputs that are commanded include integral action and the regulated outputs

that are not commanded are subject to proportional control. For this purpose, let

Ie. Cre
Yregl () gl xp(t), ©)

Yreg(t) =
)’regZ(t ) Cregz

where yreg1(f) € R, r < m, is regulated with proportional and integral control to track a
given command vector 7(f) € R,y () € R™™" is regulated with proportional control,

Creg1 € R, and Creg € Rm=r%m Now, we define the integrator dynamics as
Xint(£) = _yregl(t) +r(t) = _Creglxp(t) + 1,1 (1), (7

where xin(f) € R’ is the integral state vector. Utilizing (1), (2), and (7), the augmented
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system dynamics are now given by

A, 0 B, 0
i(t) = x(t) + Afu@®) + Axp(@) | + r (1), (8)
~Cp1 0 0 I,
—— ~——
A B B;
Y ® = | Cg 0 |50, 9
T

where x(t) = [x; (1),x) (D]T € R", A € R™", B € R™", B, € R ,Creg € R™", and
n = np + r. In addition, the augmented measured output vector becomes
yp(?) G 0

y(t) = = x(t) (10)
Xint(?) 0 I,

where y(r) e R/, C e R™*", and [ = I +r.

Next, we define the feedback control law as

u(t) = un(1) + ua (1), (11)

where u, () is a nominal control law and u,(7) is an adaptive control law. Using the output
feedback adaptive control architecture documented in [33, 21, 34, 35], we consider the

nominal controller given by
un(t) = —K. (1), (12)

where K, € R™*" is a feedback matrix and £(¢) is an estimate of the augmented system
state vector x(¢) through a state observer to be defined later in this section. In order to de-

termine the structure of the adaptive controller, we rewrite the augmented system dynamics
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given by (8) and (9) as

i(t) = Ax(t) + Bun(1) + BA (1a(t) + W0 (xp(0).un(1))) + Ber (1), (13)

T T
where W = \WT 1, .., — A—l] e ROvmxm and o (xp(t),un(t)) = [O'E(xp(t)),ug(t) €

R™™_ Motivating from the structure of the system uncertainties appearing in (13), consider

the adaptive controller given by
(1) = W) o (£p(0),un(1)), (14)

T
where o= (%5 (1), un(1)) £ [ag(xp(r)),ug(r)] € R™™ and W(r) € R+ is the estimate

of the unknown weight matrix W through the weight update law
4 2 T p~27cT
W(r) = T Proj,, [W(t),—O' (%p()un(0) 5T (OR,>ZS |, (15)

where Proj, denotes the projection operator defined for matrices [44, 45, 21, 27], T" €

RUHMXGHM) 4 glstm)X(s+m) s g Jearning rate matrix, () € R! given by

F(©) = 3(0) —y(@) = C(X@) — x(1)), (16)

is the measured output error, and x(¢) € R" is the estimated augmented system state ob-

tained through the state observer given by

X(1) = AR(1) + Buy(1) + Ly (y(t) = $(1)) + By (1), (17)

y(@) = Cx(1), (18)

with L, € R"*! being the state observer gain matrix.
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Following [33, 21], the state observer gain matrix is given by

L,=P,C'R;, (19)

with P, € R being the unique solution to the algebraic Riccati equation

0= P, (A+nLsn)" + (A+nlixn) P, — P,C'R;'CP, +Q,, neR,, (20)

+1

QV = QO + (V ) BSB;F’ QO € R’-{l-xnv S R+a (21)
1%

RV:(Vil)RO, Ry € RIX. 22)

In (21), By = [B, B>], where B, € R (=™ j5 a matrix such that det(CB,) # 0 and
C(sl,xn—A)~ "By is minimum phase. Note that / > m is assumed in the above construction,

where if /[ = m then B, = 0. In addition, the observer closed-loop matrix given by
A, =A-L,C=A-PC'R'C (23)

is Hurwitz for all v € R,. Moreover, let P, = P;' and S = [Luxm » Omx (1—m)] to note

[33, 21]

~ -1
P,B=C'R,*ZS" +O(v), (24)

and

ATP, + P,A, = -C"R;'C - P,Q,P, - 21P, < 0. (25)

In (15) and (24), Z = (UV)T, where two unitary matrices U and V result from the singular

-1/2

value decomposition BT C TR0

= UXV and X is the diagonal matrix of the corresponding
singular values. In (24), “O(:)” denotes the Bachmann-Lundau asymptotic order nota-
tion [46, 47]. For additional details on the output feedback adaptive control architecture

overviewed in this section, we refer to [33, 21] as well as [34, 35]. To summarize, as
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previously discussed, the considered architecture has the capability to achieve stringent
performance specifications without causing high-frequency oscillations in the controller
response, asymptotically satisfies a strictly positive real condition for the closed-loop dy-
namical system, and is less complex than other approaches to output feedback adaptive
control.

Finally, for analysis purposes later in this chapter, we define the reference model

capturing the ideal closed-loop dynamical system performance given by

Xm = AnXm(?) + Bur (),  xm(0) = xmo, (26)

Ym = CRegxma (27)

where x,(f) € R" is the reference model state, A, = A — BK,, is Hurwitz, and B, = B;. In

addition, let

(1) £ 2(0) - x(0), (28)
é(t) = X(t) — xm(1), (29)
W) £ W) - W. (30)

be the state estimation error, the state tracking error, and the weight estimation error, re-

spectively. Now, we can write

é(t) = Amé(t) + L, (y(1r) = 3(1)) €19

using (17) and (26), and write

X()

(A= L,C) &(t) + BA (W' (t)o (3(1),un (1)) = WTo (xp(1),un (1))

AVE(t) + BA (W ()0 (£p(0).un(0) + 8 ()., (32)

using (13) and (17), where g (-) 2 W (0" (£p(1),ua (1)) = o (xp(1),ua(1))).
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ug(t t
() Uncertain Dynamical System y(t)

<----  Event Triggering Mechanism | -- -

Z0OH

Adaptive Controller
u(t) ys(t)

Figure 1. Event-triggered adaptive control system.

3. EVENT-TRIGGERED OUTPUT FEEDBACK ADAPTIVE CONTROL

In this section, we present the proposed event-triggered output feedback adaptive
control architecture, which allows a desirable command following performance while the
proposed controller exchanges data with the uncertain dynamical system through a wireless
network. Mathematically speaking, the uncertain dynamical system sends its output signal
to the adaptive controller only when a predefined event occurs. The kth time instants of
the output transmission is represented by the monotonic sequence {sx},._,, where s; € R,.
The controller then uses this triggered system output signal to compute the control signal
using the output feedback control architecture. Likewise, the updated feedback control
input is transmitted to the uncertain dynamical system only when another predefined event
occurs. The jth time instants of the feedback control transmission is then represented by

[s¢]

the monotonic sequence {r j} r where r; € R,. As depicted in Figure 1, each system

j=
output signal and control input is held by a zero-order-hold operator (ZOH) until the next
triggering event for that signal takes place. In this chapter, we do not consider delay in

sampling, data transmission, and computation.
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3.1. Proposed Event-triggered Adaptive Control Algorithm. Based on the two-
way data exchange structure depicted in Figure 1, consider the augmented uncertain dy-

namical system given by

i(t) = Ax(t) + BA |us(t) + Alxp() | + Ber (1), (33)

Yreg(t) = Cregx(1), (1) = Cx(1), (34)

where us(t) € R™ is the sampled control input vector. Under the assumptions stated in
Section 2 and considering the feedback control law given by (11) subject to the nominal
controller given by (12) and the adaptive controller given by (14), the augmented uncertain

dynamical system given by (33) and (34) can be equivalently written as

i(t) = Ax(£) + Bun(1) + BA (ua(t) + W0 (xp(0).un(1)) ) + BA (us(t) — u(t)) + Byr (1),

(35)
yreg(t) = CRegx(l)a y() = Cx(1). (36)
In addition, we consider
W (1) = T Proj,, [ W (1), =0 (5(1),a()) (5() = 3 ()" Ry 2257, (37)
for the estimated weight matrix W(t) in (14) and
X(t) = AR(t) + Buy(t) + Ly (ys(t) — $(t)) + Ber (1)
= Amf(1) + Ly (ys(1) — (1)) + Bir (1), (38)
y@) = Cx@), (39)

for the state observer, where yq(t) € R’ in (37) and (38) denotes the sampled augmented

measured output vector.
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Table 1. Event-triggered output feedback adaptive control algorithm.

Augmented unc. dyn. sys. X(t) = Ax(t) + BA [us(t) + A(xp(t))] + B,r (1),
yreg(t) = CRegx(t)a

y() = Cx()
Feedback control law u(t) = un(t) + u,(t)
Nominal control law un(t) = =K, x(1)
Adaptive control law (1) = =W (N o (8p(0).un(1)),
W) =T Plrojm[Wm, 0 (&p(1),un()) ($ (1) = ()T
‘R,2ZST|
State observer £(t) = Apk(t) + L, (vs(t) = (1)) + Byr (1),

y(@) = Cx()

The proposed event-triggered output feedback adaptive control algorithm is sum-
marized in Table 1. Specifically, based on the two-way data exchange structure depicted in
Figure 1, the controller generates u(¢) and the uncertain dynamical system is driven by the
sampled version of this control signal us(¢) depending on an event-triggering mechanism.
Similarly, the controller utilizes ys(¢) that represents the sampled version of the uncer-
tain dynamical system measured output y(¢) depending on an event-triggering mechanism.
These event-triggering mechanisms are stated next.

3.2. Scheduling Two-way Data Exchange. Let €, € R, be a given, user-defined
sensing threshold to allow for data transmission from the uncertain dynamical system to the
controller. In addition, let €, € R, be a given, user-defined actuation threshold to allow for

data transmission from the controller to the uncertain dynamical system. Similar in fashion
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to [25, 27], we now define three logic rules for scheduling the two-way data exchange

Er: lys@ —y@ll < €y, (40)
Ey o us(@®) —u@)l < €y, (41)
E5: The controller receives yg (7). 42)

Specifically, when the inequality (40) is violated at the s; moment of the kth time instant,
the uncertain dynamical system triggers the measured output signal information such that
ys(t) is sent to the controller. Likewise, when (41) is violated or the controller receives
a new transmitted system output from the uncertain dynamical system (i.e., when E, V
Ejs is true), then the feedback controller sends a new control input u4(¢) to the uncertain
dynamical system at the r; moment of the jth time instant.

Finally, using the definitions given by (28), (29), and (30), we write

&) = Amé(t) + Ly (ys(t) = (1)), é(0) = &, (43)
B(t) = AE@) + Ly (5:(0) = y(0)) + BA (W (D)o (£5(1),ua (1)) + 2 ()
—BA (ug(t) —u(t)), x(0)= Xo. (44)

In the next section, we analyze the stability and performance of the proposed event-triggered
output feedback adaptive control algorithm introduced in this section (see Table 1) using
the error dynamics given by (43) and (44) well as the data exchange rules E, E,, and E3

respectively given by (40), (41), and (42).

4. STABILITY AND PERFORMANCE ANALYSIS

For organizational purposes, this section is divided into three subsections. Specifi-
cally, we analyze the uniform ultimate boundedness of the resulting closed-loop dynamical

system in Section 4.1, compute the ultimate bound and highlight the effect of user-defined
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thresholds and the adaptive controller design parameters to this ultimate bound in Section
4.2, and show that the proposed architecture does not yield to a Zeno behavior in Section
4.3.

4.1. Uniform Ultimate Boundedness Analysis. The following theorem presents
the first result of this chapter.

Theorem 1. Consider the uncertain dynamical system given by (33) and (34), the
reference model given by (26) and (27), the state observer given by (38) and (58) with the
state observer gain matrix in (19) along with (20), (21), and (22), and the feedback control
law given by (11), (12), (14), and (37). In addition, let the data transmission from the un-
certain dynamical system to the controller occur when E| is true and the data transmission
from the controller to the uncertain dynamical system occur when E, V Ej is true. Then,
the closed-loop solution (X (t), W(t),é(¢)) is uniformly ultimately bounded for all initial
conditions.

Proof. Since the data transmission from the uncertain dynamical system to the
controller and from the controller to the uncertain dynamical system occur when E; and
E, V Ex are true, respectively, note that ||ys(¢) — y(¢)|| < €, and |lus(¢) — u(?)|| < €, hold.

Consider the Lyapunov-like function given by
VEW,e) = ()P, % + tr ((WA%)TF—I(WA%)) + Bé"Pe, 45)

where P, € R™*" is a solution to (25) with R, € R/ and Q, € R™", v € R,, n € Ry,

B € R, and P € R7*" N S$"*" is a solution to
0=ALP+ PA, - PBR'BTP +Q, (46)

with R € R™*™ and Q € R™". Note that V(0,0,0) = 0 and V(X,W,é) > 0 for all
(%,W,é) # (0,0,0). The time-derivative of (45) is given by
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V(E@D),W(1),é())

25T (1) P,3(1) + 2tr (WO W(OA) + 287 (1) Pé (1)

2xT<t)ﬁv(Avx(t) + Ly (35(t) = y()) + BA(WT ()0 (£p(1),un(t)) + g ()
— BA (us(t) — u(?)) ) +2tr (WIOT™'W()A) + 288" (1) Pé(r)

= —&'(t) (C"R;'C + P,Q, P, + 29 P, ) (1) + 28" (1) P, Ly (ys(t) — y(1)) + 25" (1)
- P BAW (t)0 (%p(0),un (1)) + 25T (1) P, BAg () = 25" (1) P, BA (us(1) — u(t))
+2tr (WIOD'W(n)A) + 2887 (1) Pé(r)

= (1 + %) () CTR CR(t) — ¥ ()P, Q0P %(t) - (1 + %) zT(t)P,BsBI P, (1)
= 25T O PE0) + 28 () (CTR 2T+ 00) | AT (0 (8 (1),0(1)

+ 251 PBAg () + 28 () Py Ly (35(1) = y(0)) = 28" (1) PyBA (us(t) — u(1))
+2ur (WIOT'W(n)A) + 288 (1) Pé(r)

= - (1 + %) FN()CTRy' Cx (1) — 7 (1) P, Qo P, % (1) — (1 + %) ()P, BBl P,%(1)
= " ()P E(t) + 28T (DO WAWT (1) (8p(1),un(1)) + 257 (1) P, BAg ()

+ 257 ( P, Ly (y5(t) = y(1)) = 28T (1) P, BA (us() — u(1)) + 2t(WT (1) (L' W (1)

+ 0 (2(0,n(0) TRy *ZST)A) + 28T ()P (Amé(t) + Ly (35() = 5(1)) . (47)

Now, noting [|O(v)|| < vK, K € Ry, and using (37) in (47) yields
V&), W(),é(1))
< - (1 + %) () CTRy Cx(t) - ¥ (1) P, Qo P, X(1) - (1 + %) %T(t)P,BsB] P, (1)
- 2mET ()P, % (1) + 25T () OWAWT (1) ()?p(t),un(l)) + 250 (1)P,BAg (+) + 25T (1)
By (35(1) — y(0)) = 287 (1) B, BA (us(1) — u(0)) + 2 (ys(t) — (1)) Ry ZSTA

W) (8p(0).un(0)) = B" (1) (~PBR™'BTP + Q) é(t) - 28" (1) PL,C(1)
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+288T(t)PL, (y5(t) — y(1))
1 . 1
< - (1 + ;) Amin(RyHICIZ N1ZON? = Amin(Q0) A2, (P IF()I* - (1 + ;)
A (P IBSIIE IEOI = 27 Amin(P) 1RO + 2K | Allg |[W (0)] |
P,B

o (£ @) | 1Z @1 + 2 1% P,

plIAlE g O + 2 IX@)]

Lyl €y

2 1EON || B]|, 1Al €4 + 26, Amin(Ry D) |28 1A [WO||, o (£ 00)]

— B(Amin(Q) = Amax (R IPBIE ) 16117 + 28 160 | |1 PLClIg 1£(0) |

+ 2B [N Plle 1Ly |lp €y- (48)

Next, using (5), an upper bound for ||g (-)|| in (48) is given by

Ig Ol = [WT (o (£p(0).un () = o (xp(0).ua () )|

< Wans L [2(6) = 0|
Kg

< K IF0)l, (49)

where K, € R, and [|[W|[r £ Wmnax, Wmax € R;. In addition, noting pr(t)H < ||X(®)]] and
using (5), one can compute an upper bound for ||a' (ﬁp(t), un(t)) H in (48) as
o (2p).ua())|| = [|o (£p0).a () + o (0) = & (0)|
<Nl Ol + |l (). ua(®)) = o (O)|

A (%)) — o (0)

uy (1)

—= Vo

< by + \/ o (2) = o O + 1K 2 12012

< by + L2 IO + IKJ2 1502

< by +/Lg + KN IZO- (50)
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Furthermore, since Ay, is Hurwitz and r(¢) is bounded in (38), there exist constants {; and

o such that || £(7) || < &1 + & |lys(¢) — $(2)]| holds [48], where this yields

XD < &1 + 26y + LAICHIE 1X@] - (1)

Finally, using (51) in (50) gives

o (250, un(®)) || < br + \LZ + K2 (81 + L2y + 2ICIE 17O))

= b1+ byey + b3 |IXII, (52)

where by £ by + {iVLE + |Kll?, by 2 L LE + (|K|I?, and b3 2 || Clley LG + 1K ]I%.
Noting that Amin(Py) = Amin(Po) > 0[21] and using the bounds given by (49) and
(52) in (48), one can write
V(E(@),W(1),é(1))

1 ~ 1
< - (1 + ;) Amin(RyDICIZ NFON? = Amin(Q0) A2 (Po) IF()I* - (1 + ;) | By 12

22

min

(Po) 1Z(O11* = 20 Amin(Po) |Z(O11> + 2Ky |Allg |[W@)||.. (b1 + bae,
F

+ b IEON) 120 +2 ||P.B P,

[ AR K 1RO + 2|2y || Ly lIg €y 1)

+ 2|8, B|| 1Al €0 1501 + 26, Amin(Ry ) |Z8T| 1AL W ), (b1 + bre,

+ b3 | EON ) = B(Amin(Q) = Amax (R™Y IPBIE ) 1613 + 28 16 I PLLCll
NEOI + 2B 1Pl Lo llg € 1@l

1 _ 5 1 5
(1 + ;) /lmin(RO I)HC”l% + /lmin(QO)/lrznin(PO) + (1 + ;) ”BYHI% /lzmin(PO)

+ 20 Amin(Po) = 2KV | Allg |W ()|, b3 - 2|2, B

2Kv [[Allp

| ||A||FKg] IE ()11 +

AT, (b1 + baey) + 2B, ByB|, AT € + 2€, Amin(Ry )

L llp ey +2]
|2 nAlle [ W, bs] 1K1 = B (Anin(Q) = Amax(R™) 1PBI) 160113

-1
+2B11eOINIPLCll 1T+ 2B 1 Plle Lyl € 1201 + 26y Amin(Ry ™) || 2™
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ATE W@ (b1 + baey) - (53)

Moreover, consider 2xy < ax?

+ éyz that follows from Young’s inequality [49] ap-
plied to scalars in x € R and y € R, where @« € R,. Using this inequality for the

2B11eOINPLCllF IX()]] term in (53) yields
V(@) W(1),é(1))

< —

1
(1 + ) mln(R )”C”F + ﬂmm(QO)/l?mn(PO) + (1 + ) ”Bs”F /lrznm(PO)

+ 200 Amin(Po) = 2KV || Allg || W (2)] |, b3 - 2KV || Allp

] 211> +

T, (b1 + b2e,) 26, din(Ry )

v”F €y

NzsT| nale [Wo . b3] IEO1 = B (Amin(Q) = Amax (R IIPBIIE) 60113
2
+a||PL,CII}|I% <t>||2+ﬁ—|| EIE+ 2B 1Pl Lol € 1€ + 26, dmin(Ry *)

N Zs||. 1Al | W @) 1 + baey)

1
- (1 + V) mln(R )”C”F + /lmm(QO)/lmm(PO) + (1 + ) ”BS”F /lrzmn(PO)

+ 200 Amin(Po) — 2K | Allg ||W (2)]|,. b5 - K - a |IPLCIIE | 1511

2KV [|Allg ||V

Ly lr ey +2e,

Amin(Ry ) ||ZST||F IAILE |7 )|, b3] 1£()1l - [,B (Amin(Q) = Amax (R™1) IPBI3)
ﬁZ

16113 + 2B 1Pl 1 Luls € 161 + 26, Amin(Ry ) |[Z8]| AN [T 0 .

: (b1 + bzey)

< —d 1RO = d2 165 + d3 IR0 + da [|6@)|| + ds, (54)
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where di £ (1+ ) min(Rg DICIE + Amin(Q0) A

min

(Po) + (1 + L) IBylIE A2, (Po) + 2n

min

Amin(Po) = 2KV || Allp 9*b3 — 2|

P,B| lIAllg K, — @ IPL,ClIZ € Ry, dy 2 B(Amin(Q)
F

P,

+

— -1 2 — ﬁ_z A ~ %
Amax (R IPBIE) = £ € Ry, ds 2 2Kv || Allp#* (by + baey) + |

Lyl €y

- _1
2||BuB||,, IAlF €4 + 2€5 Amin(Ry *)

|ZST|| IAllE #*bs, da = 2B1IPlE ILylIg €y, and ds 2
_1 ~

26, Amin(Ry?) || ZS™||. I1Allg w* (b1 + baey) with ||W(1)]|., < " due to utilizing the projec-

tion operator in the weight update law given by (37).

Finally, we rearrange (54) as

. - d d
VRO W(0),60)) < - (Va 150 - =) = (Ve lle@)]| - —=)°

W, Wi
a 2
4 4
+(ds + 4d;, 4d2)’ 43)

which shows that V (%(r), W (1), é(t)) < 0 when ||Z(¢)|| > ¢ and ||é(¢)|| > ¥, where

2 2
d3 d3 i
wa T\ ds+ 73+ 17

Vdy ’

2 2
sy 4 4
2\/d_2+ d5+4d1+4d2

L . 57
Y2 NS (37)

>

Y1 (56)

This argument proves uniform ultimate boundedness of the closed-loop solution
(X(1),W(1), é(t)) for all initial conditions [50, 21]. [
In the proof of Theorem 1, it is implicitly assumed that d; € R; and d, € Ry,
which can be satisfied by suitable selection of the event-triggered output feedback adaptive
controller design parameters. Although this theorem shows uniform ultimate boundedness
of the closed-loop solution (X(1), W (t),é(t)) for all initial conditions, it is of practical im-

portance to compute the ultimate bound, which is given next.



57

4.2. Ultimate Bound Computation. For revealing the effect of user-defined thresh-
olds and the event-triggered output feedback adaptive controller design parameters to the
system performance, the next corollary presents a computation of the ultimate bound,
which presents the second result of this chapter.

Corollary 1. Consider the uncertain dynamical system given by (33) and (34), the
reference model given by (26) and (27), the state observer given by (38) and (58) with the
state observer gain matrix in (19) along with (20), (21), and (22), and the feedback control
law given by (11), (12), (14), and (37). In addition, let the data transmission from the un-
certain dynamical system to the controller occur when E is true and the data transmission
from the controller to the uncertain dynamical system occur when E, V Ej is true. Then,
the ultimate bound of the system error between the uncertain dynamical system and the

reference model is given by

1

le®ll = Ilx() —xmOll < ®|22L By +p Azl 127, 8

where ® 2 [Amax(P)Y? + Bdman (PIUF + T 71072 Al ] .

Proof. It follows from the proof of Theorem 1 that V(E(t),W(1),é(t)) < 0 outside
the compact set given by S = {(X(1),é(1)) : IF@)Il < ¢} N{(E@),é() : 16Dl < a2}
That is, since V (¥(t), W(¢), é(¢)) cannot grow outside S, the evolution of V (X(1), W(t),é(1))

is upper bounded by

VE®E,W@E),6(t)) < max V(EQE),W(@),é))
(X(1).6(1)eS
= Amax(P)YE + BAmax(PYY3 + T2 || Al

= 2. (59)
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It follows from T (1) P,X < V(X,W,¢é) and Bé"Pé < V(%,W,é) that ||Z(r)|* < 1 »&)(Zﬁ )

and |é(0)||> < m:’;ﬂp) Finally, since e(r) = x(t) — £(¢) + £(t) — xm(?), and hence,

leI < llx@) = 2O + 1X@) = xmOIl = IX@I + lé@)|l, the bound given by (58)

follows. ]

To elucidate the effect of the user-defined thresholds and the event-triggered output
feedback adaptive controller design parameters to the ultimate bound given by (58), let
A=-5B=1,C=1,W=1,R,=1,R=10,=1,0=1,A=1,a =05, and
B = 0.25. In this case, Figure 1 shows the effect of the variation in v and I" on the system
error bound forn = 5, €, = 0.1 and €, = 0.1. Specifically, one can conclude from this
figure that increasing I" reduces the ultimate bound and the minimum value of this bound
is obtained for v = 0.35. Figure 4 shows the effect of the variation in v and 1 on the system
error bound for I' = 100 and the same previously defined parameters. It is evident from
the figure, that increasing i increases the ultimate bound. This figure also shows that there
exists an optimum value of v for each n value, which allows the selection of the best value
of v to avoid increasing the ultimate bound.

Figures 3 and 7 show the effect of the variations in €, and €,, respectively. In par-
ticular, these figures show that the system error bound is more sensitive to the changes in
the data transmission threshold from the physical system to the adaptive controller (sens-
ing threshold, €) than the data transmission threshold from the adaptive controller to the
physical system (actuation threshold, €,), which implies that the actuation threshold can
be chosen large enough to reduce wireless network utilization between the physical system

and the adaptive controller without sacrificing closed-loop dynamical system performance.

4.3. Zeno Behavior Analysis. We now show that the proposed event-triggered
output feedback adaptive control architecture does not yield to a Zeno behavior, which
implies that it does not require a continuous two-way data exchange and reduces wireless

network utilization. For the following corollary presenting the third result of this chapter,
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6.5

01 02 03 04 05 06 07 08 09 1
v
Figure 2. Effect of I' € [5,100] and v € [0.01,1] to the ultimate bound (58) for n = 5,
€y = 0.1 and €, = 0.1, where the arrow indicates the increase in I' (dashed line denotes the
case with I'= 100).

4.5

llell

Figure 3. Effect of n € [5,20] to the ultimate bound (58) for €, = 0.1, ¢, = 0.1, v €
[0.01,1], and I" = 100, where the arrow indicates the increase in 7 (dashed line denotes the
case with p = 5).
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Figure 4. Effect of €, € [0, 1] to the ultimate bound (58) forn =5, ¢, = 0.1, v € [0.01,1],
and I" = 100, where the arrow indicates the increase in €, (dashed line denotes the case
with €, = 0.1 and blue bottom line denotes the case with €, = 0).

55

lell

Figure 5. Effect of €, € [0,1] to the ultimate bound (58) forn =5, €, = 0.1, v € [0.01,1],
and I' = 100, where the arrow indicates the increase in €, (dashed line denotes the case
with €, = 0.1).



61

we consider rl.k € (S, Sk+1) to be the ith time instant when E; is violated over (sg, Sk+1), and

i © is a sub £ {r;}” | it follows th T (s A
since {s},_, 1s a subsequence o {rj}jzl, it follows that {rj}jzl = {site, U {rl. }k:U:l,

where my; € N is the number of violation times of E5 over (Sg, Sk+1)-

Corollary 2. Consider the uncertain dynamical system given by (33) and (34), the
reference model given by (26) and (27), the state observer given by (38) and (58) with the
state observer gain matrix in (19) along with (20), (21), and (22), and the feedback control
law given by (11), (12), (14), and (37). In addition, let the data transmission from the un-
certain dynamical system to the controller occur when E| is true and the data transmission

from the controller to the uncertain dynamical system occur when E, V Ej is true. Then,

Sk+1 — Sk >0, Vk €N, (60)

rk —rf>0, Vie{0,..,my}, VkeN, (61)

holds.

Proof. The time derivative of ||xs(f) — x(¢)|| over t € (sk,Sk+1), Yk € N, is given

d
77 175 =y Ol < [13:@) =y Ol = ICX O < IClell @]
< ||C||F[ IAllE lx@I + IBllE IAllg [lus 1] + 1 BllE IAllg [[WIlE

Nlo (xp(®) Il + B llellr ()11 (62)

Now, we determine an upper bound for ||x(¢)|| in (62) as

IxOIl = 1£@) + @Ol < |E@O| + {1 + 265 + LAIClE IE@)]

=01+ ey + (1 + L|IClR) X (63)
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In addition, we determine an upper bound for ||o (xp(t)) || in (62) as

llo (xp ) 11 =llor (xp()) = o (£p()) + o (£p())
< Lo llE @)1 + llo (£,(0) |
< Lol% @l + llo (£p()) = o (0) [ + llo (0) |

< Lo 15Ol +Lo 1) | +ber
N—— N—
<[Ix®Il <[IE®Il

< LollFOI + Lo (81 + L€y + QICHE IEO) + be

= Ly (1 + QlICIE) 1FOI + Lo (41 + L2€y) + ber. (64)

Substituting (63) and (64) into (62), gives

d
=7 135 =y Ol < lIClIF | Allp [51 + ey + (1 + HIICIF) IIJ?(I)II] + [[CllellBllr | Allg
Nus@I+ NCHEIBIIE IAlE Winax [ Lo (1 + L2IClIR) 1D

+ Lo (41 + La€y) + by ] + IIClEN Beller (1). (65)

Since the closed-loop dynamical system is uniformly ultimately bounded by Theorem 1,
there exists an upper bound to (65). Letting ®; denote this upper bound and with the initial

condition satisfying lim,_, st [lys(t) — y()]| = 0, it follows from (65) that

lys(@) — y(@OIl < @1(r = sx), VI € (Sk,Sk+1)- (66)
Therefore, when E; is true, then lim,_m,;+1 lys (1) — y(®)|l = €, and it then follows from
€y

66) that — > —,
(66) that sy4+1 Sk_(D1



63

Similarly, the time derivative of ||u(f) — u(t)|| over t € (r¥,rk |

) ,Vi € N, is given
by

d
77 1us(@) —u@ < las (1) = i@l = a1 < [ OI + lla (D). (67)

Now, we determine an upper bound for ||z, ()| in (67) as

lin (Il = 1K X0l

< K RlZ@)l
< [IKxlle [IANENEOI + 1Bllellun (1l + I Lo llellys @) = SON + | Bellgllr @)1I]

< ||Kx||F[||A||F [(1 + ey + OIICHE IIX(t)II] + |IBllellun (O] + ILy eI ClIENIX (O]

+[ILyllrey + I B:llellr (Ol

: (68)

Letting ; to denote the upper bound of ||u,(¢)|| , we determine the upper bound of ||z, (¢) ||

in (67) as

lia (Ol = W (@) (2p(0).1n(6)) + W ()6 (£p(0).1n(0)) |
< ISZTRE 5(1) = y()0™ (5p(0ttn(1)) T (20t (0)) I
+ WO lle [lloo (£p(0)) 11 + a1l

< Anax(DISZTRE lellor (%p(00n()) 20y + WO e [ + Bi]. (69)

where || (ip(t)) || < o*. Substituting (68) and (69) into (67), gives

d =L A
- @) = u®) ]| < Anax DISZTRS Hlpller (2p(0).n(0) IP@1 + WOl [0 + 1] + B,

(70)
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Once again, since the closed-loop dynamical system is uniformly ultimately bounded by
Theorem 1, there exists an upper bound to (70). Letting ®, denote this upper bound and
with the initial condition satisfying lim _ «. |lus (t) — u (¢)|| = 0, it follows from (70) that

lus (1) = u(@)ll < @2t = rf), Ve (rhirly). (71)

i+1

Therefore, when E, V Ej is true, then lim, |« [lus(t) — u(?)|| = €, and it then follows from
i+1
k ks Eu
(71) thatr | —r; = 82 [ |
Corollary 2 shows that the intersample times for the system output vector and feed-

back control vector are bounded away from zero, and hence, the proposed event-triggered

adaptive control approach does not yield to a Zeno behavior.

