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Postbuckling Behaviour of a Webplate

unaer Partial Edge Loading

by

Debal K. Bagchil
&

Kenneth C. Rockey2

INTRODUCTION

The buckling of rectangular plates under the action
of uniformly distributed compressive stresses, shear stresses
and combinations of these loading systems have been extensively

studied and the results are well documented (1-2).

A number of researchers (3-8), including the present
authors, have provided solutions for the buckling of a
panel of a plate girder when it is subjected to a partial
edge load, such as that which occurs when the edge of the
panel is subjected to the action of a wheel load. These
solutions have resulted in the availability of design charts
which enable engineers to readily determine the buckling load

of panels subjected to partial edge loading.

However, a thin webplate subjected to a partial edge
load has the ability to support loads far in excess of that
which cause the plate to buckle.
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Rockey et al (9), Walker and Khan (8), Skaloud et al (10,11)
and others ( 7,12 ,13) have examined experimentally this post
buckled action and various rules are now available which enables
one, for certain types of construction, to predict the collapse
load of webs lcaded by an edge patch load. In contrast, compara-
tively little theoretical work has been carried out to determine
the post buckled action of webs when subjected to the loaded
action of a patch edge load. This is due to the complex stress
distribution that occurs in the webplate close to the loads.

The present paper presents the results of a large deflection
finite element solution which has been carried out by the

authors,

The theoretical results obtained from the finite element
solution are then compared with experimental results obtained
from the authors experimental studies and that of other

investigators.

THEORETICAL DEVELOPMENT

Formulation of Incremental Force-Displacement Relationship for

an Element

A typical uniform finite element idealization of a
rectangular plate is given in Fig. 1l(a), with one typical element
identified as ijkl. Fig. 1(b) gives the co-ordinate system
which is employed when dealing with an element such as ijkl.

The geometry of each element, whether triangular or rectangular
i1s determined by straight lines joining the nodal points. The

local orthogonal cartesian co=-ordinates associated with individual
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elements are denoted as x, y, z. Similarly the displacements
in terms of local co-ordinates are specified as u, v, w. The
global axis system for the whole structure is denoted by the
capital symbols as X, Y, Z. Considering the deflected form of
an element when the external load is applied, the components
of non-linear strain (14) in terms of local co-ordinates for

a thin plate in bending can be written as :

e o, % L1 (§_v_v)2 .
XX P 9.2 2 '9x !
x
2 2
Y 3w 1l 9w
e = w5 T — + 5 (57) ; (1)
) 2 2 9
Yy y 3y Y
e _du + v _ 2z azw + ow ow
Xy 9y 9x 09X .0y 9x ° QJy °

The above strain components can be separated into linear and

non-linear strains and written in matrix form as shown below :

(ou _ , 2% ooy o [ )

exx IxX axz Ix Ix

v 3w 1 3w W

= = 2 - + = 0 = o) £r

{e} eyy 5y - 2 ay2 5 5y 3y (2)
e

xy au v Bzw oW dw
L3y T 3% - 2% mxay |0 © e L2 5y

The stress/strain relation for a material obeying Hooke's law can

be written as :

{c} = [c] ie} (3)

~

o
XX

where {o} = Oyyl and [C] is a (3x3) sgquare matrix containing
a
XY.

the elastic constants.
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Fig. 2 states the sign convention employed with a
rectangular element. There are 6 displacements at each of
the nodes, 3 translations and 3 rotations, see equation (4),

which defines the 6 displacements at a node 1i.

v qpi
V. .o e
1
{q.} = Wi = (9pi (4)
1
0.
X1
o, 0_.
yi zi
oY
. 21)
where
W,
ui 1
{qpi} = {v_} ; {qbi} <i
1
o_.
vi

The column matrix {g} represents the total number of displacement

components of an element and can be written as :

q

p
{g} = ay (5)
0
Z
where
{qp} = a column matrix representing the in-plane linear displacements
of an element ;
{qb} = a column matrix representing the lateral component w and
the rotational components Ox and @y of an element ;
{@z} = a column matrix representing in-plane rotational components,

Oz of an element.

