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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE NO. 784

STRESS DISTRIBUTION IN AND EQUIVALENT WIDTH OF FLANGES 

OF WIDE, THIN-Y/ALL STEEL BEAMS*

By George W inter

SUMMARY

The use o f  d i f fe r e n t  forms o f  w id e -fla n g b , th in -w a ll s t e e l  
beams i s  becoming in c re a s in g ly  w idespread. Part o f  th e  inform 
a t io n  necessary fo r  a ra t io n a l d esign  o f  such members i s  the 
knowledge o f  the s tre s s  d is t r ib u t io n  in  and the equ iva len t width 
o f  the fla n g e s  o f  such beams. This problem i s  analyzed in  th is  
paper on the b a s is  o f  the theory o f  p lane s t r e s s . As a r e s u lt ,  
ta b le s  and curves a re  g iven  from which the eq u iva len t width o f  
any g iven  beam can be read d ir e c t ly  f o r  use in  p r a c t ic a l  d esign . 
An in v e s t ig a t io n  i s  g iven  o f  the l im ita t io n s  o f  th is  a n a ly s is  
due to  the fa c t  that extrem ely wide and th in  fla n g e s  tend to  
curve out o f  th e ir  p lane toward the n eu tra l a x is .  A summary o f  
t e s t  data confirm s very  s a t i s fa c t o r i l y  the a n a ly t ic a l  r e s u lt s .

INTRODUCTION

This paper d ea ls  w ith  the d is t r ib u t io n  o f  lo n g itu d in a l 
s tre sse s  in  the f la n g e s  o f  th in -w a ll beams o f  I - ,  T - , or  box 
shape, o r  o f  s im ila r  shape*

Beams such as I -  and oth er r o l le d  se ct io n s  and com posites 
th ereo f have long been in  use in  s tru c tu ra l en g in eer in g , and i t  
i s  gen era lly  assumed th at the magnitude o f  the lo n g itu d in a l 
s tresses  does not vary over the width o f  the fla n ge  a t a g iven  
cro ss  s e c t io n . With the development o f  lig h t-w e ig h t  con stru e -

*Condensed from a th e s is  a ccep ted  by the Graduate School 
o f  C orn e ll U n iversity  in  p a r t ia l  fu l f i l lm e n t  fo r  the degree o f  
D octor o f  P h ilosop h y , June 1940.

This a n a ly s is  was undertaken in  p a r a l le l  w ith an 
experim ental in v e s t ig a t io n  in to  th is  su b je c t  sponsored by the 
American Iro n  and S te e l  I n s t it u t e  at C orn e ll U n iv e rs ity .
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w ith the web. I t  i s  then p o ss ib le  to  in v estig a te  the resu ltin g  
s tress  d is tr ib u t io n  by means o f  the theory o f  plane s tre s s .
The d is tr ib u t io n  o f  the shear s tresses  along the jo in t  o f  web 
and flange ev id en tly  fo llo w s  the d is t r ib u t io n  o f  the external 
shearing fo r c e  in  the beam as a whole. This assumption holds 
e xa ctly  only fo r  beams loaded by continuously d is tr ib u ted  
lo a d s . Concentrated loads r e s u lt  in  lo c a l  ir r e g u la r it ie s  o f  
the shear d is t r ib u t io n  because o f  the d is tr ib u t in g  a ct io n  o f  
the web and because o f the a ctu a l area o f  a p p lica tio n  o f  such 
s o -c a lle d  concentrated loads* The in flu en ce  o f  these fa c to rs  
w i l l  be in v estiga ted  la t e r  in  th is  paper. Thus the to ta l  
shear T transm itted from the web to  the flan ge at any p articu 
la r  cross se c t io n  i s  p rop ortion a l to  the external shearing 
fo r c e  V, namely,

where m is  moment o f  area o f  fla n ge  about neutral a x is  and I  
i s  moment o f  in e r t ia  o f  the beam. The s tress  d is tr ib u t io n  
o f  a plane p la te  loaded in  that manner w i l l  now be analyzed.

Throughout th is  in v e s t ig a t io n  the span o f  the beam i s  
taken as 2 l  and the width o f  the fla n ge  as 2b ; the th ick 
ness o f  the fla n ge  is  taken as u n ity . Thus fig u re  2 (a) 
represents the flan ge o f  an I-beam loaded by a s in g le  con
centrated fo r c e  in  the ce n te r ; f ig u re  2 (b) shows the flan ge 
o f  a box beam under uniform loa d . Because the problem i s  one 
in  plane s t r e s s , the s o lu t io n  reduces to  the in teg ra tion  o f  
the d i f fe r e n t ia l  aquation. (See re feren ce  4 . )

where <p i s  the A iry s tre ss  fu n ctio n . Then the stresses  are

T = Y v = kV (3)

+ 2 — 2 i t -  + A  = 0
dx* 3y4

(4 )

(5a)

(5b)

r.• = _
8 xdy (5c )
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where cr^ i s  the lo n g itu d in a l  s t r e s s ;  o~y, the tran sverse  
s t r e s s ;  r xy> the h o r iz o n t a l  shear s t r e s s .  E quation (4 ) 
i s  s a t i s f i e d  by any fu n c t io n  o f  the form

n
cp = 2 (Ancosh  + Bnsin h  a^y + C^y cosh

+ D rf s in h  aI^y)cos anx (6)

where

The con sta n ts  An, Bn , Cn,  Dn fo l lo w  'from  the boundary 
co n d it io n s . By s u b s t it u t io n  o f  cp (e q u a tio n  ( 6 ) )  in  eq u a tion  
(5 c )  i t  i s  p o s s ib le  to  re p re se n t the d is t r ib u t io n  o f  r xy 
along th e  load ed  edge o f  th e  p la te  as a F o u r ie r  s e r ie s .
The boundary co n d it io n s  common to  both  typ es  o f  beams (se e  
f i g s .  2 (a ) and 2 ( b ) )  a re :

cry  = 0 a t  y = + b 

and <rx  = 0 a t  x = + I

The second o f  th ese c o n d it io n s  i s  s a t i s f i e d  by making n odd. 
Two con sta n ts  are re q u ire d  to  s a t i s f y  the f i r s t  c o n d it io n .
In  a d d it io n , th ere  a re  two more co n d it io n s  in  a long
th e lo n g itu d in a l  edges th a t vary a ccord in g  to  the p a r t ic u la r  
ca se . Thus, two more con sta n ts  are req u ired  to  s a t i s fy  
these c o n d it io n s , and hence a l l  fo u r  con sta n ts  are determ ined. 
I t  may be noted  th at th is  s o lu t io n  r e s u lt s  in  a se t o f  
h o r iz o n ta l shearing s tr e s s e s  a long th e  sh o rt  edges x = + £ 9 
which may or may not c o in c id e  w ith  th e  a c tu a l  d is t r ib u t io n  
In  any g iven  beam, depending on  the type o f  p r a c t i c a l  end 
su pport. However, because o f  e q u ilib r iu m  and symmetry, the 
re su lta n t o f  th ese  s t r e s s e s  i s  zero  along e ith e r  edge. 
T h ere fore , th ese  s t r e s s e s ,  a ccord in g  to  S ain t-V enant*s 
p r in c ip le ,  have on ly  l o c a l  e f f e c t s ,  which d isappear at a 
sh ort d is ta n ce  from the ed ge . But from th e  d e s ig n e r 1 s p o in t  
o f  view on ly  th e  s t r e s s  d is t r ib u t io n  at and near the cro s s  
s e c t io n  o f  ma-Httpim moment, th at i s ,  near th e  cen ter p o r t io n  
o f  the beam, i s  o f  in t e r e s t .  These s t r e s s e s  w i l l  not be 
a f fe c t e d  by the shearing s t r e s s e s  a long x = + 1  •
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Having thus determined, a l l  four con sta n ts , one i s  ab le  to  
compute the s tre s s e s  at any p o in t o f  the fla n ge  by means o f  
equation  (5 )  and the eq u iva len t width from equation  (2 ) .

S tress  D is t r ib u t io n  in  I -  and T-Beams

The gen era l s o lu t io n  ju s t  ou tlin ed  a p p lie s  only to  p la te s  
loaded along th e ir  edges. S in ce , fo r  I -  and T- beams, the 
shear from the web a c ts  a long th e  cen ter l in e  o f  the f la n g e , 
l e t  the f la n g e  be cu t in  h a l f  a long the x -a x is .  The d is t r ib u 
t io n  o f  th ese a p p lied  shear s tre sse s  a t  y = 0 i s  expanded in  a 
F ourier s e r ie s  in  s in e  on ly  and with n odd. Let Kn be the 
c o e f f i c ie n t s  o f  th is  s e r ie s .  Then the boundary co n d it io n s  a re ;

( 1 ) At y = o, r xy
n

= I  Knsin  anx

(2 ) At y = b , crX = 0

(3 ) At y = b , Txy = 0

(4 ) S ince the p la te  i s  cu t in  h a l f  along the x -a x is ,  
th ere  i s  the fu rth e r  co n d it io n  th a t the two 
h alves are prevented from separating along the 
cu t . S in ce  b o d ily  tra n s la t io n  or ro ta t io n  o f  
e ith e r  h a l f  i s  prevented by eq u ilib riu m  and 
symmetry, th is  co n d it io n  r e s u lts  at y = 0 in

C on dition s ( l ) , ( 2 ) ,  and (3 ) are evaluated by using fo r  
crx  equation  (5 a ) ,  f o r  -r^y equation  ( 5 c ) ,  and fo r  cp equation  
( 6 ) .  In  order to  eva lu a te  co n d it io n  ( 4 ) ,  l e t  u be the d is 
placement in  the x -d ir e c t i o n  and v in  the y -d ir e c t io n .  Then 
the lo n g itu d in a l s tra in

ex =x ax (7a)

and the shear s tra in

/  = _ 1 
7xy a y  a x  TTr = - A 9xy G (7b)

6
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where E is  Young* s modulus,  ̂ i s  Poisson* s r a t io ,  and

G = is  the modulus o f  e la s t i c i t y  in  shear. I f  equation
2 ( 1 + >>)

( 7a) i s  d if fe r e n t ia te d  with resp ect to  y

3gu _ 1 _ j  3 5<P
dxdy  E 3 dx^dy') ( 8 a)

And i f  equation (7b) i s  d if fe r e n t ia te d  with resp ect to  with

^ > y  =o = 0

.  _ l , - £ ( 8 b)

I f  the righ t s id es  o f  equations ( 8 a) and ( 8b) are equated, i t  
i s  seen that at y = 0

i f  3Zf  ) _ l  A -  V A
^ d y Z z y ?  = 0 Ek3y3 d & y ' v ^

(8 c )

Equation ( 8 c) and con d ition s  ( l ) , ( 2 ) ,  ( 5 ) ,  re su lt  in  four 
simultaneous equations in  An, Bn, Cn, Dn. Solving th ese , the 
four constants are

An = -  K

Bn = Kn

G n = K n

. (1 -  v1) sinh2anb + ( l  +  ̂) (a nb)2 (9a)*n a^(sinh 2anb + 2anb)

1 o (9b)
2an

1 + ^ (9c)
2an

. (1 + ^ ) cosh2anb + ( l -   ̂ )
(9d)

a,n(sin h  2anb + 2aQb)

7
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A ll  these co n sta n ts  are expressed, in  Kn, th a t i s ,  in  terms o f  
the F ou rier c o e f f i c i e n t s  o f  the shear d is t r ib u t io n  s e r ie s  
along the loa d ed  ed ges . I t  i s  th e re fo r e  p o s s ib le  to  adapt th e  
so lu t io n  t o  any g iven  type o f  lo a d in g .

S tr e s s  D is t r ib u t io n  i n  Box and U-Beams

The f la n g e s  o f  such beams are  loaded  by shearing s tr e s s e s  
along both lo n g itu d in a l  e d g es . (See f i g .  2 ( b ) ) .  The d is t r ib u 
t io n  o f  th ese  s tr e s s e s  a ga in  i s  expanded in  a F ou rier  s e r ie s  in  
s in e  only and w ith  n odd, th e  c o e f f i c i e n t s  o f  which are £ n.
Then the boundary co n d it io n s  a re :

(1) At y = ±  b , 'Tyry = + Z Ens in  aQx

(2) At y = + b , o~y = 0

(3) And by symmetry, at y  = 0 , = 0

I f  equations (5a ) f  (5 c )  . and ( 6 ) are used, fo u r  sim ultaneous 
equations a re  a ga in  a rr iv e d  a t from  which

2 b sinh  anb
An = -  Kn ---- t----------------- 2 ----------- 7u a n (s in h  2 anb + 2 anb)

( 1 0 a)

td b ii o ( 1 0 b)

cn = o (1 0  c )

2  co sh  a^b
Dn »  * n T V  _ ■■ ■ ,  ■ . ( I 0 d)D = Kn ---- -------------------- - ----------

a n( s i n h  2 a nb + 2 a nb)

E quivalent Width fo r  D i f fe r e n t  Loading C on dition s

In ord er  t o  d erive  d ata  f o r  use in  p r a c t i c a l  design , 
th ree  kinds o f  lo a d in g  are in v e s t ig a te d  fo r  both  types o f  
beams and f o r  d i f f e r e n t  r a t i o s  o f  width to  span, b /3  . The 
types o f lo a d in g  and the corresp on d in g  shear d is t r ib u t io n s  
are shown i n  f ig u r e  3 . These shear d is t r ib u t io n s  are 
expanded in  F o u r ie r  s e r ie s  i n  s in e  only and w ith  n odd. The 
re s p e ct iv e  F o u r ie r  c o e f f i c i e n t s  a re :

For lo a d in g  (a)

Kn = + ^  (H a )

8
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For load ing ( b ) , 

For load in g  ( c ) ,

K _ 1 
n n

K = + ^ s in  ^  n — n 4

( n b )

( l i e )

I f  these c o e f f ic ie n t s  are introduced  in to  equations (9) and 
1̂0) ,  the s tre ss  fu n ctio n  <p i s  then determined from equation

In  order to compute the equivalent width 2 b1. use i s  
made o f  equation  ( 2 ) .  In trodu cin g  in to  th is  equation 
from equation  ( 5a)

( 1 2 >

The maximum stress  <?"max ( see f ig *  1) occu rs  at the web,

that i s ,  at y = 0  in  I-beams and at y = + b in  box beams. 
Thus,

-}2 <p
q- = ( -—- )  _ fo r  I beams, and
°  max Kd y 2 'y = 0

crmax
f or box beams

dy% y=b

For design  purpose i t  i s  the ra t io  o f  the equivalent 
to the a ctu a l width 2 b f / 2 b th at is  im portant. I f  ^ a x  
i s  su bstitu ted  in to  equation  ( 12 ) ,  one ob ta in s  fo r  
I-beams •

2 b 1
2b

-  1
£ 2
z y /

/y=b

y=?