5. ILLUSTRATIVE NUMERICAL EXAMPLE

In this section, the efficacy of the proposed event-triggered output feedback adaptive
control approach is demonstrated in an illustrative numerical example. For this purpose,

we consider the uncertain dynamical system given by

Xp1(2) 0 1 || xp1(2)

= A Jus(®) + AGrp0) |
Xpa(t) [0 0] x| |1
1 0 Xp1(2) Xp1(f)
W) = L o =1 o || a2
0.5 0.5 || xp(@) xpa(t)

For this study, let the uncertain parameters be A = 0.5 and W = [-2, 317, and we choose

o (xp(2)) = xp(1) as the basis function.
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For the nominal control design, we note

0O 10 0 0
A: O OO 2 B: 1 b} Br: O )

-1 0 0 0 1
1 0O O
c=105 05 0|, cReg=[1 0 o]. (73)

0 0 1

for (33) and (34). In particular, a linear quadratic regulator formulation is used to choose

K, of the nominal controller as

K, = R!

Igr BTqur, (74)

T -
0 = (A + 771quan) qur + qur (A + 771quan) - qurBquiBTPIqr + qur, (75)

where Qjq, = diag([20,3,1]), Rigr = 0.5, and 11, = 0.2 is considered, which yields K =

[9.6,5.2, —3.6]. Next, for the adaptive control design, we choose

10
B=|1 0|, (76)

0 1

to square up the dynamical system [21], which results in

010
Bi=111 0] (77)

0 01
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In particular, with (77), det(CBy) is nonzero and G(s) = C(sl,x, — A)~' B, is minimum
phase. To calculate the observer gain L, given by (19), we set Qg = I, Ry = 301, n = 10,
and v = 0.1 for (20), (21), and (22), which yields

20.24 -18.79 -0.97
L, = 0.72 39.84 -0.48 (78)
-0.97 0.01 20.16

Finally, note that d; e Ry andd, e Ry fora = 1and g = 1.

Figure 6 presents the results with the proposed event-triggered output feedback
adaptive control approach when €, = 0.3, and €, = 0.3 are chosen, where the output of the
uncertain dynamical system achieves a good command following performance. In Figures
7 and 8, we fix €, to 0.3 and change €, to 0.1 and 0.5, respectively. As expected from the
proposed theory, the variation on €, does not alter the command following performance
significantly. In addition, in Figures 9 and 10, we fix €, to 0.3 and change €, t0 0.1 and 0.5,
respectively, where it can be seen that the variation on €, alters the command following
performance more than the variation in €,, as discussed earlier in this chapter. Finally,
output and control event triggers for the cases in Figures 6-10 are given in Figure 11,
where it can be seen that increasing €, (respectively, €,) yields less output event triggers
when €, (respectively, less control event triggers when €,) is fixed, which reduces network

utilization.

6. CONCLUSION

A critical task in the design and implementation of networked control systems is
to guarantee system stability while reducing wireless network utilization and achieving
a given system performance in the presence of system uncertainties. Motivating from
this standpoint, design and analysis of an event-triggered output feedback adaptive con-

trol methodology is presented for a class of uncertain dynamical systems in the presence
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Figure 6. Command following performance for the proposed event-triggered output feed-
back adaptive control approach with I'= 50/, €, = 0.3, and €, = 0.3.
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Figure 7. Command following performance for the proposed event-triggered output feed-
back adaptive control approach with I'= 50/, ¢, = 0.3, and ¢, = 0.1.
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0 10 20 30 40 50 60 70 80

Figure 8. Command following performance for the proposed event-triggered output feed-
back adaptive control approach with I'= 50/, €, = 0.3, and €, = 0.5.
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Figure 9. Command following performance for the proposed event-triggered output feed-
back adaptive control approach with I'= 50/, ¢, = 0.1, and €, = 0.3.




69

50

0 10 20 30 40 60 80
20F *
—~ 10
N
3 1
0
0 10 20 30 40 50 60 70 80
t[s]

Figure 10. Command following performance for the proposed event-triggered output feed-
back adaptive control approach with I'= 50/, €, = 0.5, and €, = 0.3.
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Figure 11. Output and control event triggers for the cases in Figures 7-10.
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of two-way data exchange between the physical system and the proposed controller over
a wireless network. Specifically, we showed using tools and methods from nonlinear sys-
tems theory and Lyapunov stability in particular that the proposed feedback control ap-
proach guarantees system stability in the presence of system uncertainties. In addition, we
characterized and discussed the effect of user-defined thresholds and output feedback adap-
tive controller design parameters to the system performance and showed that the proposed
methodology does not yield to a Zeno behavior. Finally, we illustrated the efficacy of the

proposed adaptive control approach in a numerical example.
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ABSTRACT

The last decade has witnessed an increased interest in physical systems controlled
over wireless networks (networked control systems). These systems allow the computa-
tion of control signals via processors that are not attached to the physical systems, and
the feedback loops are closed over wireless networks. The contribution of this paper is
to design and analyze event-triggered decentralized and distributed adaptive control ar-
chitectures for uncertain networked large-scale modular systems; that is, systems consist
of physically-interconnected modules controlled over wireless networks. Specifically, the
proposed adaptive architectures guarantee overall system stability while reducing wireless
network utilization and achieving a given system performance in the presence of system
uncertainties that can result from modeling and degraded modes of operation of the mod-
ules and their interconnections between each other. In addition to the theoretical findings
including rigorous system stability and the boundedness analysis of the closed-loop dy-

namical system, as well as the characterization of the effect of user-defined event-triggering
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thresholds and the design parameters of the proposed adaptive architectures on the overall
system performance, an illustrative numerical example is further provided to demonstrate
the efficacy of the proposed decentralized and distributed control approaches.

Keywords: large-scale modular systems; networked control systems; uncertain dynamical
systems; event-triggered control; decentralized control; distributed control; system stability

and performance

1. INTRODUCTION

The design and implementation of decentralized and distributed architectures for
controlling complex, large-scale systems is a nontrivial control engineering task involving
the consideration of components interacting with the physical processes to be controlled.
In particular, large-scale systems are characterized by a large number of highly coupled
components exchanging matter, energy or information and have become ubiquitous given
the recent advances in embedded sensor and computation technologies. Examples of such
systems include, but are not limited to, multi-vehicle systems, communication systems,
power systems, process control systems and water systems (see, for example, [1, 2, 3, 4, 5,
6] and the references therein). This paper concentrates on an important class of large-scale
systems; namely, large-scale modular systems that consist of physically-interconnected and
generally heterogeneous modules.

1.1. Motivation and Literature Review. Two sweeping generalizations can be
made about large-scale modular systems. The first is that their complex structure and
large-scale nature yield to inaccurate mathematical module models, since it is a challenge
to precisely model each module of a large-scale system and the interconnections between
these modules. As a consequence, the discrepancies between the modules and their math-
ematical models, that is system uncertainties, result in the degradation of overall system
stability and the performance of the large-scale modular systems. To this end, adaptive

control methodologies [7, 8, 9, 10, 11, 12, 13] offer an important capability for this class of
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dynamical systems to learn and suppress the effect of system uncertainties resulting from
modeling and degraded modes of operation, and hence, they offer system stability and de-
sirable closed-loop system performance in the presence of system uncertainties without
excessively relying on mathematical models.

The second generalization about large-scale modular systems is that these systems
are often controlled over wireless networks, and hence, the communication costs between
the modules and their remote processors increase proportionally with the increase in the
number of modules and often the interconnection between these modules. To this end,
event-triggered control methodologies [14, 15, 16] offer new control execution paradigms
that relax the fixed periodic demand of computational resources and allow for the aperiodic
exchange of sensor and actuator information with the remote processor to reduce overall
communication cost over a wireless network. Note that adaptive control methodologies and
event-triggered control methodologies are often studied separately in the literature, where
it is of practical importance to theoretically integrate these two approaches to guarantee
system stability and the desirable closed-loop system performance of uncertain large-scale
modular systems with reduced communication costs over wireless networks, which is the
main focus of this paper.

More specifically, the authors of [17, 18, 19, 20, 21, 22, 23, 6] proposed decen-
tralized and distributed adaptive control architectures for large-scale systems; however,
these approaches do not make any attempts to reduce the overall communication cost over
wireless networks using, for example, event-triggered control methodologies. In addition,
the authors of [24, 25, 26, 27, 28, 29, 30] present decentralized and distributed control
architectures with event triggering; however, these approaches do not consider adaptive
control architectures and assume perfect models of the processes to be controlled; hence,
they are not practical for large-scale modular systems with significant system uncertain-
ties. Only the authors of [31, 32, 33, 34, 35, 36] present event-triggered adaptive control
approaches for uncertain dynamical systems. In particular, the authors of [31, 32] consider

data transmission from a physical system to the controller, but not vice versa, while de-
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veloping their adaptive control approaches to deal with system uncertainties. On the other
hand, the adaptive control architectures of the authors in [33, 34, 35, 36] consider two-way
data transmission over wireless networks; that is, from a physical system to the controller
and from the controller to this physical system. However, none of these approaches can be
directly applied to large-scale modular systems. This is due to the fact that large-scale mod-
ular systems require decentralized and distributed architectures, and direct application of
the results in [31, 32, 33, 34, 35, 36] to this class of systems can result in centralized archi-
tectures, which is not practically desired due to the large-scale nature of modular systems.
To summarize, there do not exist resilient adaptive control architectures for large-scale sys-
tems in the literature to deal with system uncertainties while reducing the communication
costs between the models and their remote processors.

1.2. Contribution. The contribution of this paper is to design and analyze event-
triggered decentralized and distributed adaptive control architectures for uncertain large-
scale systems controlled over wireless networks. Specifically, the proposed decentralized
and distributed adaptive architectures of this paper guarantee overall system stability while
reducing wireless network utilization and achieving a given system performance in the
presence of system uncertainties that can result from modeling and degraded modes of op-
eration of the modules and their interconnections between each other. From a theoretical
viewpoint, the proposed event-triggered adaptive architectures here can be viewed as a sig-
nificant generalization of our prior work documented in [35, 36] to large-scale modular
systems, which consider a state emulator-based adaptive control methodology with robust-
ness against high-frequency oscillations in the controller response [10, 37, 38, 39, 40, 41,
13, 42]. In this generalization, we also adopt necessary tools and methods from [23, 6]
on decentralized and distributed adaptive controller construction for large-scale modular
systems. In addition to the theoretical findings including rigorous system stability and
boundedness analysis of the closed-loop dynamical system and the characterization of the

effect of user-defined event-triggering thresholds, as well as the design parameters of the
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proposed adaptive architectures on the overall system performance, an illustrative numer-
ical example is further provided to demonstrate the efficacy of the proposed decentralized
and distributed control approaches.

1.3. Organization. The contents of the paper are as follows. In Section 2, we con-
sider an event-triggered decentralized adaptive control approach for large-scale modular
systems, where the considered approach assumes that physically-interconnected modules
cannot communicate with each other for exchanging their state information. Specifically,
Theorem 1 and Corollaries 1—4 show the main results of Section 2 subject to some struc-
tural conditions on the parameters of the large-scale modular systems and the proposed
event-triggered decentralized control architecture (see Assumptions 4 and 5). In Section
3, we consider an event-triggered distributed adaptive control approach in Theorem 2 and
Corollaries 5-7 for getting rid of such structural conditions, where the considered approach
assumes that physically-interconnected modules can locally communicate with each other
for exchanging their state information. Finally, the illustrative numerical example is pre-
sented in Section 4, and conclusions are summarized in Section 5.

1.4. Notation. The notation used in this paper is fairly standard. Specifically, R de-
notes the set of real numbers, R” denotes the set of n X 1 real column vectors, R”*" denotes
the set of n X m real matrices, R, denotes the set of positive real numbers, R’}*" denotes
the set of n X n positive-definite real matrices, S"*" denotes the set of n X n symmetric
real matrices, D"*" denotes the set of n X n real matrices with diagonal scalar entries, (‘)T
denotes transpose, (-)~! denotes inverse, tr(-) denotes the trace operator, diag(a) denotes
diagonal matrix with the vector a on its diagonal, and “£” denotes equality by definition.
In addition, we write Apin(A) (respectively, Amax(A)) for the minimum and respectively
maximum eigenvalue of the Hermitian matrix A, || - || for the Euclidean norm, and || - ||r for
the Frobenius matrix norm. Furthermore, we use “v” for the “or” logic operator and “(-)”

for the “not” logic operator.
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We adopt graphs [43] to encode physical interactions and communications between
modules. In particular, an undirected graph G is defined by Vg = {1,--- , N} of nodes and
asetEg € Vg X Vg, of edges. If (i,j) € Eg, then the nodes i and j are neighbors and the
neighboring relation is indicated with i ~ j. The degree of a node is given by the number
of its neighbors, where d; denotes the degree of node i. Lastly, the adjacency matrix of a

graph G, A(G) € RVXV is given by

1, ifG,)) € Eg,
[AG)]; = ¢ (1)

0, otherwise.

2. EVENT-TRIGGERED DECENTRALIZED ADAPTIVE CONTROL

In this section, we introduce an event-triggered decentralized adaptive control archi-
tecture, where it is assumed that physically-interconnected modules cannot communicate
with each other. For organizational purposes, this section is broken up into two subsections.
Specifically, we first briefly overview a standard decentralized adaptive control architecture
without event-triggering and then present the proposed event-triggered decentralized adap-
tive control approach, which includes rigorous stability and performance analyses with no
Zeno behavior and generalizations to the state emulator case for suppressing the effect of
possible high-frequency oscillations in the controller response.

2.1. Overview of a Standard Decentralized Adaptive Control Architecture With-
out Event-triggering. Consider an uncertain large-scale modular system S consisting of

N interconnected modules S;, i € Vg, given by:

Si: Xi(t) = Aix;i(t) + B; | Aju; (1) + A; (x;(1)) + Z 0ij(x;@) |, xi(0) = x0, (2)
i~
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where x;(f) € R™ is the state of S;, u;(t) € R™ is the control input applied to S;, A; €
R">%  B;(t) € R™*™ are known matrices and the pair (A;, B;) is controllable. In addition,
A; € R™MnD™MiXmi js an unknown module control effectiveness matrix; A; : R — R™
represents matched module bounded uncertainties; and 6;; : R"/ — R™ represents matched
unknown physical interconnections with respect to module j, j € Vg, such that (7, j) € &Eg.

Assumption 1. The unknown module uncertainty is parameterized as:

Ai(xi(1)) = W Bi(xi()), x; € R™, 3)

where W,; € R8*™i is an unknown weight matrix, which satisfies ||Wy;||p < w?, w! € Ry,

and B;(x;(t)) : R — RS& is a known Lipschitz continuous basis function vector satisfying:

1Bi(x1:) — Bi(x20)l < Lgillx1i — x2ill, “4)

with L,Bi e R,.

Assumption 2. The function 6;;(x;(¢)) in Equation (2) satisfies:

16:j (x; Il < aijllxj®ll, a;j >0, x; €RY. (5)

Next, consider the reference model S;; capturing a desired closed-loop performance

for module 7, i € Vg given by:

Sii X () = Apxi(t) + Brici(t),  x4(0) = xyo, (6)

where x;;(t) € R"™ is the reference state vector of S;;, ¢;(f) € R™ is a given bounded
command of S;;, A; € R"*" is the reference system matrix and B;; € R™*™i is the
command input matrix.

Assumption 3. There exist K;; € R™*" and K,; € R™*™ gsuch that A; =

A; — BiKj; and B;; = B;K>; hold with A;; being Hurwitz.
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Using Assumptions 1 and 3, Equation (2) can be equivalently written as:

5i(1) = Anxi(1) + Baci(t) + B |wi(0) + W oy (xi(0),ci(0) | + Bi Y 63 (x;1)), (7)
i~j

T
where W, £ [A;1W$ , Al._lKlTl. , Ai_leTl.] e R@itnitm)xm s the unknown weight ma-
T
trix and o (xi (1), ci(1)) = [BT(xi(0)) . xF (1), T(1)| € Re++m. Motivated from the
structure of the uncertain terms appearing in Equation (7), let the decentralized adaptive

feedback controller of S;, i € Vg, be given by:
C: w0 = =Wi) oy (i), (1)), ®)

where W; () is an estimate of W; satisfying the update law:

Wit) £ yiProjy, [Wilt) . o (xi(0).ci(0)) (xi(t) = xi (1) PiB;]. Wi(0) = Wi, (9)

where Proj,,, denotes the projection operator defined for matrices [44, 45, 10, 35], v; € R,

being the learning rate and P; € R’} ™" N §" %" being a solution of the Lyapunov equation:
0= A;EP,‘ + P,'Ar,‘ + R;, (10)
with R; € R} 0§77 Now, letting:

ei(t) = x;(1) — x4(1), (11)

Wi(r) = Wi(r) = Wi, (12)
and using Equations (6) and (7), the module-level closed-loop error dynamics are given by:

¢i(t) = Anei(t) — BAW (D)o (xi(1),¢i(1)) + B Z 0ij(xj(®), ei(t) =ep. (13)

i~j
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2.2. Proposed Event-triggered Decentralized Adaptive Control Architecture.
We now present the proposed event-triggered decentralized adaptive control architecture
for large-scale modular systems, which reduces wireless network utilization and allows a
desirable command tracking performance during the two-way data exchange between the
module S;, i € Vg, and its local controller C;, over a wireless network. For this objective,
we utilize event-triggering control theory to schedule the data exchange dependent on errors
exceeding user-defined thresholds. Specifically, the module sends its state signal to its
local adaptive controller only when a predefined event occurs. The k;-th time instants of
the state transmission of the module are represented by the monotonic sequence {sx, }Z’z 15
where s, € R,. The local controller uses this triggered module state signal to compute the
control signal using adaptive control architecture. In addition, the local controller sends the

updated feedback control input to the module only when another predefined event occurs.

The j;-th time instants of the feedback control transmission are then represented by the
[ee]

monotonic sequence {rji}jl:l,

where r;, € R;. As depicted in Figure 1, each module
state signal and its local control input are held by a zero-order-hold operator (ZOH) until
the next triggering event for the corresponding signal takes place. The delay in sampling,

data transmission and computation is not considered in this paper. Consider the uncertain

dynamical module i given by:

Si: xi(t) = Aixi(t) + B; | Ajugi (1) + A; (x;(2)) + Z 0;j(x; (1)), xi(0) = xj0, (14)
i~j
where ug; (1) € R™ is the sampled control input vector. Using Assumptions 1 and 3, Equa-

tion (14) can be equivalently written as:

xi(t) = Auxi(t) + Byci(t) + BiA; [usi(f) +Wlo (xi(t)axsi(t)’ci(t))] + B; Z 0;j(x;(1))
i~

+Bi A (usi (1) — u;(t)) + BiKy; (x5 (2) — x;(1)), (15)
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where x;() € R" is the sampled state vector, o (x; (1), x5i (1), ci(1)) = [ B (xi (1)) , xL(1)

, cl.T(t)]T € R&i*m+Mi Now, let the adaptive feedback control law be given by:
Gi: ui(1) = =Wi() o (xgi(1), ci(1)) (16)

where o (x(1).ci(1)) = [BT(ri()) . x5(0) . cF(1)]" e RE*+m and Wi(r) satisfies the

weight update law:
Wi (1) = yiProjy, [ Wi(t) . i (xa(1),ci(1)) el (1) PiBi |, Wi(0) = Wip, (17

with eg; (1) = x4 (t) — x;(t) € R™ being the error of the triggered module state vector. Note
that using Equation (16), Equation (15) can be rewritten as:
%i(t) =Auxi(t) + Byici(t) — BIAW ()0 (xgi(2),ci(1)) — BiAigi(-) + Bi Z 0;j(x;(1))
i~j

+ BiA;(usi(t) — u; (1)) + BiKy; (x5 () — xi(1)), (18)

where g;(+) = Wl.T [oi (xsi(2),ci(t)) — o (xi(t),x5i(t),ci(t))], and using Equations (18) and

(6), we can write the module error dynamics as:

¢i(t) =Agei(t) — BIAW (1) 0; (xi(1),¢i(t)) — BiAigi(+) + B; Z 0;j(x;(1))
i~

+ BiA;(usi () — u; (1)) + B Ky (x5 (¢) — x; (1)) (19)

The proposed event-triggered decentralized adaptive control algorithm is based on
the two-way data exchange structure depicted in Figure 1, where the local controller gener-
ates u;(t) and the uncertain dynamical module is driven by the sampled version of its local
control signal ug;(¢) depending on an event-triggering mechanism. Similarly, the local con-
troller utilizes x;(¢) that represents the sampled version of the uncertain dynamical module

state x;(¢) depending on an event-triggering mechanism. For this purpose, let €,; € R be a
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given, user-defined sensing threshold to allow for data transmission from the uncertain dy-
namical system to the controller. In addition, let €,; € R, be a given, user-defined actuation
threshold to allow for data transmission from the local controller to the uncertain dynami-
cal module. Similar in fashion to [33, 35], we now define three logic rules for scheduling

the two-way data exchange:

Eyit lxei(®) = xi(@ < €xis (20)
Byt usi(®) —ui (0 < €ui, (21)
E5;i The controller receives xg; (). (22)

Specifically, when the inequality in Equation (20) is violated at the s;, moment of
the k;-th time instant, the uncertain module triggers the measured state signal information,
such that xg;(¢) is sent to its local controller. Likewise, when Equation (21) is violated or
the local controller receives a new transmitted module state from the uncertain dynamical
system (i.e., when E» V Es is true), then the local controller sends a new control input
us; (1) to the uncertain dynamical module at the r;, moment of the j;-th time instant.

We now analyze the system stability and performance of the proposed event-triggered
decentralized adaptive control algorithm introduced in this section using the error dynam-
ics given by Equation (19), as well as the data exchange rules Ey;, Ey;, and E3; respectively
given by Equations (20)—(22). For organizational purposes, the rest of this section, is di-
vided into four subsections. Specifically, we analyze the uniform ultimate boundedness of
the resulting closed-loop dynamical system in Section 2.2.1, compute the ultimate bound
and highlight the effect of user-defined thresholds and the adaptive controller design param-
eters on this ultimate bound in Section 2.2.2, show that the proposed architecture does not
yield to a Zeno behavior in Section 2.2.3 and generalize the decentralized event-triggered
adaptive control algorithm using a state emulator-based framework in Section 2.2.4.

2.2.1. Stability analysis and uniform ultimate boundedness. We now present

the first result of this paper, where the following assumption is needed.
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Figure 1. Event-triggered adaptive control for large-scale modular systems.

Assumption 4. Dy; = Ain(Ri) =2 Amax (P BillF Xi~j @ij—Xivj Amax (P)) | Bjllrai
is positive by suitable selection of the design parameters.

Theorem 1. Consider the uncertain large-scale modular system S consisting of N
interconnected modules S; described by Equation (14) subject to Assumptions 1-4. Con-
sider, in addition, the reference model given by Equation (6), and the module feedback
control law given by Equations (16) and (17). Moreover, let the data transmission from
the uncertain dynamical module to the local controller occur when E|; is true and the data
transmission from the controller to the uncertain dynamical system occur when Es V Esi
is true. Then, the closed-loop solution (e;(?), Wi(1)) is uniformly ultimately bounded for all
i=1,2,...,N.

Proof. Since the data transmission from the uncertain modules to their local con-
trollers and from the local controllers to the uncertain modules occur when El,- and Ezi Vv Ej3;
are true, respectively, note that ||xg(¢) — x;(¢)]| < €, and |lug;(t) — u;(¢)|| < €, hold. Con-

sider now the Lyapunov-like function given by:

~ ~ L ~ 1
Vicen W) = €l Prer + 77"t (WA)T OB ). (23)
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Note that V;(0,0) = 0 and Vi(e;, W;) > 0 for all (e;, W;) # (0,0). The time-derivative of
Equation (23) is given by:
Vi(ei(1), Wi(1))

= 2e] () Pe;(t) + 2y ' tr (W ()W ()A;)

IA

2¢; (DP; (Ar,-e,(z) — BAW ()0 (x4 (1), ¢i(8) = Bikigi () + Bi ) 8ij(xj(1))
i~j

+BiAi(usi (t) — u;(t)) + B Ky (xsi(t) — xi(t») +2tr (W (1) Aoy (x5 (), ci (1)) e (1)

-P;B;)

< —e] (DRiei(t) = 2¢] (VPiBiNigi() + 2¢] (VP:B; ) 6;(x;(1)) + 2¢] () PiBiA;
i~j
(usi (1) = wi (1)) + 2e] (VP BiK i (xgi(t) = x;(1)) + 2r(W () Aicri (x (1), (1))

(xi(1) = x:(1))"P;B;)
< = Amin(R)lei(OI1* + 2lle; (1) Amax (P B lIF Aillg | gi ()
+12ei(0)PiB; ) 615 (i (O) + 2lles (Ol Amax (P BillENA Ilp€i + 2lle; ()] Amax (P;)

i~j
IBillel Kiillpexi + 2IWiO el Aillell o (xsi(2), ¢i(0) 1| €xi Amax (P 1| Bilg- (24)

It follows from Assumption 1 that an upper bound for ||g;(-)|| in Equation (24) can be given

by:
g = W Lo (xi (@), ci(0)) = i (xi (), x4 (8), i ()] |

< A7 kW] Lgi 11x6i (1) = xi(D)| < Kgi€x, (25)
—_——
Kgi

where Kg; € R,. In addition, one can compute an upper bound for ||o; (x4 (2),c;(¢)) || in
Equation (24) as:

llomi Cxi (@), ci(O) I < NI Bi(xsi O + llxsi ] + llci (D]

< Lgillxsi (O] + llxsi (O] + llci (]
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= (Lpi + Dexi + (Lgi + Dlle;(D|l + (Lgi + Dx; + llci (D], (26)

where ||x:;(¢)|| < x;;. Then, using the bounds given by Equations (25) and (26) in Equa-
tion (24), one can write:

Vi(ei (1), Wi(1))

< —Amin(R) le; (011> + (2/1max(Pi)||Bi||F||Ai||FKgiExi + 2 Amax (PO Bille || A | F€ui
+2 Amax (PO BilIEI K i llp€xi + 211W; (Ol Aille(Lgi + 1)/1max(Pi)||Bi||F€xi) lle: (Ol
N AGIE® ((Lﬁi + ey + (Lgi + Dxj; + ||Ci(f)||) Amax (P) || Bi |lp€ xi

+12ei()PiB; ) 61 (e (D)
i
= —ciille; )1 + caille (D)l + c3i + [12€:(1) P;Bidi; (x; (), (27)

where ¢i; = Amin(Ri), ¢2i = 2Amax(P)IB|EIIA IR Kgi€xi + 2Amax (P BillelIAjllpe€wn +
2 Amax (PHIBillEI K ille-€xi + 2W] [|AGlIE(L gi+1) Amax (Pi) | Billr€xi and ¢3; = 2w} | Ajllg ((Lgi+
Dexi + (Lgi + Dx; + |lci(0)1]) Amax (P) || Billp€x; with |W:(Olr < W due to utilizing the
projection operator in the weight update law given by Equation (9).

Since x;(t) = e;(t) + x;j(t) with [|x; ()| < x;‘j, it follows from Assumption 2 that:

1" 65 Gyl < Y aij[lle; )l + x5, . (28)
i~j

i~j

Furthermore, using Equation (28) in the last term of Equation (27) results in:

12ei())PiB; Y 615N < 2Amax (P ler NIBillEll Y 61Cxj )]

i~j i~j
< 2Amax (P eI Blle Y aij[lle; )l + x5,
i~j

< Amax(PIBiIIE ) evig [ 2llei®llle; (O + 2lles ()l |
i~j
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< Amax(POIBillE ) e 20lei 17 + lle; 01 + x5, (29)

i~j

where Young’s inequality [46] is considered in the scalar form of 2xy < vx? + y*/v, where
x,y € Rand v > 0, and applied to terms ||e;(¢)|||[e;(¢)|| and ||e,~(t)||xfj with v = 1. Hence,

Equation (27) becomes:

Vilei (0, W) < =[ et = 2Amax(POIBillE ) e [lles ()1

i~j
dyi

+ Amax (P || Billg Z aijllej (D11 + exlle ] + i, (30)

fi i~
where ¢; 2 ¢3 + Amax (PN Bill Zi-j @ijx};”.
Introducing:

N

V)= ) Vile(®),Wi1)), (31)

i=1
for the uncertain system S results in:
N

V() < Z [ — dyillei)I* + fi Z aijlle;OI* + cxlle )] + Soi]

i=1 i~j

N
= > - (du =3 fran )l + calles®)l + ], G2
Dy

where Dy; > 0 is defined in Assumption 4. Letting e,(t) = [|le1(®)]],... ,||eN(t)||]T,
D, = diag([ D11, .., Din]), C2 = diag([ca1,...,con]) and ¢, = Zf\il @i, Equation (32)
can equivalently be written as:

V() < —eq()D1eq(t) + Creq(t) + ¢a

< = Amin(DDlea D + Amax (C) llea ()| + s (33)
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Amax(C) | Ahax(C2)
Vi DD Toin(D 1)+
\//lmin(Dl)

e;(t) and W;(¢) are uniformly ultimate bounded for all i = 1,2,... ,N. [ |

When |le,(¢)]| > v, this renders V(-) < 0, where iy = . Hence,

2.2.2. Computation of the ultimate bound for system performance assessment.
For revealing the effect of user-defined thresholds and the event-triggered feedback adap-
tive controller design parameters to the system performance, the next corollary presents a
computation of the ultimate bound for the system S. For this purpose, we define the fol-
lowing, Ppnin = diag([Amin(P1) 5 - - -» Amin(Pn)]), Pmax = diag([ Amax(P1), ...,
Anax(PW)])s va 2 diag ([y7'. 73! |), Aa 2 diag (LAl ., IANIED, Wa(t) 2
ILAGI R AGI

Corollary 1. Consider the uncertain dynamical system S consisting of N intercon-
nected modules S; described by Equation (14) subject to Assumptions 1-4. Consider, in
addition, the reference model given by Equation (6), and the module feedback control law
given by Equations (16) and (17). Moreover, let the data transmission from the uncertain
modules to their local controllers occur when Ej; is true and the data transmission from
the controllers to the uncertain modules occur when Ey; V Ej3; is true. Then, the ultimate
bound of the system error between the uncertain dynamical system and the reference model

is given by:

~ =1
lleaIl < (D/lmizn(Pmin)’ =T, (34)

where:

B 2 [ Amax (Poma)¥? + Amax (Vo) Amax (M) [Wa (D112] 2. (35)

Proof. It follows from the proof of Theorem 1 that V (e, (t), W,(¢)) < 0 outside the com-

pact set given by:

S ={ea®) : llea®Il <y} (36)
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That is, since V (e, (t), W,(t)) cannot grow outside S, the evolution of V (e, (t), W, (1)) is

upper bounded by:
V(eat),Wa()) < max_V(eq(r),Wa(t))
eq(1)eS
= Amax (Pma)¥ + Amax (Va) Amax (M) [Wa (1) |17
= &2 (37)
It follows from eszinea < V(e W,) that ||e ()| < ﬁ;mm), and Equation (34) is im-
mediate. [

2.2.3. Computation of the event-triggered inter-sample time lower bound. We
now show that the proposed event-triggered decentralized adaptive control architecture
does not yield to a Zeno behavior, which implies that it does not require a continuous
two-way data exchange and reduces wireless network utilization. For the following corol-
lary presenting the result of this subsection, we consider rf;‘ € (sk;»Sk,+1) to be the ¢;-th
time instant when Ej; is violated over (s,,S,+1), and since {ski}zcz=1 is a subsequence of

[s¢]
i=

o, k; | OMMk; .
{rji}jl:l, it follows that {rji}] = {skit o1 U {rq;}kizlfqi:], where my, € N is the number
of violation times of Ey; over (i, Sk,+1)-

Corollary 2. Consider the uncertain dynamical system S consisting of N intercon-
nected modules S; described by Equation (14) subject to Assumptions 1-4. Consider, in
addition, the reference model given by Equation (6), and the module feedback control law
given by Equations (16) and (17). Moreover, let the data transmission from the uncertain
dynamical module to the local controller occur when Ey; is true and the data transmission
from the controller to the uncertain dynamical system occur when E»; V Es; is true. Then,

€ A

there exist positive scalars a,; = q)—]f and a,; £ 24 such that:
1

Oy;
Ski+1 - Ski > i, Vkl € N9 (38)
r;‘;H — s> @y, Vg € {0, my), Yk € N, (39)

Proof. The time derivative of ||x(t) — x;(¢)|| over t € (sk,,Sk+1), Yki € N, is
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given by:

% [EMOESAG]
< Nl () = %@l = 1% @)l
< N Asille [le @Il + x5 | + 1Beilellci @1l + Bl A Ngw; | Lgi (exi + llei ()]
+x;) + IKuille (exi + llei @l + x3) + I Kaillellci 1| + IBillEll Al K i€

+1Bille Y iy (lle; Ol + x3;) + IBillelAillrea + 1Billell Koile.. (40)
i~j

Since the closed-loop dynamical system is uniformly ultimately bounded by Theorem 1,
there exists an upper bound to Equation (40). Letting ®{; denote this upper bound and with
the initial condition satisfying lim,_,sz_ [|[xsi(t) — x;(¢)|| = 0, it follows from Equation (40)

that:

lxsi (1) = x; (D] £ D1 (t = sk,), Yt € (Sky» Sk+1)- (41)

Therefore, when Ej; is true, then lim,_w;#1 || x5 (£) — x;(®)|| = €4, and it then follows from
Equation (41) that s, +1 — Sk, > @y.