Similarly the force components acting at a node i1 are given by :
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1
in Fpi
{Fi} = Fyi = Frs (6)
F_. .
zZ1 z1l
M_ .
X1
Myi
M.
zi)

The column matrix {F} representing the total components of forces

acting at all nodes of an element is given by :

F
- P
{F} Fy (7
M
z
where,
{Fp} = in-plane direct force components of an element;
{F,} = lateral force, F_. and moment components M_. and M__. of
b zi xi i
an element;
{Mz} = moment components M . of an element.

The displacement functions for u, v and w can be written in the

following form :

u = g%(x,y).c
v
v = @ (x,Y).0 (8)
w = @7 (x,y).8
where,
{a} = a column matrix representing arbitrary constants; the

total number of constants being equal to the total number

of in-plane freedom of an element denoted by {qp} ;
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{B} = a column matrix representing arbitrary constants, the
total number of constants being equal to the total number

of lateral and rotational components denoted by {qb}.

Substituting the values of nodal co-ordinates in the equation (8),

one can rewrite the displacement functions in the form :

]’u . Bt o 0 a,

vi= |gY. 5;1 0 0 ay, ; (9)
w 0 g". 5;1 0 0,

where, ¢u = ¢u(x,y); QV = ¢V(x,y) and ¢w = ¢w(x,y); and

Bp, Bb are square matrices relating arbitrary constants with the
displacement components. Substituting the values of displacements
u, v, and w from the equation (9) into equation (2), the strain

vector {e} can be written as :

T b 1T
{e} = [flJ{q} +fa o0 o |:fnx:[ [fny] {qy} (10)
o @, ©
O o qy,
where,
- o _
29, x. B, -z. ;z)"’,xx.Bbl o
-1 -
£, = gl;“, y. By -7, Qw,yy.Bb ol ;
3@%, v + g% 8BSt -zl g%, xy.m]t 0
r -
¢W,x.sb1 o o
fD _ W -1 W -1
o = o #¥.y.5.t o ; and [fny] =| 9¥,x.5]
o o V3. ¢w,x.B;1 ¢w,y.B;l

-¢w,y.B;1
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Considering the two neighbouring positions of equilibrium of the

1 2 -

elastic body shown in Fig. (3) designated as ( ) and ( ) and

applying the principles of virtual work, one obtains

where,

I

L 2 1
6(Rl) + G(Rz) S (U) (11)

5 (u) 2 (12)

1 2
6(Rl) + G(Rz)

work done by the external forces in displacing the body
from its initial position of equilibrium to its final
position;

work done by the body forces when it goes through the above

displacements.

In the discrete-element solution the body ferces, and also the

external forces, are represented by their components acting at

the nodal points. Therefore, the total work done by both the

external and body forces are given by :

where,

q
®t+ r)Y = [ TtriTatg) (13)
1 2 0
{F} = a column vector representing nodal forces of
an element;
{q} = a column vector representing the nodal displacements

of an element.

The strain-energy U developed in the elastic body during the above

displacements, can be written as :

u = 3f {e}T.{alav (14)
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The expression for the incremental force displacement relationship
when the body moves from the first position of equilibrium to the
second position is obtained from the equations (2), (10), (11),

(12), (13) and (14), and is given by :
{AF} = jv [fl]T[C}[fl].dv. {Aq} +

T -
fv [}gx] [ng %ny} .dv. {ag} (15)

where
[ D] Owx e} (e}
g =
[e] g o} .
Yy
e} (e} cxy

Details of calculations leading to the equation (15) are given in
the reference (15).

The first term of equation (15) represents the usual elastic linear
stiffness matrix. The second term is defined as the geometric
stiffness matrix for an element. Denoting the two above terms

by the symbols [Kg] and [KSJ, equation (15) is written as :

{AF} = [KE] {rq} + [KZ]{Aq} = [Ke] {Aq} (16)

The derivation of elastic and geometric stiffness matrices for
rectangular elements is given below :

Elastic Stiffness Matrix [%g]

Substituting the value of [}l] from equation (10) into equation (15},

the elastic stiffness matrix can be written as :
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-1|T 1 T u - -1
[KZ] = [Bp] fv[q)u,xq)v,y 5 (¢u,y+¢V,x)] [c] oY, x .dv. [Bp]
¢VIY
l( u v
507, y+¢ ,x)
_l 2 w w T w _l
+ [Fb ] Iv Z [¢w,xx¢ yYYO ,xy] [C ] ¢ XX .dv. [Bb ] (17)
%, vy
¢WIXY