< & r o
(13a)

and fo r  box beams

9
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1 1  /
2 b« _ i  a y / -
2 b

ry=b

(i£ i>
3 /2  y=b

(13b)

Having obtained the red u ction  fa c to r  2 b * /2 b , i t  i s  then p o ss ib le  
to  determine the equ iva len t width o f  any given beam, m ultip ly ing 
the a ctu a l width by the appropriate  red u ction  fa c t o r .  The 
maximum stre ss  i s  then obtained from the ordinary fle x u re  
formula

<r- = JL
max Sf

where M i s  the bending moment and S1 i s  the reduced s e ct io n  
modulus determined by using the equiva lent width 2 b 1 instead  o f  
the actu a l width 2 b.

The s tre ss  con cen tra tion  and hence the equiva lent width 
vary along the beam. For concentrated  loads the con cen tra tion  
i s  la r g e s t , that i s ,  the equ iva len t width i s  the sm allest, at 
the p o in t where load  i s  a p p lied , which usually i s  a lso  the 
s e c t io n  o f  maximum moment. For beams with uniform ly d is 
tr ib u te d  lo a d , the maximum moment a cts  at the cen ter o f  the 
span, and hence i t  i s  th is  p la ce  fo r  which the red u ction  
fa c to r  i s  to  be determ ined. For use in  design , red u ction  
fa c to r s  perta in in g  to  the s e c t io n s  ju s t  mentioned have been 
computed fo r  a wide range o f  span: width. I t  i s  e a s ily  seen 
that the red u ction  fa c to r s  fo r  load in g  (b) and ( c )  o f  f ig u re  
3 are id e n t ic a l .  A com parison o f  equations ( l i b )  and ( l i e )  
revea ls  that Kn fo r  load in g  (c )  i s  obtained from Kn fo r

load in g  (b) through m u lt ip lic a t io n  by — . For loading
- + ^ 2

( b )  , however, the c r i t i c a l  cross  se c t io n  i s  the cen ter o f  
the span where cos  ajpc = cos  0 = 1 ; whereas fo r  load ing

(c )  i t  i s  the quarter p o in ts  where cos anx = cos ^

Hence, the s tresses  a t that p o in t are obtained from those 
at the center f o r  load in g  (b ; by m ultip ly ing the s e r ie s  fo r  

jc, term by term, by 1 /2 . S ince th is  fa c to r  appears both 
in  the numerator and in  the denominator o f  the red u ction  
fa c t o r  2 b ’ / 2 b (see  equation  ( 1 2 ) ) ,  the equiva lent widths 
fo r  both types o f  concentrated  load s are id e n t ic a l .

10
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I t  i s  th ere fore  safe to  apply th is  redu ction  fa c to r  to any type 
o f  concentrated load in g .

In ta b le  I  numerical data are given fo r  the reduction factors o f  
both types o f  beams in v estig a ted  and fo r  d is tr ib u te d  and con
centrated lo a d in g .

TABLE I

R atios o f  Equivalent to  Actual Width, 2b! /2 b

Beams I -  and T- Box and U-

i / b p(a) P(b ) p(a) p (b )

7r 0.857 0.575 0.880 0.557

27r .958 .791 .957 .778

3tr .981 .881 .983 .681

47T .990 .927 .989 .926

5tt .993 .949 .994 .950

( a^p i s  uniform ly d is tr ib u te d  load
(b )P is  concentrated load  at center o f span or 

two equal concentrated loads at quarter 
p o in ts .

The only numerical r e s u lts  given in  Schnadel1 s paper on 
box beams (re fe re n ce  2 ) p e rta in  to  a beam o f r a t io  span: 
width = 7r• For th is  beam Schnadel found fo r  2 b l /2 b  the 
fo llow in g va lu es : 0 .553 fo r  cen ter load , 0.882 fo r  uniform ly 
d istrib u ted  lo a d , and 0.547 f o r  q u a rter-po in t lo a d s . I t  i s  
seen that the d if fe r e n ce s  between the resu lts  obtained by 
Schnadel1 s cumbersome method and those obtained by present 
simple approach are n e g lig ib le  f o r  a l l  p ra c t ic a l  purposes.

I t  fo llo w s  from ta b le  I  that the red u ction  fa c to rs  fo r  
I -  and T- beams are p r a c t ic a l ly  id e n t ic a l  with those fo r  box 
and U-beams except fo r  extrem ely wide beams. For design  
work the values fo r  I -  and T-beams may th e re fo re  be used a lso

11
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fo r  box and U-beams. For more convenient use these fa c to r s  are 
presented in  f ig u re  4 in  the form o f  two curves from which fo r  
any p a r t icu la r  beam and load in g  the red u ction  fa c to r  can be 
read im m ediately.

EXPERIMENTAL VERIFICATION

In  ord er to  f a c i l i t a t e  an experim ental te s t  o f  these 
a n a ly tica l r e s u lt s ,  i t  seems d esira b le  to  develop  data that 
can be d ir e c t ly  measured on te s t  specimens. For th is  reason 
the r a t io s  ^max/ ^min kave been computed f o r  I-beam s, where

a- = andmax ° =( O a w
2 y ^ y = 0  1111x1 'dy^ 'y^  b

The re s u lts  are given  in  ta b le  I I .

TABLE I I

R atios o f  Maximum S tress  at Web to Minimum Stress at 

Edge o f  Flange f o r  I-beam s, crmj_n

i / b - JB P

7r 1 .30 2.50

2 tt 1 .07 1.46

37T 1 .0 3 1.23

Ait 1.015 1.14

5tr 1 .005 1.09

E xtensive experim ental work has been ca rr ied  out to  
check the a n a ly t ic a l  r e s u l t s .  I t  included w ide-flan ge r o l le d  
section s  (d  = 0 . £ 7  inch) and cold -form ed beams made o f  th in  
sheets (d = 0.077 inch and d = 0.049 in c h ) . A range o f  JL/ b 
from 4 to 18 has been covered  and center load in g  as w ell as

12
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q u a rte r -p o in t  load in g  has been in v e s t ig a te d . S tra in s  were 
measured by means o f  Huggenberger s t r a in  gages and s tre s s e s  
were computed from the s t r a in s . Because th is  t e s t  work i s  
part o f  an ex ten s ive  resea rch  program, sponsored by the 
American Iron  and S te e l  I n s t it u t e ,  the experim ental d e t a i ls  
w i l l  be reported  elsew h ere . The r e s u lts  are summarized in  
f ig u r e  5 , which g iv e s  the t h e o r e t ic a l  curves and the 
experim ental re s u lts  f o r  the e leven  beams te s te d . I t  i s  seen 
that the co in cid en ce  o f  e m p ir ica l and a n a ly t ic a l  r e s u lts  i s  
very c lo s e  throughout the e n t ir e  range. For th is  reason  i t  
i s  b e lie v e d  that the eq u iva len t widths computed a n a ly t ic a l ly  
may s a fe ly  be recommended f o r  use in  d es ign .

EFFECT OF DISTORTION OF CROSS SECTION

The fo reg o in g  a n a ly s is  i s  based on the assumption th at 
the f la n g e  may be regarded as a plane p la t e ,  thus a llow in g  
the a p p lica t io n  o f  the theory  o f  plane s t r e s s .  A ll  o th er 
authors dea lin g  with t h is  problem have made the same 
assumption without in v e s t ig a t in g  i t s  v a l id i t y 1 f o r  wide 
beams o f  th in  sheet m a te r ia l. A c tu a lly , however, the fla n ge  
i s  not on ly curved lo n g itu d in a lly  in  the loaded  beam, b u t, 
under the a c t io n  o f  the lo n g itu d in a l bending s t r e s s e s , a ls o  
tends t o  curve in  the d ir e c t io n  perpen dicu lar to  the a x is  
o f  the beam. For th is  reason  i t  i s  necessary to  in v e s t ig a te  
whether or not th is  double curvature m a te r ia lly  a f f e c t s  the 
s tre s s  d is t r ib u t io n .

An exact s o lu t io n  o f  th is  q u estion  would req u ire  a 
m athem atical apparatus in a p p ro p r ia te ly  in vo lved  fo r  the 
given  purpose. For th is  reason an approxim ate method w i l l  
be used s u f f i c ie n t ly  ex a ct f o r  the p resen t purpose*

F igure 6 (a) rep resen ts  a p art o f  an I-beam In  pure 
bending ; f ig u r e  6 (b ) g iv e s  a short elem ent ab o f  the bottom 
fla n g e . I t  i s  seen th a t , because o f  the curvature o f  the 
loaded  beam, the t e n s i le  fo r c e s  H per u n it  width o f  the 
fla n ge  a ct  at an angle dtp and hence have a resu ltan t R 
b is e c t in g  th is  a n g le , th a t i s ,  a ct in g  in  a ra d ia l d ir e c t io n .  
Because H i s  d is tr ib u te d  over the e n t ir e  width o f  the 
f la n g e , R i s  s im ila r ly  d is t r ib u te d . T h erefore th is  
re su lta n t  R acts  as a f o r c e  p erpen dicu lar to  the su rface  o f  
the f la n g e  tending to  bend the f la n g e  inward toward the 
n eu tra l a x is . For t h is  reason  the d is ta n ce  from the fla n g e  
su rface  to  the n eu tra l a x is  becomes sm aller at the ou ter

13
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than a t the in n er p o r t io n s  o f  th e  f la n g e . Because th e  bending 
s tr e s s e s  are p ro p o r t io n a l  to  t h i s  d is ta n ce  to  a degree o f  
a ccu racy  s u f f i c ie n t  f o r  the p resen t p u rp ose , they d ecrease  from 
th e web toward the e d g e s .

From f ig u r e  6 (b )  i t  i s  seen  th a t , per u n it len g th  o f  
f la n g e ,

R = a = a  =ds r  r (14)

where r i s  the ra d iu s  o f  cu rvatu re  o f  the bent beam. As shown 
in  f ig u r e  6 ( c ) ,  th is  R re p re se n ts  a tra n sv erse  loa d  ten d in g  
to  bend the f la n g e . The d i f f e r e n t ia l  equ ation  f o r  th e  bending 
o f  a lon g  re c ta n g u la r  p la te  (from  r e fe r e n c e  5, equation  (6 7 ))  i s

dgW _ _ 1  _ M
dy£ r D

(15)

where w i s  the d e f l e c t i o n  o f  fla n g e

D the f le x u r a l  r i g id i t y  o f  p la te  (■ Ed"
12(1  -

5 7 ) and. d the

th ick n e ss  o f  p la te

I t  i s  seen  th at eq u a tion  (15) i s  o f  th e  same type as the 
d i f f e r e n t ia l  eq u a tio n  f o r  the bending o f  beams

d£w _ _ J ,
dy2  El

excep t th a t the beam r ig id i t y  El i s  rep la ced  by the p la te  
r i g i d i t y  D. For an e x a ct  s o lu t io n  th e  d i f f e r e n t ia l  eq u a tion

d^w/dy4  = p/D

f o r  c y l in d r ic a l  s h e l l s  should be u sed , where p i s  the t o t a l  
tra n sv erse  f o r c e  and c o n s is t s  o f  R and o f  the e l a s t i c  
r e a c t io n . I t  can be shown that fo r  the presen t purpose the 
num erical d i f fe r e n c e  between the r e s u lt s  based upon t h is  
ex a ct  approach and th ose  ob ta in ed  by u sing equation  (15)

14
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are n e g lig ib le . Hence the fa m ilia r  form ulas f o r  the d e f le c 
tion s  o f  beams can be app lied  to  those o f  the fla n ge  i f  El i s  
rep laced  by D. On th is  b a s is  the maximum d e fle c t io n  w âx 
(see  f i g ,  6 ( c ) )  o f  the fla n ge  out o f  i t s  plane w il l  now be 
determined*

I t  i s  assumed that cr  and thereby R can be taken as 
constant throughout the width o f  the fla n ge  which i s  su f
f i c ie n t ly  exact f o r  small va lues o f  w. Then f o r  I-beams 
from the ordinary ca n tile v e r  formula (see  re feren ce  6 ,  p* 
356)

wmax 8 D (16)

For an in v e st ig a t io n  o f  the s tre ss  d is t r ib u t io n  under actual 
working co n d it io n s , l e t  ^  be the working s tre s s . Then the 
radius o f  curvature r o f  the beam i s  determined from

r  = “la
g ° w l

h

to  r  «  s f -  (17)
w

where I  is  the moment o f  in e r t ia  o f  the beam. I f  equation  
(17) i s  su bstitu ted  in  equation  (14)

T jr  ( i  -   ̂ 2) ( i s )d h

The value o f  wffiax having been determ ined, i t  fo llo w s  from 
the l in e a r  v a r ia t io n  o f  a~x over the depth o f  the cross  
s e c t io n  that the r a t io  o f  the maximum stress  at y = 0 to 
the minimum stress  at y = + b i s

Suax ----------h-------  (19)
min h -  2 wmax

And from equation  (16)
„2

max = 2  cr = 3 ( ^ ) 2W 8 DEh

15
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I f  the same c o n s id e r a t io n s  are a p p lie d  to  box  and U-beams and 
i f  the g e n e r a lly  weak r e s t r a in t  o f  th e  f la n g e  at th e  web i s  
n e g le c te d , the f la n g e  may be regarded  in  t h i s  case  as a 
sim ple p la t e  f r e e l y  su pported  a t th e  w ebs. From r e fe r e n c e  6 , 
p . 250,

wmax ” ( 2 0 a)

o r ,  s in ce  here th e  span L = 2 b ,

"max = _£  fife!
24  D

and using a ga in  eq u a tion s  ( 1 5 ) ,  ( 1 6 ) ,  (17 )

'max = ( 1  -

( 2 0 b)

(£1)

I f  t h is  wmax i s  in tro d u ce d  in  e q u a tio n  ( 1 9 ) ,  th e  s t r e s s  
d ecrea se  due t o  th e  d i s t o r t i o n  o f  th e  c r o s s  s e c t io n  can a ga in  
be determ ined.