.. . .. ki ki .
Similarly, the time derivative of ||ug;(t) — u;(¢)|| over t € (”qqui +1) ,Ygi € N, is

given by:

% lutgi (1) = i (1)
< i (1) = ()1l = Il (1)
= W @i a0, 000 + W0 (st o)
< %i IBillg Amax (Pi) llesi ()| 1o (i (0), i) + 1A gl K g ll i ()]
< i I Billp Amax (P) (lei (D1l + €20) [ LpiCexi + Nl + x3) + 1 Kyilp(€xi

* 2 — .
+ llei Il + x;) + IIKziIIFIICi(t)II] + 1A RN K llvllé: () 1. (42)
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Once again, since the closed-loop dynamical system is uniformly ultimately bounded by

Theorem 1, there exists an upper bound to Equation (42). Letting ®,; denote this upper

bound, and with the initial condition satisfying limt_)rkH [lusi(t) — u; (1)|| = 0, it follows
qi
from Equation (42) that:
i (8) = wi (O] < oy = rgh), Vi€ (rgirii ). (43)

Therefore, when E»; V Ej; is true, then limt_)rki_ ||usi (t) — u;(t)|| = €4, and it then follows
gi+1

from Equation (43) that r;"' — ki > Qyi. [

i+1 qi

Corollary 2 shows that the inter-sample times for the module state vector and de-

centralized feedback control vector are bounded away from zero, and hence, the proposed

event-triggered adaptive control approach does not yield to a Zeno behavior. As dis-

cussed earlier, this implies that the proposed event-triggered decentralized adaptive control

methodology does not require a continuous two-way data exchange, and it reduces wireless
network utilization.

2.2.4. Generalizations to the event-triggered decentralized adaptive control

with state emulator. We now generalize our framework to a state emulator-based design,

since this framework has the capability to suppress possible high-frequency oscillation in

the control signal of the uncertain module S; [37, 38, 39, 40, 41, 13, 42, 10]. Consider the

(modified) reference system, so-called the state emulator of S;, given by:
Xi(1) = A& (1) + Brici(1) + Li (xi (1) — (1)), £i(0) = Zip, (44)

where L; € R’ *" ND"*" is the state emulator gain. Letting é;(¢) £ £;(¢)—x; () € R™, the
reference model error dynamics capturing the difference between the ideal reference model
in Equation (6) and the state emulator-based (modified) reference model in Equation (44)

is given by:

éi(t) = Auéi(t) + Li (x5i(2) — £i(2)) . (45)



95

In addition, letting ¥;(z) = x;(t)—X;(t) € R"™ to denote the system state error vector,
the (state emulator-based) system error dynamics follows from Equations (18) and (44) as:
%) = Apfi(t) — BAWI ()0 (xsi(1),ci(t)) — Bihigi(-) + Bi Z 0;j(x;(1))

i~
+BiA;(usi (1) — u; (1)) + (BiK1; — L) (x5 (1) — x;(1)), X;(0) = Xjo, (46)

where A;; £ A, — L; € R"*" is Hurwitz by a suitable selection of the state emulator
gain L; (e.g., Ar; is Hurwitz with L; = «;I, x; € R4, since Ay; is Hurwitz). To maintain
system stability, we utilize the adaptive controller given by Equation (16) with the update

law described by:

A~

Wi(t) 2 ¥iProjy, [Wit) . o (xa(0).ci(1)) (xi () = 2:(0) ' PiB]. Wi(0) = Wi, (47)

where P; € R N §™*" is the unique solution of the algebraic Riccati equation:

0= AP, + PiAL; — P;B.R"'B'P; + Q;, (48)

with R; € R 0 §"iXmi and Q; € R X" 0 §™Xni,

Note from [42, 10] that the state emulator-based adaptive control framework achieves
stringent transient and steady-state system performance specifications by judiciously choos-
ing the learning rate y; and the state emulator gain L; without causing high-frequency os-
cillations in the controller response, unlike standard model reference adaptive controllers
overviewed earlier in this section. We also note that if one selects L; = 0, then the results
of this paper hold for standard model reference adaptive controllers, and hence, there is no
loss in generality in using a state emulator-based adaptive control framework for the main
results of this paper.

Consider a parameter-dependent Riccati equation [23, 47] given by:

0 = A;l;ﬁl + P,'Arl' + Q~i’ (49)

Oi = wPLL P+ 0y, (50)
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where P; € R is a unique solution with Q,; € R7"™" and y; > 0.

Remark 1 [23]. Let 0 < y; < f; define the largest set within which there is a
positive-definite solution for P;. Since P; > 0 for y; = 0 and P; > 0 depends continuously
on ;, the existence of P;(y;) > 0for 0 < y; < fi; is assured.

The next lemma shows that for u; < f;, Equations (49) and (50) can reliably be
solved for P; > 0 using the Potter approach given in [48]. This also implies that j; can be
determined by searching for the boundary value, ;. We employ notation ric(-) and dom(-)
as defined in [48].

Lemma 1 [23, 48]. Let P; > 0 satisfy the parameter dependent Riccati equation
given by Equations (49) and (50), and let the modified Hamiltonian be given by:

H - A WiLiL] . 1)
-0, —Aj
Then, for all 0 < u; < f;, H; € dom(ric) and P; = ric(H;).

Assumption 5. Dy; 2 Amin(Qi) = Amin(R; ") A3 (P Bl — ,l,— = 3Amax (P) || Billp
Ve @ij = Xiej Amax (P Bjllpaji and Da; £ i Amin(Qoi) = i~ Amax (PP Bjlleji, i > 0,
are positive by suitable selection of the design parameters.

Corollary 3. Consider the uncertain dynamical system S consisting of N inter-
connected modules S; described by Equation (14) subject to Assumptions 1-3 and 5.
Consider in addition, the ideal reference model given by Equation (6), the state emula-
tor given by Equation (44) and the module feedback control law given by Equations (16)
and (47). Moreover, let the data transmission from the uncertain dynamical module to the
local controller occur when EU is true and the data transmission from the controller to the
uncertain dynamical system occur when E»; V Ej; is true. Then, the closed-loop solution
(Xi(1), Wi(1),8;(1)) is uniformly ultimately bounded for alli = 1,2,...,N.

Proof. Consider the Lyapunov-like function given by:

- - 1 ~ 1 ~
Vi(%i, Wi &) = %] Piki + v (WA T(WiA?) + 6] Piéy, (52)
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where /; > 0 and P; > O satisfies the parameter dependent Riccati equation in Equa-
tions (49) and (50). Note that V;(0,0,0) = 0 and V;(&;, W;,é;) > O for all (%;,W;,é;) #

(0,0,0). The time-derivative of Equation (52) is given by:

Vi(Ei(1), Wi (1), &1(1))

2T () Piki(r) + 2y (Wi AT (Wit)A2) + 20,67 (1) Béi(r)

IA

25 ()P [ALf)?i(l) — BIAW (t)o; (xgi(1),ci(1)) — BiAigi(-) + B Z 0;(x;(1))

i~
+ Bii (usi(t) — ui (1)) + (BiK1; — Li) (xsi(t) — xi(l))] + 20 W] (1o (x4 (1), ¢i (1))
- (xsi (1) = 2 (D) PiBiA; + 206} (1) Pi[ Auéi(t) + Li (x5i(1) = £i(1)) |

< -5 (0Qi%i(1) + ] () PiBiR; ' B} Pixi(1) = 2%] (1) PiBiAigi(-) + 2%] (1) PiB;

> 65 (xj () + 25T (VP BiA (i (1) = (1)) + 25] (1) Pi(BiK; = L) (x5 (1)
i~j

— xi(1)) + 2eWi (1) o (xgi (1), (1)) (x5i () = xi () PiBiA; — ;8] ()0 (1)

— L&l P LiL] Piéi(0) + 21;8] (D PiLi(xsi (1) = xi(0)) + 20,8 (O PiLi%i(0).  (53)
Young’s inequality [46] applied to the last term in Equation (53) produces:

i - i l;
2167 () PLi%:(t) < wilié] (1) PiLi L] Piéi (1) + ;XiT(t)X,-(t). (54)
Using Equation (54) in Equation (53) yields:
Vi(&i (1), W;(1),6:(1))
< =X (DQi%i(1) + X} () PiBiR; ' Bl Pi%;(t) — 2%] (1) PiBiMigi(-) + 2%] (1)P;B;

> 65 (xj () + 28] (VP BiA (i (1) = ui(8)) + 25 () Pi(BiK 1 — L) (i () = x,(1))
i~j

+ 2 W (1) (x5i (1) = x; (1)) PiBiA; — 1:6] (1)00ii(t) + 216} (1) P Li(xi(t) — x: (1))

+ ﬁx;f(rm(t)
Hi
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< = Amin(R)IZ O + Amin (R A2 (PONBENZ (D11 + 2 Amax (PO Bi el Al ll i ()l

X O + 112X (1) Py B; Z 6 Cxj DN + 2[1% (O | Amax (PO Billell Aillr € + 211 % ()l
i~j

- Amax (P) (I BiK1ille + 11 Lille) €xi + 2IWi () llell i (i (1), (1)) 11 €2i Amax (PO BillE Nl Al

5 A R ~ li
— LiAmin Qo) 16 (D11 + 20116 () || Amax (P | LillF€ i + ;nx,-(r)nz. (55)
Using Equations (25) and (26), Equation (55) can be written:

Vi(Fi(1), Wi(1),é(1))

L\ . o
< - (Amm@i) — Amin(RT) A2 (PO Bi 12 — ;) NE(ON = LiAdmin (G182 |I?

+ (Z/lmax(Pi)HBillFllAi||FKgi6xi + 2 Amax (P Billel| Aillp€ui + 2Amax (P) || Bi gl K1 l|p€xi

+ 20Wi () Il Al (L gi + l)ﬂmax(Pi)llBiIIFexi)IIXi(t)II + 2Wi Il Aillr ((Lgi + Déxi

+ (Lgi + Dxg; + i) Amax (PO Billr€xi + 12%:(2) P B; Z 6ij (xj (O + 21 Amax (P7)
i~j

-l Lilleexilléi (D]

= —cullZ O = calléi (O + cxillF (O + cailléi (O] + cs; + 125:(¢) P B; Z 0 (x; I,
i~

(56)

where ci; 2 Amin(Q) = Amin(Ry D) A POIBIR = 45, c2 2 Lidmin(Qoi), 3 2
2 Amax (P Billell AillpKgi€xi + 2Amax (PO B llFl| A llp€ui + 2Amax (P || Billpl| K1illp€xi + 20
IA(Lgi + 1) Amax (PO BillF€xi, cai 2 2LiAmax(P;) ||Lillr€y; and c5; 2 ZWfllAillF((Lﬁi +
ey + (Lgi + Dxj; + ||Ct(f)||)/1max(Pi)||Bi||FExt-

Since x;(t) = X;(t) + €;(t) + x.;(1), it follows from Assumption 2 that:

165G < D i [IF @1+ 1161l + x5 (57)
i~j

i~j
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Furthermore, using Equation (57) in the last term of Equation (56) results in:

12%(1)P;B; ) 64 Cxj (D)

i~j
< 2max PONE O NIBiIIEN > 635 (e (1))l
i~
< 2Amax (PONEONIBillE D e[ 1%l + 16; @)1 + x5
i~j
< Amax(PIBillE ) e[ 2020 1%; (O + 21201 1] + 2015 () 15 |
i~j
< Amax(POIBilE Y ey [BIZOI2 + IE,II2 + 116, + x37). (58)
i~

where Young’s inequality [46] is considered in the scalar form of 2xy < vx? + y?/v, with
x,y € Rand v > 0, and applied to terms [|%;(0)[|[|%; (O l, [Xi()|ll[é; ()]l and [|%; () ]|x7;
with v = 1. Hence, Equation (56) becomes:

Vi(xi(1), Wi (1), (1))

< - [ cli — 3Amax (P B;lIr Z ajj ] 15O = calléi O + caill T ()Nl + caill i ()]

i~
dy;
- 2 A2
+ Amax(PHIBillg ) a;jll%; ()7 + Amax (P Billg Z aijllé;OI” + ¢i, (59)
fi ~J fi ~J

A 2 .
where ¢; = ¢5; + Amax (Py) || Billr Z,-Nj a,-_,-x;‘j . Introducing:

N
OB ACIONAGLION (60)

i=1

for the uncertain system S results in:
N
Ve < D[ - dilGOI = calleiI? + sl £l
i=1

+ cyilléi (D + f; Z aiillZ; 1% + f; Z aijlléj il + ‘Pi]

i~j i~j
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Mz

(dii = D e JIHOIF = (ex - Zf,aj, Jleio1?

i=1 i~j ~j
—_——— —/_/
Dy; D»;
+ 3| X (D + cailléi (D) ] +€0i], (61)

where Dy; > 0 and Dy; > 0 are defined in Assumption 5. Letting %,(¢) = [ [|X1(D)]l,
NENONT, ea®) 2 [N .., llen O], Dy £ diag([Di1,. .., Din]), D2 2 diag(]
D21,. .. ,DZN]), C3 z diag([C31,. .. ,C3N]), C4 £ diag([C41,. .. ,C4N]) and Pa = Zz]\il ©i,

then Equation (61) can equivalently be written as:

IA

V() < —FL(t)D1F4(t) = EL(1)D28,(1) + C354(t) + Caba(t) + @4

~Amin(PDEa DN = Amin(DPDN12a(O1* + Amax (C3) | 4 ()]

IA

Amax (C)l[ea (|| + ¢a. (62)

Either ||X,(?)|| > ¢ or ||é,(t)|| > ¢ renders V() <0, where

Amax (C3) +\/ max(c'i) max( 4) Amax (Cq) +\/ max(C3) + max(c4)
" s N AmnDD MinD1) T iy (D) T¥a dl// s 2\ Amin(D2) MinD1) T Iy (D) T Pa _and hence
1= D 2 = (D)
Amin(D1) Amin(D2) ’

% (1), é;(t) and W;(¢) are uniformly ultimate bounded for all i = 1,2,... ,N. [
Corollary 4. Under the conditions of Corollary 3, we can show that ¢;(¢) is bounded
foralli = 1,2,...,N.
Proof. 1t readily follows from:
leil = llxi() — £(@) + X(@) — x|
< lxi(@) = X1+ [1X(0) = x- Ol

< %O+ Nlé @, (63)

and Corollary 3 that ¢;(¢) is bounded for all i = 1,2, ..., N. [}
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Remark 2. In order to obtain the closed-loop system error ultimate bound value
for Equation (63) and the no Zeno behavior characterization, we can follow the same steps

highlighted in Corollaries 1 and 2, respectively.

3. EVENT-TRIGGERED DISTRIBUTED ADAPTIVE CONTROL

We now introduce an event-triggered distributed adaptive control architecture in this
section, where it is assumed that physically-interconnected modules can locally communi-
cate with each other for exchanging their state information. For organizational purposes,
this section is broken up into two subsections. Specifically, we first briefly overview a stan-
dard distributed adaptive control architecture without event-triggering and then present the
proposed event-triggered decentralized adaptive control approach, which includes rigorous
stability and performance analyses with no Zeno behavior and generalizations to the state
emulator case for suppressing the effect of possible high-frequency oscillations in the con-
troller response. As shown, the benefit of using the proposed distributed adaptive control
architecture versus the decentralized architecture of the previous section is that there is no
need for any structural assumptions; that is, Assumptions 4 and 5, in the distributed case to
guarantee overall system stability (for applications where modules are allowed to locally
communicate with each other).

3.1. Overview of a Standard Distributed Adaptive Control Architecture With-
out Event-triggering. The standard distributed adaptive control architecture overviewed
in this section builds on the problem formulation stated in Section 2.1 with an important
difference that the physically-interconnected modules can locally communicate with each
other for exchanging their state information, as discussed above. For this purpose, we first
replace Assumption 2 of Section 2.1 with the following assumption.

Assumption 6. The function 6;;(x;(¢)) in Equation (2) satisfies:

81j(xj (1)) = Qi (x;(1)), (64)
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where Q;; € R& ™ is an unknown weight matrix and ¢;; : R/ — R$/ is a known Lipschitz

continuous basis function vector satisfying:

lij(x1;) — @ij(x2)Il < Lgijllx; — x24I, (65)

with Lq)ij e R,.

Remark 3. We can equivalently represent Equation (64) as:

Z QiTj¢ij(xj(f)) = GiTjEj(xj(t)), (66)
i~j
where G;; € R8> is the matrix combination for the ideal weight matrices of the con-
nected graph, F;;(x;(z)) : R"/ — R&J is the vector combination for basis function vectors
of the connected graph, g;; = >;.; g;, and n;; = X, ;n;. The right hand side of Equa-

tion (66) can be given as:

G?;FIJ(XJ(I)) = G;Fﬂaiﬂ(xj(t))’ (67)
where
[AG i Iy, - 0
Aqi = : : € Re*se, (68)
0 o [AG)]in Loy

G; € R8«*™Mi jg the matrix combination for all modules’ ideal weight matrices of the system

toward S;, F;(x;(t)) : R"* — R8« is the vector combination for all basis function vectors
N

of the system toward S;, g, = ZFI gj,and n, = ;-V:l n;.

Next, using Assumptions 1, 3 and 6, Equation (2) can be equivalently written as:

%i(t) = Aixi(t) + Brici(t) + Bik; |ui(t) + W o (xi(0), (0, x;0) |, (69)
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where W; = [Ai'lWT

T .
o ? Al.'lKlTl. , Ai'leTi , Al.'lGl.Tj] € R@itni+mi+gij)xmi jg an unknown

: . X T
weight matrix and o (x;(¢), ¢;(1), x; (1)) 2 | BT (xi(0)) , xT(0) , <F(6) . FY(x;(0))] €
R8i+mi+mi+si; — Motivated from the structure of the uncertain terms appearing in Equa-

tion (69), let the distributed adaptive feedback controller of S;, i € Vg, be given by:
C: w(t) = =Wi) o (xi(0),ci0), x; (1) (70)

where W; () is an estimate of W; satisfying the update law:

Wi(t) = yiProju, [Wi(r) . o (xi(0).ci(0).x; (1)) €] () PiBy]. Wi0) = Wig,  (71)

where P; € R N §"*" is a solution of the Lyapunov Equation (10). Now, from Equa-

tions (6) and (69), the module-level closed-loop error dynamics can be given by:

éi(t) = Aniei(t) = BAW (Do (xi(0),ci(0), x; (1)), eit) = eqo. (72)

3.2. Proposed Event-triggered Distributed Adaptive Control Architecture.
We now present the proposed event-triggered distributed adaptive control architecture for
modular systems, where each uncertain module can exchange its state information with its
interconnected neighboring modules.

Consider the uncertain dynamical module i given by:

S;: Xi(t) = Aixi (1) + B; | Ajugsi (1) + A; (x;(2)) + Z 0ij(xs; (1)), xi(0) = x0,(73)
i~

where 6;;(x;(t)) = Ql.qu}l-j(xsj(t)) and x;(r) € R". Using Assumptions 1, 3 and 6,
Equation (73) can be equivalently written as:

Xi(t) =Arixi(t) + Brici(t) + B, [usi(l) + W/loy (Xi(t),Xsi(l),Ci(f),xsj(l))]

+ BiA;(usi () — u; (1)) + BiKy; (x5 (t) — x;(1)), (74)
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where o (xi(0), x5 (D). ci (D). x5 (1)) 2 [BTi(0) L xT(0) L T (0) L FT(xyy(0))] e

R8i+mi+mi+gij and the distributed adaptive feedback control is given by:
G u;(t) = —W[(t)TO'i (xsi(t)aci(t)’xsj(t)) ’ (75)

T
Where g (xsi(t)9ci(t)9xsj(t)) = [ﬁ;T(XS[(t)) s x;f;(t) ’ C;T(t) ’ F;;(ij(t))] S Rgi+ni+mi+gi.di
, and W; () satisfies the weight update law:

A

Wi(t) = yiProj, [Wir) . o (xa(0).ci(0). x5 (1)) R PiBi|. - Wi(0) = Wio,  (76)

Now, using Equation (75) in Equation (74) yields:
%i(t) =Anxi(t) + Brci(t) = BAW ()0 (x4i(1),¢i(1), x5;(1)) — BiAigi(*)

+ BiA;(usi(t) — u;i (1)) + BiKy; (x5 () — xi(1)), (77)

where g;(-) = Wl.T [0‘,~ (xsi(t),ci(t),xsj (t)) - O (xi(t),xs,-(t),c,-(t),xsj(t))], and using Equa-

tions (77) and (6), we can write the module error dynamics as:

éi(t) = Anei(t) = BAW (i (xai(0),cit), x4j (1)) = Biligi(-) + Biki(usi(1) — i (1))

+ Bi Ky (xsi (1) — x;(1)). (78)

For organizational purposes, we now divide this section into four sections. Specif-
ically, we analyze the uniform ultimate boundedness of the resulting closed-loop dynam-
ical system in Section 3.2.1, compute the ultimate bound in Section 3.2.2, show that the
proposed architecture does not yield to a Zeno behavior in Section 3.2.3 and generalize
the distributed event-triggered adaptive control algorithm using the state emulator-based
framework in Section 3.2.4.

3.2.1. Stability analysis and uniform ultimate boundedness. Theorem 2. Con-
sider the uncertain dynamical system S consisting of N interconnected modules S; de-

scribed by Equation (73) subject to Assumptions 1, 3 and 6. Consider, in addition, the
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reference model given by Equation (6) and the module feedback control law given by
Equations (75) and (76). Moreover, let the data transmission from the uncertain dynamical
module to the local controller occur when Ej; is true and the data transmission from the
controller to the uncertain dynamical system occur when E» V Ej is true. Then, the
closed-loop solution (e;(#), W;(t)) is uniformly ultimately bounded for all i = 1,2,..., N.
Proof. Since the data transmission from the uncertain dynamical module to the local
controller and from the local controller to the uncertain dynamical module occur when El ;
and E,; V Ej; are true, respectively, note that || xg (1) — x; ()| < €,; and [Jug; (1) — u; ()] <

€, hold. Consider the Lyapunov-like function given by:
- T 1 N
Vicen W) = €l Prer + 77"t (WA)T OB (79)

Note that V;(0,0) = 0 and V;(e;, W;) > 0 for all (¢;, W;) # (0,0). The time derivative of

Equation (79) is given by:

Vi(ei(t), Wi(1))

2e] () Péi(t) + v '2tr (W (O Wi()A;)

IA

2e,.T<r>P,~(Ar,-e,-(r> = BAW] (0)0i (i (1), ¢i(0), x5 (1)) = Bilkigi () + By (usi (1)

— ui(1)) + BiKy;(xgi(t) xiu))) +2tr (W (O Ao (x4 (), ¢ (1), x4j(1)) e (1) P;B;)

< —e] () Rie;(t) = 2¢] (1) PiBiAigi(-) + 2¢] (1) PiBii(usi (1) — ui (1)) + 2¢] (1) PiBiK1;
(i (1) = xi(1) + 2tr (WO Ao (x4 (), ¢ (0), %4 (1)) (xi (1) = xi(2)) " P; By )
< = Amin(R)ei (D17 + 2/le; (1) | Amax (P BB AlEN i ()1 + 2llei ()] Amax (P B lp

A lR€w + 21lei ()| Amax (PO Bille | K i llr€ i + 21 Wi (2) I A ||

ANlori (xsi (1), (1), X5 (1) ) |€xi Amax (P 1| Bi e (80)
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where the same upper bound ||g;(-)|| has the same result of Equation (25). In addition, one

can compute an upper bound for ||o; (xsi(t),ci(t),xs j (t)) || in Equation (80) as:

o (xsi(t),cl'(t),xsj(t)) I < NBi(xsi O + llxsi O + Nlei (O] + 11 Fij (x5 ()]
< LgillxsiOIl + llxi O + [lei (D] + Z llij Cxj (Ol

i~j

= (Lgi + Dexi + (Lgi + Dllei()l + (Lgi + Dxy; + llci ()]

+ZL¢U (exs + lle;)l +x3;) . (81)

i~j

where [|x; ()] < x; and ||x;; ()] < x;‘j. Then, using the bounds given by Equations (25)

and (81) in Equation (80) yields:

Vi(ei(t), Wi(1))
< = Amin(R)lei (D1 + 2le; ()| Amax (PO Billell A lleK gi€ i + 2llei (1) | Amax (P || Bil
NAillreui + 2llei ()| Amax (P I Billpll K1illpexi + 2||Wi(t)||F||AiIIF((Lﬁi + Dexi

+ (Lgi + Dllei®l + (Lgi + Dxy; + llci ()] + Zquij(Exj +llej (D) + x:j))exi
iz

* Amax (P) || Billg
< = Amin(R) le; (111> + (Zﬂmax(Pi)llBi||F||Ai||FKgi€xi + 2 Amax (P) | Bi el A l|F€ui

+ 2Amax (P) | Billel| Kiillpexi + 2] | A llg(Lgi + 1)€xi/lmax(Pi)||Bi||F)||€i(t)||

+ ZW?HAillF((L/ﬁ + Dexi + (Lgi + D + |l ()l + Z Lyij(€xj + Xy )Gxi

i~j
+ Amax (P Billp + 2] | AillF€ xi Amax (Pi) || Bi llp Z Lgijllej (0]l
i~j
2
< —diillei(D” + daillei (D + d3; + fi Z Lgijllej I, (82)

i~j
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where di; = Amin(R), d2i = 2Amax (P Billel| AillEKgi€xi + 2 Amax (PO Billel| A llp€u +
2Amax (P Billel| K1illp€xi +2W] |A:lIE(Lgi + 1)€xi Amax (P) | Billg, d3i = 2Wf||Ai||F((Lﬁi +
Dexi+(Lgi+Dxg;+lci(Ol+ 2 L¢ij(€xj+ij))€xi/1max(Pi)||Bi||F and f; = 2W![|A;|lp€
Amax (P Bi ||p-

Introducing:
N ~
V()= > Vilein), Wi(0)), (83)
i=1

for the uncertain system S results in:

N
V) < [ = dullei@IP + daillei®ll + £ D Loijlle; Ol + dx]
i=1 i~j
N
= Z — dy;l |€,(Z‘)|| + d2l + ijL¢jl lle: ()| + d3l] (34)
i=1 i~j

D»;

where Dy; > 0. Letting eq(t) 2= [ller®ll,....llex®I]", D1 = diag([d11,....din]),
D, = diag([Dy1,...,Dan]), and D3 2 Zf\il d3;, then Equation (32) can equivalently be

written as:
V() < —e,(t)D1eq(t) + Daey(1) + D3

< = Amin(D)llea®11* + Amax(D2)lleq ()]l + Ds. (85)

Amax (D2) Anax (D) | 1y

. . s 2\ Amin(DY) LinD) "3
When |le,(t)|| > ¥, this renders V(-) < 0, where ¢ = NI i) , and hence,

min 1

e;(t) and W;(¢) are uniformly ultimate bounded for all i = 1,2, ... ,N. [

3.2.2. Computation of the ultimate bound for system performance assessment.
For revealing the effect of user-defined thresholds and the event-triggered output feed-
back adaptive controller design parameters to the system performance, the next corollary

presents a computation of the ultimate bound.
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Corollary 5. Consider the uncertain dynamical system S consisting of N intercon-
nected modules S; described by Equation (73) subject to Assumptions 1, 3 and 6. Consider,
in addition, the reference model given by Equation (6) and the module feedback control law
given by Equations (75) and (76). Moreover, let the data transmission from the uncertain
dynamical module to the local controller occur when Ey; is true and the data transmission
from the controller to the uncertain dynamical system occur when E»; V Es; is true. Then,
the ultimate bound of the system error between the uncertain dynamical system and the

reference model is given by:

. -1
leaOll < ®A2 (Pain), £ 2T, (86)
where
- - 1
@ 2 [Amax (Prmax)¥” + Amax (Va) Amax (A0 |Wa (D11 (87)
Proof. The proof is similar to the proof of Corollary 1, and hence, omitted. [

3.2.3. Computation of the event-triggered inter-sample time lower bound. In
this subsection, we show that the proposed event-triggered distributed adaptive control ar-
chitecture does not yield to a Zeno behavior, which implies that it does not require a contin-
uous two-way data exchange and reduces wireless network utilization. For this purpose, we
use the same mathematical notations introduced in Section 2.2.2 and make the following
assumption.

Assumption 7. Each module S; holds the received triggered state information
0;j(xsj(¢)) from its interconnected neighboring modules S; and sends this information to
its local controller C; when the condition Ej; in Equation (20) is violated.

Corollary 6. Consider the uncertain dynamical system S consisting of N inter-
connected modules S; described by Equation (73) subject to Assumptions 1, 3, 6 and 7.
Consider, in addition, the reference model given by Equation (6) and the module feedback

control law given by Equations (75) and (76). Moreover, let the data transmission from
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the uncertain dynamical module to the local controller occur when Ey; is true and the data

transmission from the controller to the uncertain dynamical system occur when E» V Es3;

is true. Then, there exist positive scalars a,; = %ﬁ and a,; = g;f, such that:
sk[+1 - sk[ > Axi, vkl € Na (88)
ki k
Fas1 ~Tq > Quis Ygi €{0,...,my,}, Vk; €N. (89)
Proof. The proof is similar to the proof of Corollary 2, and hence, omitted. ]

Corollary 6 also shows that the inter-sample times for the module state vector and
distributed feedback control vector are bounded away from zero, and hence, the proposed
event-triggered distributed adaptive control approach does not yield to a Zeno behavior.

3.2.4. Generalizations to the event-triggered distributed adaptive control with
state emulator. Similar to Section 2.2.4, consider the (modified) reference model, so-
called the state emulator, given by Equation (44) and the reference model error dynam-
ics capturing the difference between the ideal reference model Equation (6), and the state
emulator-based (modified) reference model Equation (44) is given by Equation (45). In ad-
dition, the (state emulator-based) system error dynamics follow from Equations (77) and

(44) as:

#(0) = Aufi(t) = BAW ()0 (x(0), ¢i(0), x5 (1)) = Biligi(-) + Bili(usi(t) — ui(t))

+(BiKii — Li) (x5 (1) — xi (1)) — Li%;(1) ~ Xi(0) = Xio, (90)
where the adaptive controller Equation (75) is used and the weight update law is given by:
Wi(t) = yiProjy | Wi(1) . o (x5 (0),ci(0), x5 (1)) (xsi(1) = 2i(e) T PiBi |, Wi(0) = Wio, (91)

with P; € R N §"*" being a solution to the Lyapunov Equation (10).
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Corollary 7. Consider the uncertain dynamical system S consisting of N inter-
connected modules S; described by Equation (73) subject to Assumptions 1, 3 and 6.
Consider, in addition, the ideal reference model given by Equation (6), the state emula-
tor given by Equation (44) and the module feedback control law given by Equations (75)
and (91). Moreover, let the data transmission from the uncertain dynamical module to the
local controller occur when Ej; is true and the data transmission from the controller to the
uncertain dynamical system occur when E»; V Ej3; is true. Then, the closed-loop solution
(%i(1),W;(1),é;(t)) is uniformly ultimately bounded for all i = 1,2,...,N.