The first term in the equation (17) represents the in-plane stiffness

denoted by Keg ; the second term represents the bending stiffness of

an element and denoted by Keg

In the present investigation, the following displacement functions

due to Zienkiewicz and Cheung (16) have been used :

ulx,y) = oy + G,x + a3y + oy XY
v(ix,y) = ag + 0gX + auy + ag Xy (18)
wiw,y) = By + B,x + By + e4x2 + Bg Xy + 86y2

+ B7x3 + Baxzy + 89 xy2 + elO y3 + Bll x3y + 812 ny .

Geometric Stiffness Matrix [?g]

Substituting the values from (10) into equation (15), the

geometric stiffness matrix [gg] can be written as :

T
el _ - -1 (19)
[KG] [Bb] [Kxx Kyt ny] [Bb]
where
T
Kxx = Iv Oxx * ¢w’x '¢w'x - dv j
_ w T w .
Kyy = Iy Ogy = b ¥ W4T,y . av;

_ w T w
ny = Iv Oy * ® X Wb .Y . AV ,
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The three components of the geometric stiffness matrix denoted by
K,., K. . and K are calculated from the displacement function given
XX vy Xy

by the equation (18) for uniform stress-condition (15).

Formulation of the Overall-Matrix

The incremental force-displacement relationship for an
element given by equation (16) when transformed from the local

axis to the global co-ordinates becomes :

P .
tary = [R]T[®][r]ta0} » (20)

where

{APe} = a column matrix representing the components of the forces
acting at nodal points of an element in glcbal co-ordinates;

{AQe} = a column matrix representing the displacement components of
an element in global co-ordinates;

[R] = a transformation matrix relating local axis system with

global co-ordinates.
The overall matrix is formed from the assembly of the individual

stiffness matrices of elements and is given by :
{ap} = [x]{a0} (21)

RESULTS

Post-Buckling Behaviour of a Square Plate Loaded in Edge Compression

In this section, solutions are presented for the post buckling
behaviour of a clamped square plate subject to uniform in-plane

compressive stress acting on two opposite edges.
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All four edges of the plate are fully restrained against
out of plane rotation. The loaded edges remain straight and do
not rotate in the plane of the plate when the plate is loaded,
i.e. the loaded edges remain parallel to each other. The unloaded
edges are allowed to move freely in the plane of the plate. The
plate is assumed to have an initial deformation of the same form
as that developed in the buckled plate; the central deflection
having a magnitude of 0.2 times the thickness of the plate. The
result of the finite element analysis is shown as curve 1 in

Fig. 4.

Curves IIa and IIb are the two solutions obtained by
Yamaki (17). In both solutions the loaded edges were constrained
to remain straight and move with a parallel motion. The solution
given by the curve (Ila) was obtained for the case where the
unloaded edges are constrained to remain straight, whereas for
case (IIb) the unloaded edges were allowed to move in the plane
of the plate. The finite element solution gives better agreement
with the case (IIa) compared to (IIb) although the differences
between the two curves (IIa) and IIb) are not very significant.
It should be mentioned that the present incremental approach
calculated the membrane stress at the centroid of an element and
not at the edge of the plate; and therefore with the present
elements one cannot obtain the true stregss-free cohdition., Also,
since the stress component oy perpendicular to the unloaded edge
is tensile, it is to be expected that the present solution will
give a lower value for deflection as compared with the case where

the edges are totally unconstrained (case (IIb)).



262 THIRD SPECIALTY CONFERENCE

Fig. 5 gives a plot of the memkrane stresses at the point
marked A in the Fig. 4 in the x and y directions respectively.
Also plotted in the same figure are the available experimental
and theoretical values of Yamaki at the centre of the plate.
Because of the initially deformed shape, the finite element
solution shows closer agreement with experimental results than
the theoretical values obtained by Yamaki for the case of a

flat plate.