I t  i s  thus seen  th a t the cu rva tu re  o f  the beam r e s u l t s  
in  i t s e l f  i n  a nonuniform  s t r e s s  d is t r ib u t io n  in  the f la n g e s ,  
w hich i s  an e f f e c t  e n t i r e ly  d i f f e r e n t  from th at in v e s t ig a te d  
b e fo r e  on the b a s is  o f  th e  d is t r ib u t io n  o f  th e  shearing 
f o r c e s .  An e x a c t  in v e s t ig a t io n  should  th e r e fo r e  co n s id e r  the 
j o i n t  a c t io n  o f  both  th ose  e f f e c t s .  I t  can be shown, how ever, 
th a t in  beams o f  p r a c t i c a l l y  p o s s ib le  d im ensions th e  e f f e c t  
o f  the cu rv a tu re  o f  th e  beam i s  e x ce e d in g ly  sm all and may 
th e re fo r e  be n e g le c te d  in  p r a c t i c a l  a p p l ic a t io n s .

In  o rd er  t o  e s t a b l i s h  a c r i t e r i o n  in d ic a t in g  in  which 
ca se  the e f f e c t  o f  th e  cu rva tu re  o f  the beam may be n e g le c te d , 
i t  w i l l  be assumed th a t  a s t r e s s  d ecrea se  o f  4 p ercen t i s  
n e g l ig ib le  f o r  a l l  p r a c t i c a l  p u rp o se s . Such a s t r e s s  
d ecrease  r e s u l t s  in  a r e d u c t io n  o f  th e  e q u iv a le n t  w idth o f  
l e s s  than 2  p e r c e n t , which i s  l e s s  than any a t ta in a b le  
d e s ig n  a ccu ra cy . I t  i s  t h e r e fo r e  n ecessary  to  e s t a b l is h  a 
c r i t e r i o n  such th a t

cr
max “ ^m in = 0*04 <r,max (22)

16



NACA Technical Note No. 784

Because the s t re s s e s  are p ro p o rt io n a l to  the d is ta n ce s  from 
the neutral a x is ,  i f  equation  (18) i s  used fo r  I-beams

W« a*  = 6 (3 S )2 ( ^ ) 2 ( l  
h /g  '  e '  W  V ^2) = 0 .0 4

or

and, in  p a r t ic u la r , 
per square inch

b£ < 0 .0817 B
dh “  V i _ J2o~m

f o r  s t e e l  beams with E = 3 x 10 ̂

(23a)

pounds

b£ < g .57  X IQ6
dh CT-W (23b)

where b , h , d a re , r e s p e c t iv e ly ,  h a l f  the fla n g e  w idth , the 
depth, and the fla n g e  th ick n ess  o f  the beam; crw# the 
working s t r e s s ; and ^ , Poisson* s r a t io .

S im ila r ly  fo r  box beams, i f  equation  (21) i s  used

= io(^)2(^)2(i - v'2) < 0.04 

or

b£ < 0 .0633  E
^  -i 1 -

and p a r t ic u la r ly  f o r  s t e e l  beams

b f < 1 .98  x iq 6 
dh "  %

(24a)

(£4b)

employing the same symbols as above.

Hence, the data f o r  the eq u iva len t width g iven  in  ta b le  
I  and f ig u r e  4 may be ap p lied  to  any beam s a t is fy in g  the 
co n d it io n s  expressed  in  equations (23) and (2 4 ) .  I t  may
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e a s ily  be v e r i f ie d  num erically  that p r a c t ic a l ly  a l l  beams w ith  
s tru c tu ra lly  p o s s ib le  dim ensions w ill  s a t is fy  these co n d it io n s .

CONVERGENCE OF THE SERIES INVOLVED

In  the fo re g o in g  a n a ly s is , the red u ction  fa c to r  2b f /2 b  
as w ell as the s tre ss  con cen tra tion  ^ a x /  n are obtained  
as q u o t ie n ts , the numerator and the denominator o f  which are 
in  the form o f  a F ou rier s e r ie s .  The numerical values given  
in  ta b le s  I  and I I  have been obtained  by taking nine terms o f  
each o f  the s e r ie s  in v o lv e d . In  order to  ob ta in  an estim ate 
o f  the accuracy thus ob ta in ed , i t  seems ad v isab le  to  analyze 
the q u estion  o f  the convergence o f  these s e r ie s .  This 
a n a lysis  w i l l  be made here fo r  I-beams on ly  because the 
method i s  e s s e n t ia l ly  the same fo r  box beams*

In  order to  in v e s t ig a te  the numerator o f  equation  (1 3 a ) , 
the c o e f f i c ie n t s  An, Bn, Cn, Dn from equations (9 ) are 
su b stitu ted  in  equation  ( 6 ) ,  which r e s u lts  in

dY

y=b

y=0
n
k

S u b stitu tio n  o f  the app rop ria te  Kn from equations ( l l )  g ives  
fo r  uniform ly d is tr ib u te d  load

"  l  1  n2 ~
COfl|t

i — ny

and fo r  con cen trated  load

? £ s - 2 -  —  = 2 congt
i  °n  1  »  i n 2

I t  i s  seen that each o f  these expression s i s  an a b so lu te ly  
convergent s e r ie s ,  the f i r s t  few terms o f  which decrease 
rather ra p id ly .

Making the same s u b s titu t io n s  in  the denominator o f  
equation  (1 3 a ) , one a r r iv e s  at

18
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(f ^ } y=0 = 1 (V n  + 2Dnan>

n (3  + V )c o s h 2 anb + ( l  -  *>) + ( l  + *, )Ca nbn) 2
“ 2  Kq ' '  "

1  £  sinh  anb cosh  anb + 2  anb

Because the h y p e rb o lic  fu n c t io n s  in v o lv e d  in crea se  expon en t
i a l l y  w ith an, i t  i s  seen  th a t fo r  h ig h e r  terms (an la r g e )  
the in d iv id u a l  terms o f  t h is  s e r ie s  approach  th e  corresp on d 
ing term s o f

|  Kn co th  a n b S ^ | K n

because f o r  la r g e  an co th  anb = 1 . I f  f o r  un iform ly d is 
t r ib u te d  lo a d  Kn i s  s u b s t itu te d  from  e q u a tio n  ( l l a ) , i t  i s  
seen th a t th e  h igh er term s o f  th is  s e r ie s  are o f  the typ e  
n .
Z + c Q-g 3-^  which a ga in  i s  a b s o lu te ly  con v erg en t. F or con 

cen tra ted  lo a d , how ever, s u b s t it u t io n  o f  from e q u a tio n  
( l i b )  g iv e s  a s e r ie s  th e  h ig h er  terms o f  which are seen  t o  
approach th ose  o f  the s e r ie s  v QSgg't w h ile  the f i r s t  few
terms o f  th e  form er s e r ie s  d ecrease  more ra p id ly  than 
those o f  the l a t t e r .  H ence, the s e r ie s  f o r  the denom inator 
o f  e q u a tion  (13a) f o r  con cen tra ted  lo a d  i s  d iv e rg e n t , 
a lthough th e  in d iv id u a l terms approach z e ro  w ith in c re a s in g  
n and the f i r s t  few term s d ecrease  ra th e r  ra p id ly .

In  a p u re ly  m athem atical sense t h i s  d ivergen ce  does 
not th re a te n  the v a l i d i t y  o f  the s o lu t i o n .  Indeed, cp 
(e q u a tio n  ( 6 ) )  s a t i s f i e s  the o r ig in a l  d i f f e r e n t ia l  equa
t io n  (4 )  n ot on ly  as a s e r ie s  but term by term. Hence, 
the s e r ie s  may be b roken  o f f  at anv a rb itr a r y  term and th e  
sum w i l l  s t i l l  s a t i s f y  e q u a tion  (4 ) and a l l  oth er e q u a tio n s  
d e r iv e d  from  i t .  T h e r e fo r e , the problem  c o n s is ts  i n  the 
p h y s ica l ra th er than i n  the m athem atical le g it im a cy  o f  
taking a sm all number o f  terms o f  a d iv e rg e n t s e r ie s .

I t  w i l l  be remembered th a t by means o f  the f i r s t  o f  
the fo u r  boundary c o n d it io n s  the g iv e n  shear d is t r ib u t io n
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at y = 0 i s  expressed  in  a F o u r ie r  s e r ie s , the c o e f f i c ie n t s  
o f  which are  Kn. In  order t o  o b ta in  f u l l  co in c id e n ce  o f  
th is  se r ie s  w ith the shear diagram o f  f ig u re  3 (b ) ,  one would 
have to take an i n f i n i t e  number o f  terms. Breaking the 
s e r ie s  o f f  a f t e r  nine terms means that the d iscon tin u ous 
curve o f  f ig u r e  3 (b ) i s  rep la ced  by a con tin u ou s, though 
sharply changing. cu rve . As an example such a cu rve , but 
f o r  four term s, i s  g iven  in  f ig u r e  7^a) (re fe re n ce  7 , p . 6 3 ) .  
For nine term s, p art a o f  t h is  curve w i l l  be correspon din g ly  
sh orter . I f  one now regards the c lo s e ly  corresponding 
curve o f  f ig u r e  7 (b ) as the diagram o f  shear d is t r ib u t io n  i t  
i s  seen th at i t  corresponds to  a load in g  o f  the kind o f  
f ig u re  7 (c )  ra th er  than to  an id e a lly  con cen trated  load .
The length  a i s  equal to  o n e -h a lf  the wave len g th  o f  the 
la s t  sine wave added, i . e . ,  to  span/n or in  our case to 
span/17. However, the a ctu a l shear d is t r ib u t io n  w i l l  ju s t  be 
o f  th is  same k in d  fo r  the fo llo w in g  two reason s: A ll  con
centrated  loa d s  a c tu a lly  are d is tr ib u te d  over a small len gth  
c ( f i g .  7 ( c ) )  o f  the span and, b e fo re  reaching the f la n g e , 
the re su lt in g  shear w i l l  be fu r th e r  d is tr ib u te d  in  the web. 
T h erefore , by taking a d e f in it e  number o f  term s, the a n a lysis  
i s  based on a shear d is t r ib u t io n  w hich, In  e sse n ce , i s  
e x a ctly  o f  th e  k in d  a c tu a lly  occu rr in g  under concentrated  
lo a d s .

I t  remains to  v e r ify  whether taking n ine terms o f  the 
corresponding s e r ie s  I s  s u f f i c ie n t ly  a ccu rate  fo r  the 
g iven  purpose. This q u e s tio n  may be answered in  the a ffirm a 
t iv e  fo r  the fo llo w in g  th ree  reason s:

1) In  a ctu a l s tru ctu re s  concentrated  loa d s  usually  
are  d is tr ib u te d  over a len gth  along the span 
o f  not le s s  than spa n /50. Without d e ta ile d  
in v e s t ig a t io n  o f  t h is  q u e stio n , i t  may s a fe ly  
be assumed that th e  fu rth e r  d is t r ib u t io n  in  
th e  web doubles o r  even t r ip le s  t h is  len g th . 2

2) The re d u ct io n  fa c t o r  2 b f / 2b changes very l i t t l e  
w ith  d ecreasin g  va lu es  o f  a . For in s ta n ce , 
f o r  a beam o f  i / b  = 2 ir, 2b f /J£b = 0 .828  fo r  
s ix  terms and 2 b * /2 b = 0 .791  fo r  n in e term s. 
Thus an in crea se  i n  the length  a o f  about 55 
p ercen t ( s p a n /l l  in s te a d  o f  span/17) re s u lts  
i n  an in cre a se  o f  le s s  than 5 percent in  the 
eq u iva len t w idth . For h igher terms th is  d i f 
fe re n ce  becomes s t i l l  sm a ller .
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3) The ex p er im en ta l r e s u l t s  summarized i n  f ig u r e  
5 have b een  o b ta in e d  by a p p ly in g  lo a d s  in  
some ca s e s  d i r e c t l y  th rou gh  r o l l e r s  and , in  
o th e r  c a s e s ,  th rou gh  d is t r ib u t in g  p la t e s  o f  
w id th  = spau /24  t o  span /48* The good  c o in 
c id e n c e  o f  a n a ly t i c a l  and e m p ir ic a l  r e s u l t s  
i s  s u f f i c i e n t  p r o o f  f o r  th e  adequacy o f  the 
ch osen  number o f  term s*

GENERAL CONCLUSION

The prim ary pu rp ose  o f  th e  i n v e s t ig a t i o n  was to  a n a ly ze  
th e  s t r e s s  d i s t r i b u t i o n  i n  th e  f la n g e s  o f  w id e , t h in -w a ll  
beams o f  I ,  T - ,  U -, and b o x  shape and to  o b t a in  r e s u l t s  
s u ita b le  f o r  d i r e c t  a p p l i c a t i o n  in  d e s ig n . * I t  i s  shown th a t  
th e  m agnitude o f  th e  b en d in g  s t r e s s e s  in  th e  f la n g e s  o f  such  
beams v a r ie s  a c r o s s  th e  w id th  o f  th e  s e c t i o n  and th a t  th e  
amount o f  t h i s  v a r ia t io n  depends upon th e  d im en sion s o f  the 
beam and upon th e  ty p e  o f  lo a d in g *

T h e r e fo r e , i n  th e  d e te rm in a t io n  o f  th e  m agnitude o f  
th e  maximum bending s t r e s s  in  d e s ig n  w ork, th e  e q u iv a le n t  
w idth  o f  such f la n g e s  sh ou ld  be used  in s te a d  o f  th e  a c tu a l  
w id th . I n  f ig u r e  4 cu rv es  are  g iv e n  from  w hich t h i s  e q u iv 
a le n t  w idth  can  be read  d i r e c t l y  f o r  any p a r t i c u la r  ty p e  o f  
beam and lo a d in g .