Proof. Consider the Lyapunov-like function given by:
W s <Tpe ool i ASNT YT A S 1 Tp s
Vi(xi,W;,é) = X; Pix; + Yi '[I‘(VV,‘AZ- ) (VVlAl )+ Zli”Li”F Amax(Pi)/lmax(Ri)ei P;é;. (92)

Note that V;(0,0,0) = 0 and V;(%;,W;,é;) > 0 for all (&%, W;,é;) # (0,0,0). The time-

derivative of Equation (92) is given by:

Vi(xi(1), Wi (1), (1))

. ~ L 2 1 R
25T (P (1) + 297 e (Wi (OAD) T (Wi (A + 4L Lillg ! Amax (P) Amin (R} Pié(2)

IA

251 ()P A (1) = BINW (D)0 (x4i(1),ci(0), 56 (1)) = Biligi(-) + BiA; (ugi(t)
—ui(1)) + (BiKyi = L) (x6(1) — (1)) = Li%i(0) | + 20W] (1) (x4 (0). i (1), x4 (1))
(xsi (1) = 2 ()T PBi; + AL Lillg ! Amax (Py) Amin(R)EN () P; [ Aniéi (1) + Li%i(1))

+ Li(xsi(1) — x:(1))]

< X (R:Xi(t) — 2% (1) PiBiAigi () + 2% () PiBiA; (usi (1) — i (1)) + 2% (t) P(B;Ky;
= L) (x(t) = x;(1)) = 25] (O P,Li%i(1) + 20Wi (1) "oy (i (1), i), x5 (1) ) (xi(0)

= xi() ' PiBiA; = 2L ILillg ' Amax (P1) Amin (R)&] () Ri&; (1) + 4L Lillg ' Amax (P)

- Amin(R)E] () PiLi (xsi(1) = xi(0)) + 4Ll Lillg ' Amax (P) Admin (R)E] (1) PiLi %i(1)

< = Amin(R)NE O + 22 max PO B llENAillEll g NI E )| + 21155 (0) | Amax (P 1| By le
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NAdllr€u + 21150 | Amax (P (1BiKille + 1Lille) €4 — 2dmax (POILill 15112
+2WiOllello (x50, %5 ) I Amax POBilIEIA N €xi — 2Ll Lilly Ak (P2

A (RONE DI + 41 Amin(R) €11 ()] + 4L Amin (RO | & D111 i (1) . (93)

min

Now, using Young’s inequality [46] for the last term in Equation (93), with y; € R, yields:
Vi(& (), Wi (1), 6:(1))
< = Amin(RNZ O 117 + 22 max (PO Bl A el i (NI 1]+ 211 % () | Amax (P | By I
N A llF€wi + 2% (0| Amax (P (IBiKillE + | Lillg) €xi = 2Amax (PHIIL: 1% ()1
+ 2||W; (1) lIpllo; (xsi(t),ci(t)»xsj(t)) | Amax (PO BilIFIIA lIF€xi — 2L Li I Apis (P

Q2

min

(RONE DI + 4L Amin (R €xi |1 (D] + 21 1 Amin (R N1 €3 (1) |1

l; .
+ 2;Amm(R,->||xi<r>||2. (94)

Using Equations (25) and (80), Equation (94) can be written by:
V(% (1), Wi (1), é;(1))
l; . 1
< - [Amm(R» = 2Amax (P Lillr - 2;4@&)] IO = 2| LN LillE" At (P A (Ri)
- liﬂiflmin(Ri)] lé:(ON* + [2/1max(Pi)||Bi||F||Ai||FKgi€xi + 2 Amax (PO Bi ||| Al €ui
+ 2 Amax (P1) (| Bi K1 llr + ”LiHF)Exi] 1% (] + 41; Amin (Ri) €xill € (D)l

+ QW?[(Lﬂi + Dexi + (Lpgi + DX (1) + €Ol + (Lgi + Dy + [lei (D] + Z Lgij(€xj
i~

+[[X;(2) + €; ()l + x:j)]/lmax(Pi)”Bi”F”Ai”foi

S_

[; - 1 ,-
Amin(Ri) = 2Amax (P Lillk - 2ﬂ—fﬂmm<R,~)] IO = 2[ GILllE Ak (P A (RY)
l
- li,ui/lmin(Ri)] el + [2/1max(Pi)||Bi||F||Ai||FKgi6xi + 2 Amax (P B l[el| A |lp€ui
+ 2Amax (P) (I BiK1illF + || Lillp) €xi + 2W7/1max(Pi)||Bi||F||Ai||F€xi] 1% @)l

+ |4 Amin (R €31 + 28] Amax (PO | B lIEl| Al | 163 (2) |
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+ ZW;k/lmax(Pi)llBillFllAi||F€xi((Lﬁi + 1) (€xi +x3) + llci(0) ] + Z Lyij(€xj + Xy )
i

+ 2] Amax (P) | BillFlI Aillp€xi Z Lyij (1251 + 11é;1I)- (95)

i~

then setting i = Ij Amin (Ri) s (P I Lill5" in Equation (95) yields:

max
Vi(&i (), W;(1),6:(1))
< = AminROIZ O = 261 Lillg" Ayt (Pr) dmin (R [ Amin (Ri) = L[ 1163 ()11
+ [Zﬂmax(f’i)||Bi||F||Ai||FKgi6xi + 2 Amax (P BillE I Aillp€ui + 2 Amax (Pi) (1| Bi K 1:1IF
+ ||ILillp) €xi + waﬂmax(Pi)||Bi||F||Ai||F€xi] 1% ()1 + [4li/1min(Ri)€xi + 20 Amax (P;)
' ||Bi||F||Ai||F€xi] 1€; ()] + zw;cdmax(Pi)”Bi”F”AiHFGxi((Lﬁi + D) (€xi + x3) + llci (D)l

+ ) Loij(eg +x3)) + 28 dmax(POUBIIEI A Ir€s Y, Laij (155011 + 12, 0)1).
i~] i~]

(96)
It then follows that Equation (96) can be given by:

Vi(Z (1), Wi(1),6i(1)) < —dillZi (O = dailléiO))* + daill % (O + daillé:(0) || + ds;

+ fi ) Lol + fi Y Laijllé @I, (97)
i~j i~j
where di; £ Amin(R)), dai % 26| Lilly ' Ak (P) Amin (R | Amin(R) = 1|, d3i 2 2 Amax (P;)
NBillell A IEK gi€xi + 2Amax (P BillEl|Aillp€ui + 2Amax (Py) (| BiK1illg + | Lillg) €xi + 20}
* Amax (PO BillF A lF€xis dai = i Amin (R €xi + 207 Amax (P) | BillFl| A llF€xi» dsi = 20
- ﬂmax(Pi)IIBillFllAiHFGxi((Lﬁi + D) (€xi +x3) + lci @l + Xivj Lgij(€xj + ij)) and f;

= 20 Amax (P) || Bi ||l Aillr€xi. To ensure that dy; is positive definite, we consider /; = 6;
- Amin(R;) and 6; € (0,1).

Introducing:

N
V) = ) Vi), Wi0)é(1)), (98)
i=1
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for the uncertain system S results in:
N

Vi) < Z [ — dyll %O = dailléi)|I” + dail| K@) + daill é:(0) | + disi
i=1

+fi ), Lal GOl + f; ZL@,ne](t)u]
i~j

Mz

dll |xl(t)|| _d21||€l(t)|| + d3l+Zf]L¢jl |X (t)”

i=1 i~j
Ds;
+ (d4i + Z fiLgji ) llé: (D) + dSi]- 99)
i~
Dy;

Letting %,(t) £ [IF1Oll,..., IEvOI]T, &a(0) = [1e O], .., llen @I, Dy 2 diag(]
d]],. .. ,d]N]),Dz = diag([d21,. .. ’dZN]), D3 = diag([D31,. .. ,D3N]), D4 = diag([D41,

.»Dy4n]), and Ds = Zfi | dsi, then Equation (99) can equivalently be written as:

440!

IA

—Fa()D1Fa(t) — 65 (1) D284 (t) + D3%4(t) + Daey(t) + Ds

IA

~Amin (DD E (O = Amin(D2) 1€ () II* + Amax (D3) |1 24 (1) ]

Amax (Dy)l|éa ()| + Ds. (100)

Either [|£,()l > 1 or é,()ll > o, renders V() < 0, where y; 2 sslBil o

max (D3) max (D4) max (D3) max(D4)
ko AX 2 4 Dg AR +Ds
\/‘Mmm(Dl) 4Amin(D2) s Amax(Dyg) \/‘umm(Dl) 4Amin(D2) ~ N
and = , and hence, X;(t), é;(t
\//lmin(Dl) wz 2Amin(D2) \//lmm(DZ) ’ l( )’ l( )’

and W,-(t) are uniformly ultimate bounded for alli = 1,2,... ,N.

Remark 4. To show that ¢;(¢) is bounded for alli = 1,2, ..., N under the condition

of Corollary 7, we can follow Corollary 4 to show the boundedness of ¢;(¢) for all i =

I,...,N using:

lleiOIl < %O + llé @)l (101)
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Furthermore, in order to obtain the closed-loop system error ultimate bound value
for Equation (101) and the no Zeno characterization proof, we can follow the same steps

highlighted in Corollaries 5 and 6, respectively.

4. ILLUSTRATIVE NUMERICAL EXAMPLE

In this section, the efficacy of the proposed event-triggered decentralized adaptive
control approach is demonstrated in an illustrative numerical example. For this purpose, we
consider the uncertain dynamical system, which consists of five masses connected serially
by springs and dampers as depicted in Figure 2. We use the following equations of motion

for the i-th mass:

x1(0) 0 1 x1(t) 0
= + [Aqui () + Ay (x1(2)) + 612(x2(1))],
#1(t) e 0! o
(102)
Xxi (1) 0 1 x; (1) 0
= + | Aii(0) + A (xi(2)) + 65 (x; (1)) ]
(1) _(ki;11i+ki) —(bi;11i+bi) %i(0) &
i =1{2,3,4}, (103)
is(1) 0 1 || x50 0
= - [Asui(t) + As (x5(1)) + S54(xa(1)], (104)
is(1) S k| ks(r) o

where m; = 1Kg, k; = 1.5N-m~!, b; = 0.4 N-secm™!, A; = 0.7, W,; = [3, 117, and we set
the basis function as £;(x;(¢)) = x;(z). In addition, 612(x2(7)), 6;;(x;(t)) and &54(x4(1)),
which represent the effect of the system interconnections, are given by:

x2(1)

S12(xa(1)) = [ kb , (105)

X2 (1)
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Xizi—1(1) Xj=i+1()
6ij(xj(t)) = kj:i—l bj:i—l ! + [ kj:i bj:i ] ! ’
xj:i—l(t) xj=i+1(l)
i =1{2,3,4}, (106)
x4(1)
Ssaea)) = | ks by | . (107)
X4(1)
u1(t) us(t) us(t) ua(t) us(t)
k ks k3 ka
m1 ma ms ma ms
b1 b2 b3 b4
) ) aalt) G EC
—_— |— |— >

|— |
1 1

Figure 2. Connected mass-damper-spring system.

The control objective of each module is to enforce x;(¢) to track a filtered square
reference input c;(¢) under the effect of uncertainties and disturbances with reduced com-
munication effort by event-triggering architecture. For our example, we choose a second-
order ideal reference model that has a natural frequency of 2 rad/s and a damping ratio of
0.707 for all S;,i = 1,...,5. In addition, we use a state emulator gain L; = 91, and set all
initial conditions to zero for all S;,i = 1,...,5.

For the event-triggered decentralized model reference adaptive control (which is
equivalent to L; = 0), we set Q; = I, in order to compute P; in Equation (10). The condition
in Assumption 4 holds when «;; < 0.26 fori = {1,5} and a;; < 0.13 fori = {2,3,4}. In
this case, Assumption 2 is satisfied for the coupling terms given in Equations (105)-(107).
For the purpose of event-triggered state emulator-based decentralized adaptive control, we
set R; = 3 and Q; = L« in order to compute P; in Equation (48). For /; = 0.001 and
Qoi = 2501, the condition in Assumption 5 holds when a;; < 4.2 fori = {1,5} and
a;; < 2.1 fori = {2,3,4}. In addition, Assumption 2 is satisfied for coupling terms given

by Equations (105)—-(107).
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For the proposed event-triggered distributed adaptive control, we set Q; = I, in or-
der to compute P; in Equation (10). Note that there are no fundamental stability conditions
for the case of distributed adaptive control. Lastly, for the event-triggering thresholds, we
choose €,; = 0.2 and €,; = 0.2 fori = {1,3,5} and €,; = 0.07 and ¢,; = 0.07 for i = {2,4}.

For the proposed event-triggered decentralized adaptive control design of Theorem
1 and Corollary 1, Figures 3-5 represent the results for various y; and L;. In particular,
we first set y; = 50 and L; = 0 in Figure 3, which results in a control response with high-
frequency oscillations. In order to suppress these undesired oscillations, we set L; = 91, as
seen in Figure 4. In this figure, even though such oscillations are reduced, the command
tracking performance becomes worse as we increase L; compared to the response in Figure
3. In addition to increasing L;, we also increase y; in Figure 5, to improve command
tracking performance without causing high-frequency oscillations. In general, if one picks
L; to be greater than nine, then it may also be necessary to increase 7y; further to obtain a
similar closed-loop system performance. It should also be mentioned that choosing L; and
vi to produce both a control response without any significant high-frequency oscillations,
and a small uniform ultimate bound can be cast as an optimization problem, as well.

Figures 6-8 represent the results of the proposed event-triggered distributed adap-
tive control of Theorem 2 and Corollary 7 for the same y; and L; values. Specifically, we
see high frequency content in the control signal in Figure 6 when y; = 50 and L; = 0, which
is mitigated by increasing the state emulator gain to L; = 915, as seen in Figure 7. In order
to enhance the command tracking, which is degraded by increasing the state emulator gain,
we increase 7y; as seen in Figure 8.

From these results, we observe from the decentralized adaptive control case that the
state emulator-based approach not only gives stringent performance without causing high
frequencies in the controller response, but also tolerates the interconnection uncertainties
of the modules. In addition, the performance of the distributed adaptive controller is better
than the decentralized adaptive controller with the corresponding design parameter setting.

The total number of the state and control event triggers of the whole system for the cases



117

in Figures 3-8 is given in Figure 9A,B, respectively. Figure 9 shows the drastic decrement
of the triggering number using the event-triggering approach and also the further triggering

number decrement due to utilizing the state emulator-based approach.
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Figure 3. Command following performance for the proposed event-triggered decentralized
adaptive control approach with y; = 50 and L; = 0.

5. CONCLUSIONS

The design and analysis of event-triggered decentralized and distributed adaptive
control architectures for uncertain networked large-scale modular systems were presented.
For the decentralized case, it is shown in Section 2 that the proposed event-triggered adap-
tive control architecture guarantees system stability and performance with no Zeno behav-
ior under some structural conditions stated in Assumptions 4 and 5 that depend on the
parameters of the large-scale modular systems and the proposed architecture. For the dis-
tributed case, it is shown in Section 3 that the proposed event-triggered adaptive control
architecture guarantees the same system stability and performance with no Zeno behav-

ior without such structural conditions under the assumption that physically-interconnected
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Figure 4. Command following performance for the proposed event-triggered decentralized

adaptive control approach with y; = 50 and L;
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Figure 5. Command following performance for the proposed event-triggered decentralized

adaptive control approach with y; = 200 and L; = 9.
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Figure 6. Command following performance for the proposed event-triggered distributed
adaptive control approach with y; = 50 and L; = 0.
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Figure 9. Number of triggers with respect to the controller design parameters.

modules can locally communicate with each other for exchanging their state information.
In addition to the presented theoretical findings, the efficacy of the proposed event-triggered
decentralized and distributed adaptive control approaches is demonstrated on an illustrative
numerical example in Section 4, where significant reduction on the overall communication

cost is obtained for large-scale modular systems in the presence of system uncertainties
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resulting from modeling and degraded modes of operation of the modules and their in-

terconnections between each other. For the future work, sampling, data transmission and

computation delays will be considered along with the proposed results of this paper, since

they also play an important role in the performance of networked control systems. Fur-

thermore, we will also consider the cases when a set of diagonal elements of the control

effectiveness matrix is zero and generalize the results of this paper to cover these so-called

loss of control cases.
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ABSTRACT

The contribution of this paper is a new, observer-free output feedback cooperative
control architecture for continuous-time, minimum phase, and high-order multivehicle sys-
tems in the context of a containment problem (i.e., outputs of the follower vehicles conver-
gence to the convex hull spanned by those of the leader vehicles). The proposed architec-
ture is predicated on a nonminimal state-space realization that generates an expanded set of
states only using the filtered input and filtered output and their derivatives for each follower
vehicle, without the need for designing an observer for each vehicle. Specifically, the pro-
posed observer-free output feedback control law consists of a vehicle-level controller and a
local cooperative controller for each vehicle, where the former addresses internal stability
of vehicles and the latter addresses the containment problem. Two illustrative numerical

examples complement the proposed theoretical contribution.

1. INTRODUCTION

Owing to the ever-increasing advances in embedded systems technologies, we are
rapidly moving toward a future in which squadrons of vehicles (henceforth, referred as

multivehicle systems) will autonomously perform a broad spectrum of tasks in both military
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and civilian domains. Examples of such tasks include but are not limited to collaborative
exploration; search and rescue; nuclear, biological, and chemical attack detection; and
target tracking. Motivated from this standpoint, cooperative control enabling multivehicle
systems to work in coherence through local information exchange between vehicles has
been the focus of high research activity during the last two decades (e.g., see books [1, 2,
3, 4] for a thorough coverage of the recent progress).

In this paper, we focus on the output feedback cooperative control problem in the
context of a containment problem (i.e., outputs of the follower vehicles convergence to the
convex hull spanned by those of the leader vehicles). While full state feedback designs lead
to computationally simpler cooperative control laws, output feedback designs are required
for most applications that involve high-dimensional vehicle models with inaccessible states.
To this end, several output feedback cooperative control approaches are proposed in the
literature for multivehicle systems (e.g., see [5, 6,7, 8,9, 10, 11, 12] and references therein),
where the common denominator of these approaches is that they utilize an observer in their
cooperative control laws.

Unlike the existing literature, the contribution of this paper is a new, observer-free
output feedback cooperative control architecture for continuous-time, minimum phase, and
high-order multivehicle systems. The proposed architecture is predicated on a nonminimal
state-space realization originally proposed in [13, 14] that generates an expanded set of
states only using the filtered input and filtered output and their derivatives for each follower
vehicle, without the need for designing an observer for each vehicle. Specifically, the pro-
posed observer-free output feedback control law consists of a vehicle-level controller and
a local cooperative controller for each vehicle as in [15], where the former addresses inter-
nal stability of vehicles and the latter addresses the containment problem. An illustrative

numerical example complements the proposed theoretical contribution.
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The organization of this paper is as follows. Section 3 presents the nonminimal state
space realization architecture of [13, 14] in the context of the multivehicle system setup of
this paper. The proposed output feedback cooperative control architecture is then given in
Section 4. An analysis of the proposed architecture is presented in 5, where two illustrative
numerical examples are included in Section 6. Finally, conclusions are summarized in
Section 7. Note that the results of this paper can be viewed as a generalization of some of
the state feedback cooperative control results in [15] to the output feedback one by resorting

to the nominimal state-space realization method presented in [13, 14].

2. MATHEMATICAL PRELIMINARIES

The notation used in this paper is fairly standard. Specifically, R denotes the set
of real numbers; R” denotes the set of n X 1 real column vectors; R"*™ denotes the set
of n X m real matrices; R, denotes the set of positive real numbers; R}*" denotes the
set of n X n positive-definite real matrices; S"*" denotes the set of n X n symmetric real
matrices; D"*" denotes the set of n X n real matrices with diagonal scalar entries; (-)T
denotes transpose; (-)~! denotes inverse; diag(a) denotes the diagonal matrix with the
vector a on its diagonal; and “£” denotes equality by definition. In addition, we write
Amin(A) (respectively, Amax(A)) for the minimum and respectively maximum eigenvalue

of the Hermitian matrix A and || - || for the Euclidean norm.

In addition, we adopt graph theoretical notation (e.g., see [16, 2]) to encode interac-
tions between vehicles. In particular, an undirected graph G is defined by Vg = {1,--- , N}
of nodes and a set Eg € Vg X Vg of edges. If (i,j) € Eg, then the nodes i and j are
neighbors, and the neighboring relation is indicated with i ~ j. The degree d; of node i
is defined by the number of its neighbors and the degree matrix of graph G is then given
by D(G) = diag(d) € RVXN g =[dy, - ,dy]T. A path igiy - - - iy is a finite sequence of
nodes such that iy_; ~ iy, kK = 1,--- ,L, and if any pair of district nodes has a path, then

a graph G is connected. Furthermore, we write A(G) € RV*N for adjacency matrix of a
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graph G defined by
1, if@i,j)eé&
[AG)); & ¢ ()

0, otherwise,

and B(G) € RV*M for the (node-edge) incidence matrix of the graph G defined by

1, ifnodei is the head of the edgej,

[B(G)]lij =1 -1, ifnodei is the tail of the edgej, (2)

0, otherwise,

where M is the number of edges, i is an index for the node set, and j is an index for the

edge set. Finally, the graph Laplacian matrix, L(G) € @ﬁlx}v N SV*N 'is defined by

L(G) = D(G) - A(G), 3)

or equivalently,
LG =8G)B(G)". )
We next recall some of the basic results for (scalar) multivehicle systems [2]. For
this purpose, let nodes and edges represent vehicles and information exchange links be-
tween vehicles, respectively. Then, we can model a given multivehicle system by a graph

G. For example, let x;(#) € R be the state of node i, i = 1,..., N, satisfying
xi(t) = u(t), x;(0) = xj, (5)

where u;(t) € R is the control input. If each vehicle receives the relative state information
with respect to its neighbors, then
wi(t) = = Y (xi(t) = x;(0)) (©6)
i~j
solves the rendezvous problem, where (5) subject to (6) can be written at the multivehicle

system level as

x(t) = -L(G)x(®), xi(0) = xio, (7)
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with x(t) = [xf(t),- .- ,x]Tv(t)] denoting the aggregated state vector. Note that the spectrum
of L(G) has one zero eigenvalue and N —1 positive real eigenvalues if and only if the graph
G is connected and undirected. In this case, the solution of the multivehicle system given

by (7) evolves as x(t) — (INI};,/N)X() ast — oo.

Finally, we recall some results on leader-follower multivehicle system frameworks.

For this purpose, let the incidence matrix (2) be partitioned as

BL(G)
s8G =| """ ®)

Br(G)
where BL(G) € RM>XM and Br(G) € RM*M with Ni. and N denoting cardinalities of the
leader and follower groups, respectively, such that N = Np, + Ng. Then, using (4) and (8)

the partitioned graph Laplacian matrix £ (&) is given by

L(G) GG
L(G) = ; 9)

GG FG)

where L(G) £ BL(G)BL(G)", G(G) = Br(G)BL(G)" and F(G) = Br(G)Br(G)". Note
that F(G) € R]XFXNF N SNFXNe - and hence, F(G) is nonsingular since det(F(G)) # 0.

Furthermore F(G)1n. = —G(G)1y,, or equivalently, each row of —F (G)"'G(@) has a
sum equal to 1. Now, we can model a given multivehicle system on a leader-follower
framework. In particular, let x (f) € R™ and xg(¢) € R be the aggregated state vector of
the leaders and followers, respectively. Then, the followers evolve through the Laplacian-

based dynamics as

xXp(t) = —F(G)xp(t) — G(G)xL(), xp(0) = xpo. (10)

Throughout this paper, we consider leaders as command generators for the neighboring
followers and that a connected, undirected graph G represents the interaction topology

between the vehicles.
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3. NONMINIMAL STATE SPACE REALIZATION FOR FOLLOWER VEHICLES

Consider controllable and observable minimum phase linear dynamical follower

vehicle system i,i = 1,--- , Np, given by
xi(t) = Ax(t) + Bu;(t), x;(0) = xq;, 20, (11)
yi(®) = Cx;(1), (12)

where x;(t) € R", t > 01is the unknown state vector, u; () € R™, t > 0 is the known control
input, y;(t) € R/, t > 0 is the known system output. In addition, A € R"*", B € R"*™,
C € R*" are known follower system matrices and are minimal.

We use a nonminimal state-space representation method employed in [13, 14], for
the follower vehicle dynamics i,i = 1,--- , N, such that an input-output equivalent (from
control inputs u;(¢), t > 0, to system outputs y;(¢), ¢t > 0) nonminimal observer canonical

state-space model [17] of (11) and (12) for [ > 1 is obtained. For this purpose, consider

Xoi(t) = Apxoi(t) + Boui(t), x4i(0) = xp0i, t 20, (13)

Yi(t) = Cox,i(1), (14)

where x,;(t) € R™, t > 0 is the state vector,

0 I; 0
A() — ’ ) ) ' c Rlnxln’ (15)
0 ... 0 I
—aol; —al; -+ —ap-11



133

CB
CAB ,
B, = e R, (16)
CA"'B
Co=10 1, --- 0| eRXn" (17)
with ax, k =0,1,--- ,n — 1, in (15) being the coefficients of the characteristic polynomial

of Ain (11). Defining

By £ Colarlyy + arAg + -+ + ap2A" 3 + a, A" 2 + A" B,

(18)
By £ Colarkiy + azAp + -+ + an | AV + AV B, (19)
Bu_1 = C,B,, (20)

and using a known filtered expanded state vector x¢;(t) € R™, t > 0, ny = (m + [)n, given
by

T
xii(0) = gl 0.+ @Vl v @1)

where gy (1) 2 yE71 (@), vig = ul @), k = 1,2,--+ ,n, 2™ 2 d"z(r)/dr", and where x5;(1)

is obtained by filtering u; () and y;(¢) though the filter 1" /A(s), where

AGs)=(s+2)" = (Z)s"-mp

p=0
=s"+nds" + 4 2, (22)

is a monic Hurwitz polynomial of degree n with 4 > 0, an alternative input-output equiva-

lent nonminimal controllable state-space realization of (11) and (12) is given by
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X () = Apxgi () + B (1),  x(0) = xp05, £ 20, (23)
yi(t) = Cexgi (1), (24)
with
0O I, O 0
0 0 I 0 - ... 0
—aopl; -+ -+ —ay1I; By - - B,
Ap = e RM*m, (25)
0 0 I, O 0
0 Im
0 o0 vnn 0 =A™, - - —nl,
h T
Bi=100--- A"I,| €R"™", (26)
Cr = [ - A aply + A7) -+ - A" ap_11; + nAI))
A "By - A" B,_1] € R (27)

Now, following the results documented in [13, 14], the ith follower vehicle dynamics (11)

and (12) are input-output equivalent to the dynamics given by (23) and (24).

4. COOPERATIVE CONTROL DESIGN BASED ON NONMINIMAL STATE SPACE
REALIZATION

Before constructing the system controller architecture, we present the leader system
dynamics that are necessary for the considered containment problem. For this purpose,

consider the dynamics of the leader i, i = 1,--- , NL, given by

XLi(t) = ALixpi(t) + Brici(t), x1:(0) = xp0;, ¢ >0, (28)
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yLi(t) = CLixLi(7), (29)

where xp;(f) € R™ is the leader state vector, ¢;(t) € R™ is a vehicle bounded input com-
mand (i.e., [[¢;(1)|| < ¢) with bounded time rate change (i.e., [[G;(D)| < ¢f), yLi(?) € R!
is the leader output, A;; € R"*" is the leader system matrix, By; € R"*™ ig the leader

command input matrix, Cr; € RI*7 ig the leader output matrix, (Ar;, Br;,Cr;) is minimal,

and Ap; is Hurwitz.

To achieve the control objective of driving the follower vehicles to the convex hull
spanned by the leaders, we design a two level output feedback cooperative control for the

nonminimal state-space realization follower vehicle i,i = 1,--- , Ng as

ui(t) = uci(t) + uyi (7). (30)

Here, u.;(t) € R™ is the local cooperative controller that receives the relative output mea-
surements of the neighboring vehicles in terms of yg; () and yp;(¢) and uy;(t) € R" is the
vehicle level controller that receives the internal nonminimal state-space realization based
state measurements, i.e., xg (7).

4.1. Vehicle-level Control Law. We consider the vehicle-level control law given

by

uyi (1) = —kxgi(1), €1y

in order to make Ag = Af— Bk € R™*" Hurwitz (i.e., internal stability), where k € R™ <"
is a feedback matrix designed using pole placement. Since Ag is Hurwitz, it follows from

converse Lyapunov theory [18] that there is exists a unique P € R " """ satisfying

0=ALP+ PAg; + R, (32)

where R € R N S Then, the follower vehicle dynamics in (23) become
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X6 (1) = Apxgi(t) + Brugi(t),  x(0) = xp0;, ¢ > 0. (33)

Now that the internal stability of the vehicles has been addressed using the above vehicle-
level control law, we can now design the cooperative control law for the containment prob-

lem.

4.2. Local Cooperative Control Law. In order to present the cooperative con-
trol, we consider the approach in [15] and let §(r) = [yg(t),yfT(t)]T e ROVLXNOI pe
the vector associated with the graph G, where y[ (t) = [y (1), -, yENL(t)]T e RM!
denotes the first Ni, nodes representing the aggregated output vector of the leaders and
Ye @ & i@, yy, O € RV denotes the last Ng nodes representing the aggre-
gated filtered output vector of the follower vehicles. Note that F(G) € RWFXNF) apd
G(G) € RWVeXM) are given in (9). For each vehicle i,i = 1,--- , N, consider the local co-
operative controller receiving the relative output measurements of the neighboring vehicles

in terms of yg(¢),i = 1,--- ,Np, and yy;(¢),i = 1,--- ,Np as [15]

uei (1) = Ke| = > (5i0) = 5;(0) + 6:0)], (34)
i~j
0i(1) = o[ = > (5:(1) = 5;(1)) = £ () = vi(0) |, 6:(0) = Blo, (35)
i~j
vit) =1 (0:0) = vi(0), vi(0) = vio, (36)

where K, € R"* is a gain matrix, 0;(t) € R! is the integrator state, v;(t) € R! is the filter
state, 0 € Ry is the integrator gain, { € R, is the modification gain, and n € R is the filter
gain. Next, applying the local cooperative controller (34), (35), and (36) to the follower

vehicle dynamics given by (33) yields

xgi(¢) = Apxgi (1) — BrK. Z (51(6) = 5;(0)) + BKo0; (). (37)
i~



137

Letting x¢(r) = [} (1), .xfy (01T € RN 0(r) = [67(0). - 6% (017 € RN,

and v(1) £ [v{(0),-- vy (D]" € R, and yg(r) = Coxgi(r) where C, £ [I,---

,0] €

R/ the follower vehicle dynamics (33) subject to the local cooperative controller (34),

(35), and (36) can be written at the multivehicle system level as

x1(1) = (N ® A xe(1) — (F(G) ® BiKe)yr(1) — (G(G) © BiKe)yL(1)

+ (Iny ® BrK:)0(1)

= [INF ® A — F(G) ® BiK.C,lx¢(t) — (G(G) ® BeK,)yL(1)

+ (Ing ® BrKc)0(1), x¢(0) = xgo,

(1) = = 8(F(G) ® INyi(1) = 6(G(G) ® INyL(r) = 6L (8(1) = v(1))

== 0(F(G) ® Co)xi(t) = 6(G(G) ® IyL(1) = 6L (6(1) — v(1)),

V(1) = n(0(2) = v(@)),

v(0) = vp.

This can further be written compactly as

E(t) = AGED + B@yL(D), £(0) = &.

