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Seventh International Specialty Conference on Cold-Formed Steel Structures 
St. Louis, Missouri, U.S.A., November 13-14, 1984 

STRENGTH OF BIAXIALLY COMPRESSED PERFORATED PLATES 

by 

Rangachari NARAYANAN and Fong-Yen CHOW* 

SUMMARY 

An approximate method of predicting the post-buckling behaviour and the ultimate 
carrying capacity of perforated plates under biaxial compression is presented. 
The theory is based on a mechanism solution, used in conjuhction with an elastic 
loading path derived from the energy method. Comparisons with test results have 
shown that satisfactory predictions of peak strengths and good.approximations of 
the loading and unloading paths for simply supported plates containing square 
and circular cutouts have been obtained by the theory suggested. 

INTRODUCTION 

Plate panels used in many structural applications are often subjected to both 
longitudinal and transverse in-plane loading_ Frequently these are provided with 
openings to facilitate access for services, inspection and maintenance. 

Only a few investigators \1,3,5,7,8,10,16,21,24\ have concerned themselves with 
biaxia11y loaded plates and the authors could not locate ~ published work on 
experimental or theoretical investigations into the behaviour of perforated plates 
under biaxial loading; in view of this, experimental and theoretical investigat
ions on this subject were undertaken and this paper presents the results of 
these studies. 

In view of the complexities in analysing perforated plates, the theoretical 
analysis developed in this paper is approximate and is obtained by considering 
the elastic post-buckled behaviour of the plate as well as its rigid plastic un
loading characteristic in the collapse state. The ultimate load is approximately 
estimated from the point of intersection of the elastic loading curve and the 
plastic unloading curve (see Fig. 1). 

SCOPE OF THE INVESTIGATIONS 

A series of biaxial compression tests were carried out on perforated plates con
taining centrally located circular and square openings, in order to obtain data 
on the buckling and post-buckling behaviour of these plates. Only square plates 
were tested and the sizes of openings were limited to a maximum diameter and side 
equal to half the width of the plate. The following aspects of the problem were 
covered by the study : 

(a) 

* 

The longitudinal edge strain was kept equal to the transverse edge-strain, 
i.e. the strain ratio was maintained at a single value (of 1). 

Both circular and square holes were introduced and their influence on the 
buckling and ultimate capacity of the plates was studied. 

University College, Cardiff, U.K. 
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(c) 
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The effect of holes on plates having various 
examined. 

width 
thickness ratios (~) was 

The tests are classified into three groups and the details of the tested plates 
are presented in Table 1. Group 1 tests were aimed at studying the effect of 
varying the size of the circular holes upon the strengths of the plate; a single 
value of plate slenderness (a/t ~ 77) was employed in this group and the sizes of 
the holes ranged from 0 to 0.5a. 

Group 2 tests were aimed at ascertaining the influence of plate slenderness (a/t), 
on the behaviour of perforated plates. The tests were carried out using two hole 
sizes of 0.291a and 0.465a , and the values of plate slenderness (a/t) were 
changed by varying the plate thicknesses; three (a/t) values viz. 42,53 and 88 
were employed. 

Group 3 tests were similar to group 1 tests, with the difference that the holes 
were square. The effect of the shape of the hole could be ascertained by comparing 
the results of this group of tests with group 1 tests. 

It will be observed that all the tests reported in this paper were carried out on 
small scale models; an extensive series of tests carried out at Cardiff and else
where, on the buckling and post buckling characteristics of plates have established 
that small scale models can be employed to simulate the behaviour of larger proto
types, without any loss of accuracy 19,12,15,221. The small scale models have the 
added advantage of economy in fabrication and testing costs. It was therefore 
possible to test at least two models for each of the variables studied, to ascer
tain the repeatability of the tests. 

EXPERIMENTATION 

The object of the experiments reported in this paper is to subject a number of 
plate specimens detailed above, to uniform edge strains and to study the load
deflection behaviour extending to well beyond the peak load. As detailed in Tables 
1 and 2, some 15 tests were carried out on plates having various slenderness 
(a/t) values. 

A purpose built rig was fabricated with sufficient stiffness to test mild steel 
plates under biaxial loading. A photograph of the test rig is shown in Fig. 2. 
It is capable of applying a maximum load of 90 kN in the longitudinal and trans
verse directions and testing plate specimens up to 300mm x 300mm. The rig is 
desk-mounted and self-contained and no strong floor or supporting frame work is 
necessary. It is hand operated and is suitable for testing small-scale models in 
the laboratory. A full description of the test rig is given in reference 4. 