F or th e  p u rp ose  o f  f a c i l i t a t i n g  the e x p e r im e n ta l 
v e r i f i c a t i o n  o f  th e  a n a ly t i c a l  r e s u l t s ,  fu r t h e r  cu rves  have 
been  com puted th a t  g iv e  th e  r a t i o s  o f  the maximum to  th e  
minimum bend ing  s t r e s s  i n  th e  f la n g e s .  T hese r a t i o s  have 
been  ch ecked  e x p e r im e n ta lly  by means o f  s t r a in  measurements 
on 11 I -b ea m s . The e x p e r im e n ta l d ata  co n firm  very  
s a t i s f a c t o r i l y  th e  a n a ly t i c a l  r e s u l t s .

I t  i s  fu r th e r  shown th a t th e  c r o s s  s e c t io n s  o f  w ide 
beams made o f  e x trem ely  t h in  s h e e ts  a re  s u b je c t  to  d i s 
t o r t i o n  th a t  g iv e s  r i s e  t o  a d d it io n a l  s t r e s s  c o n c e n tr a t io n . 
E qu ation s (2 3 j  and (2 4 ) fu r n is h  sim p le  c o n d it io n s  f o r  
d eterm in in g  th e  l im it in g  d im en sion s  o f  beams f o r  w hich th e  
e f f e c t  o f  t h i s  d i s t o r t i o n  may b e  n e g le c te d  i n  p r a c t i c a l  
a p p l i c a t i o n s .  I t  may e a s i l y  b e  v e r i f i e d  n u m e r ica lly  th a t 
p r a c t i c a l l y  a l l  beams o f  s t r u c t u r a l l y  p o s s ib le  d im en sion s 
w i l l  s a t i s f y  th e se  c o n d it io n s .

C o lle g e  o f  E n g in e e r in g , S c h o o l o f  C i v i l  E n g in e e r in g , 
C o rn e ll  U n iv e r s i t y ,  I t h a c a , N. Y . ,  June 1940 .
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Figure 1.- Actual stress 
distribution 

over width of flange of 
I-beam.

(c)
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Figure 3.- Shear distribution for the three 
types of loading analysed.

(a) Uniformly distributed load, (b) Single 
concentrated load applied in the center.
(c) Two concentrated loads of equal magni- 
tude applied at quarter points.

*

Figure 2.- Distribution 
of applied 

shear stresfi, 
transmitted from web 
to flange, (a) Flange 
of I-beam loaded by a 
single concentrated 
force in the center.
(b) Flange of box beam 
under uniform load.
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Figure 5 . -  A n a lytica l s tress  concentration  curves fo r  I -  and T-beams and experlmen 
ta l resu alts  o f  11 I-beams tested . 0~n u » bending stress at Joint o f web and flange, 
a mln=bending s tre ss  a t outer edge of^ flange, t /b  span/wldth
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by concentrated force in center; 
representation of the actual shear distribu
tion by four terms of a Fourier series.

Figure 6.- Actual stress distribution over
width of flange due to distortion 

of cross section of I-beam, (a) Side-view of 
section of I-beam, (b) Element, ab, of bottom 
flange, (c) Distorted cross section and 
stress distribution.
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Performance of thin steel compression flanges

Dr GEORGE WINTER
Professor of Structural Engineering, Cornell University, Ithaca, N. Y., U. S. A.

The economic use of standard, hot-rolled steel shapes is limited to 
relatively substantial structures. The need for lighter steel members for 
small scale industrial, commercial and residence building initiated the use 
of structural members made from sheet steels by cold forming (cold rolling 
or pressing). Roof decks of a considerable variety of sizes and shapes, 
formed in this manner, as well as structural shapes of I-, channel, and 
similar sections’ have been in use in the U. S. A. for many years. The 
development of automatic spot welding on the one hand, and the wartime 
demand for light, pre-fabricated buildings on the other, have stimulated 
this development.

It was soon realized, however, that accepted design procedures had to 
be modified to suit the special requirements of such thin-walled structures. 
The American Iron and Steel Institute, in 1939, inaugurated a research 
program under the writer’s direction at Cornell University, which has 
resulted in the « Specifications for the Design of Light Gage Steel Structural 
Members » issued by the Institute in 1946.

One of the main problems in this connection is that of the performance 
of thin compression plates, both at -loads causing failure and at the lower 
design loads. Tn this connection two types of such plates must be distin
guished :

a) Long plates that are stiffened along both longitudinal edges, such 
as webs of channels and I-beams;

b ) Long plates that are stiffened only along one longitudinal edge, such 
as the flanges of channels, I-sections, and angles.

The present paper is concerned only with the first of these two types.
The classical theory of elasticity allows the calculation of critical 

buckling loads of such plates by the so-called small deflection theory, that 
is bv the solution of the differential equation

d4w . 0 d4w . d4w __ st Ww
+  dx'cy'  +  ~dy4~ ~  ~  l ) ~ d x r  ■ ( )
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In contrast to the phenomenon of column buckling, the critical stresses 
calculated from eq. 1 do not represent the limit of carrying capacity of 
edge supported plates. Indeed, in such plates, deflections can not increase 
indefinitely, as they do in columns at the Euler load. Consequently, once 
the critical stress is passed, the hitherto plane plate merely deforms into a 
non-developable, wavy surface, but continues to resist increasing stress. 
The deformations just described result in additional, particularly transverse 
stresses which act jointly with the imposed, primary longitudinal com
pression stress. In analyzing this state one can no longer neglect the 
influence of the deflections on the distribution of stress, which had been 
the basis for the development of eq. 1.

The differential equation for this large deflection buckling of plates 
was developed by Th. v. Karman in 1910, and reads as follows
d4w . d4 w d4w 
dx4 1 dx2dy2 1 dy4

_Li( a*F d2w „  3*f  a*u> 5*F d2w \
D 1l 9y2 dx2 0 x dy d x  dy 1 dy2 )

where F is a stress function. The complexity of this equation has so far 
prevented its explicit solution for rectangular plates. It is for this reason 
that this problem had to be investigated primarily by experimental methods.

In this connection the concept of the equivalent width, initiated by 
Th. v. Karman, proved most helpful. This concept is best visualized by 
means of a model. Imagine a square compressed plate replaced by a lattice 
of bars. Beyond the buckling load of the compressed rods the lattice will 
obviously distort in the manner shown in fig. 1. Two circumstances are

clear from this picture :
a) The compression bars cannot 

fail as simple columns by continued 
deflection because they are restrained 
from doing so by the cross-bars.

b) In the stage shown in the figure 
the total load is obviously not equally 
distributed among the compression 
bars; in view of the variations of the 
deflections the. bars near or at the 
edges carrv more load than' those near
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the center, and failure will occur when the more heavily loaded bars 
will reach their yield strength.

It can be seen, therefore, that after first buckling has occurred, the 
stress in a compressed plate must show a distribution as given in fig. 2. 
The effective width be is that width which will make the area under the 
dotted lines equal to the area under the actual solid stress curve. Once this 
effective width is determined, design can proceed in the usual manner, 
merely by replacing the actual plate area 6 X   ̂ by the equivalent area 
be X  T. v. Karman gave the following tentative expression for this effec
tive width at the failure load :

bc i -9 (3 )

for Poisson's ratio v =  0.3 (x).
Subsequent tests by £. E. Sechler showed that this expression was 

reasonably correct for very wide and thin plates, but that a smaller value 
of be results for plates of smaller b/t -\alues (2) .

All these investigations were concerned only with the determination 
of the ultimate or yield strength of such plates. In addition, the amount 
of test evidence even in this respect was limited.

For practical design, however, it is necessary to determine equivalent 
widths not only at failure, but also at smaller loads, iri particular at service 
loads. Indeed, since slight buckling occurs for large bjt at loads far below 
the ultimate, the stress distribution of the type of fig. 2 takes place not 
only at failure but frequently at design loads. Hence, in a flexual member 
of the type of fig. 3, stresses and corresponding deformations are distributed 
at design loads in the manner shown. The neutral axis of such a member 
is then located below the centroid of the area, and its location as well as 
the moment of inertia, section modulus, etc. must be computed by using 
the equivalent instead of the real width of the compression flange. That is, 
in order to compute stresses, deflections, and other design information for 
any load up to failure, the actual section, fig. 3a, with its non-uniform 
stress distribution can be replaced by the equivalent section, fig. 3b. Since 
the maximum stresses, and corresponding strains, at the edges of the webs 
are equal for these two sections, all required information can be gained 
from this equivalent section.

It was therefore necessary for practical design to determine the effec
tive width not only at failure, bnt also at lower loads.

For this purpose more than 100 tests were carried out on members of 
the type of fig. 3, and other shapes, with bjt-ratios from 14 to 429 and 
with steel yield points from 20 100 to 57 800 psi. Deformations were mea
sured in these flexural tests and it was found, as anticipated, that the 
neutral axis was located below the centroid, and was shifting downward 
under increasing load, i.e. with decreasing effective width.

Only the most recent of these tests are reported here (3) .
Specimens of these tests were of the type of fig. 3a, 3 in deep, 5 to 10 

in wide, with thicknesses from 0.0288 tot 0.0615 in. Corresponding width/

0 )  Th. v. K arman, E. E. Se c h l e r , L. H. Donnell, The Strength of Thin Plates in Compression 
(Trans. Am. Soc. Mech. Eng.. Vol. 54, 1932, p.

(a) E. E. Se c h l e r , The Ultimate Strength of Thin Flat Sheet in Compression, Publication 
No. 27, Guggenheim Aeronautics Labor, Pasadena, Cal., 1933.

(3) Geo. W in t e r , The Strength of Thin Steel Compression Flanges (Proc. Am. Soc. Civ. Eng.
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Fig. 3a.

thickness ratios b/t  ranged from 86 to 344, yield points of steels, from 
tension tests, were found to range from 24 400 to 56 850 psi. Specimens 
were tested as beams, with two equal loads at the quarter points of the 
span. In addition to deflections, strains were measured at the top and 
bottom of the flanges, allowing an experimental determination of the posi
tion of the neutral axis. Finally, displacements of the top flange out of its 
original plane were measured at six points along the center line, in the 
portions of the beams between loads.

Information on the magnitude of the equivalent width was gained 
from these tests in the following manner : The position of the neutral axis, 
at various loads, was established from strain gage readings. Knowing this 
position, in a section like fig. 3b, it is simple to compute the corresponding 
value of bc. With the equivalent section determined in this manner, the 
maximum compression stress smax corresponding to the particular load is 
computed by customary methods. The tests, therefore, give information 
on the relation of bc to b/t  and smax.

To evaluate this relation, eq. 3 is rewritten as

where C is a coefficient to be determined from test. Previous investigations 
by Sechler and the writer (2) (s) established that C depends primarily on

the non-dimensional parameter
in fig. 4, the experimentally determined coefficients G are plotted against 
this parameter. Determinations were made, for each test specimen, at the 
yield load and at 1/3 and 2/3 of that load.

Although the scattering of test results, as depicted in fig. 4, is quite 
considerable it is clearly seen that the coefficient C decreases with increasing 

E /  t \------  l-r-J The scattering is apparently due to the extreme sensitivity
m̂ax \ b /

of this method to very minor experimental deviations. Indeed, a variation 
of 1 % in the experimentally determined location of the neutral axis will 
cause, in many cases, a variation of 10 % and more of the value of C. For

It is for this reason that,

Vol. 72 p. 199, 1946 and Trans. Am. Soc. Civ. Eng., Vol. 112, p. 1, 1947). See also Bull. No. 35, 
Part 3,- Cornell University Engg. Experiment Station, Ithaca, N. Y ., 1947.
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this reason, in interpreting fig. 4, the data should be regarded as stalis 
tically distributed, rather than as strictly accurate.

With this in mind, the straight line drawn on that figure was thought 
to represent a reasonable, and somewhat conservative means of developing 
a simple formula for the equivalent width bc. The line is seen to start at 
a value of 1.9 for extremely large 6/f-values and relatively high stresses, 
for which case, therefore, the experimental determinations are in substan
tial agreement with v. karman’s original eq. 3. The formula for b, obtained 
from this straight line can be written as

6„ =  1.9 t\f — (l — 0.4
r t̂nax \

which is seen to be identical with eq. 3, except for the modifying term in 
parenthesis, which, as pointed out, approaches 1 closely for large b/t  and
e• max-

c W
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Fig. 5. Effective width of compression elements stiffened along both edges.

Eq. 5 indicates that a compression plate is fully effective (uniform 
stress distribution, be =  b) for values of 6/7 smaller than

( A ) l = 0.85 ( / £ -  16)

and that, for values above (6/7) l deformations, deflections, and yield loads 
can be calculated with good accuracy by using the effective instead of the 
real width.