(38)

6(0) = 6o, (39)

(40)

(41)

where & = [x] (1), 67(t), vI()]T € R™, ng 2 Np(ng +20), Ae(G) = Iy, ® A — F(G) ®

BiK.C, € RNemxNent qnd

AG) =

B(G) =

As(G) In. ® BiK. 0
—6(F(@)®C,) —6lIny 6Dy | € R™,
» 0 My —nng
-G(G) ® BiK,
~5(G(G) ® I) | € R

0

(42)

(43)
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The objective of the proposed observer-free vehicle-level controller given in the
previous section is to stabilize the follower vehicle dynamics. Furthermore, the objective
of the local cooperative controller given in this section based on [15] is to solve the contain-
ment problem. For this purpose, we first need to ensure that the solution £(¢) to (41) is L
stable [19], that is for every bounded y; (¢), and &£(¢) is bounded. So, we know that yy (¢)
is bounded, since every Ay;,i = 1,---,Np, are Hurwitz. Therefore, in order to conclude
that (41) is L. stable, A(G) needs to be Hurwitz. A necessary and sufficient condition
satisfying this requirement is given in the following remarks.

Remark 1 Similar to the results in [20, 21, 15], let u; € spec(F(G)),i = 1,--- ,Np. If

Afr - /J,'BfKCCO BfKC 0
Ungyi=| —woC,  —ocI s¢ly| € RUrH2Dx0r+2h) (44)

0 nl; nl

is Hurwitz fori = 1,--- , N, then A(G) in (42) is Hurwitz. This shows that (44) can be
made Hurwitz for i = 1,---, Ny by arbitrarily choosing the design parameters K., 6, {,

and n. This further implies that the system (41) with the leader dynamical given by (28)
and (29) is L stable (e.g., see Corollary 6.1 of [15]).

5. ANALYSIS

In this section, we state the main result of the this paper in the following theorem
which shows that the proposed control architecture solves the containment problem. For
this purpose, we first let & = [x; (), 87(1), vI ()] € R™, with x¢(r) € RN™, 6(r) €
RN and v(r) € RN, In addition, let AL 2 block-diag(Avi,- -+, ALy ) € RMXM, By

block-diag(Bi,- -+ ,BLy,) € R™ ™, G £ block-diag(Cl LGy )" € RN and

e
A T T T mp : * _ v o _
c(t) = [c; (@), - ,cNL(t)] € R™, with |[c(?)|| £ ¢*, where np, = ;" n;, and my, =

i=1
N
iy M-
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Theorem 1 Consider the follower vehicle dynamics given compactly by (41) with (42)
being Hurwitz and the leader dynamics given by (28) and (29) fori = 1,--- ,Np. First,
if the reference command is constant, then yp(t) — (M(G) ® I;)y.(t) ast — oo, that is,
yi(t), i = 1,---, N, asymptotically converge to the convex hull formed by the leaders. If,
in addition, N = 1, then y{(t) — In, ® yp1(t) ast — oo; that is, y;(t),i = 1,--- ,Np,
asymptotically converge to the output of the leader. Second, if the reference command is
time varying with bounded time rate of change, then ys(t) converge to the neighborhood
of the convex hull formed by (M(G) ® I})y.(t) ast — oo. If, in addition, N, = 1, then
y#(t) converge to the neighborhood of 1y, ® y1(t) ast — oo; that is ys(t),i = 1,--- ,Np,

converge to the neighborhood of the output of the leader.

Proof. Considering the augmented state vector given by
Z@) =[x (0.6 ()] e R, (45)
(28) and (41) can be written in a compact form as
Z@1) = A(GZ W) + B.e(t), Z(0)=Zo, 120 (46)

where

A
A =| 0 | ermmoxome @

B(G)CL A(G)

Br
B, = e RUwtne)xm (48)

0
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Since A(G) is Hurwitz as shown in Remark 4 and Ay, is Hurwitz, it follows from the upper
triangle structure of (47) that A,(G) is Hurwitz, and hence, there exists a unique positive

definite matrix P, such that
0=AG) P, + P.AG) +R., (49)

holds for a positive-definite matrix R,.

Now, similar to the proposed analysis in [22], consider
H(1) £ Z(1) + A(G) ™ Be(0), (50)

where A,(G) is invertible since it has a nonzero determinant. In addition, consider the

Lyapunov function candidate given by
VH (D) =H OPH @), (51)

where V(0) = 0, V(H(t)) > 0 for all H(¢) # 0, and V (H (¢)) is radially unbounded.

The time derivative of (51) along the trajectory of (46) and (50) is given by

VH®) = 2H OP. (Z() + AG) ' B.e (1))
= 2HT (P, (A(G)Z () + B.c(1))

+2H ()P, AL(G) ' B.(t). (52)

In the remainder of this proof, we consider two cases.

Case 1: For ¢(t) = 0, it follows from (49) and (52) that

lliryo H(t) =0. (53)
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Next, similar to [15], since (53) implies Z (@) = 0ast — oo, (46) can be written as

AA(G) L () + B:c(0) =0, (54)

where Z(o0) = limy_e Z(¢) and c(o0) = limy_e c(?). In addition, letting xp (c0) =
limy 0 XL (1), X£(00) = limy_y0 X(7), 0(00) = lim,—,e 6(2), v(00) = lim,_, (), and using
the definition of A,(G) and B, given by (47) and (48), respectively, in (54) we have
0 =ApxL(c0) + BLc(00), (55)
0= [INF ® A — F(G) ® BtK.Cylxs(o0) — (G(G) ® BtK,)yL(o0)
+ (INg ® BtK.)0(0), (56)
0=-0(F(G) ® Cp)xt(0) = 6(G(G) ® I})yL(0) — 6{ (B(c0) — v(0)),  (57)

0 =1 (6(c0) = v(e0)). (58)

Since, 6(o0) = v(o0) in (58), (57) implies

yi(e0) = =(F(G)™'G(G) ® I yL(0), (59)

and hence, yf;(t), i = 1,--- , Np, asymptotically converge to the convex hull formed by the

leaders. In addition, if N, = 1, then —-F(G)~'G(G) =1 Np and as a direct consequence of

(59) we have
ye(00) = (Inp ® I yLi(o0)
= 1y ® yLi(e0), (60)
and hence, yf(t), i = 1,---,Np, asymptotically converge to the output of the leader.

Case 2: We now consider ||¢(2)|] < ¢*, where ¢ > 0. For this purpose, (52) can be

rewritten as
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V(H(@)) = ~HTORH (1) + 2HT ()P, A(G) ' B.é(1)
< = Amin(RINHO* + PIH @),

= —Amin(RINH Ol (IIW(I)II - (61)

/lmin (Rz) ) .

where ¥ £ 2||P,A.(G) "' B.|[pc*. It follows from (61) that V(H (z)) < 0 outside the

compact set

Qs {7{(:) H() > 62)

¥
/lmin (Rz) ’

which proves uniform ultimate boundedness of the closed-loop solution Z (1)+A.(G) ' B.c(t)
for all initial conditions[19]. Since V (H (¢)) < 0 outside the compact set (62), then an ul-

timate bound for the distance of H (t) 2 Z(t) + A.(G) ' B.c(t) can be computed as

’/lmax(?z) ¥
Hq{(t)ll = /lmin(Pz) Amin(Rz), r=1. (63)

Note that if the right side of (63) is small, then the distance of Z(¢) + A.(G) ™' B.c(t) is

small for ¢ > 0 . Therefore, a small Z(t) + A.(G) ' B.c(t) implies y;(t), i = 1,--- , Np to
stay at the neighborhood of the convex hull formed by those of the leaders. In addition, if
Np = 1, then -F(G)"'G(G) = 1y, implies ygi(¢), i = 1,---, Np stay close to the output
of the leader.

This concludes the entire proof. ]

6. ILLUSTRATIVE NUMERICAL EXAMPLES

In this section, we present two numerical examples to demonstrate the efficacy of
the proposed output feedback control architecture for multivehicle systems. For this pur-

pose, we consider a line graph of leader and follower vehicles. For the follower vehicle
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dynamics we consider system matrices given by
A= cB=| |, c=|1 0. (64)

with zero initial conditions. In addition, for the leader vehicle dynamics we consider Ay, =

—-0.5, BL = 0.5, (L = 1, with x.1(0) = 0. We let 4 = 0.8, and

0 1 0 0

-6.25 -3.535 1 0
Afr = ’ (65)
0 0 0 1

0 0 -0.64 -1.6

to create the nominal feedback gain k = [37,59.5,29.75,7.09] and choose K. = 1.5, { =
1.5, 7 =2, 6 =5 for the cooperative control design.

Throughout the simulation, in order to show efficacy of the proposed control archi-
tecture regarding the stability and convergence, we consider two types of reference com-
mand for the leader system, constant and time varying reference commands.

Example 1. For the first example, we consider a line graph with four follower
vehicles and a single leader and our aim is to track a given reference command c; (¢), t > 0.
This is first done for a unit step reference command as shown in Figure 1 where it is clear
the the follower vehicles asymptotically converge to the output of the leader. We then apply
a time varying reference command given by c;(¢) = 0.55in(0.02¢) as shown in Figure 4. In
this case, the outputs of the follower vehicles converge asymptotically to a neighborhood
of the leader vehicle which is consistent with the proposed approach.

Example 2. For the second example, we consider four follower vehicles and two
leaders with different reference commands. In this way, the leaders create a convex hull

for the followers to converge to. First, for a constant reference command, we consider
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Figure 1. Proposed output feedback control performance for multivehicle system with one
leader following a constant command.
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Figure 2. Proposed output feedback control performance for multivehicle system with one

leader following a time varying command.

c(t) = [1, 0.8]T as shown in Figure 3. In Figure 7, we use the time varying commands
given by ¢;(t) = (-1D)™10.8 + (=1)"10.5sin((0.02 * i)t), i = 1,2. In both cases, follower

vehicles converge to the convex hull of leader outputs.
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leaders creating a constant convex hull.
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Figure 4. Proposed output feedback control performance for multivehicle system with two

leaders creating a time varying convex hull.

7. CONCLUSIONS

A new, observer-free output feedback cooperative control architecture was pre-
sented for continuous-time, minimum phase, and high-order multivehicle systems. In par-
ticular, a nonminimal state-space realization method was utilized to generate an expanded

set of states for each vehicle, where these nonminimal states were then utilized to design
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a cooperative control architecture to address the containment problem. In addition to rig-
orous analyses on the stability and convergence, two illustrative numerical examples were
further included to demonstrate the efficacy of the proposed approach. Future research will
include comparison of the proposed observer-free cooperative control architecture with

other observer-based cooperative control methods.
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ABSTRACT

An event-triggering methodology is proposed on an observer-free output feedback
cooperative control scheme for linear multiagent systems in order to schedule the ex-
changed information between the agents depending upon error exceeding user-defined
thresholds for reducing wireless network utilization. Specifically, the cooperative control
scheme is designed for continuous-time, minimum phase, and high-order linear multiagent
systems in the context of a containment problem (i.e., outputs of the follower agents con-
vergence to the convex hull spanned by those of the leader agents). The proposed observer-
free output feedback cooperative control scheme with event-triggering guarantees follower
agents’ system stability and performance, and also does not yield to a Zeno behavior. Two

illustrative numerical examples complement the proposed theoretical contribution.

1. INTRODUCTION

During the past few decades, cooperative control of multiagent systems has at-
tracted increased attention in the control engineering community owing to its diverse and

influential application in areas of science and engineering such as formation flight of un-
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manned air, land, and underwater vehicles, as well as the control of clusters of satellites and
telescopes (e.g., see [1, 2, 3, 4]). Since cooperative control enables the multiagent systems
to work coherently utilizing local information exchange between agents, a challenge in the
design and implementation of networked control systems is to reduce wireless network uti-
lization. To this end, the last decade has witnessed an increased interest in event-triggering
control theory [5, 6, 7, 8, 9].

In this paper, we propose an event-triggering methodology for the output feedback
cooperative control to schedule the exchanged output measurements information between
the agents in order to reduce wireless network utilization. The utilized output feedback
cooperative control architecture is in the context of a containment problem (i.e., outputs of
the follower agents convergence to the convex hull spanned by those of the leader agents).
While full state feedback designs lead to computationally simpler cooperative control laws
[10, 11], output feedback designs are required for most applications that involve high-
dimensional agent models with inaccessible states. To this end, several output feedback
cooperative control with event triggering approaches are proposed in the literature for mul-
tiagent systems (e.g., see [12, 13] and references therein), where the common denominator
of these approaches is that they utilize an observer in their cooperative control laws.

Unlike the aforementioned existing literature, the contribution of this paper is an
event-triggering mechanism on the exchanged output measurements between agents that
are controlled by an observer-free output feedback cooperative control architecture for
continuous-time, minimum phase, and high-order linear multiagent systems, where the re-
sults reported here can be viewed as a generalization of our recent papers in [14, 15], where
they do not consider event-triggering. The key feature of our adopted controller scheme is
that it is predicated on a nonminimal state-space realization originally proposed in [16, 17]
that generates an expanded set of states only using the filtered input and filtered output and
their derivatives for each follower agent, without the need for designing an observer for

each agent.
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Specifically, the adopted observer-free output feedback control law consists of a
agent-level controller and a local cooperative controller for each agent as in [18], where
the former addresses internal stability of agents and the latter addresses the containment
problem. In addition, the proposed event-triggering methodology is applied on the relative
output measurements of the agents, where each agent has its own event-triggering thresh-
old to transmit its own output measurements to the neighbor agents asynchronously. Since
the information exchanged happening in the event-triggering manner, additional terms in
the Laplacian matrices are observed, and these additional terms are utilized in the con-
troller scheme design. Note that our cooperative controller scheme operates in a periodic
sampling instances and it uses event-triggered output measurements transmitted from the
neighboring agents. Two illustrative numerical examples complement the proposed theo-
retical contribution.

This paper’s organization is as follows. Section 2 recalls necessary basic results
from the multiagent systems literature. Section 3 presents an over view of the nonmini-
mal state space realization architecture of [14, 15, 16, 17] in the context of the multiagent
system setup of this paper. The proposed output feedback cooperative control architec-
ture with event-triggering is then given in Section 4. User-defined event-triggering rules
are given in Section 5. A performance analysis of the proposed architecture is presented
in 6. Computing the lower bound for event-triggering intersampling time by Zeno analy-
sis is presented in 7, where two illustrative numerical examples are included in Section 8.

Finally, conclusions are summarized in Section 9.

2. NECESSARY PRELIMINARIES

The notation used in this paper is fairly standard ( e.g see [14, 15]). In addition, we
adopt graph-theoretical notation (e.g., see [19, 2]) to encode interactions between agents.
In particular, an undirected graph G is defined by Vg = {1,--- ,N} of nodes and a set

Eg € Vg x Vg of edges. If (i,j) € Eg, then the nodes i and j are neighbors, and
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the neighboring relation is indicated with i ~ j. The degree d; of node i is defined by
the number of its neighbors and the degree matrix of graph G is then given by D(G) =
diag(d) € RNV d = [da,--- ,dn]". A path igi; --- iy is a finite sequence of nodes such
that iy ~ iy, k = 1,--- ,L, and if any pair of district nodes has a path, then a graph G
is connected. Furthermore, we write A(G) € RYXN for adjacency matrix of a graph G
defined by [A(G)];; = 1if (i,j) € Eg and [A(G)];; = 0 otherwise, and B(G) € RN*M
for the (node-edge) incidence matrix of the graph G, defined by [B(G)];; = 1 if node i is
the head of the edge j, [B(G)];; = —1 if node i is the tail of the edge j, and [B(G)];; = 0
otherwise, where M is the number of edges, i is an index for the node set, and j is an index
for the edge set. Finally, the graph Laplacian matrix, £(G) € @_I:IXN N SVXN s defined
by L(G) £ D(G) — A(G), or equivalently, L(G) = B(G)B(G)T. We next recall some of
the basic results for (scalar) multiagent systems [2]. For this purpose, let nodes and edges
represent agents and information exchange links between agents, respectively. Then, we
can model a given multiagent system by a graph G. For example, let x;(#) € R be the state

ofnodei,i =1,...,N, satisfying

X () = u(t), x;(0) = x, (D)

where u;(t) € R is the control input. If each agent receives the relative state information

with respect to its neighbors, then

wi(t) = = Y (xi(t) = x;(0) 2)

i~j
solves the rendezvous problem, where (1) subject to (2) can be written at the multiagent

system level as

x(t) = -L(G)x(®), xi(0) = xio, 3)
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with x(7) = [x?(t),- X ,x% (t)]T denoting the aggregated state vector. Note that the spec-
trum of £(G) has one zero eigenvalue and N — 1 positive real eigenvalues if and only if the
graph G is connected and undirected. In this case, the solution of the multiagent system
given by (3) evolves as x(t) — (INIIT\,/N)xO ast — oo,

Finally, we recall some results on leader-follower multiagent system frameworks.
For this purpose, let the incidence matrix be partitioned as 8(G) = [BL(A)T, Br(6)]T,
where B (G) € RM>XM and Br(G) € RM*M with Ny and N denoting cardinalities of the
leader and follower groups, respectively, such that N = N_ + Ng. Then, using L(G) =
B(G)B(G)T and the partitioned incidence matrix the partitioned graph Laplacian matrix

L(G) is given by

L(G) G(G)"
L(G) = ; 4)

G(G) F(G)
where L(G) £ BL(G)BLIG)", G(G) = Br(G)BL(G)" and F(G) = Br(G)Br(G)".

Note that F(G) € RYF*Nr o §NexNe and hence, F(G) is nonsingular since det(F(G)) #
0. Furthermore F(G)1n. = —G(G)1n,, or equivalently, each row of -F(@)"'G(@) has
a sum equal to 1. Now, we can model a given multiagent system on a leader-follower
framework. In particular, let x; (f) € R™ and xp(¢) € R be the aggregated state vector of
the leaders and followers, respectively. Then, the followers evolve through the Laplacian-

based dynamics as

Xp(t) = —F(G)xp(1) = G(G)xL(1), xr(0) = xFo. &)

Throughout this paper, we consider leaders as command generators for the neigh-
boring followers and that a connected, undirected graph G represents the interaction topol-

ogy between the agents.
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Remark 2 In the case of event-triggering for the exchanged information between the agents,
(2) can be given by
wi(t) = = Y (xi(1) = x(0)) (6)

i~j
where x,j(t) is the event-triggered state vector of the neighboring agent. Then, (1) subject

to (6) can be written at the multiagent system level as
x(1) = —Ly(G)x(1) — Li(G)x5(1),  xi(0) = xio, (7

T
where x4(t) = [xsTl (1), - ,xEN(t)] is the aggregated event-triggered state vector, L,(G)
is graph Laplacian matrix corresponds to the periodic state vector owing to utilizing event-
triggering, Ly(G) is graph Laplacian matrix corresponds to the event-trigged state vector.

Note that the partitioned resulting Laplacian matrices are given by

[ 1,©) G ()T
£, =" ! : ®)

| Gp(G) Fp(G)

» Ly(G) G(6)"
Li(G) = ; )

G(G) F(G)

where L(G) = L,(G) + Ly(G), Gy(G) = 0, Ly(G) = 0, Gy(G) = G(G), Ly(G) =
L(G), and F(G) = F,(G) + F(G). Now, we can model a given multiagent system on a

leader-follower framework with event-triggered state vectors that exchanged between the

multiagent systems. Then, the Laplacian-based dynamics in (5) can be given as

Xp(t) = = Fp(G)xp(t) = G(G)x1s(t) — Fs(G)xrs(t),  xr(0) = Xpo. (10)
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Owing to proposing event-triggering methodology on the exchanged information between
the agents, we have additional different Laplacian matrices here in this paper. In addition, it
will be shown in the sequel how these additional Laplacian matrices affect on the followers

agents’ performance analysis.

3. AN OVERVIEW OF THE NONMINIMAL STATE SPACE REALIZATION

Consider controllable and observable minimum phase linear dynamical follower

agent systemi, i = 1,--- , Np, given by
Xi(1) = Ax;i(t) + Bui(1), x;i(0) = x¢;, t >0, (11)
yi(t) = Cxi (1), (12)

where x;(t) € R”, t > 01is the unknown state vector, u; () € R™, t > 0 is the known control
input, y;(t) € R/, t > 0 is the known system output. In addition, A € R"*", B € R**™,
C € R™"_are known follower system matrices and the triple (A,B,C) is minimal. We use a
nonminimal state-space representation method utilized in [14, 15, 16, 17] for the follower
agent dynamics i,i = 1,---, Np, such that an input-output equivalent (from control inputs
ui(t), t > 0, to system outputs y;(¢), t > 0) nonminimal observer canonical state-space
model [20] of (11) and (12) for [ > 1 is obtained. An input-output equivalent nonminimal

controllable state-space realization of (11) and (12) is now given by

X () = Asxg () + B (1),  x(0) = xp0i, 20, (13)

yi(t) = Crxgi (1), (14)
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with
0O I, 0 0
0 0 Il o -..... 0
—aol;- - —ay_11; Bo ...... Bn_] e
As = € R (15)
0 0O I, 0 0
o I,
0 -v--- 0 AL, —nll,
T
B = [O 0-.. mm] e R, (16)
Cr = [- A (aoly + A"}) -+ - - - —A""(an-1I; + nA"1) 27" By - - - - A" By ]
e R (17)
T
where xg; (1) = [qlTi(t),' g (), v V;,] eRM™,i=1,---,Np, withns = (m+0D)n, is

the known expanded state vector that contains the filtered input and filtered output and their
derivatives given by gi;(1) = y&™ 1 (1), vy = uk71(@), k = 1,2,--+ ,n, 2™ 2 d"z(t)/dr",
ax,k = 0,...,n — 1, is the coefficients of the characteristic polynomial of system matrix
for the nonmimimal observer canonical state space model of (11) and (12) for [ > 1, A is
the filter gain of the transfer function A(s) = A4"/(s + A)" for the known expanded state
vector xg;(¢) in (13), and By, k = 0,...,n — 1 is the combination matrix of the nonminimal
observer canonical state-space form matrices of (11) and (12). The nonminimal state space
realization steps are omitted here due to the page limit restrictions, and the details are

available in [14].
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4. COOPERATIVE CONTROL DESIGN BASED ON NONMINIMAL STATE SPACE
REALIZATION

In order to construct the system controller architecture, we need first to introduce

the leader system dynamics that are necessary for the considered containment problem. For

this purpose, consider the dynamics of the leaderi, i = 1,--- , N, given by
xLi(t) = ALixpLi(t) + Brici(t), xLi(0) = xpLoi, £ 2 0, (18)
yLi(t) = CLixLi(), (19)

where x; (1) € R" is the leader state vector, ¢;(t) € R™ is a agent bounded input command
(i.e., llci(H)ll < ¢) with bounded time rate change (i.e., [[¢;() < ¢), yLi(t) € R! is the
leader output, Ay; € R"*" is the leader system matrix, By; € R"*™i is the leader command
input matrix, Cy; € RIX7i is the leader output matrix, (Ar;, Br;, Cr;) is minimal, and Ay; is
Hurwitz.

To achieve the control objective of driving the follower agents to the convex hull
spanned by the leaders, we utilize the control architecture presented in [14], where a two-

level output feedback control for the nonminimal state-space realization follower agent

i,i =1,---,Npgiven as

ui (1) = uci(t) + uy;(1). (20)

Here, u:;(t) € R™ is the local cooperative controller that receives the event-triggered rel-
ative output measurements of the neighboring agents in terms of yg;(¢) and yr¢(¢) and
uyi(t) € R™ is the agent level controller that receives the internal nonminimal state-space

realization based state measurements, i.e., xg(f).
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4.1. Vehicle-level Control Law. We consider the agent-level control law given by

[14]
uyi(t) = —kxgi(1), 1)

in order to make Ay = Af— Bek € R™*"™ Hurwitz (i.e., internal stability), where k € R"™*"

is a feedback matrix designed using pole placement. Then, the follower agent dynamics in

(13) become
X6 () = Apxi (1) + Buei(t), x5(0) = x5, ¢ > 0. (22)

4.2. Local Cooperative Control Law with Event-triggering. In order to present
the cooperative control scheme with event-triggered exchanged information, we first con-
sider the approach in [18, 14, 15] in our theoretical setup. In addition, we assume each ith,
i =1, ---,Np, follower agent’s controller receives event-trigged relative output measure-
ments form the neighbor agents. For this purpose, let () [yE ), yfT(t)]T € RNLXNe)l
be the vector associated with the graph G, where yE (1) = [yE1 (1), - ,yENL H]T e RM!
denotes the first Ni nodes representing the aggregated output vector of the leaders and
yfT(t) = [ygl ), -, yg\lF ()]T € RM! denotes the last Ng nodes representing the aggregated
filtered output vector of the follower agents. Let in addition, J,(¢) £ [yES(t), Vi, (t)]T €
RWLXNR pe the vector associated with the graph G, where y; () and yg(¢) denote the
event-triggered version of y (¢) and y¢(¢), respectively. For each agenti,i = 1,--- , Np, con-
sider the local cooperative controller receiving the even-triggered relative output measure-
ments of the neighboring agents in terms of yg;(¢),i = 1,--- , Np, and yy4(t),i = 1,--- ,Np

as [18, 14, 15]

uei (1) = Ke| = > (5i0) = 54 0) + 6:0)] (23)

i~j
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0i(1) = 6| = >~ (7)) = 3(0) = £ (O:) = vi®)) |, 6:(0) = blo, (24)

i~j

vi(t) =1 (6:(1) = vi(1)),  vi(0) = vjo, (25)

where K. € R™*! is a gain matrix, 0;(t) € R! is the integrator state, v;(f) € R! is the filter
state, 0 € R, is the integrator gain, { € R, is the modification gain, and n € R, is the filter
gain. Next, applying the local cooperative controller (27), (28), and (29) to the follower

agent dynamics given by (22) yields
i) = Apxe(t) = BiKe ) (5i(0) = 54(1)) + BiKci(0). (26)
i~j

Letting x¢(1) £ [x{ (1), - ,xfy O]T € RN, 0(r) 2 [6](1),--- .6y (D]" € RV, and
v(1) 2 (@), vy (D]" € RM, and ygi(r) = Coxii(r) where C, = [I,--- ,0] € R,
the follower agent dynamics (22) subject to the local cooperative controller (23), (24), and

(25) can be written at the multiagent system level as

xe(1) = (Ing ® Agr)x5(t) — (Fp(G) ® BeKe)ys(t) — (Fs(G) ® BeKe) yes (1)
- (Gs(g) ® Bch)yLs(t) + (INF ® Bch)Q(l)

= [Un: ® Aie = F(G) ® BiK:Colx;(1) — (G(G) ® BiKo)yL(t) + (In; ® BrK:)6(1)

—(G(G) ® BtKo)yLe(t) — (Fs(G) ® BiKo)yre(t),  x1(0) = xro, (27)
0(1) = = 6(Fp(@) ® ye(1) = 5(F(G) ® I yrs(t) = 6(G5(G) ® 1) yus(1)
—64(0(t) —v(n)
=—0(F(G)®Cp) xt(1) = 6(G(G) ® INyL(1) — 64 (0(1) — v(1))
= 6(F(G) ® Iyre(t) = 6(G(G) ® I yLe(1),  6(0) = 6o, (28)
v(t) = n(0(2) =v(@), v(0)=». (29)

This can further be written compactly as
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£() =A(GEM) + B(GIyL(t) + Di(G)yre(t) + Do(G)yre(1), £(0) =& (30)

where & = [x[ (1), 67(t), vI()]T € R™, ng = Np(ng +20), Ae(G) = Iy, ® A — F(G) ®

BiK.C, € RNeXNent -y (1) 2 yio(t) — yL(t) € RNy (1) 2 yes() — ye(t) € RN and

Ag(g) INF ® BiK, O

AG) = |-6 (F(G)®C,) —6Iny 601y | € R™™, (1)
0 NN —nng
-G6) @ BiK.]
B(G) = |-6(G(@) ® I) | € R'&*M, (32)
» 0
_66) e BiK.|
Di(G) = |-6(G(G) ® I) | € RN, (33)
_ 0
——FS(Q) ® BiK,
Dy(G) = |-6(F(G) ® I) | € R'&M, (34)
0

where (33) and (34) are additional terms due to event-triggering of the exchanged informa-
tion resulting from the communication among the agents.

As mentioned before, that the objective of the proposed observer-free agent-level
controller given in this section is to stabilize the follower agent dynamics. In addition, the
objective of the local cooperative controller given in this subsection based on [18, 14, 15]
is to solve the containment problem. For this purpose, we first need to ensure that the
solution &(¢) to (30) is L stable [21], that is for every bounded yi (¢), yre(?), and yg (1),

&(t) 1s bounded. So, we know that yy (7), yLe(%), and yg(¢) are bounded, since every Ay;,i =
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1,---,Np, are Hurwitz. Therefore, in order to conclude that (30) is L, stable, A(G) needs
to be Hurwitz. A necessary and sufficient condition satisfying this requirement is given in
the following remark.

Remark 3 Similar to the results in [22, 23, 18], let u; € spec(F(G)),i =1,--- ,Np. If

A — wiBKCo BKe 0
Uag) = —pi6C, =601 821, | € RUHDX0r2D, (35)

0 nl; —nl

is Hurwitz fori = 1,--- ,Np, then A(G) in (31) is Hurwitz. This shows that (35) can be
made Hurwitz for i = 1,--- N by arbitrarily choosing the design parameters K., ¢, {,
and n. This further implies that the system (30) with the leader dynamical given by (18)
and (19) is L stable (e.g., see Corollary 6.1 of [18]).

S. USER-DEFINED EVENT-TRIGGERING RULES

Let €,; € R, be a given, user-defined sensing threshold to allow for output data
transmission from the ith follower agent system, i = 1,- - - , Vg, to the neighboring follower
agent systems. In addition, let €y, € R, be a given, user-defined sensing threshold to allow
for output data transmission from the ith leader system, i = 1,--- , Ny, to the neighboring

follower agent systems. We then define the logic rules for scheduling the data exchange:
Eyi: lyesi(®) — ya Il < €y, (36)

Ep; : [lyLsi(t) — yLi(Dl < €y, (37

Specifically, when the inequality in Equation (36) is violated at the s, € R, moment of
the k;-th time instant, the follower agent system triggers the filtered measured output signal
information, such that yg; () is sent to the neighboring agent systems along the monotonic

sequence {s, }Zzl. Likewise, when Equation (37) is violated, then the leader system sends
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the measured output signal information yj () to the neighboring agent systems at the
rq; € Ry moment of the g;-th time instant along the monotonic sequence {rqi }Oj: E Each
ith leader agent, i = 1,--- , Ny and ith follower agent, i = 1,--- , Ng output signal is held
by zero-order-hold operator (ZOH) until the next triggering event for the corresponding
signal take place. In addition, each ith follower agent ,i = 1,--- , N, receives the event-
triggered relative output measurement form its neighboring agent and stores it by a ZOH
and update this value whenever it receives a new triggered relative output measurement
form that neighboring agent. Furthermore, each agent event-triggers its own output signal
asynchronously to the neighbor agents.

Now, consider the agent system given by (22), and compact form of multivechile
system subject to the local cooperative control given by (30). Letting the transmission
of the follower agent system filtered output to the neighboring agent systems occur when

E); is true and letting the transmission of the leader system measured output signal to the

neighboring follower agent systems occur when E»; is true.

6. SYSTEM-THEORETIC ANALYSIS

In this section, we show the performance of the follower agents’ outputs to converge
to the leader output. In the analysis, we show that the proposed control architecture solves
the containment problem with the presence of event-triggering mechanism. For this pur-
pose, we first let Ap, = block-diag(Ayr; ,--- ,ALy,) € R™*™ By = block-diag(BLi, - ,

BLy,) € R™X™. Cp £ block-diag(C i)' € R ande(r) £ [c] (1), -+,

NERE
e 01T € R™ with [le(t)]] < c*, where n = X i, and my = 3 m;. In order to
analyze the effect of event-triggering of communication among the agents on the closed

loop system and controller performance, we consider the dynamical system given by

E(t) =AG)EWD) + BGyL(), £(0) = &, (38)
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has solution partitioned as & = [X[ (1), 87(r), v (1)]" € R, where %¢(r) € RV with
Fe(t) = (Iny ® Co)X(t), () € RM! and #(r) € RN,

Note that each ith, i = 1,--- , Np, follower agent communicates with its own con-
troller in periodic sampling instances. In addition, the received event-triggered output mea-
surements from the neighboring agents only affect on the cooperative controller scheme
performance. Since we utilize ZOH operator to hold the event-triggered outputs form the
other neighboring agents that considered as inputs to the cooperative controller, we uti-
lize standard Lyapunov analysis to analyze the performance of overall multiagent systems
[11, 24].