The loads were applied by positioning hydraulic jacks at the desired locations 
and operating the pump; the applied loads were measured by load cells placed 
between the jacks and the cross arms at the edges of the plate under test. Out-of
plane displacements were measured by setting transducer gauges directly over the 
plate. The load cells and the transducers were connected to Gemini digital volt
meters and the loads were measured to an accuracy of 0.02 kN and the displace
ments to O.Olmm. 

The initial imperfections of the plate were measured by moving a transducer gauge 
supported on a transverse bar and connected to an x-y plotter. Measurements were 
taken at several locations along the length of the plate. The dimensions of the 
tested plates and the maximum initial imperfections are reported in Table 1. Off
cuts from the material used in making the test specimens were tested for yield 
strength, and these are also reported in the table. 
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DETERMINATION OF BUCKLING LOADS 

The experimental buckling loads are obtained by the inflection-point method 1191; 
the "inflection point" is defined as the load corresponding to the point where 
the rate of change of slope of the load-deflection curve is a minimum. Its deter
mination from experimental data is less dependent on individual judgement than 
some of the other methods available; these points on the load deflection curves 
are obtained by applying least-square curve-fitting techniques to the experimental 
data. Good correlation. between theoretical buckling loads and the values deter
mined by this method have been obtained by Narayanan and Chow 113, 141 for per
forated plates subjected to shear loading and uniaxial compression. 

The theoretical elastic critical stress for a simply supported plate subjected to 
biaxial compression is given by 1201 : 

b o cr 
(Ox Qa + 0y _ba)C = ~ 1T2 E C/ (1) 
\: 12(1-,i)b 

where ~ is the buckling coefficient given by (~+ %J 2 for an unperforated plate 

The elastic critical stress appropriate to a similar plate containing a rectang
ular or circular perforation can be expressed by an equation similar to (1) 

(la) 

where Kb is the reduced value of buckling coefficient due to the presence of 
the opening. 

Values of Kb obtained experimentally are compared with the corresponding 
computed values using a finite element method suggested by Sabir and Chow 1181. 
The measured values are presented in Table 2. 

ELASTIC POST BUCKLING BEHAVIOUR OF BIAXIALLY 
LOADED PERFORATED PLATES 

The theoretical elastic analysis developed by Narayanan et al 1161 will be 'used 
for tracing the elastic loading behaviour. They have assumed that the initial 
surface of the plate before any loads are applied is given by : 

w 
o 

where 

o 
o 

. 1Tx 
S1.n

a 
sin 2lX 

b 

Wo initial deflection function 

00 the maximum initial imperfection at the centre of plate 

a,b sides of an approximately square plate 

Under the influence of loading, the surface of the plate changes to 

w " . 1TX . '!1" 
U S1.n a S1.n b . 

(2) 

Using the Energy Method, they have derived the following equations for evaluating 
the stress distribution across the plate when subjected to biaxial compression in 
the post-buckled stage; the approximate stress-strain relationship is given by : 

20 2 4 
13 d +!dE = (0 Q+ 0 ~~ dm +~(---.!2\ (~)mdm 

. Ex 13 y \: x a y b) m2E 8 \b) 13 
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{li 
a 

1 
b 

.:-!. f da dx +- f da dy} 
E a 0 ya Sb 0 xa 

where S 
b and m magnification ratio for plate deflection 

I) 

a =8 
0 

fa ~ + a ~)c is the combination stresses in an unperforated plate 
\ x a y b under biaxial loading, at the elastic critical state. 

da and da in eq. '(3) were obtained from xa ya ,i 1)2 mdm a 
da E{dE- - 0 + ~ f da dx} 

xa x 
4a2 aE 0 ya 

2 1)2 mdm b IT 

da = E{dE 0 V f da dy} 
4b2 

+-
ya y bE 0 xa 

(4) 

The stresses in the post-buckling stage are computed from 

2 E(1)2_1);) ~ IT 
a a + cos a + a x xa Sa2 b xa xy 

2 E(1)2_1)2) 
+ 1T 21TX a a 0 a + a y ya 

Sb2 
cos ya yx a 

The above equations can be solved by numerical integration to obtain the values 
of ax and ay corresponding to any combination of axial strains (ExlEy) . 

An approximate relationship for the perforated plate can be suggested in an 
analogous manner. Firstly, the elastic critical stress of the unperforated plate 
in equation (3) can be replaced by the elastic critical stress of the perforated 
plate agr obtained by the finite element method Ilsi. 

Ritchie and Rhodes 1171, have reported on the post buckled behaviour of axially 
compressed perforated plates. They have suggested that the influence of the hole 
in a buckled plate may be approximated as follows : It is assumed that the com
pressive stresses released by the introduction of a hole in the perforated plate 
may be redistributed over the remaining width of the plate which carry stresses. 

