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ABSTRACT: In the actual design codes the interaction formula for local and overall buckling 
modes of thin-walled steel compression (TWSC) members, the effect of local buckling. is 
introduced by means of effective strength of short members. This paper proposes to replace, into 
the Ayrton-Perry interaction formula, the short member "effective" strength, which is based on 
the "effective width" approach by the plastic strength evaluated by means of local plastic 
mechanism analysis. There are some papers by Murray et al. [1,2,3], in which the plastic 
mechanisms corresponding to the local buckling of plates and TWSC members in compression 
are analysed. On this basis, the local·overall interactive buckling modes can be regarded as 
interaction between local rigid-plastic mode and overall-elastic one, but until now it was difficult 
to couple these two modes into an adequate interactive equation. The paper shows the use of 
proposed "plastic-elastic" approach for the analysis of some series of plain and lipped channel 
specimens in compression. Comparisons with test and EUROCODE 3 results are presented. 

INTRODUCTION 

In case of TWSC members multiple local buckling modes may occur simultaneously under the 
same critical load. For a long member, multiple load buckling modes with mol, m, m+l half
wave-length may interact in a first form of interaction (Fig. 1) and give rise to an unstable post
critical behaviour. It is very important to know that such interaction provides a localisation of 
the buckling patterns, because the localised mode has a more pronounced unstable slop than that 
periodical one. The second interaction is due to the interaction of the stable post-critical overall 
buckling with an unstable post-critical localised buckling and yields to a very unstable post
critical behaviour. This interaction produces a great erosion of the critical load due to 
geometrical imperfection, and characterises the behaviour of thin-walled members [4]. 

If the localised mode occurs prior to the overall one, the member post-buckling behaviour 
may be modified by material yielding and leads to a local plastic mechanism (Fig. 2). In this 
case, the interaction occurs between the overall mode, which corresponds to an elastic non-linear 
behaviour of the TWSC member, and the local plastic buckling of the component walls. Murray 
[1,2,3] has given a theoretical model of this type of behaviour, and provided a method, which 
closely predicts the localised large plastic displacement failure of thin-walled members. The 
problem is to identify correctly the plastic mechanism, because a quite confusing variety of such 
mechanisms exist. 
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Fig, 1 -Localised buckling pattern generated by multiple local buckling modes interaction 

NL = local buckling load 
Npl = local plastic 

mechanism load 

local plastic 
mechanism 

Fig. 2 - Thin-walled compression member behaviour 

If the plastic mechanism is properly identified, the resistance of the short member, either in 
compression or bending, can be more appropriately evaluated, than using the "effective width" 
approach. The reason is that even local buckling firstly appears in case of short members, it 
always changes into local plastic mechanism when the member fails. 

For stub columns the "effective width" approach operates with the plastic strength of the 
effective cross-section, while effective width of component walls is evaluated in terms of the 
elastic critical stress; this represents an important inconsistency of this theoretical model. The 
"local plastic mechanism" operates with the "real" plastic strength, assuming the TWSC stub 
column fails by forming plastic hinge and/or plastic zone, as effect of the localisation of buckling 
pattern. Consequently, the local-global interactive buckling is of plastic-elastic type, not an 
elastic-elastic one. 

2. PLASTIC RESISTANCE OF THIN-WALLED STUB COLUMN 

2.1 Local plastic mechanisms a/thin-walled stub column 

In order to investigate the plastic collapse of stub channel columns, Murray & Khoo [1] tested 
many channels with different cross-sections and observed five different plastic mechanisms (Fig. 
3). 
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Fig. 3 - Five plastic mechanisms observed in laboratory tests on channel columns [I] 

Figure 4 shows some examples of plastic mechanisms observed during the tests on plain 
and lipped channel stub columns, carried out in MSM Laboratory of the University of Liege 
[5,6]. 

a) b) 
Fig. 4 - Plastic mechanisms of plain and lipped channel stub columns 

There are two major classes of plastic mechanisms i.e. true mechanism and quasi
mechanism. A true mechanism is one, which is developed from the original thin-walled member 
by folding the individual plates along the plastic hinge lines. A quasi-mechanism is one in which 
some regions of the individual plates of the structure are deformed by yielding in order to allow 
for plastified zones to deflect. 