Theorem 2 Consider the follower agent dynamics given compactly by (30) with (31) being
Hurwitz and the leader dynamics given by (18) and (19) for i = 1,---,Ny, where the
reference command is time varying with bounded time rate of change. Furthermore, let the
data transmission from the ith follower systems to the neighboring follower agent systems
occur when Ey;,i = 1,- -+, Np, is true and let the data transmission from the ith leader agent
system to the neighboring follower agent systems occur when Eo;, i = 1,--- Ny, is true.
Then, yq(t) converge to the neighborhood of the convex hull formed by (M(G) ® 1)y (1)
as t — oo. If, in addition, Ni, = 1, then yg(t) converge to the neighborhood of 1y, ® yp1(t)
ast — oo; that is y;(t),i = 1,--- ,NF, converge to the neighborhood of the output of the

leader.

Proof. In order to analyses the convergence performance, we consider the aug-
mented state vector given by Z(¢) = [xE (1),ET(6)]T € R™*"¢ (18) and (30) can be written

in a compact form as

Z@t) =A(G)Z(1) +B.C(t), ZO)=Zp, t>0 (39)
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where

AL 0
ﬂz G) = c R("L"'"f)x(’lm‘ng)’ (40)
B(G)CLA(G)
B, = B 0 0 € ROw+7) X (mL+2Nel) @1
0 DD,

and C(1) £ [T (D), ¥, (D), y(D]T € R™+2NelSince A(G) is Hurwitz as shown in Remark

4 and Ap is Hurwitz, it follows from the upper triangle structure of (40) that A.(G) is

Hurwitz, and hence, there exists a unique P, € RTLM'{)X(HLM&) N STLM'S)X(HLMQ such that
0=AG)P. + P.A(G) + R., (42)

holds for R, € RTLM'S)X(”LM&) N Sin”nf)x(n”nf). To show the effect of leader reference
command on the convergence performance with isolation of event triggering effect, con-
sider the augmented state vector given by Z(t) € R+ (18) and (38) can be written in a

compact form as

Z() = A(GZ) +B.C(t), Z0)=Zy, t>0 (43)
where C(7) £ [cT(1),0,0]T € R™*2Nel Consider in addition
Z@) = A Z (1) + B,C1), Z©0)=Zo 120 (44)

where Z (1) = Z(1) — Z (1), and C(1) £ [0,y (1), yL(1)]T € Rm+2Vel,

Next, similar to the proposed analysis in [25, 14], consider

H(t) 2 Z(1) + AU(G) ' B.C1), (45)
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where A, (G) is invertible since it is Hurwitz. In addition, consider the Lyapunov function

candidate given by
VI(H (1) = HY ()P H (@), (46)

where V1(0) = 0, Vi(H (t)) > 0 for all H(¢) # 0, and Vi (H (¢)) is radially unbounded.

The time derivative of (46) along the trajectory of (43) and (45) is given by

Vi(H®) = 2H OP: (Z(1) + A(G) ' 8.C(1))

= —HTORH () + 2HT ()P, A,(G) ' B,C(1). (47)

In the reminder of the proof, we consider two cases.
Case 1: For ¢(t) = 0, it follows from (47) that lim;_,., H () = 0. Next, similar to [18, 14,

15], since this limit implies Z_ (1) > 0ast — oo, (43) can be written as
A(G)Z () + B.C () =0, (48)

where Z(c0) = lim,_e Z(¢) and C(c0) = lim;,, C(¢). In addition, letting xy (c0) =
lim, o0 X1.(), Xp(00) = lim;_,o X¢(2), 8(00) = limy_,o 8(2), ¥(c0) = lim;_,e, ¥(t), and using

the definition of A,(G) and B, given by (40) and (41), respectively, in (48) we have

0 = ALxp(c0) + Brc(o0), (49)
0 =[In: ® Afe — F(G) ® BeK:Col%¢(0) = (G(G) ® BtK.)yL(e0)

+ (Iny ® BiK,)0(o0), (50)
0 == 6(F(G) ® Co)Xr(e0) = 6(G(G) ® I)yL(e0) — 6L (8(c0) — #(e0)),  (51)

0 =17 (8(c0) = () . (52)

Since, §(c0) = ¥(c0) in (52), (51) implies
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Fi(e0) = =(F(G)™'G(G) ® INyL(w0), (53)

and hence, yf;(t), i = 1,---, Np, asymptotically converge to the convex hull formed by the

leaders. In addition, if N, = 1, then —-F(G)~'G(G) =1 Ny and as a direct consequence of

(53) we have
yi(eo) = (Ing ® I yLi(e0)
= 1NF ® yL1(0), (54)
and hence, yg;(t), i = 1,-- - , Np, asymptotically converge to the output of the leader.

%

Case 2: We now consider ||¢(2)|] < ¢*, where ¢* > 0. For this purpose, (47) can be

rewritten as

) v
VIH)) <€ =Anin(RIINH )] (nﬂ(r)n - A—(lm) , (55)

where ¥ £ 2||P,A.(G) ' B, |lp¢*, with ||¢(1)|| < ¢*. Tt follows from (55) that Vi (H (1)) <

0 outside the compact set Q; = {7{ ) :H@) < ﬁ}, which proves uniform ultimate

boundedness of the closed-loop solution Z (1)+A.(G) ' B.C(¢) for all initial conditions[21].

Since V; (H (1)) < 0 outside the compact set 1, then an ultimate bound for the distance of

H(t) £ Z(t) + A(G) ' B.C(t) can be computed as [|H (1) < [ P25 b, 1 2

T. Note that if the right side of last inequality is small, then the distance of Z (1) +
A.(G)'B.C(t) is small for + > 0, and this can be done by utilizing small bound of
time rate of change for the reference command. Therefore, a small Z0)+ A(G)'8.C(1t)
implies yy;(¢), i = 1,-- -, Np to stay at the neighborhood of the convex hull formed by those
of the leaders.

Then, consider the Lyapunov function candidate given by

W(Z() = ZO)" ()P, Z (1), (56)
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where V5(0) = 0, Vo(Z (1)) > 0 for all Z(r) # 0, and V»(Z (1)) is radially unbounded.

The time derivative of (56) along the trajectory of (44) is given by

V(Z (1) =220 (OP: (A Z () + B.C(1))
=-ZOTOR.Z1) +2Z0)T(1)P.B.C(1)

~ ~ Y,
< = Amin(RINZ Ol (IIZ(Z)II - /1—(27{)) (57)

where W £ 2||P.BIr (€y, +€,). It follows from (57) that Va(Z (1)) < O outside the

compact set Qy = {Z ) :Z@) < %ZRZ)} , which proves uniform ultimate boundedness

of the closed-loop solution Z (¢) for all initial conditions[21]. Since V5(Z (7)) < 0 outside
the compact set Q,, then an ultimate bound for the distance of Z () can be computed as

> /lmax Z 1 >
Z@®| < ,/ /lmm((gz))%(z&)’ t > T. Note that the distance bound || Z(#)|| can be small by

reducing the event-triggering thresholds. So, if the triggering threshold values are small

enough, then Z (¢) stays close to Z (1), and this implies that y¢(¢) stays at the neighborhood
of y¢(¢) with a distance governed by the ||2~,' M-

Thereby, first, in case of ¢(¢) = 0, as a direct consequence of (53) and (57) we have
ye(t) converges to the convex hull formed by (M(G) ® I;)yL(t) as t — oo with uniformly
ultimately bounded deviation governed by IZ(®)|l. Second, in the case of ||¢(t)]| < ¢,
as a direct consequence of (55) and (57) we have y;(¢) converges to the neighborhood of
the convex hull formed by (M(G) ® I;)yL(t) ast — oo with uniformly ultimately bounded
deviation governed by ||H ()| + |- Z(¢)|l. Then, in both cases, that is y;(¢),i = 1,--- , Np,
converge to the neighborhood of the convex hull formed by the leaders. For a single leader
in addition, y¢(#) converge to the neighborhood of 1y, ® y.1(¢) as t — oo; that is yf; (), =

1,- -+, Ng, converge to the neighborhood of the output of the leader. ]
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7. ZENO ANALYSIS

In this section, we show that the proposed event triggered communication between
the agents does not yield a Zeno behavior, which implies that it does not require a continu-
ous information exchange and reduce wireless network utilization. We utilize the theoreti-
cal Zeno analysis similar in fashion to [26, 27, 28, 29].

Corollary 1 Consider the follower agent dynamics given compactly by (30) with (31) be-
ing Hurwitz and the leader dynamics given by (18) and (19) fori = 1,--- , Ny, where the
reference command is time varying with bounded time rate of change. In addition, let the

data transmission from the ith follower systems to the neighboring follower agent systems

occur when Ey;, i = 1,--- ,Np, is true and let the data transmission from the ith leader
agent system to the neighboring follower agent systems occur when E»;, i = 1,--- Ny, is
true. Then, there is exist positive scalar ay; = i and ay; = ey—“ such that:
(Dlz (DZI
Ski+1 - Ski Zalia th € N’ (58)
rq,‘+1 - rqi Za/Zz, VQl € N’ (59)

Proof. The time derivative of ||y () — y5i(¢)|| overt € (s, +1,Sk,), Vk; € N s given

d
77 1@ =y @]l
< ysi(@) = 31 = 5@ < [1Collell X ()l

< [Collell Asellellxe (O[] + 1 Collel| Ber [lF Ke Z ij + 1Collel BelEKc 16 ()], (60)
i~j

where

| Iy = yus;ll, if jth neighbore is a leader,
Hij = (61)
llyti — ygsjll, 1f jth neighbore is a follower.
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Since the closed-loop dynamical system is uniformly ultimately bounded by Theorem 2,
there exists an upper bound to the equation (C.1). Letting ®@1; denote this upper bound and
with initial condition satisfying limf—“Zi lyesi () — yei(2)|| = 0, it follows from Equation
(C.1) that ||y () — ye (D)l < Oy (¢ — sk,), VYVt € (sk;,Sk,+1). Therefore, when E,; is true,
then lim,_m]:i+l lyesi () — yii(#) |l = €y;, and it then follows that s, 11 — sk, > a@1;.

Proof of (59) follows similarly from the above analysis, and hence, is omitted due

to page limit restrictions. |

8. ILLUSTRATIVE NUMERICAL EXAMPLES

In this section, we present two numerical examples to demonstrate the efficacy
of the proposed output feedback control architecture for multiagent systems with event-
triggered exchanged information between each connected agents. For this purpose, we
consider a graph of leader and follower agents as shown in Figure 1. For the follower agent

dynamics we consider system matrices given by
A= . B=| |, c:[l 0]. (62)

In addition, for the leader agent dynamics we consider Ay, = —0.5, B = 0.5, Cp, = 1.
We let 4 = 0.8, and desired follower agent system eigenvalues A(Ag) = [ —1.2500 +
i2.1651, —1.2500 —i2.1651, —0.9,—0.7] to create the nominal feedback gain k = [ 32.68,
52.58, 25.53, 5.47] and choose K. = 1.5, { = 1.5, n = 2, 6 = 5 for the cooperative control
design. In addition, consider event triggering thresholds €,, = 0.1 and €, = 0.1.
Throughout the simulation, for each example, we consider two types of reference
command for the leader system, constant and time varying reference commands.
Example 1. For the first example, we consider a graph with four follower agents
and a single leader as shown in Figure 1a, and our aim is to track a given reference com-

mand c(t), ¢t > 0, with the initial conditions xro; = 0, and yo = [0, 0.2, 0.1, -0.2]7.
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(b) Example 2.

Figure 1. System connection graph.

First we use a unit step reference command as shown in Figure 2, and then we then ap-
ply a time varying reference command given by ¢ () = 2.5sin(0.06¢) as shown in Figure
3. The proposed controller with event-triggering drives the multiagent system output to the
desired reference command with bounded deviation. Figure 4 shows a significant reduction
in the number of samples throughout the response time due to utilizing the event-triggering
mechanism.

Example 2. For the second example, we consider three follower agents and two
leaders, as shown in Figure 1b, with different reference commands with the initial condi-
tions xy9 = [0.1, —0.1], and yo = [0, 0.2, —0.2]T. In this case, the leaders create a
convex hull for the followers to (approximately) converge to. First, for a constant reference
command, we consider ¢(z) = [5, 4] as shown in Figure 5. In Figure 6, we use the time
varying commands given by ¢;(¢) = 5 * ((=1)"*10.8 + (=1)""10.5sin((0.06 * i)1)), i = 1,2.
In both cases, follower agents converge to the convex hull of leader outputs. Figure 7 shows
a significant reduction in the number of samples throughout the response time with each

different type reference command due to utilizing the event-triggering mechanism.
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Figure 2. Responses of yg(¢), yL(%), ys(2), yLs(?), uy(¢), and u.(¢) for the multiagent system
with one leader following a constant command.
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Figure 3. Responses of yg(¢), yL(¢), ys(2), yLs(?), uy(¢), and u.(¢) for the multiagent system
with one leader following a time varying command.

9. CONCLUSIONS

A new event-triggered observer-free output feedback cooperative control architec-
ture was presented for continuous-time, minimum phase, and high-order multiagent sys-

tems in the presence of data exchange between the agents. In particular, a nonminimal
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Figure 4. Single leader case; a) Output triggers for constant command; b) Triggers com-
parison for constant command; ¢) Output triggers for time varying command; d) Triggers
comparison for time varying command.
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Figure 5. Responses of yg(¢), yL(2), ys(2), yLs(?), uy(¢), and u.(¢) for the multiagent system
with two leaders creating a constant convex hull.

state-space realization method was utilized to generate an expanded set of states for each
agent, where these nonminimal states were then utilized to design a cooperative control ar-

chitecture to address the containment problem and event-triggering mechanism was utilized
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Figure 6. Responses of yg(t), yp(¢), v (2), yLs(?), uy(2), and u.(¢) for the multiagent system
with two leaders creating a time varying convex hull.
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Figure 7. Two leaders case; a) Output triggers for constant commands; b) Triggers com-
parison for constant commands; ¢) Output triggers for time varying commands; d) Triggers
comparison for time varying commands.

to schedule the exchange information between the agents to reduce the wireless network
utilization cost. In addition to rigorous analyses on the performance, two illustrative numer-

ical examples were further included to demonstrate the efficacy of the proposed approach.
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ABSTRACT

A new observer-free output feedback adaptive control, (OF)?AC, method is pro-
posed for continuous-time, minimum phase, and high-order linear multivehicle systems
subject to exogenous disturbances (hereinafter referred to as “uncertain multivehicle sys-
tems”). In particular, the (OF)?AC is based on a nonminimal state-space realization for each
follower vehicle of the multivehicle system, where this realization generates an expanded
set of states using the filtered input, filtered output, and their derivatives of the follower
vehicles. The (OF)>AC consists of i) a local cooperative controller and ii) a vehicle-level
controller for each follower vehicle. Specifically, part i) of the proposed control method
addresses the leader-follower containment control problem by receiving the relative out-
put measurements of the neighboring vehicles and its part ii) consists of an augmenting
adaptive controller for stabilization and command following in the presence of exogenous
disturbances. Two illustrative numerical examples are provided to demonstrate efficacy of

the (OF)2AC.
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1. INTRODUCTION

1.1. Literature Review. Multivehicle systems consist of a collection of mobile
dynamical systems that sense the surrounding environment and communicate with each
other based on a network protocol. In this way, they work cooperatively to achieve shared
tasks which may be challenging for an individual vehicle to handle alone. During the past
few decades, cooperative control of multivehicle systems has attracted increased attention
in the control engineering community owing to its diverse and influential application in
areas of science and engineering, such as formation flight of unmanned air, land, and un-
der water vehicles, as well as the control of clusters of satellites and telescopes (see, for
example, [1, 2, 3, 4, 5, 6], and references therein).

In general, vehicle system models are represented by the first principles of physics
and derived using fundamental physical laws. Due to the system complexity, nonlinearity,
and uncertainty, the simplistic approximations create inaccuracies between the model and
the the actual system. As a result of this modeling error, it is very important for the co-
operative control design to not only achieve system level objectives, but also possess the
ability to maintain the stability of each vehicle in the presence of system uncertainties. The
most notable results that address cooperative control of uncertain vehicle systems include
[7,8,9, 10, 11, 12, 13, 14, 15, 16, 17]. Specifically, the authors in [7, 8, 9, 10, 11], con-
sider the uncertain multivehicle systems problem as first and/or second order models which
are suitable for a limited number of applications. For more applicable system dynamics,
[12, 13, 14, 15, 16, 17] use high-order vehicle models with system uncertainties.

In particular, the authors in [12] consider linear single input and single output ve-
hicle systems with parametric uncertainties that range over an known compact set. The
work in [13] uses an internal model based distributed control scheme that makes the vehi-
cle controllers robust to small variation in their models. A finite-time disturbance observer
is proposed in [14] to estimate the system uncertainties. A distributed adaptive control

for both the uncertain follower and uncertain leaders is considered in [15], where the dis-
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tributed adaptive control law is designed based on local consensus error feedback. The
authors of [16] design a decentralized adaptive tracking controller under the assumption
that the uncertain follower vehicles with Lipschitz-type disturbances are guided by a leader
with unknown input. The authors in [17] introduce cooperative control for higher-order
multivehicle systems having nonidentical nonlinear uncertain dynamics and large paramet-
ric uncertainties with no a prior information on their bound. While the above results are
promising, full state feedback is necessary for each proposed controller which requires
knowledge of the vehicle system state variables and this is not applicable when the mul-
tivehicle system state variables are unknown. Therefore, output feedback is necessary for
most applications that involve high-dimensional models with unknown system state vari-
ables, such as multiple unmanned aerial vehicles, multiple mobile robots, and multiple
manipulators.

To address this problem, [18, 19, 20, 21] propose adaptive output feedback con-
trollers for uncertain dynamical multivehicle systems. In particular, in [18, 19] the adaptive
output feedback controller is design for consensus protocols, where the gains rely on the
global information of the network which is represented by the Laplacian matrix. The au-
thors of [20] adopt two observer designs, a local observer and an adaptive estimator, for the
distributed adaptive output-feedback consensus tracking control for unknown agent dynam-
ics without depending on the Laplacian matrix information. Among the above mentioned
works, the common feature is that the adaptive output feedback controller requires an ob-
server for estimating the unknown state variables. In a recent result [22], we employ an
output feedback control architecture for dynamical multivehicle systems without observers
(outside the context of adaptive control). Specifically, the observer-free nature of our work
is an expansion of the original observer-free output feedback adaptive control idea proposed
in [23, 24, 25, 26].

1.2. Contribution. In this paper, a new observer-free output feedback adaptive
control, (OF)2AC, method is proposed for continuous-time, minimum phase, and high-

order linear multivehicle systems subject to exogenous disturbances (hereinafter referred
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to as “uncertain multivehicle systems”), where the results reported here can be viewed as
an expansion of our recent paper in [22]. In particular, similar to the observer-free methods
studied in [23, 24, 25, 26, 22], the (OF)?AC is based on a nonminimal state-space realiza-
tion for each follower vehicle of the multivehicle system, where this realization generates
an expanded set of states using the filtered input, filtered output, and their derivatives of
the follower vehicles. The (OF)?>AC consists of i) a local cooperative controller in [17] and
ii) a vehicle-level controller for each follower vehicle. Specifically, part i) of the proposed
control method addresses the leader-follower containment control problem by receiving
the relative output measurements of the neighboring vehicles and its part ii) consists of an
augmenting adaptive controller for stabilization and command following in the presence of
exogenous disturbances. Two illustrative numerical examples are provided to demonstrate
efficacy of the (OF)2AC.

The organization of the paper is as follows. Section 2 present the notation used
throughout the paper and recalls some basic results from multivehicle systems. Section
3 presents a nonminimal state space realization [23, 24, 25, 26] technique. The proposed
method is given in Section 4. The stability of the overall multivehilce system is analyzed
in Section 5 and convergence properties are highlighted in Section 6. Two illustrative
numerical examples are provided to show the efficacy of the proposed control architecture

in Section 7. Finally, conclusions are drawn in Section 8.

2. NOTATION AND MATHEMATICAL PRELIMINARIES

The notation used in this paper is fairly standard and similar to, for example, our
earlier work in [22]. For self-containedness, R denotes the set of real numbers, R” denotes
the set of n x 1 real column vectors, R"*" denotes the set of n X m real matrices, R,
denotes the set of positive real numbers, R”?*" denotes the set of n X n positive-definite
real matrices, S"*" denotes the set of n X n symmetric real matrices, D"*" denotes the set

of n x n real matrices with diagonal scalar entries, (-)T denotes transpose, (-)~! denotes
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inverse, (-)" denotes Pseudo inverse, tr(-) denotes the trace operator, diag(a) denotes the
diagonal matrix with the vector a on its diagonal, and “£” denotes equality by definition.
In addition, we write Apin(A) (respectively, Amax(A)) for the minimum and respectively
maximum eigenvalue of the Hermitian matrix A, || - || for the Euclidean norm, and || - ||r for
the Frobenius matrix norm.

In addition, we adopt graph theoretical notation (e.g., see excellent books on the
topic [27, 6]) to encode interactions between vehicles. In particular, an undirected graph G
is defined by Vg = {1,--- ,N} of nodes and a set Eg € Vg X Vg of edges. If (i,)) € Eg,
then the nodes i and j are neighbors, and the neighboring relation is indicated with i ~ j.
The degree d; of node i is defined by the number of its neighbors and the degree matrix of
graph G is then given by D(G) = diag(d) € RNXN g =[dy,--- ,dy]F. A path igiy - - -ip
is a finite sequence of nodes such that iy_; ~ iy, k = 1,---,L, and if any pair of district
nodes has a path, then a graph G is connected. Furthermore, we write A(G) € RVXN for

the adjacency matrix of a graph G defined by

1, ifG,j)e&
[AG)];; = ¢ (1)

0, otherwise,

and B(G) € RV*M for the (node-edge) incidence matrix of the graph G defined by

1, if nodei is the head of the edge j,
[B(G)]ij = +-1, if nodei is the tail of the edge (2)
0, otherwise,

where M is the number of edges, i is an index for the node set, and j is an index for the

edge set. Finally, the graph Laplacian matrix, L(G) € E:IXN N SV*N s defined by

L(G) = D(G) - AG), 3)
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or equivalently,

L(G) = B(G)B(G)". 4)

Next, we recall some of the basic results for first-order multivehicle systems [6].
Specifically, let nodes and edges represent vehicles and information exchange links be-
tween vehicles, respectively. Then, we can model a given multivehicle system by a graph

G. For example, let x;(r) € R be the state of node i,i = 1,..., N, satisfying
@) =u (), x:(0) = x, (5)

where u;(t) € R is the control input. If each vehicle receives the relative state information

with respect to its neighbors, then

wi(t) = = Y (xi(t) = x;(0)), (6)
i~j
solves the rendezvous problem, where (5) subject to (6) can be written at the multivehicle

system level as

x(t) = -L(G)x(®), xi(0) = xio, (7)

with x(¢) = [x?(t), S x% (t)] denoting the aggregated state vector. Note that the spectrum
of L(G) has one zero eigenvalue and N — 1 positive real eigenvalues if and only if the graph
G is connected and undirected. In this case, the solution of the multivehicle system given
by (7) evolves as x(t) — (lNlﬁ/N)xo ast — oo,

Furthermore, we recall some results on leader-follower frameworks. For this pur-

pose, let the incidence matrix (2) be partitioned as

BL(G)
86 =| " |, (8)

Br(G)
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where B (G) € RM>XM and Br(G) € RV XM with Ni. and N denoting cardinalities of the
leader and follower groups, respectively, such that N = Ni, + Ng. Then, using (4) and (8)

the partitioned graph Laplacian matrix L(G) is given by

L(G6)G(G)T
L(G) = ; 9)

G(G) F(G)

where L(G) £ BL(G)BL(G)", G(G) = Br(G)BL(G)" and F(G) = Br(G)Br(G)". Note
that F(G) € RfFXNF N SN and hence, F(G) is nonsingular since det(F(G)) # O.

Furthermore F(G)1y. = —G(G)1y,, or equivalently, each row of —F(G)TG(G) has a
sum equal to 1. Now, we can model a given multivehicle system with a leader-follower
framework. In particular, let x (f) € R™ and xg(¢) € R be the aggregated state vector of
the leaders and followers, respectively. Then, the followers evolve through the Laplacian-

based dynamics as

Xp(t) = =F(G)xp(1) — G(G)xL(1), xp(0) = xo. (10)

Throughout this paper, we consider leaders as command generators for the neighboring
followers and that a connected, undirected graph G represents the interaction topology
between the vehicles.

Finally, we provide the following definition necessary for the main results in this
paper.

Definition 1. Let ¢ : R" — R be a continuously differentiable convex function

given by ¢(0) 2 ((eg+1)67 -0 — 62

2 )/ (€602...), where 0. € R is a projection norm

max

bound imposed on 6 € R" and € > 0 is a projection tolerance bound. Then, for y € R", the
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projection operator Proj : R" x R" — R" is defined by

Y, if ¢(0) <0,
Proj(6,y) 24 ¥ if $(6) > 0 and ¢ (0)y <0, (11)
¢'" (0)¢'(0)y .
T f ' .
Y S 0d ) ¢(6), if$(0) = 0and ¢'(0)y >0

It follows from Definition 1 that (6 — 6*)T (Proj(6,y) — y) > 0, #* € R” holds [28].
The definition of the projection operator can be generalized to matrices as Proj,(0,Y) =
(Proj(col; (®),col;(Y)), ...,Proj(col,(0),col,(Y))), where ® € R"™*" Y € R"*" and
col;(-) denotes the ith column operator. In this case, tr [(@ - @*)T(Projm(®,Y )—-Y )]:

™ |coli(® - ©)T(Proj(col;(©),coli(¥)) — col;(¥)) | < 0 holds, where ©* € R"™ ",

3. NONMINIMAL STATE SPACE REALIZATION: AN OVERVIEW

In this section, we overview the nonminimal state space representation employed in
[29, 25] in the context of the problem considered in this paper, that is, for the follower ve-
hicle dynamics i,i = 1,- - - , N, in order to obtain equivalent input-output system dynamics
representation for applying the (OF)>AC in the next section. For this purpose, consider the
controllable and observable minimum phase linear uncertain dynamical follower vehicle

system i,i = 1,---, Np, given by

Xi(t) = Ax;(t) + Bu;(t) + Bw;(t), x;(0) =xq;, t >0, (12)

yi(t) = Cx;(1), (13)

where x;(t) € R", t > 0 is the unknown state vector, u;(f) € R™, t > 0 is the known

control input, y;(f) € R/, t > 0 is the known system output, w;(f) € R™, ¢t > 0 is the

dz*

unknown input disturbance with [lw;(r)|| < w} and ||wl.(k)(t)|| < wl.(k)*, where ZK) = iz,

i=1,--- ,Ng,andk = 1,--- ,n—1. In addition, A € R"*", B € R™™_C e R*" are known

follower system matrices and are minimal. An input-output equivalent (from control inputs
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ui(t), t > 0, to system outputs y;(¢), + > 0) nonminimal observer canonical state-space

model of (12) and (13) for / > 1 is given by [30]

Xoi(t) = Apxoi(t) + Boui(t) + Bowi(t), x0i(0) = x40, t 2 0, (14)

Yi(t) = Coxoi(t), (15)

where x,;(t) € R™, t > 0 is the state vector,

0 I 0
Ao=| T |erimi (16)
0O --- 0 I
—aoli—ail;-- - —ap—11;
CB
CAB l
B, = e RImxm, (17)
CA"'B
C, = |or---0| e R, (18)

Note that ag, k =0,1,--- ,n—1, in (16) are the coefficients of the characteristic polynomial
of the matrix A in (12).

Next, define

By 2 Co(arliy + arAg + - + an 2 A" + a, 1 AV2 + A"HB,, (19)

Bl = Colapliy + azAp + -+ + al’l—lAZ_3 + AZ_Z)BU’ (20)

B, = C,B,. (21)
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Now, an alternative input-output equivalent nonminimal controllable state-space realization

of (12) and (13) is given by

X (1) = Agxgi(t) + Beu; (1) + Dpwg; (1),  x;(0) = xg0;, 20, (22)

yi(t) = Cexgi (1), (23)
where x5;(f) € R™, t > 0, ng = (m + [)n, is the known filtered expanded state vector given
by

[T T T TT
xii(1) = gl (0. @Vl v (24)

where gy (t) 2 Y1), vig = uk™1 (1), k = 1,2,-++ ,n, 2™ £ d"z(r)/dt", and where xg; (1)

is obtained by filtering u;(¢) and y;(¢) though the filter 1" /A(s), where
= (n
A(S) = (S+/1)n = Z( )sn_p/lp — s” +n/lsn_l + ... +/ln, (25)
4

p=0

is a monic Hurwitz polynomial of degree n with 4 > 0. In addition,

0 I, 0 0
0 O Il 0 ...... 0
_aOIl R— —lIl BO ...... B,
Ap = " | e R, (26)
0 0 I,0 0
0 I,
0 -vvnn- 0 =A"1, -----—nal,

T
Bi=[00-. a1, | emm, 27)



Cr=[ - A"(aol; + A"L)) -~ -~ A M(apor Iy + A A By - - AB,_y] € R,
(28)
T [
Dt =10---050---00| €R"™ (29)
and

Wi (1) =a1CoBowgi (1) + -+ + an_1[CoAL > Bowii(t) + -+ + CoBowi > (1)]

+ CoAY Bywii(1) + -+ CoBow( ™V (1), 1 2 0, (30)

where wy;(¢) is obtained by filtering w;(¢) through the filter 1" /A(s). Now, following the
results documented in [29, 25], the ith follower vehicle dynamics (12) and (13) are input-

output equivalent to the dynamics given by (22) and (23) (e.g., see Theorem 2.1 of [25]).

4. (OF)’AC CONSTRUCTION FOR THE FOLLOWER VEHICLES

In this section, we introduce the (OF)?AC method for the follower vehicles; but

before this, we first provide the leader vehicle dynamics, i, i = 1,--- ,NL, given by
xLi (1) = ALixLi(#) + Brici(1), xLi(0) = xroi;, 1 20, (31)
yLi(t) = CLixLi(t), (32)

where x1;(t) € R™ is the leader vehicle state vector, ¢;(t) € R™ is aleader vehicle bounded
input command (i.e., [|c;(t)]| < ¢;) with bounded time rate change (i.e., ||[G;(D)| < ¢)),
yLi(t) € R! is the leader vehicle output, Ay; € R"*" ig the leader vehicle system matrix,
By; € R"*™i jg the leader vehicle command input matrix, Cy; € R!>*7i is the leader vehicle

output matrix, (Ag;, Br;,Cr;) is minimal, and Ayr; is Hurwitz.
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Next, for the follower vehicle dynamics, we assume that the system (12) and (13) is
minimum phase and let d be the known smallest positive integer i such that the ith Markov

parameter of the original system (12) and (13) given by

CA™'B, (33)

is nonzero. In this case, it follows from (20)-(21) that

B,y =C,B,=CB =0, (34)

Bp_» = C,(ail;, + A,)B, = a,CB + CAB = 0, (35)
By_g+1 =0, (36)

B,y =CA'B#0. (37)

The first Markov parameter can then be parameterized as

CAY'B = B, (38)

where B € R/*™ is a known matrix since A, B, and C are known.
Now, the nonminimal state-space model (22) can be separated into the set of dy-

namics similar to [25] as

gi(t) = Aoqi(t) + Bovoi(t) + B1¢;(t) + Dywi (1), qi(0) = qoi, 120, (39)

vi(1) = Ayi(t) + Byui(1),  vi(0) =vopi, 120, (40)

where (1) = [g5(n). - .qLOIT € R vy(r) £ @) v (0] € R,

$i(1) £ Viu-asyi(t) € R™vi(t) = V() v O]T € R™,i=1,--- N,
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0 I 0
Ay = e RInxIn, (41)
0 0 I
|—aolj—ail;- -+ —an—1 1]
0--- 0
Byz| | eRimmind, (42)
0--- 0
Ba e Bn—d—l
T
B, = [0...01§T] e Rinxm (43)
T
Dy - [0...011] e RInxI, (44)
0 Iy--- O
Al T [ ermmomn (45)
0 --- 0 I,
>_§1]m"' R -
and
T
B, = [(). .. O/I”Im] e RMxm (46)

where {1 = A",--- ,{, = nAd.

