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ABSTRACT

The northern hemisphere data from the 19.2 GHz full sky survey are analyzed to place limits on the magni-
tude of Gaussian fluctuations in the cosmic microwave background implied by a variety of correlation
functions. Included among the models tested are the monochromatic and Gaussian-shaped families, and those
with power-law spectra for —2 < n < 1. We place an upper bound on the quadrupole anisotropy of AT/
T < 3.2 x 107> rms, and an upper bound on scale-invariant (n = 1) fluctuations of a, < 4.5 x 107° (95% con-
fidence level). There is significant contamination of these data from Galactic emission, and improvement of
our modeling of the Galaxy could yield a significant reduction of these upper bounds.

Subject heading: cosmic microwave background

1. INTRODUCTION

Theories which attempt to trace the evolution of the present
extremely inhomogeneous large-scale distribution of luminous
matter in the universe have, as a general feature, implications
about the size and form of anisotropies in the cosmic micro-
wave background (CMB). Many of these theories of structure
formation suggest that the fluctuations in the CMB would take
the form of a two-dimensional random Gaussian field; other
theories, notably those involving stringlike defects in the
vacuum, lead to non-Gaussian statistics. To settle observa-
tionally the question of which of these theories is correct, and
in particular whether the fluctuations are described by Gauss-
ian statistics or not, will require an accurate measurement of
the two- and three-point correlation functions of the aniso-
tropy. There are at present no verified detections of any aniso-
tropy (other than Sunyaev-Zel’dovich, a relatively local effect),
much less a measured correlation function, so observational
results thus far take the form of upper limits. However, the
observed high level of isotropy of the CMB is already an
important constraint on these theories.

In this Letter we present an analysis of the limits that can be
set on fluctuations at angular scales greater than 1° by the
northern hemisphere portion of the 19.2 GHz survey
(Cottingham 1987; Boughn et al. 1990, 1992). This survey was
carrried out at an angular resolution of 3° FWHM and a
typical sensitivity of 1.5 mK per resolution element. The north-
ern hemisphere portion covers declinations —15° < 6 < +75°.

We consider only fluctuations which obey Gaussian sta-
tistics. A Gaussian field is completely specified by its two-point
correlation function. As we discuss further, the upper limit that

! Present address: NASA/Goddard Space Flight Center, Code 685.3,
Greenbelt, MD 20771.
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a given experiment can place on the rms fluctuation depends
on the assumed correlation function. To preserve this distinc-
tion, all of our results are stated as pertaining to a particular
correlation function, and not just to an angular scale. Many

conventions have been used for quoting the magnitude of fluc-
tuations. We quote the size of fluctuations as AT/T rms (with
one noted exception). This convention is shared by others, e.g.,
Timbie & Wilkinson (1990) and Readhead et al. (1989). In § 2
we discuss the method of statistical analysis employed, and the
manner in which the data set is prepared. The various corre-
lation functions tested and the upper limits obtained are pre-
sented in § 3.

2. ANALYSIS

The method we use to place an upper bound on the magni-
tude of fluctuations present in the data is the familiar one of
selecting a statistic, and seeing where the measured value of
this statistic falls on the distribution predicted by a particular
model. The rms of fluctuations in the model is adjusted so that
the probability that we would have measured a larger value of
the statistic is equal to the confidence level (say, 0.95); we then
know that if the rms were larger than this value, our observa-
tion would be quite unlikely (probability <0.05) so this value
of rms is a reasonable upper bound. A statistic is simply a
function of the observations, so in order to determine its dis-
tribution we first need to know how the model predicts the
observations are distributed.

Let T(6, ¢) describe the temperature fluctuations in the sky
predicted by a given model. A Gaussian model is completely
specified by its correlation function C(#). We find it convenient
to separate the shape of C() from its magnitude; therefore
we set C(0) =1, so that the actual correlation function is
n*C(0) where 7 is the total rms fluctuation predicted by the
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model [i.e., with this convention the mean square fluctuation
{(1/4m) | dQT*(8, ) is identically #*]. Then

KT O, 9)T(02, 92)> = nC012) , M

where 6,, is the angle between the directions (6, ¢,) and
(0,, @,). If we expand C(0) and T(6, ¢) in spherical harmonics
using the convention

C,=2n J d(cos 0)C(O)P(cos 6) 2)
im = J\dQYlm(e’ ‘P)T(B, (P) > (3)

then from the above it follows that
(T TEm> = 6 5mm"72C1 . )