By solving eq. 6, for smax, it can easily be calculated that the first redis
tribution of stress, that is the first gradual formation of buckling waves 
occurs at stresses equal to sct/ 4, where sCT is the critical buckling stress 
obtained from the small deflection theory, i.e. from eq. 1. this result is 
not amazing. Theoretically, an ideally plane plate should not buckle at 
stresses below scr. Actual sheet steel members, however, are not perfect 
but possess initial distortions of shape, which result in small deflections at 
stresses below scr. The situation is comparable to that of initially bent or 
eccentric columns, which also deflect below the Euler load.

The fact that the initial shape has a definite influence on the per
formance of such plates, causes considerable scattering of test results. These 
are also influenced by the amount of restraint provided by adjoining mem
bers, such as the webs in fig. 3. For this reason eq. 5 represents merely a 
conservative statistical expression of test results.

Fig. 5 shows a graphical representation of eq. 5 from which the 
effective width can be read directly for any given b /t  and E/smax for use in 
design.

The findings o f this primarily experimental investigation merely repre
sent an elaboration of v. Karman’s concept. They improve the accuracy 
of his original expression, particularly for plates with moderate b/t. In 
addition, they prove the important additional finding that the same 
expression, eq. 5, can be applied with good accuracy to stresses occurring 
at design loads, as well as to failure stresses.

The real w^orth of an equation of the type of eq. 5 depends, of course, 
on the degree of accuracy with which it predicts the actual carrying 
capacities and deflections of test beams. The following table contains, for 
the 15 beams whose results are plotted on fig. 4, the yield loads as deter
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mined from test, and those computed by means of the equivalent section, 
fig. 35, using eq. 5 for determining the equivalent width.

N* b/t
Yield Point  

p s i

Yield Load, 
Computed

lb

Yield Load 
Test  

//)

Deviation

o/o

1 95 27 500 2  660 2 300 — 13.5
2 80 36 000 3 640 3 600 — 1.1
3 109 37 400 2 730 2 500 — 8.4
4 14o 30 150 1 480 1 550 +  4.7
5 175 25 750 964 1 100 -f  14.1
6 172 24 700 945 1 025 +  8.5
7 155 25 850 1 160 1 200 -f 3.4
8 175 47 200 4 520 4 500 — 0.4
9 163 56 850 5 570 5 500 — 1.3

10 222 2 4 400 1 845 1 760 — 4.6
11 216 36 050 2 550 2 250 — 11.8
12 284 30 650 l 523 1 480 — 2.8
13 303 25 100 1 165 1 280 +  9.9
14 339 28 000 1 052 940 — 10.7
I d 344 27 650 1 028 1 060 +  3.0

average deviation  
—  0 . 7  o 0

It is seen that, for a very wide range of 5/t and yield point stress, eq. 5 
allows the prediction of the actual carrying capacity with very satisfactory 
accuracy. The same was found to be true for the numerous earlier tests (3).

It is interesting to note that despite the rather bad scattering of some 
points on fig. 4, such as points 4, 8, 11 and 15, the predicted and actual 
carrying capacities of these four beams, as given in the table, are in very 
satisfactory agreement. This supports the opinion advanced before that the 
scattering in fig. 4 is due mainly to inevitable inaccuracies in the empirical 
determination of the neutral axes.

For practical design, deflections are of interest at design loads rather 
than at yield loads. Since be depends on the value of smax, the effective 
moment of inertia is variable and must be determined for any given load. 
The « Design Specifications » mentioned in the introductory paragraphs 
stipulate a factor of safety of 1.85. For this reason, a comparison of mea
sured and computed deflections is given in the table below for loads 
approximately equal to the computed yield loads divided by 1.85. Further 
computations, the results of which are omitted here, show that the same 
general picture as given in this table obtains for other values of loads, up 
to the yield load. The table gives the deflections d measured in tests at the 
load P, and the deflections computed for that load (a) by using the equi
valent width 6C and (b) by using the full unreduced width 5.
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N*
p
lb

d , from test 
in

d, computed 
using be, 

in
%

d,  computed 
using b 

in o/o

1 1 165 0.090 0.091 1.1 0.085 4 5.6
2 2 000 0.120 0.118 4 1.7 0.111 4 8.1
3 1 495 0.128 0.131 2.3 0.108 4 18.5
4 811 0.108 0.097 4 10.2 0.076 4 42.1
5 526 0.076 0.072 4 5.6 0.055 4 38.2
6 514 0.068 0.068 0.0 0.054 4 25.9
7 635 0.078 0.075 4 4.0 0;060 + 30.0
8 2 500 0.128 0.161 20.5 0.122 -j- 4.9
9 3 080 0.170 0.195 — 12.8 0.148 14.9

10 1 010 0.072 0.083 — 13.3 0.064 -|_ 12.5
11 1 395 0.102 0.119 — 14.2 0.089 4 14.6
12 833 0.083 0.100 — 17.0 0.066 4 25.8
13 635 0.061 0.074 — 17.6 0 055 4 10.9
14 574 0.075 0.078 — 3.9 0.052 4 44.2
15 559 0.077 0.075 + 2.7 0.050 4 54.0

Average
deviation
— 5.2 %

Average
deviation
4 23.3 o/o

The table shows that by using lhe effective width be deflections are 
computed with an average accuracy of about 5 % , whereas the use of the 
full, unreduced section for this purpose leads to an average error of about 
23 % . Though scattering is again considerable, all significant discrepancies 
in the first case are on the safe side (computed deflections larger than 
measured values). On the other hand, by using the full, unreduced sec
tional area, errors on the unsafe side in several cases reach magnitudes of 
40-50 % ; by this method, for all beams, actual deflections were found to be 
larger than computed.

It should be said that an accurate computation of deflections by the 
equivalent width method would involve the use of a moment of inertia, 
variable along the beam. Indeed, since bc depends on smai, the effective 
moment of inertia increases from a minimum value at the point of maxi
mum moment to a maximum value near the supports. In the table above, 
however, only the minimum moment of inertia was used. For the present 
tests this does not lead to too large an error, since Mmax is constant over 
I he center half of the span, for quarter point loading. Had a variable 
moment of inertia been used, all deflections computed by using be would 
have been obtained slightly smaller, to various relative degrees, resulting 
in a still belter average agreement with test results. This method of cal
culation was not used because, in routine design procedures, engineers 
can hardly be expected to spend the very considerable amount of time 
necessary for such detailed calculations with variable moment of inertia.

The evidence presented above, which is additionally supported by a 
great number of other tests previously published elsewhere ( 3) indicates 
that the proposed method allows, with reasonable accuracy, the deter
mination of carrying capacities as well as deflections of members con
taining thin compression flanges. The measure of agreement with test 
results is not as close as would be obtained on customary, heavy steel struc
tures. This, however, is predicated on the inherent character o f thin sheet 
material with its inevitably larger imperfections as to accuracy of sheet
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thickness, of geometrical shape, etc. The discrepancies obtained in these 
tests are believed to be tolerable practically; they are certainly not larger 
than these observed in tesls of reinforced concrete or timber structural 
members.

The use of eq. 5 is somewhat cumbersome for routine design compu
tations. The graph of fig. 5 allows the direct determination of be for any 
given stress and b/ t-ratio. The initial straight line to which all curves are 
tangent indicates the range over which the full width b is effective. It is 
seen that the larger the maximum stress, Ihe smaller is that limiting b/ t  
beyond which the effectiveness of the flange begins to decrease (see eq. 6).

In contrast to conventional, thick-walled steel structures, the cross- 
sections of thin-walled elements distort at loads far below the ullimate, 
and in most cases at values even below the design loads. The type and 
magnitude of these deformations is therefore of interest, since an excessive 
amount of flange distortion would obviously make such members prac
tically objectionable even if their strengths and over-all deflections were 
adequate for the purpose.

These distortions of shape, for members of the type of fig. 3, consist 
of two separate kinds of deformation which superpose to result in the final 
shape under load. The first, and more obvious, is the simple buckling 
deformation. Indeed, ultimate stresses and frequently working stresses are 
considerably above the critical buckling stress as determined from eq. 1. 
Moreover, it was mentioned in connection with eq. 6 that on the basis 
of this equation incipient, extremely slight flange distortions apparently 
occur at stresses of the order of s.:rf 4. Consequently, at stresses of about 
that magnitude, the compression flange begins to buckle into a series of 
approximately quadratice buckling waves. That is, the half-wave length 
is about equal to the flange width b, and the general shape of each of these 
half-waves is that schematically indicated on fig. 1. This type of defor
mation, which was observed in all tests of this kind, is of course exactly 
the one predicted by the mathematical theory of buckling of plates.

In beam specimens of the type discussed herein, however, a funda
mentally different type of deformation is superposed on the one just dis
cussed. This type, which was likewise observed in all tests, is not limited 
to compression flanges; it occurs likewise if the beams of fig. 3 are turned 
by 180° so that the wide flange is in tension. The following brief and 
intentionally approximate analysis illustrates the nature of these defor
mations and allows a reasonably accurate determination of their magnitude.

Consider an element of the flange, of unit width in the transverse 
direction, and length dl longitudinally, as shown on fig. 6. Under load, 
this element is curved, its radius, r,„ being equal to that of the beam at that 
cross-section. The total compression forces at both ends of the element 
consequently subtend an angle dz and, therefore have a resultant

If the stress s is uniform over the width of the cross-section, R acts in 
the same manner as an external, transverse load, as shown in fig. 6a, 
tending to bend the flange toward the neutral axis. This bending is 
governed by the simple equation for flexure of a long, narrow rectangular 
plate under transverse load, i.e.

d 2y _ l __ Mf
lT  ‘ <*)
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The maximum deflection is then found from the usual formula

5 st b 4 
3 8 T 7 7 1 )~  ‘ (9)

The use of this formula neglects the influence of restraint provided to the 
flange by the webs. However, this restraint is of rather undetermined 
magnitude. The webs of isolated beams deform as shown on fig. 6a, and 
therefore afford little restraint. The restraint would be larger if such beams 
were laid side by side, with webs in contact, as in a floor. In view of this 
indeterminacy it seems best to neglect the unreliable effect of possible 
restraint.

To find rb for substitution in eq. (9) one has from standard, elementary 
beam theory

EI AT . _  Ec
m6 ;

— ----  ;
c 8

(10)

With this value of rb, the maximum flange distortion becomes

y max
5

~32 o n

For tension flanges with their generally rather uniform stress distri 
bution, this type of distortion is the only one that occurs and its magni
tude can be determined with satisfactory accuracy from eq. 11. In com 
pression flanges the longitudinal stresses vary over the width of the flange 
as shown on fig. 2. Consequently, R is likewise distributed in this manner, 
instead of the uniform distribution shown on fig. 6a. In view of the appro
ximate character o f this calculation, and of the uncertainty as to the 
amount of edge restraint, the details of the actual distribution of s, and 
other factors, an elaborate modification of rq. 11 to account for the stress 
distribution of fig. 2 would represent a rather fictitious improvement. For 
this reason it is believed that a sufficiently close approximation is obtained, 
if, in eq. 11, the average stress of fig. 2 is substituted for 8. From the defi
nition of the equivalent width, this average stress ls easily obtained from

_  / b e
V  5 mav ^ ^  J * (12)

For more information on this type of deformation, particularly for tension 
flanges, see the writer’s earlier paper (4) .

(4) Geo. W in t f r , Stress-Distribution in, and Equivalent Width of Wide, Thin-Wall Steel 
Beams, Techn. Note No. 784. Advisory Comm, for Aeronautics. 1940. W ashington. D. C.
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THIN STEEL COMPRESSION FLANGES

In the tests reported herein, both types of deformation were clearly 
observed. That is, the flanges showed a general « dishing » (smooth down
ward deflection of the center line) on which was superposed the square- 
wave pattern of the buckling deformations. By means of special apparatus, 
the magnitude of these distortions of the flanges perpendicular to their 
original planes were measured at six points along the center line of each 
beam. It was found that at design loads (i.e. about Pyield/1.85) these defor
mations reached a maximum of 1 % of the flange width for two of the 
beams; and in most other cases they were closer to 1/2 %. Although these 
distortions are clearly visible, it can be said that their magnitude at design 
loads is sufficiently small so as not to interfere with the practical use of 
such light gage steel members.

In conclusion it should be said that the information given in this 
paper suffers from the evident disadvantage of being primarily empirical 
and approximate. The theoretical complexity of plate buckling at stresses 
larger than scr, as well as the large amount of possible variations of shape 
resulting in a wide range of conditions of edge restraint, precluded an 
analytical treatment of practical value. It is hoped that future investigations 
in this field, both mathematical and experimental, will elucidate some of 
the more detailed aspects of this problem.

NOTATION

b =  flat width of flange. 
be =  equivalent flange width, 
c =  distance from neutral axis to

s =  stress in flange.
sc r =  critical buckling stress of

flange by small deflection

=  E ? l  12 (1 — v2).
Mb== bending moment in beam.
My =  bending moment in flange. 
rb =  radius of curvature of beam. 
rf =  radius of curvature of flange.