We use a two-stage design [17] for the virtual control signal ¢;(z),t > 0, such that
the virtual control can suppress the effect of the unmatched disturbances and stabilize the
follower vehicles, and drive the uncertain follower vehicles to the convex hull spanned by
the leaders. Then, the actual control signal u;(¢),t > 0, is designed using the follower sec-
ond dynamical subsystem in (39). This design process is covered in detail in the following

subsections.
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4.1. Vehicle-level Controller Design. We now design the virtual controller as

$i(t) = dni(t) + ¢ai(t) + Pei(2), 47)

where ¢y;(¢) is the nominal control, ¢,;(¢) is the adaptive control, and ¢.;(¢) is the cooper-
ative control that is addressed in the next subsection.

The vehicle-level controller consists of the nominal and adaptive control (an aug-
menting adaptive control viewpoint is adopted here), where the nominal portion is designed

as

$ni(t) = Kqqi(t) — K,vo;i (1), (48)

where K € R™ " and K, € R™mn=d) guch that A, = Ag + B K, is Hurwitz and
By £ B K,. The existence of a virtual adaptive control ¢,;(¢),t > 0 is guaranteed under the

following assumption.

Assumption 1 The matrix B € RI*™ has the dimension satisfying m > 1. In addition, if
m = I, then B is nonsingular (i.e., BB™' = B~'B = I). Furthermore, if m > I, then B
satisfies BBT = I.

Using (47), (39) can be written as

qi(t) = Amqi(t) + B1¢¢i(t) + B1 i (2) + Dywyi (1)
= Amqi(t) + B1§ci(t) + Bigai(t) + D1 BB Vg (1)

= Amqi(t) + B16ei(t) + B1¢yi(t) + BiB Vg (1)

= Amqi(t) + B1¢.i(t) + By [¢ai (1) + dii(1)] . (49)

where d;(t) £ B'wy;(¢) is unknown. Now, consider the reference system given by

Gmi(t) = Am@mi(t) + B1¢¢(1). (50)
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The error dynamics then follow from the state error vector e;(¢) = g;(t) — gmi(t), (49), and

(50) as
¢i(t) = Amei(t) + By [¢ai(t) + dii ()] . (51
Next, let the virtual adaptive control law of the vehicle i,i = 1,--- , Nf, be given by
$ai(1) £ ~dgi(0), (52)

where, cifi(t) e R/ is the estimate of dy;(f) satisfying the update law
dsi(t) = TProj | dii(1),e] ()PB1 |, d5i(0) = dyo; (53)

where I' = yI; € R'*! is a positive-definite learning rate matrix and P € R/"*!" is a positive

definite solution of the Lyapunov equation
0=ALP+PA, +R, (54)

where R € R/*!" is a positive definite matrix. It then follows that (51) can be written using

(52) as
éi(t) = Amei(t) — Bidg (1), (55)

where d; (1) £ Cifl' (t) — dyi(¢) is the weight update error.

4.2. Local Cooperative Control Design. For the virtual control architecture, let
y(t) = [yg(t),yfT(t)]T e RILXNE) pe the vector associated with the graph G, where
YL@ = @),y O1T € RM! denotes the first N, nodes representing the aggre-
gated output vector of the leaders and y;,r(t) z [yfT1 (1), ,yfTNF (H]T € RM! denotes the

last Mg nodes representing the aggregated output vector of the follower vehicles. Then,
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for each follower vehicle, consider the local cooperative controller, receiving the relative
output measurements of the neighboring vehicles in terms of yg(¢),i = 1,---,Ng, and

yLi(t),i =1,--- ,Np,as [17]

uei(t) = Ke| = > (5:6) = 5;0) + 6:0), (56)

i~j

6:() =5[ = ) (5i0) = 5,(0) = £ 6:0) =i | 6:(0) = b0, (57)

i~

vi() = n (6i(t) = vi()), vi(0) = v, (58)

where K, € R"* is a gain matrix, 0;(t) € R! is the integrator state, v;(f) € R! is the filter
state, 0 € R, is the integrator gain, { € R, is a modification gain, and n € R; is the filter
gain. Next, applying the local cooperative controller (56), (57), and (58) to the reference

system given by (50) yields
qmi (1) = Amgmi(t) = B1 K, Z (91‘(0 - ?j(l)) + B1K.0;(1). (59)
i~j

Letting gm(t) 2 [qF, (1), g%y OIT € RN g(t) = [qT(1), - .qT (D]T € RN,
e(t) = q(1)~gm(1) € RY'" 0(t) £ [67(0), - 6%, (D7 € RM v(1) £ VT (@), vE (O]

R and

yii(t) = Cqqi(t), (60)

where C, = [1;,--- ,0] € R!*I_ the reference system (50) subject to the local cooperative

controller (56), (57), and (58) can be written at the multivehicle system level as
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gm(?) = (Ing ® Am)gm (1) — (F(G) ® B1K.)ye(t) — (G(G) ® B1Kc)yL(1)
+ (I, ® BIK,)0(1)
= [IN: ® Am — F(G) ® B1K:Cylgm(t) — (F(G) ® Bi1K.Cyle(t)
- (G(G) ® BiKc)yL(?) + (Ing ® B1K:)0(1), gm(0) = gmo, (61)
0(1) = = 6(F(G) ® INy(r) — 6(G(G) ® I yL(t) — 6L (8(1) = v(1))
=—0(F(G) ® Cy)gm(t) — 6(F(G) ® Cple(t) — 6(G(G) ® I))yL(t)
—64(6(1) —v(1)), 6(0) = 6o, (62)

v(t) =n (6() =v(@®), v(0) = . (63)

Now, with £(t) £ [gm (1), 8T(1), vI()]" € R, ng 2 Np(In + 21), Ag(G) 2 Iny ® Am —

F(G) ® B1K.C, € RNeinxNeln (61) (62), and (63) can be written in compact form as

£(1) = AGEM + BGyL() + E(Ge(t),  £(0) = &, (64)

where
As(G) In.® B1K, O

AG) = |-6(F(G)®C,) —6lIng LIy | € R™, (65)
0 N —ning
-G(G) ® B1K,
B(G) = |-6(G(@) ® I) | € R ™M, (66)
0

_F(g) ® BchCq
EG) =| -6(F(G)®C,) | € RN, 67)

0
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The objective of the proposed observer-free vehicle-level controller given in the previous
section is to stabilize the uncertain follower vehicle dynamics. Furthermore, the objective
of the local cooperative controller given in this section based on [17] is to solve the con-
tainment problem. For this purpose, we first need to ensure that the solution £(¢) to (64)
is Lo stable [31]; that is, for every bounded y; (#) and e(?), then £(¢) is either bounded.
We know that yy (¢) is bounded, since every Ay;,i = 1,---, Np, are Hurwitz, and it will be
shown that e(¢) is either lli)rg e(t) = 0 or bounded in the later analysis. Therefore, in order
to conclude that (64) is L., stable, A(G) needs to be Hurwitz. The desired system Lo

stability can be equivalently viewed by

Et) = AGEM + B(G@yt), £(0) = &, (68)

where £(¢) € R™. A necessary and sufficient condition satisfying this requirement is given

in the following remark.
Remark 4 Similar to the results in [32, 33, 17], let u; € spec(F(G)),i = 1,--- ,Np. If the

matrix storing known parts of the system dynamics as well as the controller parameters

Am - /,liBlKCCq BlKC 0
(L[ﬂ(g)l — —/ll'dcq —6{[1 5§Il € R(ln+21)><(ln+2l)’ (69)

0 nl nl
is Hurwitz fori = 1,--- N, then A(G) in (53) is Hurwitz.

Note that (69) can be made Hurwitz fori = 1,--- , N. by judiciously choosing the
design parameters K¢, 0, {, and 5. This further implies that the system (64) with the leader

dynamical given by (31) and (32) is L stable (e.g., see Corollary 6.1 of [17]).
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4.3. Actual Control Construction. We construct the actual control signal u;(t), t >

0, for the (OF)2AC using the system dynamics in (40) as

u(t) =vi(t) + {uvni + $n—1Vin-1)i + {n2V(n-2)i +**+ + {n—d+2Vn-d+2)i + {n—d+1V(n-d+1)i

+ Ln-dVn-ayi + -+ + Lovai + Qv 120, (70)
Using ¢(¢),t > 0 given by (47), it then follows from (70) that [25]

i (1) = (1) + LTV @) + Gim1 0TV () + L2 TV O + -+ L2 i) + L 910

+§n—df ¢i(01)d01+"'+§2(f"'f (f ¢i(01)d01)d0'2"'d0n—d—1)

0 0 o \Jo

+§1(ff (f (bi(O'l)d(Tl)dO'Q"'dO'n_d), t > 0. (71)
0 o \Jo

5. STABILITY ANALYSIS OF THE (OF)?’AC

In order to analyze the stability of the overall multivehicle system, let Ww(t) =
[} (@), . dfy (O]" € RN and v (1) £ [dfj(1),--- ,df\ (D]" € RV, The rest of this
section presents stability analysis, first for the constant disturbance case and then the time-

varying disturbance case. Consider in addition

£(t) = AGEM) + E(@)er),  €(0) = &, (72)

where £(r) = £(1) = £(1), £(r) € R™™.

5.1. Constant Disturbance Case. Inthe case of ith follower vehicle,i = 1,--- , Ng,
has constant disturbance. For stability analysis of the overall multivehicle system, consider
the vehicle error dynamics given by (51) and consider the weight update error dynamics

given by

dii(t) = TProj |dyi(1).e] ()PB |, (73)
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for vehiclei,i = 1,--- , Np.
Theorem 3 Consider a multivehicle system consisting of Nr nonlinear uncertain vehicles
with the dynamics given by (39), fori = 1,--- , N, with constant input disturbance, subject
to Assumption 1, the reference model given by (50), the virtual vehicle-level controller
given by (47), (48), (52), and (53). In addition, let the virtual local cooperative control for
vehiclei = 1,--- ,NF, be given by (56), (57), and (58), such that (65) is Hurwitz. Then, the
solution (e(t),g(t),ﬂ/(t)) is Lyapunov stable for all (e(O),SE(O),W(O)), and [lgglo e(t) =0
and lim E() =0.

Proof. To show uniform ultimate boundedness of the solution (e(¢),&(2),w(t)) for

all (e(0),£(0),w(0)) € RVFI" x R?% x RN and ¢ € R,, first consider
Vii(ei(1),di (1)) = ¢] (1) Pei(t) + dy(OT ™ dii (1), (74)

and note that V4;(0,0) = 0, Vi;(e;(1),dsi(t)) > 0 for all (ej(¢),ds (1)) # (0,0), and
V45 (ei(1),dsi (1)) is radially unbounded. The time derivative of (74) is then given by

Vii(-) = 2¢] ()P (Amei(t) = Bidi(1)) +2d] ()T ™" (TProj |di(1). €] (1) PB1 |

< —e] (t)Re;i(t). (75)
Now, by introducing
Nr
Vile(, (1) = ) Vii(ei(0), dai (1)), (76)
i=1
it follows from (75) that

M) < —e" () ® Re(t). (77)
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Next, consider

V2 (E)) = ENOPE®), (78)

where since A(G) is Hurwitz, it follows from converse Lyapunov theory [34] that there is

. . ng Xn, ng Xn, . .
exists a unique P € R,* " N'S,* " satisfying

0=AG)"P+PAG) + R, (79)

with given R € R n §7¢™" Furthermore, note that V5(0) = 0, V5(€(¢)) > 0 for all

E(t) # 0, and V5 (&(t)) is radially unbounded. Differentiation of (78) yields

M) = 28" OP (AGEWD) + E(G)e(t))
= & ORED) + 28T (HPEG)e(0). (80)

Applying Young’s inequality [35] to the last term of (80) gives
1 -
25THPEG)e(t) < %e%t)a(g)%za(g)e(z) +kETME®), (81)

where k € R, is an arbitrary constant that satisfies R — kZ,,, > 0. Now, using (81) in (80)

yields

o ~ 1
Va(é@) < ~€7(1) (R = kI, ) E@) + 2T (DE(G) PE(G)e(n). (82)

Consider now, the Lyapunov function candidate using (76) and (78) as

Vi(e(0),£(),w(1)) = Vi(e(1),w(1)) + aVa(£(1)), (83)
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where @ = k@ € R, satisfies Iy, ® R — a&(@)TP2E(G) > 0. Differentiating (83) along
(55), (86), and (64), and defining Q| 2 Iy, ® R — ¢E(G)TP?E(G) > 0and @ £ a(R -
kI,.) > 0, it follows from (77) and (82) that

V() < - ' ()Que(t) — ET()QE(1) <0, 1 2>0. (84)

Hence, the solution (e(t),&(t),w(t)) is Lyapunov stable for all (¢(0),£(0),w(0)) and ¢ €
R,.

Finally, since ¢;(¢),i = 1,--- , N, in (55), is bounded for all t € R, e(7) is bounded
for all € R,. Therefore, (Vs(e(t),g? (t),w(r)) is bounded for all ¢ € R,. Now, it follows

from Barbalat’s Lemma [31] that
llim Vile(),E10),w (1)) =0, (85)

which consequently shows that lli}rgo e(t) = 0 and llirg £(t) = 0. Then, this completes the
proof. [
Remark 5 Theorem 3 shows that ;li—>nolo @) = rlirgo E(t)—E&(t) = 0, and hence the solution of
(64) converges to the solution of (68) asymptotically. Then the solution of (64) is bounded
for vehicle i,i = 1,--- ,Np since in Remark 4, (64) is L stable. Theorem 3 in addition
implies that the solution of (12) is bounded since the solution of (64) is partitioned as & =
[q,;(t), 0T (), vI()]" and th_)l’g e(t) = 0. Therefore, the trajectories of overall mulrivehicle
system are bounded. In addition, Theorem 3 implies that the convergence properties of
overall multivehicle system in (64) are identical to the convergence properties of (68) since
q(t) = qu(t) and £(t) — £(t) ast — oo,

5.2. Time-varying Disturbance Case. In order to analyze the stability of the over-
all multivehicle system in case of ith follower vehicle, i = 1,--- , Ng, has time-varying dis-

turbance, consider the vehicle error dynamics given by (51) and consider the weight update
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error dynamics given by
dii(t) = TProj | (1), e] () PB1 | - di(1), (86)

for vehicle i,i = 1,--- , Np. In addition, consider the compact form of the vehicle reference

model and cooperative control given by (64).

Theorem 4 Consider a multivehicle system consisting of Ng nonlinear uncertain vehicles
with the dynamics given by (39), fori = 1,--- ,Nf, with time-varying input disturbance,
subject to Assumption 1, the reference model given by (50), the virtual vehicle-level con-
troller given by (47), (48), (52), and (53). In addition, let the virtual local cooperative
control for vehicle i = 1,--- ,NF, be given by (56), (57), and (58), such that (65) is Hur-
witz. Then, the solution (e(t),E(t),Ww(t)) is uniformly ultimately bounded for all initial
conditions.

Proof. To show uniform ultimate boundedness of the solution (e(t),&(t),w(t)) for
all (e(0),£(0),w(0)) € RV¥n x R" x RN and t € R,, first consider (74) and note that
V1i(0,0) = 0, Vii(e;(1),dgi (1)) > 0 for all (e;(1),ds (1)) # (0,0), and Vy;(ei (1), dri (1)) is

radially unbounded. The time derivative of (74) is then given by

Vii(-) = 2] (VP (Amei(t) = Bidii(1)) + 2df ()T ™" (TProj [dii (¢), ¢] (1) PBy | = dii(1))

IA

—el ()Re;(t) — 2d5 (T dgi (1). (87)
Now, by introducing (76), it follows from (87) that
Vi) < =€ () Uy, ® Re(t) = 20" (1) (I, @ T~ (). (88)

Next, consider (78), where since A(G) is Hurwitz, it follows from converse Lya-
punov theory [34] that there is exists a unique £ € R "€ N §¥ " satisfying (79) with
given R € R 0§ Furthermore, note that V5(0) = 0, V5(£(r)) > 0 for all

E(t) #0,and V> (£(1)) is radially unbounded. Differentiation of (78) yields (80). Consider
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now, the Lyapnunov function candidate using (76) and (78) as (83), where @ = k& € R,
satisfies Iy, ® R — a&(@)"PrE(G) > 0. Differentiating (83) along (55), (86), and (64),
and defining Q; £ Iy, ® R — @&(G)"P?E(G) > 0 and @ £ (R - kl,,,) > 0, it follows
from (88) and (82) that

Vi(-) £ =T ()Qie(t) — EN(OQER) — 2w (1) Iy, @ T Hw (1)

< — Amin (@D I* = Amin(QDIE@D)|I* + d1, (89)

where d; = 2W*||(In. ® L YH|lpw* with |Ww()|| < w* due to utilizing the projection

*

operator in the weight update law given by (86) and |Ww(?)|| < w*.
V(e(t),£(1), (1)) < 0 when either [le; ()| > 1 or |[E(2)|| > wa, where gy £ Vi T Amin(@1)
and ¥, = Vdi/Amin(Q2). This argument proves uniform ultimate boundedness of the

Now, it shows that

closed-loop solution (e(t),£(t),w(t)) for all initial conditions [31, 28]. [
The next corollary presents a computation of the ultimate bound.

Corollary 2 Consider a multivehicle system consisting of Nr nonlinear uncertain vehicles

with the dynamics given by (39), fori = 1,--- , N, with time-varying input disturbance,

subject to Assumption 1, the reference model given by (50), the virtual vehicle-level con-

troller given by (47), (48), (52), (52), and (53). In addition, let the virtual local cooperative

control for vehiclei = 1,- - -, NF, be given by (56), (57), and (58), such that (65) is Hurwitz.

Then, the ultimate bound of the solution (e(t),€(t),W(t)) is given by

le®ll < ®L2(P), 1>T (90)

and

-1
2

IED| < DA 2(P), t=>T 91)

min

F 1
where ® = [ﬂmax(P)lﬁf + ﬂmax(P)lﬁ% + ﬂmax(l"‘l)w*z] 2,
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Proof. It follows from the proof of Theorem 4 that V (e(t),&(t),w(t)) < 0 out-
side the compact set given by S £ {(e().£(0) : le®)]| < y1} N{(e().€() : |EW)|| <
Y2}, That is, since V(e(r),£(t),w(t)) < 0, V(e(t),&(t),w(t)) cannot grow outside S,
and hence, evolution of V(e(r),&(t),w(r)) is upper bounded by V(e(t),&(1),w (1)) <
Max (o 2y)es V(D E@ W) = Amax (PYY+ Amax (P + Amax (T2 = &2, Now,
it follows from e™ (1) (Iy.®P)e(t) < (V(e(t) E),w(1)) and E()TPE(t) < V(e(t),E(),W(2))

that [le(t)|* < ‘1’ ; and ||§(z)|| n

mm(P)
Remark 6 Theorem 4 shows that the solution of (64) differs that the solution of (68) with
uniform ultimate bound. Then the solution of (64) is bounded for vehicle i,i = 1,--- ,Np
since in Remark 4, (64) is Lo stable. Theorem 4 in addition implies that the solution of
(12) is bounded since the solution of (64) is partitioned as & = [q,ﬁ(t), 0T (0), vI ()" and
e(t) is uniformly ultimately bounded. Therefore, the trajectories of overall mulrivehicle
system are bounded. In addition, Theorem 4 implies that the convergence properties of
overall multivehicle system in (64) are different than the convergence properties of (68 ) with
uniform ultimate bound since ||q(t) — g, (t)|| < CD/l 2 . (P) and Hf(t) (t)H < (D/lmfn(?’)
att > T.

5.3. Low-frequency Learning in Adaptive Control: A Practical Extension. To
address the high-frequency oscillation prevalent in standard adaptive control with high gain

feedback [36], let W (1) € Rt > 0, be a low-pass filter weight estimate of d},-(t) eRit >

0, given by
Wii(t) = Tt [di (1) = w(D] #6000, 120, (92)

where I} € RIX! a positive-definite filter gain matrix. Note that since Wy;(t) € Rt > 0,
is low pass-filter estimate of d}i () € Rt > 0, the filter gain matrix [} is chosen such that

Amax(Tt) < ¥£max, where yrmax > 0 1s design parameter. Next, the modified update law can
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be formulated by [36]
dri(t) = TProj [dii(¢).e] (1) PBy — o (dii(t) = ws(0)| . di(0) = dyoi 120, (93)

where o > 0 is a modification gain. Define Wy (t) = Wy;(t) — df;(t). Then, the weight

update error and filtered weight update error dynamics are respectively given by

dii(1) = TProj [dri(1).¢] (VPBy — o (dii(r) = we(1)) | - di(0),  d(0) = doi 120,
(94)

Wii(t) = Tt [dii(1) = W) | = di(6), Wi (0) = Wro, 120, (95)

for vehicle i,i = 1,---, Ng. Furthermore, let w(t) = [vT/le (1), - ,vT/fNF(t)]T € RM! The
next theorem presents the system stability analysis of the overall multivehicle system in the
presennce of the modified update law and is the second main result of this section.

Theorem 5 Consider a multivehicle system consisting of Nr nonlinear uncertain vehicles
with the dynamics given by (39), fori = 1,--- , N, with time-varying input disturbance,
subject to Assumption 1, the reference model given by (50), the virtual vehicle-level con-
troller given by (47), (48), (52), with the update laws (92) and (93). In addition, let the
virtual local cooperative control for vehiclei = 1,--- , NF, be given by (56), (57), and (58),
such that (65) is Hurwitz. Then, the solution (e(t),&(t),w(t), Wp(t)) is uniformly ultimately

bounded for all initial conditions.

Proof. To show uniform ultimate boundedness of the solution (e(¢),&(t), w(t), we(t))
for all (e(0),£(0),w(0),

Wwi(0)) € RVEIn x R1e 5 RVFL 5 RVFL and ¢ € R, first consider

Vii(ei (1), dsi (1), Wi (1)) = €] () Pe;(t) + di(OT 7 dg (1) + owi (OT; Wi (r),  (96)
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and note that V;(0,0,0) = 0, Vy;(e;(t),d5i (), Wi (£)) > 0 for all (e;(r),dg (1), Wei(t)) #
(0,0,0), and Vy;(e;(2),

dsi (1), Wi (1)) is radially unbounded. The time derivative of (96) is given by

Vi(-) = 2€] (VP (Amei(t) = Bidii(t)) + 2d5 ()T~ (TProj,, [dii(1). €] (1) PB
o (di(t) = Wi ()| = die() + 20w OT7 ! (T [ di(0) = W (0)| - di(0))
< 2ef () PAwei(t) — 20°df, (1) (dii(1) = Vori(t)) — 2dg (O dii (1)
+ 20 (1) (dii (1) = Wi (1)) = 20w (O dii (1)
< —e] (1)Rei(t) = 20 (dii (1) - wﬁ(z))T (dii(1) = Wi (1)) = 2d(OT ' dii (1)

— 20w (O N dgi (1). (97)
By introducing
Nr
Vi(e(®),w(r),wi(1)) = Z(Vu(ei(t),dfi(t),fvfi(t)), (98)
i=1
it follows from (97) that

V() < = "Iy, ® Rye(t) = 2 (de(t) = (0)) ' (L, ® o) (dit) = (1))

—2dL (1) (Iny, ® T™1di(t) — 2W7 (1) (I ® o T7 1) di(2). (99)

Next, consider the same V5(€(¢)) in (78) and its time derivation given by (82). Using (96)

and (78), the Lyapnunov function candidate is given by
Vi(e(),€(1),0(1),Wi(1)) = Vi(e(®), w(0), Wi(1)) + aVa(£(r)), (100)

where we let @ = k@ € R, to satisfy Iy, ® R — a&(@)TP2E(G) > 0, since it is an
arbitrary constant. Differentiating (100) along (55), (64), (94), and (95), and defining Q; =
In. ® R - a8(G)"P?E(G) > 0and @ = (R — k) > 0, it follows from (82) and (99)
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that

Vi) < = " OQie(t) ~ EOQED) — 2 (dt) - we(1)) (I, @ @)
(di(6) = wie(0)) = 2d} () Iy, ® TN di(t) = 20] (1) (I, ® oI ) di()
< = Anin(@D e = Amin @)IEDI = 201y, ® o llllde(r) = wr()1?
+ 2%l (Ine ® T RO e + 20006 lEll Uy ® T el @) [l

< = Amin (@D eI = Amin(QDNEDN? = dilldi(t) — weDI* +d,  (101)

where di 2 2|y, ® o |, and dy 2 2W*||(Iy, ® T~ [pw* + 27| (I, ® oI |[p* with
W)l < wi. Now, it shows that V(e(t),E(t),w(t),we(t)) < 0 when |le(?)|| > ¥, or
||5(t)“ > Yy, where ¥ 2 Vda/Amin(Q1) and Yo 2 Vd>/Amin(Q>). This argument proves
uniform ultimate boundedness of the closed-loop solution (e(1),E(t),W(t),we(t)) for all
initial conditions [31, 28]. [ ]
Corollary 3 Consider a multivehicle system consisting of Np nonlinear uncertain vehicles
with the dynamics given by (39), fori = 1,--- , N, with time-varying input disturbance,
subject to Assumption 1, the reference model given by (50), the virtual vehicle-level con-
troller given by (47), (48), (52), with the update laws (92) and (93). In addition, let the
virtual local cooperative control for vehiclei = 1,--- , NF, be given by (56), (57), and (58),
such that (65) is Hurwitz. Then, the ultimate bound of the solution (e(t),g(t),W(t),Wf(t))

is given by

L -1
lle@®ll < ®A 2 (P), t>T (102)

and

-1
2

NEM| < ®A 2 (P), t>T (103)

min

~ 1
where ® £ [ Anax (PYY] + Amax(PIW3 + Anax (L7 + 0 Amax (T HW77] 2.
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Proof. The proof follows using similar steps as the proof of Corollary 2, and hence,

1s omitted. [ ]

6. CONVERGENCE ANALYSIS OF THE (OF)’AC

This section shows that the (OF)?AC method solves the containment problem. For
overall system analysis purpose, let A;, = block-diag(Ari,- - ,ALy ) € R, By =

block-diag(BLi,- -+ ,BLy,) € R, C = block-diag(Cl Ol € RV and

e
c(t) £ [ef (0, ey OIT € R™, with [lc(t)]] < ¢, where ni. = 3 n;, and my, =
ZZLI m;. Further more, let the solution of (68) be partitioned as & = [g. (¢), 8T (2), T (t)]" €
R, with gn(t) € RN 9(r) € RM!, and #(r) € R™!. Finally, let jm(t) £ Iy, ®
Cy)dm(t) € R and M(G) £ F(G)™'G(G).

Theorem 6 Consider a multivehicle system consisting of Ng nonlinear uncertain vehicles
with the dynamics given by (39), fori = 1,--- , NF, subject to Assumption 1, the reference
model given by (50), the virtual vehicle-level controller given by (47), (48), (52), and (53).
In addition, let the virtual local cooperative control for vehiclei = 1,--- , N, be given by
(56), (57), and (58), such that (69) is Hurwitz fori = 1,--- , Ng. Furthermore, consider the
leader dynamics given by (31) and (32) fori = 1,--- ,Ny. First, if the reference command
is constant (i.e. ¢; = 0,i = 1,---,Np), then y,(t) = (M(G) ® 1))yL(t) ast — oo; that
iS Ymisi = 1,--- , Np, asymptotically converge to the convex hull formed by the leaders. If,
in addition, N, = 1, then y,(t) — 1IN, ® yri(t) ast — oo; that is ypm,i = 1,--- ,NF,
asymptotically converge to the output of the leader. Second, if reference command is time
varying with bounded time rate of change, then 3,/(t) converge to the neighborhood of
the convex hull formed by (M (G) ® I})yr(t) ast — oo. If, in addition, N;, = 1, then y,,(t)
converge to the neighborhood of 1, ® yp1(t) ast — oo; that is yp,i = 1,--- ,NF, converge

to the neighborhood of the output of the leader.
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Proof. Let Z(t) 2 [x{ (1),E'(1)]" € R™*", then, (31) and (68) can be written in

the compact form as

20 = A(G)Z1) +B.e(t), Z(0)=Zp, 120, (104)
where
AL 0
ﬂz(g) — € R(”L+”§)X(”L+”§), (105)
B(G)CLA(G)

B
Bz — L c R(nL+n§)><(mL+NFln). (106)

0

Since A(G) is Hurwitz as shown in Remark 4 and Aj, is Hurwitz, it follows from
the lower triangular structure of (105) that A,(G) is Hurwitz, and hence, there exists a

unique positive definite matrix P, such that

0=A(G)"P, + P.A(G) + R, (107)

holds for a positive-definite matrix R,. Now, similar to the proposed analysis in [37],

consider

H(t) = Z(1) + A(G) ' B.e(), (108)

where (A, (G) is invertible since it has a nonzero determinant. Using (108), consider the

Lyapunov function candidate given by

VH@) =H )P, H (1), (109)

where V(0) = 0, V(H (1)) > 0 for all H(z) # 0, and V (H (1)) is radially unbounded.
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The time derivative of (109) along the trajectory of (104) and (108) is given by

V(H (1) = 2H (0P, (Z(t) + A(G) ' Bc(1))
=2H'P.Z(t) + 2H (1) P.A(G) ' B.c(1)
= 2H" ()P, (A(G)Z (1) + BG)E: (1)) + 2H ()P A(G) ™ B.é(r)
= 2H ()P, A(G)H (1) + 2HT()P.A(G) ' B.é(r)

= —-HYORH@) + 2H ()P, A(G) ' B.c(1). (110)

In the remainder of this proof, we consider two cases.

Case 1: For ¢(t) = 0, (110) can be written as
VH@) = -H ORH (@) <0, (111)
and hence,
lim H (1) = 0. (112)
Next, since (112) implies Z (1) > 0ast — oo, (104) can be written as
A(G)Z () + B c(0) =0, (113)

where Z(o0) = lim; e Z(¢) and c(c0) = lim; o c(¢). In addition, letting xp (c0) =
limy o XL.(1), Gm(00) = limy_ e Gm(1), 8(c0) = limy_eo 6(2), V(o) = lim;_ ¥(¢), and
using the definition of A,(G) and B, given by (105) and (106), respectively, in (113) we

have

0= ALXL(OO) + BLC(OO), (114)
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0 =[In; ® Am = F(G) ® B1K:Cylgm(0) = (G(G) ® BiKc)yL(o0) + (Inp ® B1K,)(o0),

(115)
0 == 8(F(G) ® C)n(0) = 6(G(G) ® INy1.(0) = 6¢ (A(w0) = 7(w0)) ., (116)
0 =7 (A(c0) - )7(00)) . (117)

Since, §(c0) = (o) in (117), (116) follows as
0=-0(F(G) ®Cy)gm(0) —6(G(G) ® 1)) yL(0), (118)

or, equivalently,

(F(G) ® I})Ym(c0) = =(G(G) ® I}) yL(0), (119)

and since (F(G) ® I;) is invertible, (119) yields
Fm(00) = =(F(G)"'G(G) @ I})yL(), (120)
and hence, yn;(7), i = 1,--- , Ng, asymptotically converge to the convex hull formed by the

leaders. In addition, if N;, = 1, then —F(G)~'G(@) =1 Ng» and as a direct consequence of

(120) we have
Im(00) = (Ing ® I yLi(e0)
= 1y, ® yL1(c0), (121)
and hence, yn;(¢), i = 1,--- , Ng, asymptotically convergence to the output of the leader.

