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Py-qy

Eq
Ey
Es
Fo

KI’KT
K E.
L.L(t)

Nomenclature

coefficient of viscous damping
acceleration of gravity

spring constant

mass

reversal value of restoring force per
unit mass = Qo /m

restoring force per unit mass = @/m
yield or characteristic strength of
spring per unit mass = Qy /m

an exponent

time

x-displacement along cantilever beam
relative to base

velocity
relative
ground
extreme displacement of the restoring
force

yvield or characteristic displacement of
spring

ground displacement

seismic lateral load coefficient
dissipated energy per unit mass due to
plastic deformation

input energy per unit mass

energy loss per cycle due to viscous
damping

hysteresis energy dissipated per cycle
energy input per cycle

strain energy input

maximum amplitude of the forcing
function

a constant

kinetic energy per unit mass

energy loss per unit mass due to
viscous damping

displacement of mass to

vii

M
My

Q.0m
Qy

Qo
Ra
Rg
R,
Sa

Sa

bending moment

yield or characteristic bending mo-
ment

restoring force

yield or characteristic
spring

reversal value of the restoring force
acceleration response factor
displacement response factor

velocity response factor

approximate maximum absolute ac-
celeration

approximate maximum relative dis-
placement

approximate maximum relative veloc-
ity

maximum strain energy per unit mass
(elastic)

strength of

maximum base shear

weight of the system

phase angle

fraction of critical damping

maximum strain energy input to re-
coverable strain energy at yield
excursion ratio

ductility ratio

a time parameter

curvature

yield of characteristic curvature
frequency of input force

undamped natural frequency of a
system

damped natural frequency of a system

absolute value

NOTE: Differentiation with respect to time is
denoted by dots.



l. Introduction

A. THE EARTHQUAKE PROBLEM

It would be an ideal situation if the designer
of an earthquake-resistant frame structure could
know the response of the structure to the
ground motion to which it would be subjected
in its useful lifetime. This response is not
possible to obtain. The nature of the ground
motion encountered in earthquakes and the type
of structures the engineer has to work with are
much too complicated for that. On the other
hand, much can be learned about structural
behavior in earthquakes by response spectrum
analyses of past strong-motion earthquakes.
Moreover, the response spectrum is a powerful
tool to aid the designer of earthquake-resistant
structures. The general shape of the velocity
response spectrum of an earthquake motion can
also provide significant information about the
expected inelastic response of a multistory
structure.

A linear response spectrum{1,21* gives the
maximum response of a single-degree-of-freedom
damped linear oscillator to an earthquake as a
function of the natural frequency and damping
coefficient of the oscillator. The response may
be expressed in terms of acceleration, velocity or
displacement. The linear oscillator can be repre-
sented by a single mass, spring, and dashpot.

Response spectrum analyses of strong-
motion U. S. earthquakes[3] indicate seismic
lateral forces to be much greater than the
accepted code values currently in use in earth-
quake design, even when the structure is heavily
damped. On the other hand, buildings designed
in accordance with current seismic building
codes have survived strong earthquakes without
showing excessive structural damage. One pos-
sible explanation is that both the structural and

*Numbers shown thus [2] identify references at the end of this
report.

nonstructural components remain active when
strained beyond their elastic limits and the
energy transmitted to the structure by the
earthquake is dissipated by inelastic deforma-
tion.[4] Dynamic response beyond the elastic
range is therefore a topic worthy of further
investigation.

The elasto-plastic load-displacement relation
has been used in a great majority of the studies
of inelastic response to earthquake. The present
study includes the elasto-plastic relation as a
special case of a more general load-displacement
relation called the Ramberg-Osgood relation,[5]
in which three parameters, a characteristic load,
a characteristic displacement, and an exponent,
characterize the behavior. Experimental work in
progress at the University of California, Berke-
ley, on structural steel members and connections
indicates that the Ramberg-Osgood relation can
provide a good approximation of actual member
behavior. A detailed discussion of the Ramberg-
Osgood relation is presented later in this report.

B. EARTHQUAKE CHARACTERISTICS

U.S. Coast and Geodetic Survey records of
strong-motion earthquakes show that during an
earthquake the ground moves at random in all
directions, and the ground accelerations is ex-
tremely irregular with respect to both frequency
and amplitude. The digitized versions of the three
components of ground motion of the earth-
quake recorded at Taft, California, on July 21,
1952, are shown in Fig. 1. This record is typical
of ‘“‘strong-motion” earthquake accelerograms.
The maximum acceleration recorded on any
U.S.C.G.S. strong-motion earthquake accelero-
gram to date is .50 g, recorded at Parkfield,
California, on June 28, 1966. Prior to that time,
the maximum recorded acceleration was the .33
g acceleration recorded at El Centro, California,
on May 18, 1940. The duration of the intense
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Fig. 1. Accelerograms, Taft, July 21, 1952.

portion of strong earthquakes ranges from 7 to
30 seconds.{3]

C. THE PRESENT STUDY

In this report the response of a single-
degree-of-freedom structure subjected to strong
motion earthquakes as well as to steady-state
oscillations is studied. The principles and con-
struction of the response spectra, which include
the linear, the elasto-plastic and the Ramberg-

Osgood systems, are discussed in detail.

The effect of shape of the force-displace-
ment curve on the earthquake response spectra
is examined. The effect of changing the accelera-
tion-intensity and the time scale of a known
earthquake accelerogram on the response spectra
is investigated. The influence of vertical dead
load forces upon response of a structure is also
examined briefly.



ll. The Linear Oscillator

A. THE DIFFERENTIAL EQUATIONS
OF MOTION

Consider a simple linear oscillator consisting
of a single mass, spring, and dashpot subjected
to a sinusoidal forcing function as shown in
Fig. 2. The differential equation of motion for
this system is

mi+cex+kx =F, sinwt

In terms of unit mass it becomes

.. - F, .
X+2fwnXtwn x =20 sinwt (2.1)
where
m = mass
¢ = coefficient of viscous damping
g = £ = fraction of critical damping
2V k/m
k = spring constant (stiffness)
x = relative displacement of mass to ground,

(function of time)
wn =/ ’% =the undamped natural frequency
w = forcing frequency
r  =time

Fo = maximum amplitude of the forcing
function (a constant)

Differentiation with respect to time is denoted
by dots.