In this paper, this concept has been extended to compute the elastic stress dis
tribution across the hole in the post-buckled stage when the plate is subjected to 
biaxial compression. The typical stress distribution across a hole is shown in 
Fig. 3. 

The elastic load displacement relationship is obtained from equations (3) to (5) 
and used to obtain the "loading" curve of the type shown in Fig. 1. 

MECHANISM SOLUTION 

Several investigators 16,231 have obtained mechanism type solutions to model rigid 
plastic unloading lines for simply supported plates subjected to uniaxial compres
sion. The rigid plastic mechanism solution was also employed by Narayanan and 
Chow 1141 to obtain the ultimate capacity of the uniaxially loaded perforated 
plates. A similar method is formulated in this paper to study the ultimate capacity 
of an approximately square perforated plate, subjected to biaxial compression. 
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A study of the failure pattern observed in the tests (see photographs in Fig. 4) 
suggests a relatively simple model of collapse mechanism for perforated plates 
with square and circular cutouts. The collapse mechanism is approximated as 
shown in Fig. 5 and consists of four yield lines which start from the four 
corners (A,B,E,F) and end at the hol.e boundary (C,D,H,I), with rigid quadrantal 
segments between the yield lines. The edges of the plate and the yield lines are 
the axes of rotation for the rigid regions of the plate, i.e. the rotation of the 
yield lines is the deformation of the plate. 

A simplified form of Von Mises Yield criterion is used and is given by 

2 2 
!:L + (~) + (~) 
Mp P 8 

P P 
1 (6) 

where the shear force (8), the membrane force 
length (M) of the yield line are given by III I 

(p) , and the moment per unit 

at2 2 
I (2c) 8 = T.t ; P ~ 2ca ; and M = ~ 1 - t (7) 

where 2c = depth of the plate in compression (see Fig. 6) 

a .t2 a .t 
=~ , P = a .t and 8 =~ (8) 

4 p ys p 13 
and M 

P 

The mechanism shown in Fig. 5(a) for a plate containing a square cutout will now 
be considered. Considering a rectangular element Q having sides ax and ay 
as shown in Figs. 5(a) and 7(a), p~ and Py are the contributions of membrane 
forces per unit length along the yield lines. Px is due to Pxh and Py is due 
to Pyh and P = Px + Py. Plx is the equivalent uniformly distributed load 
per unit length, acting on C'D' and Plr, is the equivalent uniformly distrib
uted load per unit length, acting on C'-'H-'. P2x is the nonuniform load per 
unit length acting on AC' and P2y is the nonuniform load per unit length 
acting on AC" (see Fig. 7(b)). 

Resolving the forces in the x andy directions, we obtain 

R.' ~b' R.' cosecOi. R.'cosecOi. 
J P2x dy + J Plx ay J (Py + p) sin dn + J 8 coSOI. dn (9) 

0 0 0 0 

R.' ~a' R.' cosecOi. R.' cosecOi. 
J 1 P2y dx + J Ply dx J (p + P )COSOI. dn J S sinOi. dn (10) 

0 0 0 
y x 

0 

The moment per unit length of the· yield line M is composed of two components 
Mx and ~ ; let the component of the plastic moment caused by Pyh be My and 
that due to Pxh be Mx , so that M = Mx + My • 

Moment equilibrium about the inclined yield line is obtained as 

R.' 8' b' 8' R.i 8' a' 8' 
/ P 2x Y"R> dy + P lx 2"2 + / P 2y x R.i dx + Ply 2 2 

R.'cosecOi. 
J Mx cosecOi. dn + 

o 

where i' = l (b-b') 
2 

o 

R.' cosecOi. 
J M secOi. dn 

y 

and R.' 
1 ; (a-a') 

(11) 
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Taking y' = Py/P* , where Py = P2y + (a'/a-a')Ply and P* = P2x + (b'/b-b')Plx ' 
equations (6), (9), (10) and (11) may be solved numerically for P*/Pp for any 
given ratio of y'. The unknown quantity of (My/Mx) may be obtained by trial and 
error to satisfY equation (6). The total load Pxh carried by this mechanism when 
normalized by squash load (~sq = 0ys.b.t) is given by 

b' 

P ( t' P "2 P 0 ~ = £ J ~ d + J ~ d P bo P Yo P Y 
sq P P 

(12) 

For the purpose of illustration, the case of a square plate with a square hole 
is considered with the longitudinal load Pxh equal to transverse load Pyh. For 
an inclined angle a equal to 450 , equation (12) becomes 

Pxh = b-b' ('/1 + (215),2 + ~ 1 (215\ 11 + (215),2') _ 2C) 
P b t 215' n t t t 

sq t ' 
(13) 

Equation (13) gives the load deflection relationship for a square plate with a 
square cutout. The equation can also be used for circular cutout with diameter d, 
by replacing the width of the cutout b' of equation (13) by 0.707 d . 