The antenna gain pattern for our instrument is approx-
imately azimuthally symmetric. Let the relative antenna gain
at angle 6 from the axis be H(6). For each observation we direct
the antenna toward a point in the sky (0;, ¢;) and record the
observed temperature s;, given by

Si = JdﬂlT(eu ©,)HO;y) . &)

If H(0) is expanded in Legendre polynomials as we did C(6)
above, we obtain

5; = IZ H, Ty, Yinl0:, @) - (6)

The correlation matrix of the s; is then

1
sy = L HF G2 Pieos 0) = 2C0), ()
1

where C'(6) is then the correlation function smoothed by the
antenna gain pattern. [Note that our convention C(0) = 1 does
not imply C'(0) = 1.]

The instrument adds noise to the sky observations s;; thus,
the actual observed value is t; = s; + n;, where n; is the instru-
mental noise. The noise is approximately uncorrelated, so
{m;n;y = é,;;67, and is also not correlated with the sky fluctua-
tions, so

ity = n2C0y) + 6,07 = M, ®)

is the correlation matrix of the observations. The joint prob-
ability density (or likelihood function) of the observed values is
then

L(ty, - ts 1) = [(2m)" det M] ™12 exp <— D) t,.tjM,-;‘) -
i

©®

Having derived the probability distribution of the observa-
tions, we move now to the selection of a statistic. The statistic
that we use to compare the observations t; to a model
described by the correlation function C(6) is

t;t;
S=Y =L c@,). (10)
IEEA

This statistic was motivated as an approximation to the likeli-
hood ratio (Martin 1971), the computation of which is intracta-
ble on our data. (Specifically, if the likelihood ratio is 4, then S
is the first nonvanishing term in the expansion of 2/4*In4 in
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orders of 1, minus an irrelevant constant.) However, we make
no assumption that S is approximately the likelihood ratio. We
determine the distribution of S, given that the ¢, are distributed
according to (9), by Monte Carlo analysis. Once we know this
distribution as a function of # and our measured value of S, we
can then find the value of # which is excluded at a given con-
fidence level.

It is interesting to compare these upper bounds with the
upper bounds one would, in some sense, expect from the
experiment. One can derive the probability distribution of S
under the assumption that there are no fluctuations in sky
temperature by the same Monte Carlo method; the median
value of this distribution is a good estimate of the expected
value of S in the absence of fluctuations. An upper bound on
the rms derived using this value for S as the “ measured value”
is then a reasonable definition of the “expected upper bound.”
We refer to this upper bound as the “upper bound sensitivity ”
of the experiment. A statistician would refer to this definition
as the level of fluctuations for which the power of a given
confidence level test is 50%. A large discrepancy between the
upper bound sensitivity and the actual upper bounds obtained
indicates that some correlation is present in the data; if the
correlation is due to contamination by systematic effects or
foreground sources, the upper bound sensitivity indicates the
best that can be achieved by learning how to correct for the
contamination, if no actual CMB fluctuation is encountered.
We present both the upper bound and upper bound sensitivity
for each model tested.

The upper limits quoted in this Letter are based on 200
Monte Carlo samples. From examining the scatter between
different runs, we conclude that this is sufficient to locate the
correct 95% confidence level to within +5%. Those results
which are presented only in graphical form are based on 100
samples, which should be correct to +10%. In addition, the
calibration of the 19.2 GHz survey is accurate to 3%, and the
instrumental noise is measured to 5%, giving a total systematic
error of +8%.

The data for the northern hemisphere are prepared by sub-
tracting an a priori model of Galactic emission. This model
was constructed by scaling the 408 MHz survey (Haslam et al.
1982) with a spectral index of —2.75. To this was added a
compilation of bremsstrahlung sources which had been nor-
malized by fitting to the 25.4 GHz survey (Fixsen 1982; Fixsen,
Cheng, & Wilkinson 1983) and then scaled to 19.2 GHz with a
spectral index of —2.1. In those portions of the sky where
comparison is possible (i.e., in the Galactic plane), the model
agrees with our observations to within a factor of 2. This poor
agreement suggests that there may be significant Galactic
emission off the plane which this model does not remove. We
then fit and remove the constant and dipole components. The
portion within 20° of the Galactic plane is removed, as well as
the region near Orion.