Post Buckling Behaviour of a Clamped Plate Under Partial Edge Loading

(a) Finite Element Solution:

Figs. 6-9 show the results obtained on the postbuckling
behaviour of a clamped plate by the finite element method using
rectangular elements. The dimensions of the plate are shown in
the Fig, 6. The boundary conditions used for finite element
analysis can be stated as follows :

(i) all the edges are free to move in the plane of the

plate;

(ii) all the edges are clamped against lateral rotation;

(iii)the plate is supported vertically on two rollers

placed at each end. The load P is applied centrally

acting over a width of 3 inches on the top face of the
plate. The load deflection behaviour of this plate along
the central vertical line is shown in Fig. 6. The
deflected form at P = O represents the initial curvature
of the plate with a maximum deflection, wo, at the centre
equal to 0.3 times the thickness of the plate. The growth
of deflection clearly shows that the crest at which the
deflection is maximum moves away from the neutral axis

with each increase in loading. Fig. 7 shows the load
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deflection behaviour at the point marked A in the

Fig. 6. Figs. 8 and 9 show the growth of the membrane
stresses Oy and oy along the same vertical line with
increase in loading. The actual values of the loads

at which stresses are plotted are given in the Fig. 6.

(b) Experimental Results

A number of tests were conducted on panels of three different
aspect ratio to study the postbuckling behaviour of the web under
partial edge loading. Strain gauges are fixed at different locations
at the central vertical line to measure membrane strains with the
increase in loading. Details of the experimental set up are
described elsewhere (8,15), and will not be described in detail
in this paper, Fig. 10 gives the relevant details regarding the size

of the girders and the type of loading employed, see also Fig. 11l.

Figs. 12 - 17 show the experimental results obtained from
the tests on three specimens. These results can be divided into
two groups:

(i) Figures 12-14 show the membrane strain distribution
along the central line for a given loading for the three test
specimens. The locations at which the strains were measured are
also shown in the corresponding figures. The membrane strains
were calculated from the average value of two strain readings on
opposite faces at a given location. Also, plotted in the same
figures shown by the full 1lines are the values obtained by the
finite element method along a vertical line very close to the
central line. Generally, there is excellent agreement between

the finite element result and the experimental results.



264 THIRD SPECIALTY CONFERENCE

Figs., 15-17 show the load deflection behaviour of the
three specimens at the location marked A in the corresponding
figures. The buckling loads for an ideal plate obtained from
the authors Finite Element Method are also shown in the
corresponding figures, Clearly, in all cases failure has occurred
after plastic deformation has occurred. 1In Fig. 15, the load/
deflection relationship for the point marked A is compared with
the finite element solution results given in the Fig. 6, and
once again an excellent agreement has been obtained. Local
yielding started at a load close to the critical load under
the point of application of the loading on one face of the
specimen. After this yielding has started, the plate deflection
has grown very rapidly with increase of loading. This early
vielding was due to the presence of the residual stress which
are present and also due to initial curvature of the plate.

A future extension of the present work will be to extend the

present elastic postbuckling analysis to include plasticity.

CONCLUSION

The present paper presents a large deflection elastic
finite element solution for the behaviour of a plate loaded by
a patch load. Comparison is then made with existing experimental
results and additional tests by the authors. A high level of
agreement was obtained with the theoretical and experimental

results.
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APPENDIX II-NOTATION

rectangular co-ordinates
thickness of plate element
components of displacements
directions respectively
rotations about the axis, x

forces in the x,y and z dir

in x,y and z co-ordinate

.Yy and z respectively

ections respectively

moments at a node of an element about the x,y and z axis

respectively

direct stresses in the x an
shear stress in x and y pla
displacement vector of an e
force vector of an element

displacement vector of the

global co-ordinates

force vector of the assembl
co-ordinates

elastic stiffness matrix of
geometric stiffness matrix

stiffness of the assembled

superscripts p and b refer

components associated with

stiffness matrices. Other

occur.

d y directions respectively
ne

lement in local co-ordinates
in local co-ordinates

assembled structure in

ed structure in global

an element
of an element
structure

to the in-plane and bending

eb
E

symbols are defined as they

in-plane Kgp and bending K
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FIG. 1a. IDEALIZATION INTO FINITE ELEMENTS
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Fig.10. Details of Test Girders.
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(b)

Figure 11. VIEW OF GIRDER IN TEST FRAME
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o Finite element solution
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FIG. 15 LOAD/DEFLECTION BEHAVIOUR AT THE POINT
MARKED A
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