D =  flexural plate rigidity.
extreme fiber. theory.

syp .=  yield stress of material. 
t =  flange thickness. 
w =  buckling deflection of flange. 
x , y =  coordinates, 
v =  Poisson's ratio.
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Performance o f Laterally Loaded 
Channel Beams

G. WINTER, W. LANSING and R. B. McCALLEY

C h a n n el shapes are rarely used  as beams lo ad ed  in the plane o f  the w eb in view  o f  

th e ir  tendency to tw is t . In  steel construction o f  the u su al type shapes w hich  do not 

p o ssess this tendency are m anufactured at no extra cost. In  lig h t gauge steel 

construction members are produced  by cold fo r m in g  o f  sheet steel, and the channel is 

the most econom ically m anufactured two fla n g e  shape. T h is  paper, on the b asis o f  

theoretical and exp erim ental evidence, presents m ethods o f  determ ining the spacing  

a n d  strength o f  bracing required to counteract the tw istin g  tendency o f  su ch  m em bers.
A  general theory o f  e la stic behaviour o f  such m em bers is  briefly indicated; it  a llow s  

determ ination o f  stresses a n d  rotations o f  channels loaded by fo r ce s  in the p la n e o f  

the web. E xp erim en ta l evidence on these la tter qu an tities is presented together w ith  

test inform ation on the u ltim ate carrying capacity  as it  is affected by location o f  

braces. From  the la tter  data it is concluded that lo c a liz e d  m axim um  stress does not 

govern the strength o f  such members since p la s tic  stress redistribution a llo w s the 

in itia lly  understressed p o rtio n s o f  the section to carry additional load. I f  th is action  

is  taken into account it  is  show n that m axim um  efficiency can be ob tain ed  w ith  a 

reasonably sm a ll number o f  braces in  the span.

T he use of channels as transversely loaded beams is severely restricted by the fact that 
their shear centre is not coincident with the centroid, which results in twist of the member 
unless it is loaded in a plane through the shear centre and parallel (or perpendicular) to 
the web. For this reason channel sections ordinarily are not used in this manner since 
doubly symmetrical I-sections, which do not manifest this disadvantage, are just as easily 
manufactured by the hot rolling process as are channel shapes.
The situation is different, however, in the rapidly expanding field of light gauge steel 

construction, for which structural shapes are manufactured from sheet steel by cold 
forming, either by means of press-brakes or by cold rolling. Channel sections are easily 
fabricated in this way from a single strip, but I-shaped sections can be produced only by 
spot welding two such channels back to back, involving considerable additional cost 

{Figure i ) . For this type of construction it was important, therefore, 
i to investigate whether channels could be used efficiently as beams 

and, if so, what type of special bracing had to be used to ensure 
favourable performance with the least amount of such bracing. 
This problem was approached both analytically and experimentally 

J as one phase of an extensive research project on light gauge steel 
a structures sponsored at Cornell University by the American Iron

Figure i and Steel Institute.
The performance of* a channel loaded in the plane of the web can be visualized most 

simply by thinking of a single load P at midspan and considering the displacement of the
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e +/3h

Figure . F X 2 H  2 M r  =  P{e  +  jSh)
is  com pression, -f- is tension

midspan section as proceeding in the successive stages depicted in F ig u re 2. The section, 
then, is thought of as being first displaced downward in simple translation. The stresses

induced would be 
those of the ordinary 
beam theory and are 
indicated in character 
by the appropriate 
signs at the corners 
of the section.
Next, the channel 

is considered as cut 
and the two halves 
displaced much like 
two individual beams,

resulting in the appropriate indicated corner stresses. To fit the two halves together 
they are next rotated about their individual shear centres, giving rise only to shear stresses 
of the ordinary St Venant character. In this inclined position, finally, the component 
of the vertical load parallel to the major axis causes additional bending about the 
minor axis, with its corresponding normal stresses. This picture is not an exact one 
but is discussed only to indicate the general type of the resulting stress distribution ; it 
will be found later that this simplified concept, somewhat modified, leads directly to an 
entirely satisfactory approximate analysis for design purposes. It is evident that under 
such a stress distribution cross sections distort out of their original plane ; for this reason 
the stresses associated, in particular, with the displacement stage b of F ig u re  2 are generally 
known as warping stresses.
This simplified manner of visualizing the process cannot serve as a basis for a precise 

theory. In particular, the stresses arising' from the various types of displacement cannot 
be computed rigorously by means of elementary theory from the various displacements 
of F ig u re  2. For this reason an accurate theory of the behaviour of transversely loaded 
channels must start from the basic equations of equilibrium of the problem.

t h e o r y

The general theory of torsional-flexural behaviour of thin walled members of open cross 
section has been discussed most recently by T imoshenko1 and Goodier2 ; most 
of their work, however, was oriented on the determination of critical buckling loads, 
whereas the present problem is one of stress determination under stable conditions. The 
general equations of equilibrium, adapted from the above sources to the particular 
problem of a channel under essentially vertical transverse load may be written as :

M £ =s —  E I xv " = M x -f- f3M v — u 'M z

M n —  E I yu " =  — f3M x -f M y — v 'M z -- (1)
d M ^ d z = G C P " —  E r p “ "  —  u ' M x -j- v " M y -f* m z

The location of the fixed coordinate system x , y , z with the shear centre at the origin, is 
shown on F ig u re  3 ; £, 77, £ are the corresponding displaced cross sectional axes. The
resultant of the force system acting on the portion of the member to the right of any 
section may be represented by a force vector applied at the shear centre of the section,
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Performance of laterally loaded channel beams

plus a resultant moment. Then M x, M yi and M z are the components of the latter parallel 
to the Xy y ,  z axes and m r is the intensity of the moment about the shear centre axis of a 
distributed load, if such is present. I x and Iy are the principal moments of inertia of the 
cross section, C is the torsional constant (very closely \ stzy where s is the developed length 
of the centre line of the section and t its thickness) and T is another geometrical constant 
referring to the warping stresses, u, v and 
are the displacements of the section indicated 
on Figure 3 ; one, two or more primes (', " etc) 

refer to the first, second etc derivatives with respect 
•to z- E  and G are, respectively, Young’s modulus 
and the shear modulus. If the loading plane is 
parallel to one of the principal planes, such as for 
an unbraced channel loaded in the plane of its 
web, M x —  M  and M y = 0. Neglecting certain 
terms which can be shown to be of higher 
order, the three equations 1 reduce to axes are a distance * e ’ behind  

the back o f  the channel

M 2 8
E r r '  -  G C fS " P = - m ! • • • • (a)

Ely
This is the general equation for the problem considered in this paper.
For the specific case of the simply supported channel of length 2/, and depth 2h, which 

is subject to a single concentrated load 2P  applied at midspan at the top of the web, 
M  —  P {1 —  f )  y mz =  0. An approximate solution may be obtained satisfying the following
conditions :

/5'(0) = J8(/) = /»"(/) =  0 ; /»"'(0) - P [ e r  w m  
E r

The origin of coordinates is located at midspan. The indicated value of j3"'(0) is obtained 
by integrating the left and middle expression of the third of equations 1 and noting that, 
at midspan, /S' = 0 and M £ = — P [ e  hj3(0)] as can be seen from Figure 2.

The details of the derivation of equations 1 and the resulting solution are developed 
in a doctoral dissertation* by one of the co-authors and will be omitted here.

ST R E S S E S  IN U N B R A C E D  C H A N N E L S

The practical results of this analysis, for one particular channel, are shown on Figure 4 

in a manner which facilitates evaluating their significance for design use. The usual 
criterion for design purposes (with respect to which reservations will be made later in 
this paper) would stipulate that the carrying capacity of the member is reached when 
yielding starts in the most highly stressed fibre. For a beam with no tendency to twist 
(.Figure /b) this means, as usual, that the maximum fibre stress a —  M h / I becomes equal 
to the yield point. In a channel, however, this fibre stress corresponds only to the first 
of the four displacements (a of Figure 2) and is augmented at the most highly stressed 
point (upper left corner) by the additional stresses from displacements b and d of that 
figure. To assess the reduced efficiency of a channel section (Figure /a) as compared to 
a similar section prevented from twisting (F igure 1 b) it is simplest to plot against the span 
length that simple bending stress <7 =  M h j I which will result in yield stress at the most 
unfavourable fibre. For a section as Figure 1 b, discounting the possibility of lateral

•  L a nsin g , W. Stresses in Thin Walled Open Section Beams due to Combined Torsion and Flexure Ph.D. Thesis Cornell, 1949. 
of this dissertation is deposited with Professor Pugsley and available for reference.)
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buckling, a and the yield stress are equal. For the channel, F ig u r e /a, a is smaller than 
the yield stress by the amount of the additional stresses induced by the asymmetry of the 
section. It is this information which has been plotted on F ig u r e  4, for a yield point of 
33,000 lb/in2 (2,320 kg/cm2) for mild structural steel. On the same figure are shown the

angles of rotation at midspan f3 (0) which 
obtain when yielding begins in the left 
upper corner.
Several conclusions can be drawn 

from this diagram. It is seen that even 
for impracticably small spans, say up to 
20 in (50*8 cm), the channel can carry 
only less than half the load which each 
channel of the symmetrical section of 
F ig u r e /b could carry before yielding is 
initiated. This is in sharp contrast to the 
performance of unbraced I- and Z-sections 
which, for very short spans, can be 
subjected to a moment such that cr =  
M h j l = yield point and in which a must 
be reduced only for larger spans because 
of buckling for I-beams and of twisting 
for Z-sections. (An analysis of the beha
viour of Z-sections is also given in the 
previously quoted dissertation.) This 
difference caused by the off-centre location 
of the shear centre results in a primary 
twisting moment in channels : in I- and 
Z-sections, on the other hand, the shear 
centre and the centroid are coincident, so 
that torsional moments are merely caused 

by the rotation of cross sections and the deflection of the axis of shear centres out of a plane 
parallel to the loading plane. It is further seen that a decreases relatively slowly with 
increasing span, indicating that no significant improvement of efficiency. can be 
obtained by span reduction. Finally, for spans of reasonable magnitudes the central 
rotations are seen to become quite significant, practically.

A N A L Y S I S  O F  B R A C E D  C H A N N E L S

If this analysis is to be extended to channels with intermediate braces it will be recognized 
that’the resulting equations are likely to become too involved for practical design work. 
It is interesting, therefore, to study the influence of certain simplifications that can be 
made in the analysis for determining To begin with, the relatively small magnitude 
of the angles suggests that the influence of bending about the minor axis (F ig u re  2 d ) is 
likely to be small. Omission of the affected terms in the complete solution, yields an 
expression which plots as curve I in F ig u r e  4 . ' It shows, indeed, that such an approximation 
can be made safely. Next, in thin walled sections, the torsional constant C, being 
proportional to t 3, is always small as compared with other dimensionally identical cross

Sport Length l crrt
O SO ZOO /SO

F ig u r e  4. A n a ly s is  results f o r  channel 
beam  indicated
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Performance of laterally loaded channel beams

sectional properties which are proportional to t, such as I x and /v. This suggests that the 
resistance to twist caused by the shearing stresses, being proportional to C (Figure 2C), 
could possibly be neglected as compared with the resistance caused by the type of 
deformation indicated in Figure 2b. If this additional approximation is made, the curve I I  

in Figure 4 results, which is seen to be in error with respect to a not exceeding about 
7 per cent on the safe side. The error caused in magnitude of the rotation £ is seen to be 
negligible.
This indicates that the torsional moment P [e — /3(0)A], Figure 2 y is essentially resisted 

by the action depicted in Figure 2 b . That is, each half of the section performs as if it were 
a simple beam, acted upon by the forces

F  =  'P[*-+ f,\ 
2

Since the location of loads F  on this fictitious horizontal beam, and its span, are identical 
with those of the channel as a whole (for vertical bending), the resulting horizontal 
bending moments and the corresponding stresses shown in Figure 2b are directly 
proportional to those caused by vertical bending (F igure pa), except for the minor 
influence of j8(0).
The action of intermediate bracing is now easily visualized. It prevents horizontal 

displacement of the fictitious half-beams at the points of bracing ; consequently, these 
half-beams are converted from simple beams of span length equal to that of the entire 
channel to continuous beams with individual spans equal to the distances between braces. 
If, for example, the braces were applied at the third-points 
of the span, the ‘ half-beam ’ would perform as the 
continuous beam shown in Figure 5 loaded by the force 
F  as given by equation 3. The resulting maximum horizon
tal bending moment on the ‘ half-beam 5 and the correspond
ing stresses of Figure 2b are less than one quarter of those 
obtained without bracing, as can be verified easily by. con
tinuous beam analysis.
This reasoning is easily restated in a more general way. The indicated approximations 

are identical to equating tp zero the second and third terms on the left of equation 2. 
The resulting equation

E r p " " = - m z ....(4)
is seen to be identical in form to that of a beam of rigidity F T  subject to loads of intensity mz 

in which the deflection of the beam corresponds to 0 of the channel. Intermediate braces 
will therefore affect p and the corresponding stresses in the same manner as the deflections 
and stresses would be affected by intermediate supports in the corresponding continuous 
beam.

T E S T S

To obtain experimental information on the behaviour of channels under various conditions 
of bracing, seven different types of thin walled channels were tested. Their depths ranged 
from 4 to 8 in (101-6 to 203-2 mm), the widths from 2-5 to 4 in (63-5 to ioi*6 mm), and 
the thicknesses from 0 060 to 0*151 in (1*52 to 3*84 mm) while the lips were about J in 
(19 mm) for all sections. These were tested under the following conditions : / spot 
welded back to back (.Figure /b) which is equivalent to continuous bracing, 2 braced as
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aroze

/p (Variable)

(O-3 3m) (O-33m)

/, (Variable)

/j«  69m (1-73 m) l3~ 69in(/-75m)

F ig u r e  6. E x p erim en ta l arrangem ent f o r  testing beam s

in F ig u re  6 with half-distance of bracing /2 =  33 in (0*838 m), 3 braced as in F ig u r e  6 but 
with l 2 =  45 in (1*143 m) and 4 unbraced. Length of vertical span and location of 
loads was always as shown in F ig u r e  6 . Loads were applied through multiple ball bearings 
and knife edges to allow lateral and rotational motion as free from frictional restraint as 
was possible to achieve in a hydraulic testing machine.