Murray & Khoo [1] and Mahendran & Murray [2], respectively, proposed some simple 
basic mechanisms (Fig. 5) which can be combined to draw up the more complicated ones 
obtained in practice. 

The present study is focussed on the behaviour of plain and lipped channel sections. Table 
1 gives the load-deflection formulae (N-to.) for the four true plastic mechanisms used in this 
paper. 
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Fig. 5 -Basic plastic true mechanisms of thin-walled steel structures 
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where: 
~ = lateral deflection of flange I web; 
t = thickness of wall; 
b = width of flange I web. 
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The mechanism type depends on the yielding strength of steel, slenderness ratio, bit, and 
the level of initial geometrical imperfections of the TWSC member. 

In Table 2 [2] is shown the influence of initial out-of-plane deflections, Yo and slenderness 
ratio bit for plates subjected to in plane compression. It was observed that plates with large bit 
ratio developed flip-disk mechanisms, while plates having smaller bit ratio developed roof
shaped mechanisms. 

Table 2 - Local lastic mechanisms for a yield stress of 250N/mm2 

bit 20 40 60 80 90 95 100 
olt 

0.00 Roof Roof 'Roof Roof Roof 
0.03 Roof Roof Roof Roof Roof 
0.05 Roof Roof Roof Roof 
0.10 Roof Roof Roof Roof 
0.20 Roof Roof Roof Roof 
0.30 Roof Roof Roof 
0.40 Roof Roof 
0.50 Roof Roof 
0.60 
0.70 
1.00 

Rondal [7] analysed the influence of yield strength change and the effect of residual 
stresses on the behaviour of thin-walled cold-formed steel columns. Figure 6 shows the change 
of yield stress for plain channel and hat section specimens. Both the change of yield strength on 
the member cross-section and residual stresses are due to cold-forming and represents a 
characteristic ofthe cold-formed steel sections. 
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, / fyb ,"' ..... ----
corner corner 

Fig. 6 - The influence of cold-forming process 

Eurocode 3 Part 1.3 [8] provides a formula to evaluate the average design strength, fya, to 
take into account the influence of cold forming. This is: 

fya = fyb +(CNt2/Ag) x (fu - fyb) (1) 
where: 
fyb , fu = characteristic tensile yieldin~ strength and tensile ultimate strength 

of the basic material (N/mm ); 
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= material thickness before cold forming (mm); 
Ag = gross cross sectional area (mm2); 
C = coefficient as a function of the type of forming; 

C=7 for rolled material 
C=5 for other methods of forming. 

N = number of 90" bends in the section with an internal radius < 5t. 

Starting from tests performed by Batista at the University of Liege on plain and lipped 
channels in compression [6], Table 3 shows the average design strength values, fya, compared 
with the yielding strength of the basic material, fyb ' It is easy to observe that fya is (5-10)% higher 
than fyb. 

Table 3 Average design strength f, (N/mm2) - 'ya 
Profile Section r(mm) fyb fu fya 

Wlxw2xw3xt 

U22 112x56x2 2 397 540 410 

U33 75x60x2 2 397 540 412 

U40 51x51x2 2 397 540 417 

CIO 103 x36x21 x2 2 397 468 425 

C80 89x89x18x2 2 397 468 417 

C86 I OOx 1 00x20x 1.5 1.5 376 468 384 

In what concerns the residual stresses, Batista found for his tested plain channels that they 
do not exceed 40 N/mm2, while for lipped channels they do not exceed 90 N/mm2. Figure 7 
presents the measured residual stresses for plain and lipped channel specimens. It can be seen 
that the average residual stresses are going in negative sense, both for flanges and webs, and 
compared with the change of yield strength, due to the cold forming, they are opposite. 