The steady-state solution of Eq. (2.1) can be
written as

x=%Rd sin (wt — a) (2.2)

where

Ry = — l (2.3)
JE-EyT o (2

and « is the phase angle.

B. STEADY-STATE OSCILLATION

Curves showing R4 as a function of frequency
ratio w/wn for various values of g are plotted in
Fig. 3.

The wvelocity and acceleration responses,
obtained by differentiating Eq. (2.2) with respect
to time are

=Y. Rqcos(wt - ¢) =

X
Fo /N km wn

Ry cos (wt — ¢) (2.4)
and
. 2
X _ = _ (@ ] — =
Folm wn) Rg sin (wt — ¢)
— Ra sin (wt — ¢) (2.3)

The response factor Rg reaches its maximum

value of 1/(28 VT = 87) at w/wn =1 ~ 262,
Ry, has a maximum value of 1/28 at w/wnr =1
and R; has a maximum of 1/(28 /1 - §2) at
wlwn = 1T — 282

A family of curves showing a four-way plot
for response factors as functions of w/wx for
various § values is drawn in Fig. 4; the grid lines
sloping upward to the right are for Rg, the
horizontal grid lines are for Ry, and the lines
sloping downward to the right are for R, as
indicated. The Rg curves of Fig. 4 are the same
as those of Fig. 3 except for the logarithmic scales.

C. EARTHQUAKE RESPONSE

Consider next the linear oscillator of Fig. 2
subjected to ground motion only, as shown in
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Fig. 2. Linear oscillator subjected to a
sinusoidal force.
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Fig. 3. Frequency-amplitude response for
steady sinusoidal load. {19]

Fig. 5. A simple one-story elastic frame with
rigid foundations can be represented by a linear
spring-mass-damper system. The motion con-
sidered here is translation in the direction of the
spring and dashpot.

The equation of motion of the system
subjected to ground motion is:

mx +cx + kx = —my (2.6)
where

y = ground displacement, a known function of
time.

Equation (2.6) can be rewritten as

X+2wn X +wix=—j (2.7)

where w, and B are the same as previously
defined.

The solution of Eq. (2.7) for zero initial
conditions is:

X = - f;v}f It P(rye~Bwnlt=-7) gin w* (- 1) dr
n o

(2.8)
where

wk¥ =wn /1 — B2 = damped natural frequency
= time

7= a time parameter of integration

D. THE RESPONSE SPECTRUM
Let

S’ :Oft W)e Bwn(t—1) gin whlt—7)dr (2.9)
and

() =Ji Hr)e” Bwn(t=1) cos w*(t—7)dr (2.10)

The displacement response of the oscillator, from
Eq. (2.8), is then

x=-1_g (2.11)

Wp

¥
The b and C integrals can be differentiated
under the integral sign, leading to

x= 6 = S - C (2.12)

S +28wn () (2.13)

Both S and C are oscillating functions of
time, and for earthquake input they tend to
oscillate at approximately the same amplitude and
about 90° out of phase. Hence, when one of the
integrals is at its maximum, the other is nearly
Zero.,

Define:

2
X+ y=(1—2p2) “n
w

n

Sy =1 S lnax (2.14)

The maximum of the absolute value of x, from
Eq. (2.12), is:

| X | max = I8 :)Jn kq - p Vmax (2.15)

n
Because $ is small, the (7 term dominates and
the right-hand side of this equation becomes
approximately equal to | (7 Imax,which is nearly
equal to | b Imax, making
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Fig. 4. Response factors for a viscous-damped single-degree-of-frecedom
system for steady sinusoidal load. [2]

Similar reasoning, and assuming small values of g,
leads to

b e ax *—SL =S4

Wn
X+ Vhnax = wnSy =S, (2.18)
Note that Sg and S, are approximately equal to
the maximum relative displacement and velocity,
respectively, and S, is approximately equal to the
maximum absolute acceleration. Combining Eqs.

(2.17)and (2.18) results in the simplified relation-
ship of

(2.17)

Y

Wy

wnSq =Sy (2.19)

Sz is morce directly applicable to design
procedures because it is directly related to the

force exerted on a structure. S, finds more
frequent application in theorctical develop-
ments.

For a given ground motion, Sy can be
calculated by numerical integration or by analog
computer for different periods and fractions (?f
critical damping. The plot of S, against period 7,
with damping ratio g8 as a paramcter, is known ds
the velocity response spectrum.| 1]
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Different definitions of velocity response
spectrum have been used by different authors.
Some define it to be the maximum relative
velocity, others as the maximum relative dis-
placement times w,, and some others as the
maximum relative displacement times wj,. Unless
otherwise specified, the last is the definition
used throughout this report. The real velocity
spectrum is obtained by plotting the right-hand
side of Eq. (2.15) against the period. Typical
examples of this can be seen in Figs. 6a[8] and
6b.{8]

Arithmetic plots of S4, Sy, and S; against
the period 7" for various values of § are shown in
Figs. 7, 8, and 9, respectively, for the Taft
earthquake and are typical. When the fraction of
critical damping and the period for a single-
degree-of-freedom elastic system are known,
values of Sy, Sy, and S; can be obtained readily
from these plots. As an example let 7 = 0.5 sec
and g = 0.0. The corresponding response spectra
from Figs. 7 to 9 are Sg = 3.55 in., §, =
4.44 in.[sec, and S, = 1.44 g.

Figure 10 shows the same velocity spectra of
Fig. 8 plotted in a log-log scale. Because of the
relationship shown in Eq. (2.19), logarithmic
diagonal scales can be constructed—for displace-
ment sloping up to the right, and for accelera-
tion sloping up to the left—and values of all
response spectra (Sg, S, , and S¢) read directly
from the same plot. To illustrate this, let us use
the same example as before. To find the
response spectra one follows, in Fig. 10, 7= 0.5
sec vertically up until the curve g§ = 0.0 is

reached. The intersection of a horizontal line
through this point and Sy -axis (the vertical
scale) gives Sy = 44.4 in./sec, the intersection of
a sloping line parallel to Sg-axis through the
same point and the S,-axis gives S, = 1.44 g
Similarly the intersection of a line parallel to
Sz-axis through the same point and the Sy-axis
gives Sqg = 3.55 in. These are shown by the
dotted lines in Fig. 10, and, as expected, are the
same as the results obtained from Figs. 7 to 9.
Thus the maximum displacement, maximum
velocity, and maximum acceleration, all three,
can be obtained directly from a single log-log
plot.