For the second 
condition theoretical 

Brf \ e stress determinations 
were carried out on 
the basis of the theory 
developed previously. 
The boundary and 
continuity conditions 
for equation 2 were 
adjusted to represent

the situation of the test beams i .e . = 0 at both ends and at the braces. In order to 
simplify calculations,advantage was taken of one of the simplifications discussed in connect
ion with F ig u r e  4, namely, the approximation of omitting the influence on /S of bending 
about the minor axis (curve I  on F ig u re  4) which was found to be negligible. (This 
amounts to neglecting the term in the second of equations 1. Remembering that 
1n these equations M v =  0, this makes the third term on the left of equation 2 vanish.)
On F ig u r e 7 are shown the measured and computed stresses in that channel for which 

the agreement between experimental and theoretical values was least satisfactory. It is 
seen that the points
of highest stress are 0 L°a 5  P  ' °  ""  m
the junctures of web 
and flange, with the 
stress being slightly 
larger at the upper 
one of these two 
points. These maxi
mum stresses will 
govern practical de
sign ; the theoretical 
values are seen to 
agree with those from 
tests within about 11 
per cent. In the 
other channels thus 
evaluated the dis
crepancy at stations / 
and 3 ranged from 2 
to 11 per cent.

F ig u r e 7. M ea su red  and com puted stresses in least satisfactory  
test channel

Agreement is seen to be quite satisfactory also for station 4 in F igure 7, but is definitely 
unsatisfactory for station 2.
Measured midspan rotations considerably exceeded those obtained from the analysis.
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This led to the suspicion that the bracing frames had not been rigid enough to prevent 
rotation at these points, as assumed in the theory. Subsequent tests showed this to be so. 
Indeed, rotations at the braces were found to amount to from 0.25 to i° for the chosen 
loads, which represented about 10 to 30 per cent of those at midspan at the same loads.

Since these tests were 
subsequently and sep
arately carried out, 
there is no assurance 
that in the previous 
main tests, in 
which strains were 
measured, exactly the 
same brace rotations 
had taken place. It 
is possible to correct 
the theoretically com
puted sir esses for these 
additional rotations, 
with reasonable accu
racy. F igure 8 allows 
a comparison of the 
measured stresses with 
the theoretical ones so 
corrected, for the same

beam as in Figure 7. It is seen that the discrepancy between theory and test is reduced 
to less than half the previous value by this correction, and that theoretical and 
experimental maximum stresses now agree within about 5 to 6 per cent. This agreement 
is even better for the other tests in which the discrepancy between test and uncorrected 
theory was smaller than that shown on Figure 7. It should be noted that in flexural 
thin walled members the cross sections distort out of their original shape to a degree 
which depends on the width and thickness of the flanges and the depth of the 
member3* 4. This distortion, though small in practical terms, is likely to affect the 
distribution of the longitudinal stresses over the section, a factor which is not accounted 
for in the analysis.

Load P /0J ky wt
G 0  5  1 0

F igu re 8. Comparison o f  measured stresses w ith corrected 
theoretical values

33.300
(2.34/) □33.300  

(2.340
12 6 0  

(8437)~m > 3 ,0 /0  3 (2/1-6)
7 .7 0 0  9 ,3 0 0

(5 4 k  4) (653-8)

3 3 ,3 0 0
(2,34/)

□
3 3 3 0 0
(2,34/)

'.260  „  
(8 4 3 7 )  - 3 3 .0 /0  ► (2/1-6) 7 ,7 0 0  r. 9 ,3 0 0

(54/ 4) (653-8)

4 2 ,2 6 0
(2,97/)

1 1 -  / -------- 1 0  FI -------- 1 . V --------
27 ,050 \ 1 2 ,4 0 0
0,902) (8 7 /8 )  X

+ —  X
\ 27,050 1 2 ,4 0 0

+\ 0,902) \ (871-8)
[ X ____ u c ~ r~ \ _____ i a 4 _____ 1 E7

Figure 9 . Stress distribution lb I in 2 over cross section. Figures in parentheses 
denote corresponding values in kg/cm 2

Although the maximum stress is usually supposed to govern the strength of a member,
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this is quite doubtful here. The stress distribution over the cross section, as is evident 
from F ig u res 2 and 7, is as shown in Figure g (for the same channel as on F ig u res  1 and 8 ).  

The high corner stresses are seen to be quite localized. In a ductile material like mild 
steel, if the localized stresses reach the yield point, one would merely expect a redistribution 
to take place so that the hitherto understressed portions of the flanges provide the additional 
resistance if loads are increased further. One must then assume that the carry ing capacity 
of a channel is affected to a much smaller degree by its tendency to twist than is the 
localized maximum stress. It is therefore necessary' to investigate the effect of bracing, 
not only on maximum stress but also on ultimate load.

F ig u re  10 gives the ratios of ultimate test 
loads for various bracing conditions to 
ultimate loads of the continuously braced 
member (F ig u re  1 b). Only the four bracing 
conditions / to 4 as described earlier were 
available for this purpose, for which, 
respectively, the ratio a f was o, 0-478, 0-652, 
and 1 -o. Therefore, for each type of,channel 
only four points on its curve were available. 
It is felt that this small number of points 
does not warrant interpolating a smooth 
curve ; hence the respective points are 
merely connected by straight lines.
It is seen that for the smaller of the 

two spacings of braces (a/1 —  0-478) ultimate 
loads for all practical purposes are the 
same as for continuous bracing. Ultimate 
test loads are here defined as those at which 
the beam continues to deflect under constant 
load. This point is somewhat indefinite and 
depends on speed of loading and also on 

the details of the stress/strain curve even for steels of identical yield point. These tests 
were carried out by several different investigators, which introduces a personal equation 
into such determinations. Some differences were found also in the stress/strain curves 
of the steels of which dimensionally identical channels were formed. For these reasons the 
scattering of ±  7 per cent seems to be due to experimental inaccuracy and is entirely normal.
At the larger spacing of braces a definite loss of strength is apparent. Finally, in the 

unbraced condition (a/1 =1) the strength of the members was only about 40 to 50 per cent 
of that in the fully braced condition. In addition, rotations in this condition were so 
large (up to 150 at loads slightly below the ultimate) as to make the beams useless for 
practical purposes.
Referring to Figures 7 and 8, the maximum flange stress in the fully braced condition 

(a/1 —  0) is the usual <7 =  MA/7, whereas with braces spaced at 66 in (i-68 m) the 
maximum corner stresses are those shown in those figures. The information on ultimate 
loads indicates that these excess stresses at the corners did not affect the carrying capacities 
to any practically' significant degree for this location of braces. For braces spaced farther 
apart the difference between a and the maximum corner stress increases further and 
results in a gradual lowering of the carrying capacity.

F ig u re 10. Effect o f  use o f  bracing. Curves 
have been corrected f o r  y ie ld  p o in ts  o f  steels
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A L T E R N A T I V E  D E S I G N  R E Q U I R E M E N T S

For design purposes it is now possible to take one of two positions. Conservatively, one 
can stipulate that the maximum corner stress shall not exceed the yield point for a load 
equal to the design load times the factor of safety. Here the use of a single channel with 
discrete bracing will always be less economical than one with continuous bracing (F igure /b) 
since the corner stress in the former always exceeds that of the latter for the same load. 
This difference decreases with decreasing spacing of braces. Alternatively, one can take 
advantage of the reserve strength by plastic stress redistribution, as illustrated by F igure i o . 
Then one could stipulate that channels may be designed such that the uncorrected 
a = M h j l shall be equal to the yield point at the design load times the safety factor, 
provided braces are so spaced that the difference between the maximum corner stress 
and a shall not exceed a specified fraction of a. This fraction must be so specified that it 
shall not adversely affect the carrying capacity i.e. such that its effect would be obliterated 
by plastic redistribution. On the basis of the experimental evidence the authors lean 
toward the latter more liberal approach.
To determine what fraction should be specified for this purpose, additional information 

is shown on Figure io . On each curve, in that figure, three points are shown designated 
respectively as io, 15 and 20 per cent overstress. They indicate the values of a l l for 
which the difference between the maximum corner stress and a, as determined by theory, 
amounts to the respective percentages of <7. It is seen that a 15 per cent overstress does 
not affect the carrying capacity significantly, whereas the 20 per cent points are usually 
definitely located on or near the parts of the curves which show a marked downward 
trend. It would seem, therefore, that within the limits of our test evidence, a theoretical 
overstress of about 15 per cent can be disregarded in practical design. The problem is 
then, merely, to locate braces such that no more than this overstress will occur.

S I M P L I F I E D  S T R E S S  D E T E R M I N A T I O N

For either of these alternative design 'methods it is necessary to compute the overstress 
for a given arrangement of loads and braces or vice versa to determine required location 
of braces for given loadings and a stipulated overstress. It is evident that the detailed 
theory briefly discussed before is much too elaborate to serve this purpose in routine 
design practice. However, various approximations can be made in the general theory, 
as has been discussed in detail in connection with F igu re 4. These make it possible to 
devise a very simple method which allows the determination of maximum corner stresses 
with very good accuracy.
It was shown there that consideration of displacements a and b of F ig u r e  2, without 

regard to c and d, gives results very close to the values of the accurate theory. If the 
half-beams of Figu re 2b were regarded as simple beams acting in a manner as shown on 
F igure 5, the individual stress distributions from simple beam theory for displacements 
a and b would be as shown by F ig u re 1 1 a and b. This distribution is obviously impossible 
since, according to F igu re 1 1 b, a stress discontinuity would occur in the web at mid-height, 
so that the superposition of the distributions of F ig u res  1 1 a and b would not result in that 
of F ig u re  g . Hence, the distribution in the horizontally bending half-beams must be 
approximated by one of the general nature of F ig u r e  1 1 c . This can be done by using, 
instead of the full half-depth of the web, an equivalent partial depth for computing cross
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sectional properties of the half-beam. This concept of effective length, width or area is 
frequently used in many other instances, particularly in the field of thin walled members3? 4. 
Here it merely requires the replacement of the non-uniform stress distribution in the web 
by an equivalent uniform distribution such that the governing maximum stresses remain

B u r " *

01___IS

a b c d
Figu re //. In d iv id u al stress d istributions fro m  sim ple beam theory

unaffected. In other words, the actual triangular distribution in the web, F ig u re n c, is 
replaced by the dotted rectangular one of equal maximum intensity and equal total area. 
Then corner stresses can obviously be computed from the cross sectional properties of the 
section shown on F ig u re  u  d where only one quarter of the web is regarded as effective 
for each half-beam. For channels without stiffening lips it can be shown on theoretical 
grounds that a somewhat closer approximation is obtained if one sixth of the web is 
regarded as effective for either half-beam.
The manner of determining the corner stresses with very good approximation is, 

therefore, the following : stresses cau$pd by vertical bending (Figu res sa, //a) r̂e 
determined as usual. For horizontal bending (F igu res 2b, //d) the cross section of each 
half-beam is regarded as consisting of the flange, lip and one quarter of the web. This 
beam is loaded horizontally at all points where vertical loads P  act on the channel by the 
corresponding horizontal loads F  =  P  ej2 h (equation 3 with f$(0 )h neglected as small in 
comparison with e ) . For distributed vertical load p the corresponding distributed 
horizontal load, of course, is f  =  p e/2h. Each half-beam, so loaded, represents a continuous 
beam supported at the braces, as shown for one particular case on F ig u re j. Stresses from 
this horizontal bending are computed in the usual manner and superposed on those from 
vertical bending to result in the maximum corner stresses.
For the four dimensionally most extreme of the seven test channels, comparative values 

have been computed from this approximate approach and from the theory proper, for two 
different load values each. The discrepancies between the two 
methods of computation are shown in T a b le  I . It is seen that the 
critical maximum stresses in the corners (stations / and 3) are 

obtained with ample accuracy by this simplified 
/ 2 approach. Discrepancies are larger for stations 2 and

4 . These, however, are generally not critical since 
stresses there are usually smaller than at / and 3. Stresses 
at all four points by the approximate method are obtain
ed smaller than computed from the more accurate 

4  theory.
F ig u r e  12 The 10, 15 and 20 per cent points on F ig u re 10

T a b le  I

Station j
Deviation per cent

Mean Maximum

/  ! -  2-5 ~  5 ’2

2 -  3 2 — 129
3 — i -i — 5*2

4 -  8-8 — 16-1
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were computed by this approximate method, since it is this approach which is likely to be 
used in routine design for determining the required spacing of braces.

B R A C I N G  D I S T A N C E S ,  R O T A T I O N S ,  L A T E R A L  F O R C E S

If the overstress criterion is adopted for design purposes, the safe distances between braces 
are determined from the requirement that the corner stress in the continuous half-beam 
[Figures 5 and u c) shall not exceed a by more than the stipulated percentage. This 
merely requires ordinary continuous beam 
analysis. Analyses carried out in the 
aforementioned thesis (* p 51) for a great 
variety of practical loading schemes show 
that it is never necessary to provide more 
than four braces between supports in order 
to limit the overstress to 1 o per cent of cr. §
If 15 per cent overstress is accepted for 
practical design, as was previously sugges- o 
ted on the basis of Figure 10, similar | 
calculations show that three braces equally  ̂
spaced between supports will satisfy this Q 
requirement for most practical loadings. -8 
A single concentrated load at or near § 
midspan represents an unfavourable ex- | 
caption ; this is most easily dealt with by  ̂
locating a brace directly at the load point. §
As a last point, the order of magnitude | 

of rotations at midspan under design loads ** 
may be of interest in channels so braced.
For this purpose Figure 13 has been 
prepared. It shows the rotations as 
actually measured in tests, for a load 
resulting in central vertical deflections 
equal to span/360. In the United States 
this is often considered to be the maximum 
allowable deflection under load in s itu, 
particularly when plastered ceilings are 
suspended from the floor. The overstress 
criteria of 10, 15 and 20 per cent are shown as on Figure 10. If the 15 per cent criterion 
were adopted, rotation under load would not exceed about 1-5°. These measured angles 
include the additional rotations at midspan caused by rotation at the braces, the bracing 

frames not being rigid enough to restrain the channel completely. 
This situation may well occur in practical installations.
Braces may be applied in the manner shown on Figure 14 . 