20~'" ............. - ... _-, \ 

-ao \ 

U49 
(50X50)(2) 

-- externo.l 
------- internal 
-- o.vero.ge Jj 

~ ~ 2l5'I=~=g:\(= + traction 
.. ,.~ / - cOMpression 

........ _--./ 
-20 

Stresses in MPa 
DiMensions in MM 

U9' 
<103X36)(2IK2) 

Fig. 7 - Measured residual stresses for plain channel and lipped channel specimens 
tested by Batista [6] 
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2.2 Numerical study of the ultimate strength of cold-formed stub columns. Comparison with 
experimental data 

In this paragraph, the experimental data carried out in MSM Laboratory of the University of 
Liege [6] are compared with theoretical results obtained by rigid-plastic analysis. In Table 4 the 
main data dimensions for both plain and lipped channel specimens are shown. 

Table 4 - Main data for 2lain and lipped channel specimens tested in Liege 
Plain channel 

Profil fya(N/mm2) fYb(N/mm2) fYd(N/mm2) h(mm) b(mm) t(mm) L(mm) 

U22 410 397 370 113 55 2.05 298 
U33 412 397 372 76 60 2.06 399 
U44 413 397 373 64 62 2.05 413 
U18 413 397 373 94 47 2.04 250 
U29 415 397 375 63 51 2.08 240 
U40 417 397 377 51 51 2.04 224 

Lipped channel 

Profile fyb fya fyd h(mm) b(mm) c(mm) t (mm) L(mm) 
(N/mm2) (N/mm2) (N/mm2) 

C8 397 428 338 103 36 10 2.02 225 
CIO-1 397 425 335 106 35 21 2.03 241 
CIO-2 397 425 335 106 35 21 2.03 241 
CIO-3 397 425 335 106 35 21 2.03 242 
C49 397 419 319 103 50 31 2.01 246 
C78 397 418 318 89 89 10 2.07 355 

C80-1 397 417 317 91 88 18 2.04 354 
C80-2 397 417 317 91 88 18 2.04 354 
C80-3 397 417 317 91 88 18 2.04 354 
C82 397 416 316 91 89 27 2.07 353 
C34 376 385 295 156 54 30 1.49 352 

C84B 376 385 295 98 99 12 1.48 343 
C86B-3 376 384 294 100 100 20 1.49 299 
C86B-4 376 384 294 100 100 20 1.49 397 

In Table 4, the geometry notations are the usual ones, while fyd notation is the corrected 
value of average yield strength, in order to account for residual stresses. 

The main aim of this study is to evaluate the reduction factor of plastic strength, Qpl, of the 
thin-walled sections in compression. The following formula can be used: 

(2) 

where Npl,m is the total plastic force corresponding to the forming of the local plastic mechanism. 
In fact, Qpl represents the dimensionless ultimate plastic strength of a thin-walled stub column. 

In case of plain channels, the quasi-mechanism corresponding to type 1 and type 3 true 
mechanisms was used. This quasi-mechanism is similar to local plastic mechanisms obtained in 
laboratory (see Fig. 4a). For this type of quasi-mechanism (see Fig. 8), Murray obtained the next 
formula: 
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Npl,m = 2~2c[o+e-Ai5-Ei-{(o+e-Ai5-Ei) _4A2C(CEi2 + Eii5+"F)r2] 

where: 
- 1 -t P - - -
A=---; B=-+-; C=-fyh; D=2fyth; F=2Prer -fyhel2 

2fyh 2 fyh 

0= member out of plane deflection, 0 = A2L/(2b2 tan~); 
e = position of applied force P; 
fy,d = corrected average yield strength with residual stresses; 
L = length of the element. 

~ 
p 

Fig. 8 - Model of local plastic mechanism of a plain channel column with flange failure 

(3) 

In case of lipped channel sections, the combined true mechanisms corresponding to roof
shaped mechanism for web and flange, and type 3 for lips were used, as shown in Figure 9. This 
combined mechanism is similar to the local plastic mechanism obtained in laboratory (see Fig. 
4b). The total plastic force, Npl,m was obtained by simple addition of the values corresponding to 
the individual mechanisms. 