The maximum base shear Vp for a simple
oscillator is related to the response spectrum as
follows:

Ve =k 1x bnax ~ (m w2) (OF—)= mwnSy

" (2.20)
Alternatively, one may write
Ve =m |5+ flmax~ mSa = 22 W (2.21)

4
where W is the weight of the system and g is the
acceleration of gravity.

The quantity Sz /g corresponds to the seismic
lateral load coefficient C in seismic building
codes. Typical spectra for the latter are shown in
Figs. 9 and 10. The values given by these graphs,
which may be considered typical for strong-
motion earthquakes, are much greater than the
code values currently in use in earthquake
design.

The maximum strain energy per unit mass U
developed in the system during the earthquake is

1 kx2, ~L1s2 (2.22)

When a multi-degree-of-freedom system is
elastic and its damping forces satisfy certain
requirecments, the structure possesses modes of
vibration equal in number to the number of
degrees of freedom. Each mode behaves as a
single-degree-of-freedom system. Response spec-
trum techniques can be used to evaluate the
maximum base shear in each mode, which in
turn may be used to obtain an approximate
value for maximum base shear in the structure.
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lll.  The Elasto-Plastic System

A. LOAD DISPLACEMENT RELATIONS

With the present trend toward lighter con-
struction in buildings, due mainly to architec-
tural and economic considerations, the struc-
tural frames may need to withstand strains
beyond their elastic limit in order to survive a
strong earthquake. Response spectrum analyses
of strong-motion earthquakes clearly show that
elastic analysis cannot be reconciled with the
observed behavior of actual structures in earth-
quakes. Invariably the elastic stresses indicated
by the spectrum far exceed the yield strength of
the structural materials. In the light of this
knowledge, recent efforts have been made to
extend spectrum concepts to inelastic systems.

The force-displacement relationship of most
structural members beyond the proportionality
limit is difficult to characterize as a mathemat-
ical model. The model which has received the
most attention in recent years, largely because
of its simplicity, has been the elasto-plastic
system, shown in Fig. 11. Ordinarily, no attempt
is made to account for softening or possible
decaying of ultimate strength of the member
due to load reversals.

A single-story frame with elasto-plastic
members can be represented as an equivalent
nonlinear damped oscillator consisting of a
single mass, a spring, a dashpot, and a coulomb

friction element of capacity Qy as shown in Fig.
12.

B. THE DIFFERENTIAL EQUATIONS OF
MOTION FOR EARTHQUAKE RESPONSE

The equation of motion of the system when
subjected to ground motion is

m@E+yp)+cx+Q0=0 (3.1)

This can be rearranged and written on a unit mass
basis as

X+2wnx+qg=—p (3.2)
where
=0
q m

and g and w, are as defined earlier. The yield
level of the system gy is defined as the amount
of force per unit mass necessary to just bring the
spring to its yield strength, ie., gy = Qy/m.

The force-deflection relation from Fig. 11 for
the equivalent unit mass system (Eq. (3.2)) obeys
the relations:

g=0iflgl=g, andgx>0 (3.3)
g=whl xiflgl< gy org x<0
The equation of motion (3.2), a second-order
differential equation, was rewritten for the com-
puter solution as the following two simultaneous
first-order differential equations:
xX=v

and

v=X=—(J +28w, vtq) (3.4)

A Runge-Kutta fourth-order procedure[10]

(with the aid of a digital computer) was used to
solve Eq. (3.4).

C. ENERGY DISSIPATION

The force per unit mass exerted on the
structure by the foundation is — (g + 28 wn x),
and the rate at which energy is being delivered to
the system is

E=—(g+28wnx)y (3.5)

The force on the damper per unit mass is
28 wnx, and the rate of energy dissipation by
the damper is

L =28 wnx? (3.6)
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The kinetic energy per unit mass is

KE =%(>& +5)? (3.7)
The strain energy is made of elastic (recover-

able) energy and plastic (dissipated) energy.

The elastic energy per unit mass is

U= ﬁ._(Lz_

3.8
P (3.8)

and the rate of energy dissipation in plastic
deformation is{ 8]

D=gxiflgi=gy and gx > 0
. . . (3.9)
D=0 if Igl< gy orgx<0

The sum of the various components of energy

in the structure must, of course,equal the energy
input

E=L+KE+D+U (3.10)

This relation provides a useful check on the
accuracy of the computed response.

D. SIGNIFICANT RESPONSE PARAMETERS

Two response parameters, namely, the duc-
tility ratio[6] and the energy ratio, provide a
meaningful characterization of the response of an
elasto-plastic system to earthquake. The ductility
ratio u is defined as the ratio of the maximum

14

displacement to the yield displacement, u =
Xmax [Xy. The energy ratio e is defined as the
ratio of the maximum strain energy input per
unit mass £ to the recoverable strain energy
per unit mass at yield, € = 2 (£5)max /¢y Xy.

If all yielding occurred in the same direction,
the two response parameters would have the rela-
tion e = 2u — 1. In any case,

€e>2u — 1 3.1

E. RESPONSE SPECTRUM CONCEPTS

FOR ELASTO-PLASTIC SYSTEMS

The maximum elastic spring force Q,, can be
expressed as

Om = CsW (3.12)

Where the lateral load coefficient Cs corresponds
to Ix + Jlnax /g For displacements in excess of
the limiting elastic displacement xj, the max-

imum spring force is equal to the yield strength
of spring.