EXPERIMENTAL RESULTS 

Experimentally observed collapse loads are compared with the theoretically 
predicted values obtained from the intersection of the plastic unloading line 
and the elastic loading curve using the measured values of imperfections. The 
results of the measured buckling loads and the theoretical and observed failure 
loads are presented in Table 2. 

The two ultimate loads are presented as ratios between the loads at collapse and 
the corresponding squash loads. 

Comparison of Observed Buckling Loads with Theoretical Predictions: 

Figure 8 presents a comparison of the buckling coefficients obtained from the 
experiments with the computed results obtained by the finite element method. 
Good agreement between the experimental and theoretical buckling coefficients is 
observed for perforated plates containing both circular and square holes. 

Ultimate Capacity of Perforated Plates: 

In Table 2, the observed ultimate loads are compared with the predicted values 
using the theory outlined above. A comparison of the experimental and theoretical 
failure loads shows that the predictions are generally satisfactory. The mean 
value of the predicted strengths/observed strengths for the 15 tests was 
1.046 with a standard deviation of 0.074; this shows that the proposed theory 
predicts the strength of the perforated plates to a sufficient degree of accuracy, 
if slightly unconservatively. 

Typical experimental load deflection relationships are plotted in Fig. 9 for 
four plates having aft values of 77.4 containing circular or square holes. It 
will be seen that the peak loads are closely predicted from the method described 
in this paper and the observed loading and unloading curves are close to the 
theoretical curves, which are also plotted in the same figure. 

Observations from tests in groups 1 and 3 suggest that there is a drop in 
strength with increasing hole sizes corresponding to the loss of stiffness of 
the plate due to the presence of holes. However, there is little difference 
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between the ultimate strengths of the plates containing circular and square cut
outs. 

A study of group 2 tests shows that no discernable pattern of the drop of 
strength with increasing aft ratio was discovered; this applies for all hole 
diameters studied. 

DESIGN CURVES 

Design curves using the theory outlined in this paper are given in Fig. 10 and 
are suitable for assessing the ultimate strengths of square plates containing 
circular and square perforations. In deriving these curves, the initial imper
fections used are in accordance with the following formula which is regarded as 
realistic for practical plated structures 121. 

(14) 

These curves can be readily used by designers for square plates; similar curves 
can be readily plotted for rectangular plates with central holes. using the 
theory outlined in the paper. 

CONCLUSIONS 

A method of evaluating the ultimate capacity of simply supported rectangular 
perforated plates under biaxial compression is suggested in this paper. The 
method is based on the elastic loading behaviour and the plastic unloading 
characteristic of the plate. 

Tests carried out on a specially fabricated rig shows that the observed collapse 
loads are close to the predicted ultimate capacity of the plates; predictions 
obtained are slightly unconservative. 

For the range of hole sizes considered. the loss in strength due to the introduc
tion of the opening is rapid when the plate slenderness (a/t) is smaller than 
50 ; for higher values of aft • the loss in strength is gradually reduced. 

Design curves which can be used to assess the ultimate strength of square plates 
with square and circular openings have been proposed and these can be used 
directly; similar curves can be readily obtained for rectangular plates using 
the method outlined in the paper. 
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APPENDIX 2 : NOTATION 

dimensions of an approximately square plate 
dimensions of the rectangular hole 
diameter of the circular hole 
modulus of elasticity 
buckling coefficient of the perforated plate 
buckling coefficient of an unperforated plate 

~ (b-b') 

~ (a-a') 

yield moment per unit length of yield line 
moment, M, with zero axial and shearing forces 
axial force at yield at mid-depth per unit length of yield line 
longitudinal load bn the perforated plate 
transverse load on the perforated plate 
shearing force at yield, per unit length of yield line 
shear force, S, with zero bending and axial forces 
thickness of plate 
a function describing the out-of-plane deflection 
a function describing the initial deflection form of the plate 
normal stress on the yield line 
biaxial buckling stress of an unperforated plate 

biaxial buckling stress of a perforated plate 

axial stress in the x or y direction 

applied stress in the x or y direction 

induced stress in the x direction due to the action of CJya 
induced stress in the y direction due to the action of CJxa 
yield stress 
shear stress on yield line 
Poisson's ratio 
angle of inclination of the yield line 
b 
a 
maximum value of out-of-plane deflection 
maximum value of initial plate imperfection 

out of plane deflection at the corner of the hole 
(at C, D, H and I in Fig. 5a). 
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Fig. 2 Tes~ Rig With Specimen Tested To Failure. 
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Fig. 4 Plates With Centrally Located Holes· 

Tested To Failure 
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