Fig. 9 - Model of the local plastic mechanism in case ofiipped channel column 

The results corresponding to stub column specimens tested in Liege are shown in Table 5. 
The following notations were used: QEC3, is the reduction coefficient for effective area calculated 
with EUROCODE 3 Part. 1.3 formulae, which, in fact, is equal with the dimensionless value of 
stub column ultimate strength, Qexp, is the dimensionless experimental ultimate strength of stub 
column, e.g. 

Q _ Aeff '(}'max 
EC3 - A.f 

y 

(4) 

N 
Qexp = AU:;P 

y 

(5) 
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It can be seen from Table 5 that compared with QEC3, the plastic reduction factor Qpl is in a 
better agreement with experimental values, Qexp. 

Table 5 

Profile 
U22 Q 
U33 
U44 

Profil 

C8 
C16-l 
C16-2 
C16-3 
C49 
C78 

C86-1 
C86-2 
C86-3 
C82 

Plain channel section 
Qpl QEC3 

6.5 7 6.5 
6. 46 6. 69 
6. 26 6. 16 
6. 43 6. 45 
6.712 6. 91 
6.767 6. 4 

Lipped channel section 
Qplaslic Qeff,EC3 

6. 81 6.776 
6.751 6.865 
6.751 6.865 
6.751 6.865 
6. 7 6.7 8 
6.5 4 6.438 

Qexp 

6.581 
6. 9 

Qexp 

6.712 
6.774 
6.7 3 
6.779 
6.762 
6.5 8 

6.722 6. 42 6.738 
6.722 6. 42 6.756 
6.722 6. 42 6.718 
6. 96 6.769 6.761 

m ' 6;7:6.2: .>. 0:763. 6;12Q 
:. s . >6:Q57" . ; 6,;11/ . " Q;6>1 

' l11c 1.4s >. g,~:@<,· . ;"':} ().5,:i2/:'i'. §,: ~F ·· 
C34 6.584 6.582 6.593 

C84B 6.443 6.368 6.447 
C8 B-3 6.513 6.4 5 
C8 B-4 6.513 6.4 5 

3. THE INTERACTIVE ELASTO-PLASTIC BUCKLING OF COLD-FORMED THIN
WALLED STEEL MEMBERS 

3.1 The ECBL approach/or interactive buckling 

The ECBL approach [9] gives the possibility to couple the rigid-plastic local mode with the 
elastic overall one. The main problem of this approach is to evaluate properly the erosion of 
critical load into the "interactive slenderness range". However, the evaluation of erosion is 
possible using some relevant experimental values [16] or numerical simulations [11]. 
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The plastic reduction factor Qpl of TWSC members can be obtained following the method 
presented in previous paragraph. According with ECBL approach, in case of a TWSC member, 

- -2 
the two theoretical simple instability modes in interaction are the Euler mode, N E = 1/ A. and 

the local one, here represented by N U, L = Q pl' The resulting eroded curve, which describes the 

coupled instability mode, is N (A., Q pi' \jJ ) (see Figure 10). 

Theoretically, the maximum erosion of critical load, due both to the imperfections and 

coupling effect, occurs in the interaction point M (i., = 1/ jQ;)' and the erosion factor Ijf is 

defined as: 

Ijf = NE (A.e) - N(A.e, \jJ,Qpl) = NU,L - N(A.e) 

where: 
Nu = ultimate compression resistance ofTWSC members; 
Npl = Axfy full plastic resistance ofTWSC members; 
A = the gross area of cross section; 

N U,L = Qpl, plastic buckling resistance of short TWSC members (rigid plastic mode); 

A. = relative slenderness in overall buckling; 

~ U,L = relative slenderness of short TWSC members (~U,L = 0.2, for compression members); 

A.c = relative slenderness in the coupling point. 

erosion, 'I' 
Elastic overall instability mode 

NU,L I---r-=------t-----Q. 