A plot of X + Plmax against period T, for
various values of ductility (or energy) ratio, ar}d
damping parameter 8, results in clasto-plastic
acceleration response spectra.
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When the ductility ratio is known, the real
maximum relative displacement can be obtained
from the relation

Xmax
M
In elasto-plastic systems, because the spring
force is equal to Oy when displacements are in
excess of xj, as previously noted, the absolute
maximum displacement and the absolute max-
imum acceleration are related as follows:

=x, (3.13)

W, | Xlmax o 1 X lpax (3.14)

This relation is exact when 8 = O; otherwise it is
approximate because it does not take the damping
force into account.

A plot of wn Ixhnax/u against period T on a
log-log scale, for specified ductility (or energy)
and damping ratios, results in a pseudo-velocity
response spectra.[6,1 1] (Pseudo in the sense that
wn!Xlmex /u is not equal to the absolute max-
imum velocity xlmax, for there exists a discrep-
ancy between the two and this discrepancy in-
creases with increasing values of u.)

From Eq. (3.14) and the pseudo-velocity
concept, diagonal log scales can be constructed
on the chart as was done in the elastic case, and
the maximum displacement Ixlnex/u and the
maximum acceleration Ix + ¥ lnex read from the
diagonal scales directly. A typical example is
shown in Fig. 13a.

The maximum recoverable strain energy of
the system per unit mass can be expressed by

Lx lmax

é— (wn )2
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F. ELASTO-PLASTIC RESPONSE SPECTRA
FOR THREE STRONG-MOTION
EARTHQUAKES

The input function y(f) consisted of
punched card accelerograms{ 12] of the tollow-
ing three strong-motion carthquakes:

El Centro, California
Taft, California

N-S May 18, 1940
S21W  July 21, 1952
Olympia, Washington S86W  April 29, 1965

Figures 13a-f and 14a-f show pseudo-
velocity response spectra plotted on a four-way
logarithmic grid for various values of ductility
ratio u or energy ratio €, and specified values of
damping parameter 8. This way of presenting the
results, as previously mentioned, has the advan-
tage that values of the maximum spectral
acceleration and the maximum displacement can
be read from the diagonal scales at the same
time. To obtain the true maximum relative
displacement, the values read from these plots
must be multiplied by the corresponding ductil-
ity ratio u. It was found that the maximum
acceleration occurred in the short-period portion
of the spectra; in contrast the displacement was
maximum in the comparatively long-period
zone. The maximum pseudo-velocity in general
was located between the periods ranging from
0.5 to 3.0 sec. The periods referred to above
were computed from the initial elastic behavior,
i.e., the spring constant k.

Ductility ratios of 1.0, 1.25, 2.0, and 4.0
were considered. With no reversal, the cor-
responding energy ratios would be, respectively,
1.0, 1.5, 3.0, and 7.0. It is found that the
spectral values for these energy ratios are much
higher than those for the chosen ductility ratios.
This was anticipated because the system is
expected to experience yield reversals when
subjected to an ecarthquake.

Fig. 15 (two plates) shows the number of yield
reversals plotted against the period of the system

for a set of ductility ratios. A vyield reversal is
defined as a change of restoring force from yield
in the positive sense to yield in the negative
sense, Or vice versa; strain reversals which do not
involve going from yield to reverse yield are not
counted.
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Fig. 13a. Response spectra for the elasto-plastic system, E] Centro, May 18, 1940, N-S.
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A lower bound for the maximum accelera-
tion is obtained in terms of the energy ratio, by
combining Egs. (3.11) and (3. 14).

2
1% + Vlmax > 2 wi

1 X g (3.16)

G. PROGRAMMING PROCEDURE

As was described earlier, the response of a
given system to an earthquake can be calculated
by a numerical method. A fourth-order Runge-
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Kutta procedure was used for this purpose o
the 7090 digital computer at The University of
Michigan. The procedure used to obtain ‘a
response with a desired value of ductility ratio
or energy ratio was as follows:

The responses for a number of systems with
arbitrarily assigned yield levels were first com-
puted. Then a linear interpolation method was
adopted to interpolate between the obtained
responses in order to determine the approximate
yield levels which would give the desired results.



These yield levels were used as input data and In the elasto-plastic system the accuracy of
the corresponding responses calculated. This the final results relative to the desired values was

procedure was repeated until the desired re- within half of one percent.
sponses were obtained.
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Fig. 13b. Response spectra for the elasto-plastic system, El Centro, May 18, 1940, N-S.
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IV. The Ramberg-Osgood System

A. LOAD-DISPLACEMENT RELATIONS

Actual structural members do not exhibit
ideal elasto-plastic load-displacement relations;
rather, the load-displacement curve has an elas-
tic branch followed by a transition curve that
leads to a plastic branch. Upon reversed displace-
ment, the Bauschinger effect makes the transi-
tion more gradual. This behavior can be repre-
sented quite closely by a relatively simple
mathematical model, the Ramberg-Osgood
function. shown in Fig. 16. Three parameters are
employed, a characteristic or yield load Qy, a
characteristic or yield displacement x,, and an
exponent r. It is the exponent r that governs the
sharpness of the break away from the elastic
branch. The Ramberg-Osgood function includes
as special limiting cases the elastic case, obtained
by setting r = 1, and the elasto-plastic case,
obtained as r tends to infinity.

Some of the hysteresis loops obtained in
recent tests of structural members and connec-
tions at the University of California 14] are
shown in Fig. 17 along with a Ramberg-Osgood
loop with the parameters Qy, xy, and r chosen
to give the best fit in the sense of least squares.
Fitting the curve to experimental data requires
too much computation to be done by hand, but
with the aid of a computer the task is relatively
simple. Curves have been fitted to other experi-
mental load-displacement data, and it is found
that the closeness of fit shown in Fig. 17 is
about typical. The Ramberg-Osgood representa-
tion of the load-displacement relation is con-
sidered realistic if the structure is capable of

maintaining stable, nondeteriorating hysteresis
loops.[15,16,20]

B. THE DIFFERENTIAL EQUATION

OF MOTION

A one-degree-of-freedom structure with
Ramberg-Osgood characteristics can be repre-
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sented by an equivalent oscillating system made
of a single mass and a Ramberg-Osgood spring as
shown in Fig. 18.