Case 2: We now consider ||¢(?)]| < ¢, and ¢* € R*. In this case, (110) follows as

VH (1)) < = AminRONH DI + 2/|P.A(G) ' B Ilr¢*IH @)
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= ~Amin(RINH ON* + PIH (1), (122)

where ¥ £ 2||P,A.(G) ' B, |[p¢*. Rearranging (122), we can equivalently write

o - - v
V(H®)) < = Amin(RONH ]| (IIW(I)II - /l—(R)) : (123)
Therefore, V (H (1)) < 0 outside the compact set
o Jagin . a ¥
Q2 {wm ) < e (Ra}’ (124)

which proves uniform ultimate boundedness of the closed-loop solution Z()+A A(G)718Bc(t)
for all initial conditions [31]. Since V(H (1)) < 0 outside the compact set (124), then an

ultimate bound for the distance of H () 2 Z (1) + A.(G)~'B.c(t) can be computed as

Y /lmax(Pz) lP
I[H @)l < ‘/ﬂmin(ﬂ) TR t>T. (125)

Specifically, if the right side of (125) is small, then the distance of Z@) +A(G) ' B.c(t)

is small for + > 0. This implies y;(¢), i = 1,---,Np, stay in the neighborhood of the
convex hull formed by the leaders. In addition, if N = 1, then —F (6)7'G(G) = 1y,
implies ym; (1), i = 1,--- , NF, stay close to the output of the leader. [ ]

Remark 7 As a direct consequence from Theorem 3 and Remark 5, yi(t) — y,(t) and
Ym(t) = Y (t) ast — oo. Then first, recalling the results of constant reference input case
of Theorem 6, yields yr(t) — M(G) ® I})y.(t) ast — oo ; that is y;(t),i = 1,--- ,Np,
asymptotically converge to the convex hull formed by the leaders. In addition, for a single
leader, yp(t) — 1y, ®yr1(t) ast — oo; that is y;(t),i = 1,- -+, Nf, asymptotically converge
to the output of the leader. Second, recalling the results of time-varying reference command
case of Theorem 6, then since the bound of ||y, (t) — y(t)|| is governed by the bound of
NH ()| in (125), yi(t) converges with bounded divergence to the convex hull formed by

(M(G) ® I))yL(t) as t — oo; that is y;(t),i = 1,--- , N, converge to the neighborhood of
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the convex hull formed by the leaders. For a single leader in addition, ys«(t) converge to
the neighborhood of 1y, ® y1(t) ast — oo; that is y;(t),i = 1,--- ,Nf, converge to the
neighborhood of the output of the leader.

Remark 8 As a direct consequence from Theorem 4 and Remark 6, there is a uniformly

ultimately bounded error in (90), yields to output error bound

35 = 3@ + 1m® = 5w @1 < [ © |, (125, + 40, P)) 12 T,

(126)

and y,,(t) = V,(t) ast — oo. Then first, recalling the results of constant reference input
case of Theorem 6, then, yi(t) converges to the neighborhood of the convex hull formed by
(M(G) ® I})yL(t) as t — oo with uniformly ultimately bounded deviation equivalent to the
right side of (126) ; that is y5(t),i = 1,- -+, NF, converge to the neighborhood of the convex
hull formed by the leaders with uniformly ultimately bounded deviation. For a single leader
in addition, yg(t) converge to the neighborhood of 1y, ® yr1(t) ast — oo with uniformly
ultimately bounded deviation; that is y;(t),i = 1,---, N, converge to the neighborhood
of the output of the leader with uniformly ultimately bounded deviation. Second, recalling
the results of time-varying reference command case of Theorem 6, then since the bound
of |m(t) — yL(t)|| is governed by the bound of \H ()| in (125), y#(t) converges to the
neighborhood of the convex hull formed by (M(G) ® I})y.(t) as t — oo with uniformly

ultimately bounded deviation

376 = e @] < [[y16) = ym®|| + ym(®) = Fu @I+ 1Fm(®) =y O, (127)

that is y;(t),i = 1,- -+, N, converge to the neighborhood of the convex hull formed by the
leaders with uniformly ultimately bounded deviation. For a single leader in addition, y(t)
converge to the neighborhood of 1y, ® yr1(t) as t — oo with uniformly ultimately bounded
deviation; that is y;(t),i = 1,--- ,NF, converge to the neighborhood of the output of the

leader with uniformly ultimately bounded deviation.
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The next section illustrates the ability of the proposed adaptive output feedback controller
to drive follower vehicles to the output of the leader vehicle, as well as a convex hull created

by two leaders.

7. ILLUSTRATIVE NUMERICAL EXAMPLES

In this section, we present two numerical examples to demonstrate the efficacy of
the (OF)?>AC for multivehicle systems. For this purpose, we consider a line graph of leader
and follower vehicles. Specifically, for each follower vehicle, we consider the dynamics

given by (12) and (13) with
01 0
A=l | B=| | c=1o]. (128)

with the different vehicle-level uncertainties given by wi(t) = 0.4sin(0.4¢), wy(t) =
0.6sin(0.2t), ws(t) = 0.4sin(0.2¢), wa(t) = —0.6sin(0.4¢), and the intial conditions
g1, = 10.5, 0], g3, = [0.85, 01, ¢{, = [0.5, 0], 43, = [0.5, 0], and ¢, = [0.5, 0]. For
the leader vehicle(s), we consider the dynamics given by (31) and (32) with Ap, = —0.5,
B =05,C.=1,and x1(0) =0. Welet A = 10 and

0 1
An = , (129)
-1 =2
to create the nominal feedback gain Kg = [-1, —1.5], K, = 0.5. In addition, for the

cooperative control design, we choose K. = 1.5, { = 1.5, 7 = 2, 6 = 5. Furthermore, for

the adaptive control design, we use I' = 80, R = I, and

1.5 0.5
P= . (130)
0.5 0.5
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Finally, for the second-order follower vehicle with d = 1, the actual control signal given by

(71) becomes

ui(t) = ¢i(t) +2¢;(t) + Azf ¢i(o1)doy, t=0. (131)
0

Throughout this section, in order to show efficacy of the proposed (OF)?AC method,
we consider both step and sine wave reference commands.

Example 1. For the first example, we consider a line graph with four follower ve-
hicles and a single leader and our aim is to track a given reference command c;(¢), t > 0.
The closed-loop response along with the control signal is shown Figure 1. The proposed
controller drives the multivehicle system output to the desired reference command since
there is no input disturbance. Utilizing the (OF)>?AC without the adaptive controller, Fig-
ure 2 shows an undesired closed-loop response for the disturbed follower vehicle systems
due to the existence of the input disturbance. Next, we employ the (OF)>?AC with the
adaptive controller, where the closed-loop response along with the control signal can be
seen in Figure 3. Note that the proposed controller achieves better performance in terms
of command following in the presence of input disturbance, but the response still contains
high-frequency oscillations. In order to remove these oscillations, we now employ the
modified update law adaptive control with I' = 200, I} = 4, and o = 0.1 for step reference
command, and I' = 100, It = 4, and o = 0.1 for sine-wave reference command. As shown
in Figure 4, the resulting closed-loop response is further improved by suppressing the high
frequency content.

Example 2. For the second example, we consider four follower vehicles and two
leaders with different reference commands. In this way, the leaders create a convex hull for
the followers to (approximately) converge to. We employ the modified update law adaptive
control with the same parameters as in Example 1. For a constant reference command, we

consider c(¢) = [1, 0.8]T as shown in Figure 5a, and in Figure 5b, we apply time varying
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(a) Step reference command. (b) Sine-wave reference command.

Figure 1. Responses of y(t), yp(¢), and u(t) for the multivehicle system for Example 1.
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Figure 2. Responses of y(¢), yL(¢), and u(¢) for the multivehicle system with input distur-
bance for Example 1.

commands given by ¢;(t) = (=1)*10.8 + (=1)*10.5sin((0.06 %1)¢), i = 1,2. In both cases,
it can be seen that the follower vehicles converge to the convex hull created by the leader

outputs.
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(a) Step reference command. (b) Sine-wave reference command.

Figure 3. Responses of y(¢), yr(¢), and u(¢) for multivehicle system with proposed adaptive
output feedback control architecture in presence of input disturbance for Example 1.
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Figure 4. Responses of y(¢), yr(¢), and u(z) for the multivehicle system with low-frequency
version of the proposed adaptive output feedback control architecture in presence of input
disturbance for Example 1.

8. CONCLUSION

In this paper, a new observer-free output feedback adaptive control method was
presented for continuous-time, minimum phase, and high-order linear multivehicle systems
subject to exogenous disturbances. The proposed method was based on a nonminimal

state-space realization for each follower vehicle of the multivehicle system. In particular, it
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(a) Step reference commands for two leaders (b) Sine-wave reference commands for two
creating a constant convex hull. leaders creating a time varying convex hull.

Figure 5. Responses of y(¢), yL(¢), and u(z) for the multivehicle system with low-frequency
version of the proposed adaptive output feedback control architecture in presence of input
disturbance for Example 2.

consisted of a local cooperative controller and a vehicle-level controller for each follower
vehicle, where the stability guarantees of the overall scheme were also derived. Finally,

two illustrated numerical examples demonstrated the efficacy of the proposed method.
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SECTION

2. CONCLUDING REMARKS AND FUTURE WORK

2.1. CONCLUDING REMARKS

A critical task in the design and implementation of networked control systems is
to guarantee system stability while reducing wireless network utilization and achieving a
given system performance in the presence of system uncertainties. Motivating from this
standpoint, in the first paper, we presented the design and analysis of an event-triggered
adaptive control methodology for a class of uncertain dynamical systems in the presence
of two-way data exchange between the physical system and the proposed controller over
a wireless network. In particular, using tools and methods from nonlinear systems and
Lyapunov stability, we showed that the proposed approach reduces wireless network uti-
lization, guarantees system stability and command following performance in the presence
of system uncertainties, and does not yield to a Zeno behavior. In addition, the effect
of user-defined thresholds and adaptive controller design parameters to the system perfor-
mance were characterized and discussed in detail. As a byproduct, we further found that
the actuation threshold can be chosen larger than the sensing threshold to reduce wireless
network utilization between the physical system and the adaptive controller without neces-
sarily sacrificing closed-loop dynamical system performance.

We then presented, in the second paper, the design and analysis of an event-triggered
output feedback adaptive control methodology for a class of uncertain dynamical systems
in the presence of two-way data exchange between the physical system and the proposed
controller over a wireless network. This approach was a generalization of the results in the

first paper where instead of considering state feedback adaptive control architecture, we
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consider output feedback adaptive control for such systems where the measuring full states
is inapplicable. Specifically, we showed using tools and methods from nonlinear systems
theory and Lyapunov stability in particular that the proposed feedback control approach
guarantees system stability in the presence of system uncertainties. In addition, we charac-
terized the effect of user-defined thresholds and output feedback adaptive controller design
parameters to the system performance and showed that the proposed methodology does not
yield to a Zeno behavior.

We next presented, in the third paper, the design and analysis of event-triggered
decentralized and distributed adaptive control architectures for uncertain networked large-
scale modular systems. For the decentralized case, we showed that the proposed event-
triggered adaptive control architecture guarantees system stability and performance with
no Zeno behavior under certain structural conditions that depend on the parameters of
the large-scale modular systems and the proposed architecture. For the distributed case,
we showed that the proposed event-triggered adaptive control architecture guarantees the
same system stability and performance with no Zeno behavior without such structural con-
ditions under the assumption that physically-interconnected modules can locally commu-
nicate with each other for exchanging their state information. In addition to the presented
theoretical findings, the efficacy of the proposed event-triggered decentralized and dis-
tributed adaptive control approaches were demonstrated on an illustrative numerical ex-
ample, where significant reduction on the overall communication cost was obtained for
large-scale modular systems in the presence of system uncertainties resulting from mod-
eling and degraded modes of operation of the modules and their interconnections between
each other.

In addition, in the fourth paper, we presented a new observer-free output feedback
cooperative control architecture. Specifically, the proposed architecture will be predicated
on a nonminimal state-space realization that generates an expanded set of states only using

the filtered input and filtered output and their derivatives for each vehicles, without the
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need for designing an observer for each vehicle. The utilized output feedback cooperative
control architecture is in the context of a containment problem (i.e., outputs of the follower
agents convergence to the convex hull spanned by those of the leader agents).

Furthermore, based on the above results, we presented in the fifth paper, an event-
triggering mechanism on the exchanged output measurements between agents that are con-
trolled by an observer-free output feedback cooperative control architecture for continuous-
time, minimum phase, and high-order linear multiagent systems. The proposed event-
triggering methodology is applied on the relative output measurements of the agents, where
each agent has its own event-triggering threshold to transmit its own output measurements
to the neighbor agents asynchronously. Since the information exchanged happening in the
event-triggering manner, additional terms in the Laplacian matrices are observed, and these
additional terms are utilized in the controller scheme design.

Finally, we presented in sixth paper, new observer-free output feedback adaptive
control, (OF)ZAC, method for continuous-time, minimum phase, and high-order linear mul-
tivehicle systems subject to exogenous disturbances. The (OF)?AC consists of i) a local co-
operative controller and ii) a vehicle-level controller for each follower vehicle Specifically,
the former part of the proposed control method addresses the leader-follower containment
control problem by receiving the relative output measurements of the neighboring vehi-
cles, and the later part consists of an augmenting adaptive controller for stabilization and

command following in the presence of exogenous disturbances.

2.2. FUTURE RESEARCH SUGGESTIONS

We recommend the following future research topics: i) The results of Papers I,
II, and III can be extended by considering sampling, data transmission, and computation
delays since they also play an important role in the performance of networked control
systems. ii) The results of Papers I can be extended by optimizing the triggering thresholds

and controller parameter in order to get minimal closed loop error bound. iii) The results
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of Paper III can be extended to the output feedback adaptive control. iv) The result of
Paper 1V can be extended by analyzing the stability during the intersampling time using
input-state-stability (ISS) approach in addition to the regular Lyapunov stability analysis.
v) The result of Paper IV can be extended by applying the event-triggering mechanism
on the exchanged information between the vehicles in order to save the communication
effort. vi) The result of Paper IV can be also extended by considering the time delay
in the transmitted information between the vehicles. vii) In order to mitigate the high
frequency oscillation in the adaptive controller response in Paper VI one can propose output
emulator based adaptive controller instead of using low pass filter-modified update law. The
resulting adaptive controller can have less parameter to tune in order to obtain an acceptable
response. Finally, vi) all the results reported in this dissertation can be extended first for

discrete time dynamical systems and then for hybrid dynamical systems.
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The assumption on controllability of (A, B) implies that it is possible to come up
with a control strategy in order to stabilize each individual system. For example, consider

the following system matrices as an example:

A= B = . (A.1)

In this case, since the given pair (A, B) is controllable, there always exists a stabilizing gain
Kj to make A — BK| Hurwitz. On the other hand, standard Assumption 2 puts a structural
constraint on the selection of the reference model. Following the above example, consider,
for example, the following reference model system matrix:

- 0
Aref = > a’ﬁ €R,. (Az)

0 -p
Clearly, Aeris Hurwitz, but there does not structurally exist a K satisfying A;.f = A— BK]
in this case with the given A and B above. Instead, for example, consider the following

reference model system matrix:

0 1
Aref = H a,aﬁ € R-l-' (A3)

—a -B
Once again, Apr is Hurwitz. In this case, there always structurally exist a K satisfying
Aref = A — BK;. A similar comment can be identically made for B.f = BK, case.

From this standpoint, the assumption on controllability and Assumption 2 do not
contradict each other. The later assumption actually adds a constraint on the former as-
sumption that structurally influences the selection of the reference model dynamics. Note
that Assumption 2 is a standard assumption in the literature and often referred as the match-

ing condition, where it holds for many practical systems when the control actions are gen-
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erated through moments such as in aircraft, spacecraft, underwater vehicles, and industrial
robotic systems just to mention a few. For further explanation, three different physical
examples are presented showing the validity of the adopted structural matching condition.

Example 1. Consider aircraft short-period dynamics for longitudinal motion of a

conventional aircraft from Section 10.2 of [33]

a(t) —-0.08060 1 a(t) -0.04
= + A 0.(1) +Alxp()) |, (A4
q(t) -9.1484 -4.59 q(t) -4.59 ()
N——— ——— N———
Xp(1) Ap xp(1) By

where a(t) (rad) is the aircraft angle of attack, g (rad/s) is the pitch rate, 6.(¢) (rad) is the
elevator deflection (the control input), A = 0.5 represents a loss-of-control effectiveness,
and A(xp (1)) 1s the matched uncertainty of the system. In addition, let the aircraft angle of

attack a be the system regulated output given by

y(1) = [ 1 0 ]xp(t). (A.5)

Then, the system is augmented with the integrated output tracking error and yields the

extended open-loop dynamics

éyr(1) 0 1 0 ey (1) 0
a(r) | =10 -0.08060 1 a(r) | +]=0.04 | A(8.(t) + Alxp(1)))
4(0) 0 -9.1484 —4.59 || q(t) | |-4.59
| — —_— —
x() A x(t) B
-1
+1 0 [ Yema(?), (A.6)

0
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where ey (t) = y(t) — yemd is the system output tracking error, ycmq is bounded time varying
command. It can be easily verified that this is a controllable system. A suitable reference

model for this system is given in the same section of [33] as:

0 1 0
Aref = | —0.1328 -0.8522 0.9910 |, (A7)
—14.5149 —-14.2048 -5.5779

Example 2. Consider lateral-directional motion dynamics of a conventional aircraft

from Section 11.5 of [33]

@(1) 0 0 1 0 (1)
B() 0.0487 —0.0829 0 -1 B(t)
p(t) 0 -456 -1.699 0.1717 || p@)
F(1) 0 3.382 —0.0654 —0.0893 | | r(t)
L } L 1L )
(1) Ap xp(t)
0 0
0 0.0116 04(1)
+ A , (A.8)
27.276 0.5758 o,(1)
~_————
0.3952 —1.362 u(t)
By
1000
y(t) = xp (1), (A.9)
0100
| S
G
r T
YCmd(t) = ‘Pcmd(t) ﬁcmd(t) (A.10)

where ¢(?) is the bank angle , B(¢) is the sideslip angle, p(¢) is the roll rate, r(¢) is the
vehicle yaw rate, d,(¢) is the aileron trailing angle, and ¢6,(¢) is the rudder angle. The

control task is to generate control input is to stabilize the open loop system and enable the
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independent an simultaneous tracking of the bank angle and sideslip angle that are given in

(A.9). Then, the augmented system with two integral tracking errors is given by

ép1 (1) epr (1)
02x2 Gy 022 0a(1) —Dhxo | | @ema(?)
épi(t) | = epr(t) | + A + ,  (A.11)
04x2 Ap Bp 0 (1) 04x2 lgcmd(t)
Xp(t) | | Xp(®) —_—
S — A —_——— B u(t) Bema Yemd ()
x(1) x(1)
T
¥ = 022 G | 0 = | 00) p0) | (A.12)
N ——

C

where é,/(t) = @(t) — ¢ema(?), and ég;(t) = B(t) — Bema(?) are the dynamics of the two
integral tracking error signal. Next, a suitable reference model for this system is given in

the same section of [33] as

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

Aref = s (A 13)

0.0006 -0.0366 0.0478 -0.1095 —0.0006 —0.9677
-27.2103 —-6.2552 -25.0926 —8.3100 —11.3540 2.2303

-0.4647 4.2370 -0.2600 6.4665 —0.1385 —3.8807

Example 3. In this example, consider an nth dimensional system in controllable canonical

form given by

| x1(1) |1 0 1 o --- 0 I x1(1) — 70—
x2(1) 0 0 I -0 x2(1) 0
=l P Do+ | u@), (A.14)
Xn-1(1) 0 0 o - 1 Xn-1(1) 0
| X)) | |=an —an-1 =G o —ar] | xa() | |1
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Depending on the known system structure,one can choose Arr as

0 1 0 0
0 0 1 0
Aref = (A.15)
0 0 0 1
| —an G, —a, 5 4
where a’,i = 1,--- ,n are the desired polynomial parameters leading to an asymptotically

stable Apef.
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Nonminimal State space representation explanation . we present the explanation
of how system (22) and (23) is input-output equivalent to system (32) and (33). For tis
purpose, using the input-output equivalence of (24) and (25) with (22) and (23), it follows

that

apy;i(t) = agCpxpi(t), t > 0 (B.1)

alyi(t) = al[CoAnxoi(t) + CoBoui(t)]’ (B2)

an-13" V(1) =51 [Co A X1 (1) + CoA 2Bt (1) + -+ - + CoBou 2 (1)1,  (B.3)

Y (1) =CoAx0i (1) + CoAL " Boui (1) + -+ + CoBott" ™V (1), (B.4)
Now, adding the n + 1 equations in (B.1) and (B.2) we obtain

v (t) = = laoly arly - - an-1 1Y;(8) + [Bo By -+ Buo11Ui(2) + Co[AL + a1 AL

+---F ale + aOIln]xoi(t), (BS)

where By, By, - - ,B,_1 are given in (29)-(31), and Y;(¢), t > 0, and U;(¢), t > 0 are defined

as

(1) £ [yi(t), i), -,y Vo1, (B.6)

Ui(t) = [ui (1), i (0), -+, u"" " (O]1", (B.7)
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Next, using the Cayly-Hamilton theorem [107] to consider every square matrix is a root of
its characteristic polynomial, and noting that a;, kK = 0,1,--- ,n — 1 are the coeflicients of

the characteristic polynomial of the matrix A, in (24), it follows that
A+, AT+ ay A,y + aol), = 0. (B.8)
Hence, (B.5) reduces to
W) = = laoly aily - - an-1 Y1) + [Bo By - - Buo11Ui (1), (B.9)
Now, define the expanded state vector

Xami (1) 2[Y1 (1), UT(O)]T

=[yi (@), 30, -+, y" V@O, wi @@, - w0, (B.10)
so that(B.5) can be written as
W) = Boromi (1), (B.11)
where
® = [-aol; —arl;-+— ay_11; By By - B,_;] € R™>™. (B.12)
Next consider the ng-th order nonminimal state space model given by
Sami (1) = AnmXomi (1) + Bamit]"” (1), Xnni (0) = Xomois 2 0, (B.13)

Yi(t) = ComXnmi (2), (B.14)



234

where
0O I O 0
0 0 L 0 - --- 0
—aol; - - —ay_ 11 By -+ - B, .

A = e RIXT (B.15)

0 07, 0 O

0 I,

0 0

T

Bom = [0 0... Im] e RM*m, (B.16)
Com=[[,0-- --- 0] €R™, (B.17)

To eliminate differentiating the actual input and output signals in (B.13), we filter the input

signals in (B.13)and the output signals in (B.14) through the filter 1" /A(s), where A(s) is

defined by (35). In this case, the states xym;(¢),# > 0 become xy;(7), > 0, given by (34).
Now, let A = [A",- -+, n/l]T, and note that the Laplace transform of the filtered input

signal ug”, ¢t > 0 can be written as

Liu" (1)} = G L)
At —(s+ )"+ ((s+ D))

= G Liu(1))

= [s" = A7 (s + O"] L{ug (O} + L{ui(1)}

= [s" = (7" 0S| L{ug()) + L), (B.18)
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and after rearranging (B.18), it can be written as
L)) == [nas"D + -+ 27| Liug ()} + 2" L{w (1)), (B.19)

where £L{-} denotes the Laplace transform operator. Next, the inverse Laplace transform

for (B.19) is given by

- _ T
ul (1) = =" [ug@). uf @), ug" VO] + Vui0)

= —ATU(t) + "u; (1), (B.20)
Analogously, the filtered output signals can be written as

n 7 . n— T
v @) = =" [yE@, v, gV o] + i)

= —ATY(0) + "y (0). (B.21)
Furthermore, the filtered version of (B.11) id given by
Y () = D (0). (B.22)
Using (B.21) and (B.22), it follows that the actual system output is given by
(@) = (270 + |27, 0]) x4 (). (B.23)

Now, filtering the signal in (B.13) and (B.14), and using (B.19) and (B.23), a nonminimal
state-space realization of (22) and (23) is given by (32) and (33), where xy;(¢),t > O, is

the known filtered expanded state vector given by (34) and Ay € R By € R™*™ and
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Cr € RIX7 are given by (36)-(38) respectively with
At = Apm = [0 Bam '], (B.24)

B = "By, (B.25)

Ci=A1"®d+[27"AT 0]. (B.26)
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Proof: [Proof of (59) in Corollary 1 in Paper V] The time derivative of ||yg;(¢) —

yii ()|l overt € (sk;+1,Sk, ), Vk; € N is given by:

% llyLsi (1) = yLi|l

< lyesi @) = yLiOIl = llyLi 1l < [ICuillell i (Ol

< [ICLillell AL llellxii O + 1 Cuillell Billellri (2) ]

< [ICLillrllALillrxy; + ICLillpll Buillgr; (C.1)
where |lx;(1)|| < xj,. Since the closed-loop dynamical system is bounded, there exists
an upper bound to the equation (C.1). Letting ®,; denote this upper bound and with initial
condition satisfying lim,_,r;t_ [|yLsi(t) — yLi(®)|l = 0, it follows from Equation (C.1) that
lyLsi(®) — yLi(@®Il < Dot — ry,), VYt € (ry,rq+1). Therefore, when E»; is true, then

lim,_,r;+1 lyLsi (1) = yLi (D]l = €y,;, and it then follows that ry, 41 — ry, > a@y;. [ |
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User's stock at the end of such period).

3.4 In the event that the material for which a republication license is sought includes third
party materials (such as photographs, illustrations, graphs, inserts and similar materials)
which are identified in such material as having been used by permission, User is responsible
for identifying, and seeking separate licenses (under this Service or otherwise) for, any of
such third party materials; without a separate license, such third party materials may not be
used.

3.5 Use of proper copyright notice for a Work is required as a condition of any license
granted under the Service. Unless otherwise provided in the Order Confirmation, a proper
copyright notice will read substantially as follows: “Republished with permission of
[Rightsholder’s name], from [Work's title, author, volume, edition number and year of
copyright]; permission conveyed through Copyright Clearance Center, Inc. ” Such notice
must be provided in a reasonably legible font size and must be placed either immediately
adjacent to the Work as used (for example, as part of a by-line or footnote but not as a
separate electronic link) or in the place where substantially all other credits or notices for the
new work containing the republished Work are located. Failure to include the required notice
results in loss to the Rightsholder and CCC, and the User shall be liable to pay liquidated
damages for each such failure equal to twice the use fee specified in the Order Confirmation,
in addition to the use fee itself and any other fees and charges specified.

3.6 User may only make alterations to the Work if and as expressly set forth in the Order
Confirmation. No Work may be used in any way that is defamatory, violates the rights of
third parties (including such third parties' rights of copyright, privacy, publicity, or other
tangible or intangible property), or is otherwise illegal, sexually explicit or obscene. In
addition, User may not conjoin a Work with any other material that may result in damage to
the reputation of the Rightsholder. User agrees to inform CCC if it becomes aware of any
infringement of any rights in a Work and to cooperate with any reasonable request of CCC

https://s100.copyright.com/CustomerAdmin/PrintableLicenseFrame.jsp?...
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or the Rightsholder in connection therewith.

4. Indemnity. User hereby indemnifies and agrees to defend the Rightsholder and CCC, and
their respective employees and directors, against all claims, liability, damages, costs and
expenses, including legal fees and expenses, arising out of any use of a Work beyond the
scope of the rights granted herein, or any use of a Work which has been altered in any
unauthorized way by User, including claims of defamation or infringement of rights of
copyright, publicity, privacy or other tangible or intangible property.

5. Limitation of Liability. UNDER NO CIRCUMSTANCES WILL CCC OR THE
RIGHTSHOLDER BE LIABLE FOR ANY DIRECT, INDIRECT, CONSEQUENTIAL OR
INCIDENTAL DAMAGES (INCLUDING WITHOUT LIMITATION DAMAGES FOR
LOSS OF BUSINESS PROFITS OR INFORMATION, OR FOR BUSINESS
INTERRUPTION) ARISING OUT OF THE USE OR INABILITY TO USE A WORK,
EVEN IF ONE OF THEM HAS BEEN ADVISED OF THE POSSIBILITY OF SUCH
DAMAGES. In any event, the total liability of the Rightsholder and CCC (including their
respective employees and directors) shall not exceed the total amount actually paid by User
for this license. User assumes full liability for the actions and omissions of its principals,
employees, agents, affiliates, successors and assigns.

6. Limited Warranties. THE WORK(S) AND RIGHT(S) ARE PROVIDED “AS IS”. CCC
HAS THE RIGHT TO GRANT TO USER THE RIGHTS GRANTED IN THE ORDER
CONFIRMATION DOCUMENT. CCC AND THE RIGHTSHOLDER DISCLAIM ALL
OTHER WARRANTIES RELATING TO THE WORK(S) AND RIGHT(S), EITHER
EXPRESS OR IMPLIED, INCLUDING WITHOUT LIMITATION IMPLIED
WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR
PURPOSE. ADDITIONAL RIGHTS MAY BE REQUIRED TO USE ILLUSTRATIONS,
GRAPHS, PHOTOGRAPHS, ABSTRACTS, INSERTS OR OTHER PORTIONS OF THE
WORK (AS OPPOSED TO THE ENTIRE WORK) IN A MANNER CONTEMPLATED
BY USER; USER UNDERSTANDS AND AGREES THAT NEITHER CCC NOR THE
RIGHTSHOLDER MAY HAVE SUCH ADDITIONAL RIGHTS TO GRANT.

7. Effect of Breach. Any failure by User to pay any amount when due, or any use by User of
a Work beyond the scope of the license set forth in the Order Confirmation and/or these
terms and conditions, shall be a material breach of the license created by the Order
Confirmation and these terms and conditions. Any breach not cured within 30 days of
written notice thereof shall result in immediate termination of such license without further
notice. Any unauthorized (but licensable) use of a Work that is terminated immediately upon
notice thereof may be liquidated by payment of the Rightsholder's ordinary license price
therefor; any unauthorized (and unlicensable) use that is not terminated immediately for any
reason (including, for example, because materials containing the Work cannot reasonably be
recalled) will be subject to all remedies available at law or in equity, but in no event to a
payment of less than three times the Rightsholder's ordinary license price for the most
closely analogous licensable use plus Rightsholder's and/or CCC's costs and expenses
incurred in collecting such payment.

8. Miscellaneous.

8.1 User acknowledges that CCC may, from time to time, make changes or additions to the
Service or to these terms and conditions, and CCC reserves the right to send notice to the
User by electronic mail or otherwise for the purposes of notifying User of such changes or
additions; provided that any such changes or additions shall not apply to permissions already
secured and paid for.
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8.2 Use of User-related information collected through the Service is governed by CCC’s
privacy policy, available online here: http://www.copyright.com/content/cc3/en/tools/footer
/privacypolicy.html.

8.3 The licensing transaction described in the Order Confirmation is personal to User.
Therefore, User may not assign or transfer to any other person (whether a natural person or
an organization of any kind) the license created by the Order Confirmation and these terms
and conditions or any rights granted hereunder; provided, however, that User may assign
such license in its entirety on written notice to CCC in the event of a transfer of all or
substantially all of User’s rights in the new material which includes the Work(s) licensed
under this Service.

8.4 No amendment or waiver of any terms is binding unless set forth in writing and signed
by the parties. The Rightsholder and CCC hereby object to any terms contained in any
writing prepared by the User or its principals, employees, agents or affiliates and purporting
to govern or otherwise relate to the licensing transaction described in the Order
Confirmation, which terms are in any way inconsistent with any terms set forth in the Order
Confirmation and/or in these terms and conditions or CCC's standard operating procedures,
whether such writing is prepared prior to, simultaneously with or subsequent to the Order
Confirmation, and whether such writing appears on a copy of the Order Confirmation or in a
separate instrument.

8.5 The licensing transaction described in the Order Confirmation document shall be
governed by and construed under the law of the State of New York, USA, without regard to
the principles thereof of conflicts of law. Any case, controversy, suit, action, or proceeding
arising out of, in connection with, or related to such licensing transaction shall be brought, at
CCC's sole discretion, in any federal or state court located in the County of New York, State
of New York, USA, or in any federal or state court whose geographical jurisdiction covers
the location of the Rightsholder set forth in the Order Confirmation. The parties expressly
submit to the personal jurisdiction and venue of each such federal or state court.If you have
any comments or questions about the Service or Copyright Clearance Center, please contact
us at 978-750-8400 or send an e-mail to info@copyright.com.

v1.l

Questions? customercare@copyright.com or +1-855-239-3415 (toll free in the US) or
+1-978-646-2777.
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