(6) 

elastic-plastic interactive mode 

N(A.e) = (l-\jJ)NU.L I---+-------t-.....;oc;, 

o 
"'U,L 'Ac 

Fig. 10- The Interactive Buckling Model based on the ECBL Theory 

The Ayrton-Perry equation is used to plot European buckling curves for hot-rolled 
members [13]. The solution of this equation may be easily adapted for thin-walled cold-fonned 
members in compression [9], but this time QEC3 will be replaced with Qpl. From Figure 10 
results: 

- -2 
- 1+a(A-0.2)+Qpl A. 1 ~ - 2 2 2 _ 
N = 2 ---=2 [1 + a(A. - 0.2) + Qpl A. ] - 4Qpl A. - (l-Ijf)Qpl 

2A. 2A. 
(7) 

where: 

~=1/ JQ;: (8) 

From the upper formulas results: 

\jJ2 JQ;: 
a = --. ---"---'-== 

l-\jJ 1-0.2JQ;: 
(9) 
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This represents the formula of "a." imperfection coefficient which should be introduced in 
European buckling curves in order to adapt these curves for plastic-elastic model of interactive 
buckling of thin-walled cold-fonned members. The "a." imperfection factor should be calibrated 
in tenns of 'I' and Qpl factors. 

There are two practical ways that can be used to evaluate the 'I' erosion factor: 
1. the experimental procedure which involves a statistical analysis of a representative series of 

test results corresponding to specified cross-section shapes, characterised by means of Qpl 

factor in the slenderness range of interactive buckling; i.e. ~ = 1I.JQ;: ± E (see Fig. 11); 

Both, the "mean approach" [10] or the "Eurocode 3 Annexe Z approach" [12] can be used to 
evaluate experimentally the erosion factor '1'. 

2. the numerical approach based on Finite Element (FEM) or Finite Strip (FSM) non-linear 
analysis of the behaviour of thin-walled columns in the vicinity of critical bifurcation point 
[11]. 

This paper use of the ECBL "mean" approach for the case of experimental procedure. 

N 
1,-----------, 

Qp1i-------- ---+--x 

(\_IjI)Qpl 1------ ---'r---~ 

intera ive slen erness r nge 

o 
o 

o Experiments 

- -2 
NEULER = 11 A 

2 

Fig. 11 - Evaluation of 'I' Erosion Factor by means of experimental tests 

3.2 Numerical results 

The experimental data carried out at the University of Liege [6] were used to compare the ECBL 
plastic-elastic approach with the elastic-elastic one, and with EC3-Part. 1.3 results. 

If the interactive slenderness range is assumed to be ~±E = lIQ~i5 ±0.20 [10], the 

experimental "mean" approach includes the following steps: 
1. Compute the individual erosion for the i column specimen 

(10) 

where 

N. = Ni,exp 
I,exp 

Ni,pl 
(11) 

with Ni,exp - the experimental failure load and Ni,pl = Aixfy - the full plastic resistance of the i 
specimen. 
2. Compute the mean value of 'I' erosion factor for all n specimens with the same cross-section 
shape, included into the interactive slenderness range: 
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1 n 
IjIm = - I(Qpl - Nj,exp) 

n i=! 

3. Compute the design value of the erosion factor: 

IjId =ljIm +1.64s 

in which s is the standard deviation related to If/; and If/m values. 

(12) 

(13) 

Figures 12 and 13 show the results for plain channels, while Figures 14 to 16 the results for 
lipped channels. According to Eurocode 3 Part. 1.3 the safety factor, YMl=1.1, was used for all 
numerical results. 

0.7 
N 

0.6 • 
0.5 - - - - - - - - - - -

0.4 . - ECBL elastic-elastic 

Q=0.582 

0.3 - - IjI =0.302 
a=O.1l8 

0.2 . __ ECBL plastic-elastic 
Q=O.583 

1jI=0.302 
0.1 - - a=0,1l8 

0.0 

0.0 0.2 

U113x55x2.05 

0.4 0,6 0.8 

• experiments 

-EC3 

--ECBL elastic-elasti 

""'*" ECBL plastic-elastic 

1.0 1.2 

Fig. 12 - Numerical/Experimental Comparison for Plain Channel Sections 
subject to Compression tested by Batista [6] 

0.7 

0.6 

0.5 

0.4 . 

0.3 

0.2 

0.1 

N 

• • 
U62x62x2.05 

- - - - - - _. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - . 