The equation of motion for this system with
no damping when subjected to ground motion is
given by

mE++0=0 (4.1)

which upon rearranging and expressing in terms
of unit mass becomes

X+q=—p 4.2)

where

ZQ

1= m

The relation between the restoring force ¢ and
displacement x is given by

X =4 g4 4ty
Xy 4y ay

where qy = Qy/m, the characteristics restoring
force per unit mass, Fig. 19.

(4.3)

C. STEADY-STATE OSCILLATION

The dynamic response of actual structures to
steady-state sinusoidal excitation can be ob-
tained experimentally. Thus a study of the
resonant amplitude, as a function of frequency
and maximum amplitude of the forcing func
tion, equivalent viscous damping to express
inelasticity, etc., would be useful in determining

the Ramberg-Osgood parameters of real struc-
tures.[16]

The steady-state oscillation of a singles
degree-of-freedom system with hysteretic force-
displacement relation of the Rambcrg-Osgood
type, shown in Fig. 20, has been studied both by
the energy method[5] and by the method of
slowly varying parameters.[5,17] The energy
method is limited in scope, for it gives the
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response at resonance only. The results of the
slowly varying parameters method are con-
sidered in this section. The latter approach gives
the steady-state response for all values of w/wn
and can be used to plot amplitude against
frequency curves.

In the absence of viscous damping., the
equation of motion for this system is
mx + Q(x) = F(t) = Fo cos wt (4.4)

where F, is the force amplitude and « is the
frequency of excitation.

The equation of motion, Eq. (4.4), in dimen-

sionless form becomes

4.5)

Q =
ay (‘%}) = Q(X)/Qy

and

wn = ‘ Q—y , the undamped natural frequency.
mxy

q I
qy Xy~ ay qvl’__;
Xo .ﬂ_)
X +Xq q+q|(l+ 'q+9| r-l)__ Xy qy
2xy 2xy 2xy
X
// / r-1
Y SRETME
v 2xy Ay Ay
-

Fig. 19. Ramberg-Osgood load-displacement relations.
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Let the solution for Eq. (4.5) be
X =Xo (4.4
X Xy cos 8
where
g =7 ta),

Xo/Xy and « are slowly varying functions of 7.

; jors
Applying the method of slowly varying parameters[5], Eqs. (4.5) and (4.6) result in the expressio

2
. ‘ )2 [1 + Qo rl] - 1179_ rr;+} 2 %% 2r "
wWn xy 7 g) | +|Qa|r-1]?
Qy \: 0y ]
where
C(:°)=%%£ng—y(%cos9)cos6d6 (48
Qo = the extreme value of the restoring force
and
o = the displacement corresponding to Qo .
Equation (4.7) can be rewritten in the following form: g
(49
2 _ 2 -
s [ LG (-G
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where
=Xo

M Xy

For the elasto-plastic case, it can be shown that Eqgs. (4.7) and (4.8) reduce to

w2 l—NFozl 4 @-D]>
AN e A

and

C(u)=% [cos"(l —%) —2Q f%) Hu_g_l- ]

(4.10)

(4.11)

Equations (4.10) and (4.11) result in the following simple expression:

w
)

The steady-state response results obtained
from Eq. (4.7) are shown in Figs. 21a-d and 22. In
order to check the accuracy of these results, a
numerical analysis of Eq. (4.5) was performed
on the digital computer. For given values of
Fo/Qy and w/wy, values of xo/xy were found
from Eq. (4.7) and used as initial starting points
in Eq. (4.5). Then Eq. (4.5) was solved numeri-
cally by using a fourth-order Runge-Kutta meth-
od. The error for each trial point was calculat-
ed from (x; + xf)2 + xr?2, where ‘7" and “f”
stand for initial and final, respectively. With the
help of a downhill-climbing method an iteration
procedure was established and the error mini-
mized to the desired accuracy of less than
0.005. Figures 21 a-d and 22 show tiic results
for various values of F,/Qy and exponent r.

D. ENERGY DISSIPATION AND
EQUIVALENT VISCOUS DAMPING

Past experience with viscous-damped sys-
tems has given the engineer an intuitive feeling
for the effect of viscous damping upon earth-
quake response. It would help him to visualize
the effect of inelasticity if he could somehow
express it in terms of an equivalent viscous-
damping coefficient.

Consider the steady-state oscillation of a
system with hysteretic force-displacement rela-
tions of the Ramberg-Osgood type. The force-
displacement curve would follow a path such as
that shown in Fig. 23 which is the same loop

2=;1 [cos”l(lgﬁz‘)“z(l_%)\\ Hu;:, J(Qy) -[’475—:‘1;—1)
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(4.12)

shown in Fig. 17 except for a change in scale.
The area enclosed by the loop. £y4. is the energy
dissipated in one cycle of oscillation. It can be
shown that[5]

r—1 (Qoy+t (4.13)

r+1 "Qy

The force—displacement curve for a viscous-
damped linear system oscillating at the same
restoring force and displacement amplitudes. Qo
and xo, respectively, is shown in Fig. 24. Here
the width of the loop depends upon the fraction
of critical damping 8. Again, the area enclosed
by the loop, Ec, is the energy dissipated per
cycle of oscillation, and is given by the expres-
sion

b‘ = rw o2
¢ of nooextode (4.14)
where
2 _k _ Qo
“n T T mixo

On substituting Eq. (2.4) for x and 28wn m for
¢ in Eq. (4.14) and integrating it, one obtains

Ec =278 Qoxo (4.15)

An equivalent viscous-damping coefficient
Beqg can now be obtained by equating £ to Ly.
The resulting equation for equivalent viscous
damping is

beq = 2 (£ 4 - Qo

(4.16)
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where Qo /(Q), is the ratio of maximum force to
yield force, and u = xo/xy is the ratio of max-
imum displacement to yield displacement, pop-
ularly known as the ductility ratio. For the
elasto-plastic system this reduces to

bea =2 (1 = Lyiru>1

and (4.17)

Beq =0 ifu< 1
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The results are shown graphically in Fig. 25.
Here the difficulty of trying to obtain an
equivalent viscous-damping coefficient becomes
apparent. The damping coefficient depends
upon the amplitude as well as upon the charac-
teristics of the force-displacement relation.