3. RESULTS

In this section we present the results of comparing several
correlation functions to the data. Since a least-squares best-fit
dipo}e and offset is subtracted from the data, the correlation
functions also have these components removed. Since our
coverage of the sky is not uniform, it is not sufficient to simply
eliminate the | = 0 and 1 components when constructing the
Monte Carlo samples; for each sample we determine a least-
squares best-fit dipole and offset and subtract it.
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We first compare our data to two families of generic models.
Generic correlation functions are conveniently parameterized
by an angular scale; we adopt the convention that the angular
scale 6, is the correlation length, defined by

1d%C
-2 _ _
60" = [c d02]9=0' an

[Note that with this convention the angular scale 6, of corre-
lation functions which exclude the I =0 and 1 components
cannot exceed the correlation angle of a quadrupole, which is
(1/3)!/2 radians or about 33°; thus the plots in Fig. 1 end at this
angle.] The first family of generic models, dubbed monochro-
matic, are defined as having only one nonzero component of
the power spectrum C,; then C(6) = P/(cos 6), and thus C'(6) =
HZ2P/(cos ). The correlation length for the monochromatic
models is 8, = [2/(l + 1)]*/2%. The second generic family is
called Gaussian-shaped because the power spectrum has the
shape of a Gaussian function; this use of the term “ Gaussian”
should not be confused with its use in describing the statistics
of the fluctuations. These models are defined by

C,=Ne 8 |52, (12)

where N is a constant chosen to normalize C(0) = 1. For large
values of [, the correlation angle is roughly 6, ~ 1/1,.

The results of testing monochromatic and Gaussian-shaped
models are shown in Figures la and 1b, respectively. These
figures also show the upper bound sensitivity (as defined in § 2)
of our experiment to fluctuations of these forms. Note in par-
ticular that the upper limit on the amplitude of a quadrupole
(I = 2) anisotropy is AT/T < 2.8 x 1075 rms; the upper bound
sensitivity to the quadrupole is AT/T < 3.2 x 10”5 rms. In
cases (such as this one) where the upper bound is less than the
upper bound sensitivity, we prefer to quote the more conserva-
tive number. The fact that the limits we have set are in many
other cases so far above the sensitivity of the experiment is a
clear indication that the map is correlated. It is apparent that
we have detected the presence of fluctuations in our data, but
the magnitude of Galactic emission in these data and the poor
fit of our Galactic model in those regions of the map where
comparison is possible preclude positive identification of these
fluctuations as CMB anisotropy. The possibility that the
detected anisotropy is due to Galactic emission is supported by
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TABLE 1

UPPER LIMITS ON a, FOR POWER-LAwW
SPECTRUM MODELS

Upper Bound Sensitivity
n (AT/T x 10°) (AT/T x 10)
+1......... 45 19
0.ceennee 53 27
-1 50 32
— 2 42 38

the fact that both the upper and lower bounds on all models
examined increase significantly when the width of the Galactic
plane cut is decreased.

Many theoretical models have as their large angular scale
limit a power law spectrum. For these models, the correlation
function is given by (Bond & Efstathiou 1987)

I+ [n — 11/ — nl/2)
<+ [5 —n]/2T([3 + nl/2) n<3, 1>2,

C = (az)2

(13)

and C(0) ~ 6* ~". The n = 1 case corresponds to scale-invariant
fluctuations in two dimensions. For these models we deviate
from our practice of quoting an upper limit on the total rms
fluctuation, necessitated by the fact that for n > 0 these models
have infinite rms. Instead, we quote an upper limit on the
parameter a,. Our 95% confidence level upper limits and
upper bound sensitivities are presented in Table 1.

It has been common practice to use the upper bound on the
quadrupole as a limit on a,; to make the conversion, one uses
the fact that a, = (4n/5)"/? x rms of the quadrupole alone.
[For a quadrupole C(6) = P,(cos 6), and eq. (2) then implies
C, = 4n/5; in our notation a, = n(C,)'"*> = (4n/5)"/? x rms.]
The limit on a, that would be derived in this way from our
upper bound on the quadrupole is a, < 5.1 x 107, We note
that this is not much different from any of the values listed in
Table 1.

For most of the models we have presented, the upper bound
sensitivity of the experiment is well below the upper bound
that we are able to set, suggesting that if we are able to improve
the removal of foreground emission, we may be able to signifi-
cantly lower these upper bounds.
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FiG. 1.—Upper bounds on AT/T rms (95% confidence level). (4) Monochromatic models, (b) Gaussian-shaped models. In both, the solid line is the 95%
confidence level upper bound, and the dashed line is the upper bound sensitivity of this experiment, as defined in the text.
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