. __ ECBL elastic-elastic 

Q=0.610 
___ 1jI=0.398 

a=O.243 
___ ECBL plastic-elastic 

Q=0.640 
___ 1jI=0.430 

a=0.310 

• experiments 

-EC3 

__ ECBL elastic-elastic 

__ ECBL plastic-elastic 

0.0 ---.- --·-T-··-·----,-·----- .. ---·"-----r-·---~---___, 

0.0 0.3 0.6 0.9 1.2 1.5 1.8 

Fig. 13 - Numerical/Experimental Comparison for Plain Channel Sections 
subject to Compression tested by Batista [6] 
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0.9 

0.8 
CI06x35x21x2.03 N 

----!§ ------ --------------------------

0.6 

0.5 
ECBL elastic-elastic 

0.4 - - Q=0.805 
\jI=0.302 

0.3 - - 0;=0.143 

0.2 

0.1 

ECBL plastic-elastic 
- - Q=0.750 

\jI=0.336 
- - 0;=0.178 

~ experiments 

-EC3 

__ ECBL elastic-elastic 

-*- ECBL plastic-elastic 

0.0 +---,----r-----~--.-_,_---_,_--_,_--, 

0.0 0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7 

Fig. 14 - Numerical/Experimental Comparison for Lipped Channel Sections 
subject to Compression tested by Batista [6] 

N ~ C9lx88x18x2.04 ~ experiments 

0.8 J --=-- - --- -------------- -------------------------------- ---

0.7 ------------------------------ ---- -EC3 

0.6 +-______ __ 

0.5 

0.4 

0.3 

0.2 

0.1 

ECBL elastic-elastic 
Q=0.642 
\jI=O.302 
0;=0.125 
ECBL plastic-elastic 

- - - - Q=0.721 

\jI=0.423 
- - - - 0;=0.317 

__ ECBL elastic-elastic 

"'*'"' ECBL plastic-elastic 

0.0 -

0.0 

-.--"'T'-----.... --,--------r-------.-----,-----, 

0.2 0.4 0.6 0.8 1.0 1.2 

Fig. 15 - Numerical/Experimental Comparison for Lipped Channel Sections 
subject to Compression tested by Batista [6] 
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0.7 --------------------------- --------

N C156x54x30x1.49 & experiments 

0.6 -----&------------------------------- -EC3 

0.5 

0.4 

0.3 

0.2 

0.1 

ECBL elastic-elastic 
Q=0.582 

- - - - - 0/=0.302 

a=0.118 
ECBL plastic-elastic 
Q=O.583 
0/=0.302 

- - - - - a=0.118 

......... ECBL elastic-elastic 

""*- ECBL plastic-elastic 

0.0 +------~-----.-----__r-----__, 

0.0 0.4 0.8 1.2 1.6 

Fig. 16 - Numerical/Experimental Comparison for Lipped Channel Sections 
subject to Compression tested by Batista [6] 

4. CONCLUSIONS 

a) The local rigid-plastic model, proposed by Murray and developed in this paper describes 
properly the behaviour of thin-walled stub columns. This model is consistent with the real 
phenomenon of stub columns failure and is confirmed by test results. However, the crucial 
problem is the correct estimation of yield strength value accounting for the effects of cold 
forming. Even the present study was focussed on the behaviour of members in compression, the 
extension of propose model to the members in bending or in bending and compression can be 
done without major difficulties. 

There is no distinction in this study between local and distortional instability modes. The 
first assumption of the local rigid mode was in correspondence with the local buckling of the 
thin-walled sections, but there is no problem to model the distortional mode too. 
b) The ECBL approach was used to obtain a plastic-elastic interactive formula in a similar 
format as the actual buckling curves are expressed. Due to the lack of dedicated experimental 
values, the rigorous Eurocode 3 Annexe Z procedure [12] was not possible to be used for the 
erosion factor calibration. It is expected that with a dedicated experimental data base the use of 
Annex Z procedure will improve the results. However, the actual results are encouraging enough 
to continue this study. 
c) The plastic-elastic interactive model naturally describes the phenomenon of the interactive 
buckling of thin-walled members, but further research is necessary in order to validate this 
approach. 
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