[t should be observed that while equivalent
viscous damping is a useful concept in giving the
engineer an intuitive feeling for the behavior of
an inelastic system, it has little merit toward
producing meaningful quantitative results.



E. RAMBERG-OSGOOD RESPONSE
SPECTRA FOR TWO
STRONG-MOTION EARTHQUAKES

Fquation (4.2) is evaluated, with the aid
of the digital computer, for various values of
¢y. xp and r, through the same procedure as
uscd in the elasto-plastic system. The maximum
displacement, velocity, and acceleration are de-
fined as before, and the natural frequency wn is
detined as Vg, /x, .

The relation between w,  Ixlhpax/u and
IV + vluax/wna  cstablished in the elasto-plastic
system is generally not valid for this system. Thus
it is inadvisable to make a four-way log-log plot.

The displacement and the acceleration spec-
tra for Ruamberg-Osgood systems are plotted

separately on three-way log-log plots in Figs. 26
a-h and 27 a-h.

The values of r were chosen to be 5 and 10.
To compare these parameters, ductility ratios of
1.0, 2.0, 4.0, and 6.0 were considered, and the
corresponding spectra were computed directly
by the digital computer. The spectra for energy
ratios of 1.0, 3.0, 7.0 and 11.0 were obtained by
interpolating the computed data above.

The accelerograms used in this analysis were:

S21W July 21, 1952
S86W April 29, 1965

Taft, California
Olympia, Washington

The response spectrum curves presented
were constructed throughout on the basis of the
maximum displacement or the maximum ac-
celeration which occurred within the 30-sec
duration of the earthquake.
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Fig. 25. Equivalent viscous damping.
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Fig. 27c. Acceleration spectra for Ramberg-Osgood system,
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Fig. 27f. Displacement spectra for Ramberg-Osgood system,
Olympia, April 29, 1965, S86°W. Constant energy ratio “e.”
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V.

Effect of Shape of the Force-Displacement

Curve Upon Earthquake Response

The elasto-plastic system has been used as
the basis for a great deal of earthquake research,
and some basic concepts such as ductility ratio
and energy absorption have been related to
elasto-plastic system response. However, the
actual structural members do not present ideal
elasto-plastic load-displacement relation. [t was
found that the actual behavior of a member can
be represented closely by Ramberg-Osgood func-
tion; thus the Ramberg-Osgood system has been
applied to earthquake study to investigate the
influence of the shape of the load-displacement
curve upon the response. The results are com-
pared for r values of 5.0, 10.0, and infinity (the
elasto-plastic case). The information presented
here has been adapted from Reference 18.

A. MAXIMUM DISPLACEMENT

The question to be investigated here is how
the yield level affects the maximum displace-
ment of the system while all other properties of
the system remain unchanged.

Typical results are presented in Fig. 28, with
the yield level q,, as a fraction of gravity,
plotted against the ductility ratio u, which is
Xmax[Xxy. These results are for the El Centro
1940 earthquake, N-S component. There are
two sets of data with different periods as
indicated to be 0.5 sec and 1.5 sec. The lines of
constant maximum displacement which repre-
sent the maximum displacement for elastic
Systems of the periods indicated are straight
lines with a 1:1 slope downward to the right,
and can be determined as follows:

u= Xmax _ _wp Xmax (5.1)
Xy qy
or

hgy = w,% Xmax = constant
Hence

log u + log q,, = constant

59

It is observed that the computed maximum
displacements for the inelastic systems are gen-
erally about the same magnitude as the maxi-
mum elastic displacement, often somewhat less
at high yield levels and sometimes greater at
lower yield levels. The ratio of the maximum
elastic to maximum inelastic displacement was
found to be greatest between u = 2 and 6. and
attained a maximum valuc of about 2. At very
low vyield levels the ductility ratios get ex-
tremely large. The data pointsforr =5 and for
¥ = 10 are not markedly different from thosc for
the elasto-plastic system.

B. MAXIMUM ENERGY INPUT

The maximum energy input to the system is
another response parameter of interest. This can
be expressed as an energy ratio e defined as the
ratio of the maximum energy input to the
recoverable strain energy at yield. The results
used in this analysis are the same as those used
in the preceding case. Similarly, the maximum
strain energy for the elastic system is a constant
regardless of the changes of yield level.

The response points are plotted in Fig. 29 to
show how e is affected by varying the yield level
q, alone. Lines of equal energy which rcprcscr'ﬂ
the maximum strain energy for the clastic
system of the periods indicated are straight lines
with a 1:2 slope downward to the right. Thesc

lines can be determined as follows:

- 2 -
- Emax_ = zwn [Zmax (52)
< g2
2‘x}'Qy 3
or
€ q}, =2 w,z, Emax = constant
then

Loge+ 2Logq, = constant



Figure 29 shows that the data points fall
much closer here than in the Fig. 28, indicating
that the maximum energy input for an inelastic
system is approximately equal to the maximum
strain energy for the elastic system. Thus it
appears to be a good approximation to take the
maximum energy input for inelastic systems to
be the same as the maximum strain energy for
the elastic system of the same period; moreover,
it is independent of either yield level or the
shape of the force-displacement curve.

C. YIELD REVERSALS AND
ENERGY DISSIPATION

Yield reversal was well defined in the elasto-
plastic system. However, the Ramberg-Osgood
system has no single definition for yield reversal,
and at least four definitions for yield reversal are
possible, namely:

(1) +Qy to —Qy criterion, when a change
from @y in the positive sense to @y in the
negative sense is reached, or vice versa.

(2) +xy to —xjy criterion, when a change
from xy in the positive sense to xj, in the
negative sense is reached, or vice versa.
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Fig. 28. Typical dy VS. p curves, El Centro, May 18,1940, N

-S component.
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~ (3) Sliding 2Qy criterion, when the absolute
dlffe.rence between @; (current extreme point
obtan?ed by loading in one direction) and Qi+1
(obtained by loading in opposite direction) is
greater than twice the yield load Qy, ie., 120y |
<1Qi‘Qi+ 1l

~ (4) Sliding 2x, criterion, when the absolute
dlffe.rence between x; (current extreme point
Obtalped by loading in one direction) and x;+1
(obtained by loading in opposite direction) is
g:eater than twice the displacement xy, i.e.,
L‘:;y <lx; i+ l-l.. An illustration of this criterion

the definition of excursion ratio ex are
shown in Fig. 30.