If channels are placed in pairs with webs facing each other, 
attachment to rigid floor and ceiling systems without diagonals 
may, under favourable conditions, serve as satisfactory 
bracing. The force that the brace has to withstand is 
easily determined by the approximate method of calculation.

Figure 13 . Rotations fo r  a load resulting 
in central vertical deflections equal to 

span I360
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Indeed, as is evident from F ig u r e 5, the horizontal forces in the braces are simply the 
horizontal reactions of the half-beam.
D epartm ent o f  S tru ctu ra l E n gineering  

C o rn ell U n iv ersity, Ithaca

N e w  Y o r k , U . S . A .  (R eceived  J u n e  19 4 9 )
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Discussion
Professor J .  F . Baker in the Chair
P r o fesso r  J. F. B'a k er was pleased to hear a simple yet rational design method 
advocated, rather than an empirical approach to the design problems. Describing ex
perimental work carried out at Glasgow, R. K enedi said that an attempt had been made 
to find the spacing of lateral bracing equivalent to continuous support. Lateral bracing 
of channel beams was achieved by attaching tension wires to either side of the beam 
at a pitch of about 6 in (c 15 cm). The central lateral deflection was taken as a con
venient criterion. The required ratio of beam length to brace spacing was found to be 
about seven to give support approximately equivalent to continuous bracing ; the corre
sponding ratio suggested in the present paper appeared to be two.
Professor W inter, in reply, said that the use of seven braces was quite uneconomical 

in practice. The increase in deflection arising when only two braces were used would 
be of the order of 5 to 10 per cent. This corresponded to the usual tolerance in most 
civil engineering designs.
It was suggested by W. Merchant that the results of W inter and K enedi could not 

be correlated owing to the variation in rigidity of the two types of bracing used. He 
observed also that no experiments had been carried out on beams in which the two flanges 
had been connected to give some degree of bracing.
Professor N . J .  H o f f  stated that an American company had solved the problem of 

avoiding twisting by applying the loads at the shear centres with the aid of brackets. 
He would be interested to learn how the problem of solving the fourth order differential 
equations with variable coefficients had been overcome. Professor W inter replied that, 
after assuming different forms for j8, it was found that large differences in had little effect 
on the result. Assuming a convenient form for /3, an approximate solution could be found.
H. L. Cox asked whether the first order effects of distortion of the cross section of the 

beam had been considered. The effect was dependent primarily upon the width to thick
ness ratios employed. Professor W inter considered that the width to thickness ratios 
were such as to eliminate the possibility of local buckling occurring in the beams. It 
was pointed out by H. L. Cox that when the load is applied to the web of a channel beam, 
distortion of the cross section would almost certainly occur and the effects might be 
larger than the secondary effects of the distortion considered. Professor W inter agreed 
that these effects might be important ; however, they had received no theoretical treat
ment in this work.
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Performance o f Compression Plates as 
Parts o f Structural Members

G. WINTER

A  num ber o f  recent investig atio n s are review ed  on the behaviour o f  com pression  

p la te s  a s p a rts  o f  stru ctu ral m em bers, in  contrast to tha t o f  iso la te d  p la tes. T h is  

p a p er does not p resen t any new  resu lts  b u t, by request, w as in ten d ed  a s a review  o f  

th is  p a rticu la r  to p ic . F o r  th is reason the tex t that f o l lo w s  m erely represents a b r ie f  

abstract o f  the ta lk  d elivered  at the sy m p o siu m . A n  extensive b ib lio g ra p h y  is appended.

T h e  small deflection theory of buckling of flat compression plates is governed by the 
equation

b*w n 54h; a xt b 2iu ^  f x
"di1 +  2 dVdy2 "d^ +  "5" 1*2 =  0 ......... (l)

Solutions for individual plates with various edge conditions (free, simply supported, fixed) 
were first obtained by Bryan and, for a great variety of load and -edge conditions, by 
T imoshenko.
In actual structures such plates with ideal end conditions occur rarely, if ever. In 

a box shaped column, for example, the four plates forming the box support each other 
mutually so that each of them is elastically supported along its longitudinal edges. The 
problem of the performance of such interacting plates, just as for disjointed plates, must 
be discussed in two separate phases : a the critical or buckling condition, b the post- 
buckling behaviour.
The first approximate method for determining 

buckling stresses of plate assemblies was given by 
Bleich in 1924. The problem consists of the solu
tion of equation 1, the boundary conditions of > 
which must be adjusted according to the physical 
problem at hand. For a box shaped column, Figure  

/, the plates with the larger width/thickness ratio 
can be regarded as the ‘ buckling plates ’, and the 
others as the ‘ restraining plates \ Conditions of 
continuity require that along the common edges, 
for stiff joints,

b w  b w ' 

by by

This condition requires that the length of buckling waves is the same in all 
four plates, and hence can be determined only by accounting rigorously for the 
interaction of all individual components. Bleich’s solution is approximate chiefly 
in that it assumes the wavelength of the restraining plates to be equal to the width of

Figure 1
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the buckling plates, and that the influence of longitudinal compression on the defor
mations of the restraining plates is accounted for by a simple magnification factor, rather 
than by rigorous theory.

Bijlaard, in 1940, developed the exact theory of such interaction by setting up in
dividual equations of the type of equation 1 for each of the individual plates, and solving 
this set of simultaneous equations with due consideration for continuity of stress and 
strain at the common edges. In 1943, Lundquist, Stowell and Schuette developed 
a relaxation method for determining critical stresses of plate assemblies by a modified 
moment distribution procedure in a way similar to that previously given by Lundquist 
for investigating the stability of rigid-joint structural frames.

F ig u re 2 shows the results 
of such investigations as ob
tained by the latter two exact 
methods and by Bleich’s ap
proximate method for box 
shapes and for I-sections. 
The simpler Bleich method is 
seen to be sufficiently accurate 
for many engineering pur
poses. This figure is repro
duced, by permission of 
Bleich, from a manuscript as 
yet unpublished.
Equation 1 holds only in 

the range of linear elasticity 
whereas in practical structures many if not most problems of this type arise in the stress 
range above the limit of proportionality. Here the basic equation must be modified as 
follows

A b ?  +  2 C
c gJ b2ii)
dj4 D  (U2 =  0 (2)

where A , B  and C  are functions, in general, of the secant modulus, the tangent modulus 
and Poisson’s ratio. Indeed, in the above equation the first term is associated with longi
tudinal curvature in which direction the mean stress is above the proportional limit, 
the third term with transverse curvature in which direction the mean stress is zero and 
hence below the proportional limit, whereas the second term is mixed in nature and hence 
affected by both mean stresses. The problem, theri, becomes anisotropic and different 
elasto-plastic constants apply to different terms.
A rather intuitive solution of this problem was given by Bleich in 1924, resulting in 

quite satisfactory accuracy. Of the many later investigations of plastic plate buckling 
those in best agreement with test results were developed by Bijlaard in 1940 and by 
Stowell in 1948. Both are based on theories of plasticity of the deformation type and 
differ chiefly by the fact that Stowell, by way of simplification, assumes Poisson’s ratio 
to be constant and equal to 0-5. The enumerated methods can and have been applied 
to the determination of critical buckling stresses of a great variety of structural members 
composed of flat compression plates.
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In contrast to columns which actually fail at or 
slightly below the theoretical critical load, compression 
plates, particularly if supported along both longi
tudinal edges, continue to carry increasing loads 
beyond those which theoretically cause initial 
buckling. The mechanism of this post-buckling action 
can be visualized from F ig u re3 in which a compression 
plate is replaced by an oversimplified bar lattice 
model. It is seen that post-buckling deflections, in 
contrast to column deflections, are restricted in mag
nitude by the restraining action of the horizontal 
bars and the tension stresses arising in them which 
correspond, in plates, to the membrane stresses. 
When buckling commences, it merely results in 
limited deflection and redistribution of the hitherto 
uniform compression stress which concentrates more 
and more near the edges, as shown in Figure 4. This 
behaviour is so marked, and the deflections so gradual, 
that it is difficult to establish critical stresses experi
mentally from strain or deflection measurements.
This post-buckling behaviour is governed by vox 

KArman’s ‘ large deflection * equation, which justi
fies its designation inasmuch as it accounts for the 
membrane stresses but is still restricted to relatively 
small deflections to the extent that higher order terms 
are, as usual, neglected in the curvature expression.
The equation reads

b4o> b4**; 54tt>
bx4 '  ̂bx2 by2 bj4 

t / b 2F  $2w b 2F  b 2w ; b2Fb2«A
D  \ bx2 by2 ~ bx by bx by by2 b x 2) ’ ‘

where F  is an Airy stress function.
A number of solutions of this problem, with various degrees of approximation, were 

developed by Marguerre, T imoshenko, T refftz, Cox, Levy and others. Most of them 
are rather involved mathematically and have been carried out numerically only for a 
few selected cases. They can generally be expressed in terms of the parameter <7 
where acr is the critical stress obtained from the small deflection theory, equation 1, and 
c „ iax is the edge stress as shown on Figure 4. The results are usually given in terms of an 
‘ equivalent width ’ of the buckled plate, a concept introduced by von Karman in 1932 
and illustrated on Figure 4. That is, the equivalent width be is the combined width of the 
two broken line rectangles of that figure, the enclosed area of which is equal to the area 
under the actual curve of non-uniform stress distribution.
The most rigorous of these solutions is that by Levy, which deviates but little from 

that of Marguerre and is rather well confirmed experimentally. Experimental results, 
however, depend largely on the degree of initial flatness of the plate and of centering of 
load, a fact which has been confirmed theoretically by Hu, Lund^uist and Batdorf in
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their investigation of the effect 
of small deviations from flat
ness on effective width. For 
this reason the author and 
others find it desirable to rely 
primarily on test results for 
the purpose of developing for
mulae for practical design use. 
His experimental results are 
shown on F igu re 5 together 
with the conservative expres
sion (lowest curve) he pro
posed for design and which is 
incorporated in the S pecifica

tion f o r  the D esig n  o f  L ig h t G a g e  

S teel Structural M em b er s, Amer. Iron and Steel Institute. The curve designated by 3 gives 
the values obtained by Hu, L undquist and Batdorf when the initial deviation from 
flatness is equal to one tenth of the plate thickness and, in shape, is equal to the natural 
buckling mode. It is indicated on the figure merely to show the order of magnitude of 
the effect of such small distortion, which confirms the supposition that the scattering 
usually obtained in such tests is caused chiefly by initial deviations.
The performance of a com

pression plate in the post- 
buckling range as it affects 
the behaviour of a beam of 
which it forms the com
pression flange is shown on 
Figu re 6. As the load increases, 
the initially constant com
pression stress becomes more 
and more non-uniformly dis
tributed, with a correspond
ing decrease of effective width 
and a continuous downward 
shift of the neutral axis.
Results of two tests indicating 
the measured shifting of posi
tion of the neutral axis with 
increasing load are shown on 
the lower part of that figure.
It is necessary, for such mem
bers, to compute effective cross sectional properties (area, moment of inertia, section 
modulus etc) which depend on the magnitude of o max. In such members, formed of mild 
steel, incipient failure occurs at loads equal to or slightly higher than those at which 
the edge stress o max reaches the yield point.
For thin walled compression members, such as box columns of which the components are 

stressed into the post-buckling range, it is necessary to modify the column curve for

o-25 .
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locally stable sections of the same material e.g. 

curve Q,= i*o on Figure 7, to account for 
stress re-distribution in the component plates. 
This can be achieved in a rather approximate 
way by the introduction of a form or shape 
factor d  which is defined as the ratio of the  ̂
ultimate strength of the thin walled short § 
column [L jr = o in the limit) to the ultimate § 
strength of the same short thin walled section s 
if local buckling were prevented by suitable ^ 
means.
Department o f  Structural Engineering 

Cornell University, Ithaca 

N ew  York, U .S .A .
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Discussion
Professor A. J .  S. Pippard in the Chair

R. K en ed i pointed out that tests at the Royal Technical College, Glasgow, had shown 
that plain thin walled channel sections did not carry increasing load in the post-buckling 
stage, as did the lipped channel sections discussed by the lecturer. He also suggested that 
the overall stability of the column affects the degree of edge fixity of the plate. Professor 
W inter replied that there was in fact a small increase in post-buckling stress for a plain 
channel, although it was far smaller than with the lipped channel owing to the latter’s 
greater degree of edge fixity. He pointed out that, in design, stresses higher than the 
critical stress were not used, for the sake of good appearance.
J. C. Chapman drew attention to the very high extreme fibre stresses which occurred 

due to plate bending. The author agreed that these stresses would sometimes exceed 
the yield stress and that the procedure which he described must not be used for design 
in fatigue conditions.
Professor A. Roggeveen described tests that he had made on the buckling of the webs 

of large welded boxes where the critical stress was reduced by an amount equal to the 
residual stresses left by the welding. Professor W inter pointed out that his tests were 
carried out on small cold-rolled sections but agreed that residual stresses would affect 
the critical stress. W. S. Hemp doubted the soundness of the equivalent width assumption 
for use after buckling, and thought that a tangent modulus method should be used.
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In a written contribution R. K enedi drew attention to further results obtained at 
Glasgow, a number of which have already been published [K enedi, R. M . and M o ir , 
C. M. Structural E ngineer 26 (1948) 119]. He had found that the lower scatter boundary 
of the experimental results on their struts could be defined by a Perry-Robertson type 
of formula

A -  2
'e

taking

and
»  0-0025b/:

This formula gave results which agreed with those obtained from Professor W inter’s 
formula for the struts concerned.
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