. A practical way to explore the question of
y‘ek_i reversals is to examine the response of a
Particular system to an earthquake. Figure 31
shows the first 20-sec response of an elasto-plastic
S¥stem to an earthquake, plotted as displace-
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ment against time. It can be noted that the yield
level is 0.25 g, which is in excess of the seismic
coefficients of the uniform building code, and
the system tends to oscillate at its own natural
period. Moreover, it is seen that the system
yields not only once or twice, but twenty differ-

ent times as shown.

Figure 32 shows the response of a Ramberg-
Osgood system (r = 10) of the same period and
yield level subjected to the same earthquake.
Although the maximum displacement is about
the same, the restoring force reaches yield only
three times, according to the +Q, to Oy

criterion.

The first few seconds of the response curve
of Figs. 31 and 32 are shown in Fig. 33. plotted
as force against displacement. It can be seen that
the response follows the hysteresis loop and a
complete circuit of the hysteresis loop involves
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Fig. 30. Yield reversal criterion and excursion ratio for Ramberg-Osgood systems.
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.tWQ yield reversals. The energy dissipated by
inelastic deformation is the sum of the areas
enclgsed by all the hysteresis loops. The effect
?f yield level upon the number of yield reversals
is shown in Fig. 34; this is for the El Centro
1940 N-S component.

The excursion ratio ex for the Ramberg-
Osgood function is defined as the sum of all
defgrmation in the yield regions produced
during the earthquake, to the yield deformation
Xy (see Fig. 30). The total energy dissipated by
}tlg’Sttehrems ina Ramberg—Osgood system is related

e excursion ratio. However, unlike the
elasto-plastic case there is no simple way of
converting hysteresis energy to excursion ratio.

. If all yielding occurred in the same direction,
e. relation between the energy and ductility
ratios can be given as
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:QO/Q}’ o
in any case
Qo/Qy Qo

When 7 =<, Eq. (5.4) results in the elasto-plastic
case, i.e., Egs. (5.4) and (3.11) become identical.

The energy ratio € could be a more critical
parameter in inelastic earthquake design than
the ductility ratio u. It is felt that the energy
ratio, along with the number of times the system
reverses from yield in the positive sense to vield
in the negative sense during the earthquake. will
help provide indication of how a structurc
would perform in a strong-motion ecarthquake.
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Fig. 32. Typical displacement-time curve for Ramberg-Osgood system.
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Fig. 33. Typical force-displacement curves for elasto-plastic and Ramberg-Osgood systems.
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VI

It is of interest to consider what effect modi-
fying an carthquake accelerogram will have on
the response spectra. It is assumed that spectral
response curves are available for a system to a
given accelerogram. The new accelerogram is to
be prepared by multiplying either the accelera-
tion or the time scale of the given accelerogram
by a constant.

The purpose of this section is to establish
relations between response spectra of the modi-
ficd accelerograms and spectra obtained from
the original accelerogram.

Consider the differential equation

X+ 2B8wnx + glx)=—j(t) 6.1)

The numerical solution of this equation for
various parameters will result in the response
spectra for the given accelerogram ().

Equation (6.1) in dimensionless form be-
comes

(/2 Y 1 - .
(228 4 (X y 4 4 (X y= _ Y(i/w
a7 TP GO %’ 7&“”) (6.2)
where
T =wnl
and
q4 (X _
gy &) = alx)lay

(a) Consider now another system, with
damping property g, undamped natural fre-
quency wi. and force displacement relation
p(=z). It is desired to find the response of the new
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Intensity and Time Scale Effects of Accelerogram

system when the Ilatter is subjected to an
earthquake having accelerations Ky times those
of the original earthquake, the time charac-
teristics remaining unchanged.

The differential equation for the new sys-
tem is

Z+281wi1z +pfz) = — Ky y(t) (6.3)

where z = relative displacement of mass to

ground.

In dimensionless form this can be written as

d>_(z y49 d (zy4 P (2=
ant G2 T G2 )
— K7 y(Tl/wl) (64)
Py
where
Tl = (4)1 14
(4)% =py/Zy
and
Loz,
D, (Zy) = p(z)/p,
By proper choice of parameters, i.e.,
B1 =8
W = Wy,
12 (A):CI_(L) (6.5)

and

Ki=nylq, =z,/x,

Equation (6.4) is made identical to Eq. (6.2)-
Thus at any instant the following relations must
be valid:




(6.6)

where

T=Tl

In terms of maximum values the above
expressions can be shown to become

1zlmax = KI Ix 'max
. . 6.7)
|zl max =KI 1X | max

and
I:Z-+K1j/'lmax :KI |x+y [ max

The ordinates of the new response spectra are
therefore K; times those obtained from the
original accelerogram. Equation (6.7) is valid for
linear as well as nonlinear systems provided Eq.
(6.5) relations are satisfied.

To illustrate the preceding, it is desired to
modify a given response spectra, say Fig. 14c, in
order to obtain the response spectra for an
earthquake of intensity K; times that used in the
former. This is done by multiplying the ordi-
nates of the curves of Fig. 14c by K;. On
four-way log plots this result is accomplished by
shifting the curves vertically by log (K;). The
dash-dot curve in Fig. 35 shows the latter for K,
= 3 applied to curve u = 2 of Fig. 14c. (For
clarity the remaining curves of Fig. 14c are not
shown in Fig. 35).

(b) As a second case consider a system with
damping property B,, undamped natural fre-
quency w,, and a force-displacement relation
p(z). 1t is subjected to an accelerogram obtained
by dividing the time scale of y(t) in Eq. (6.1) by
K75 ie., the duration of the modified accelero-
gram would be K, times the duration of the
original accelerogram. Such a modification for
K7 =0.5 is shown in Fig. 36.

The equation of motion for this can be
written as
2+ 2B2wq 2+ p(z) = — J(KTD) (6.8)

In normalized form this becomes
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dr,?2 2y S RN
I
} (,,177) (6.9)
_ w2 -
Py
where
7'2 = (,02/(
“y
and
P (£ = p(z)
Py zy Py

Again by proper choice of parameters, i.c..

By =8

(6.10)
and
Kr=wylwn = \/x;ﬁ;,

Equation (6.9) is made this time similar to kq.
(6.2), and can be shown to result in the equalitics

az /z\_ |1 d?z _ 1 d%x
d7'22 <Zy) KTZZ_y de Xy (172
d oz 1 dz _ 1 dx
dry zy  Krzy dr xy dr
Zy Xy
where
T=7'2/KT

The desired relations can now be found from
Eq. (6.11) to be

1Zlnax = ?1%— % b ax
!Z.ima_x = ~[l<; {,.Yimax

12+ ¥ lmax = IX + ¥ bnax (6.12)



Thus to obtain the new acceleration spectra,
the period scale of the original acceleration
spectrum curves are divided by Kr. The new
velocity spectra are obtained from the original
velocity spectrum curves by dividing the period
and the velocity scales by Kr. The new displace-
ment spectra are obtained from the original
displacement spectra by dividing the period scale
by Kr and the displacement scale by K;2.

On four-way log plots the modified response
spectra described above are readily obtained by
shifting the original curves horizontally as well
as vertically by log (//K;). The dotted line in
Fig. 35 shows the latter for K7 = 0.5 applied to
curve u = 2 of Fig. 14c.
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VIi.

It was shown that in the absence of axial
load. the force-displacement relationship for
structural steel members can be expressed
closely by a Ramberg-Osgood function. Like-

wisc. the relationship between the moment, M,

and the curvature. ¢, of a structural member can
be expressed in the same form,

o _ M

: M yro 7.1
o = Wb T (7.1)

where

M, = a yield or a characteristic moment
and

¢y = a yield or a characteristic curvature.

The parameters My, ¢y, and r are chosen by
means of a least square method to give the best
fit to the experimental data. When the axial load
is not present. the M, parameter for a steel
member can be closely approximated by its fully
plastic moment and ¢, taken equal to My /EI, EI

being the elastic flexural stiffness of the mem-
ber.[21]

It is known [22] that the plastic-hinge-
moment capacity of a steel member reduces
with increase in the axial load acting on the
member. The behavior of beam-columns under
static loading has been thoroughly studied and
can be predicted with confidence. On the
contrary, the behavior of a beam-column sub-
Jected to a dynamic lateral loading is practically
unknown, and no experimental data is available
today (1968) by which the values of the
parameters My, ¢, and r can be reestablished.
Hence, the analysis that follows assumes that
these parameters are not affected by the pres-

ence of the axial load in the member and that
Eq. (7.1) is valid.

Consider the cantilever column shown in
Fig. 37, subjected to a constant vertical load P
and a variable horizontal force Q. The force-
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displacement relationship for this column can be
obtained from Eq. (7.1) as

d?u M

=4, M M jr—1 7.2
2 ¢y My 1+ lMy’ ) (7.2)
where

u = transverse displacement relative to base
d2u _
dy? =¢

x = transverse displacement of end of

cantilever relative to base

y = length along cantilever
M=Plx —u)+ Q(L — y). (7.3)

The numerical solution to Egs. (7.2) and (7.3)
is very time-consuming, hence an approximation
was made. The actual bending moment curve
was replaced by a linear moment variation as
shown in Fig. 38. As a result, Eqs. (7.2) and
(7.3) reduce to

2y _ . ME(Q =3 . Mp(l—%)r_l)
dyz =% M, ( My (1.4)
where

Mr=QL+Px (7.5)

This is the moment at the fixed end of the col
umn.

Integrating Eq. (7.4) twice and using the
boundary conditions «'(0) = 1(0) = 0, the follow-
ing expression is obtained:

X

);:/TA;—yF 8 +_’%7 '[/1‘/175 171 (7.6)
- where

Xy = ¢y L; (7.63)
The lateral load from Eq. (7.5)1s

Q= —114— MFr — P x) 7.7



Equations (7.6) and (7.7) can now be used to
construct a force-displacement curve. A com-
parison of the approximate method results with
the exact solution is presented in Figs. 39a and
39b. It can be seen that the deviation between
the results of the two methods depends on the
value of the three parameters employed, namely,
ductility ratio, exponent r and axial load ratio
P/Py.

It is appropriate to investigate how axial
load affects the shape of the force-displacement
hysteresis loop. The skeleton curve for this is
obtained from Eqgs. (7.6) and (7.7), and the
branch curves are derived (see Fig. 20) from the
branch moment-curvature expression of

¢ — oo :M—Mo M-Mo'r-l)
20y 2M, 2M,

(1 +| (7.8)

and from which, making the same approxima-
tion for moment distribution as before, and

*Q

Fig. 37. Loading condition for cantilever beam
with axijal load.
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integrating twice over the proper limits, the
branch equation for the lateral displacement is
obtained:

x-—onMF—lwo (l+3*7{11111 7,1/()|, 1)
2xy 2My r+20 0 2My

(7.9)
The corresponding lateral load
Qo =} (Mo — Pxo) (7.10)
In Eqgs. (7.9) and (7.10). xo, Mo. and (o urc.

respectively, the displacement. the end moment
and the lateral load at the reversal point.

The branch curves [Eq. (7.9)] are similar to
the skeleton curve [Eq. (7.0)]. but twice s
large. This is the same relationship that CeXIsts
between Egs. (7.8) and (7.1).

Figures 40a and 40b show hysteresis loops
computed from Egs. (7.9) and (7.6) for various

Fig. 38. Bending moment distribution for
cantilever beam with axial load.
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., (i) P/Py=0

|, (ii) P/Py=0l

, (iii)P/Py=0.2

-

() ¢

(iv) P/Py =04

Fig. 40. Hysteresis loops for cantilever beam with axial load.

values of P/Py and exponent r. Unlike ordinary
Ramberg-Osgood functions, when axial load is
present, the maximum lateral force does not
always occur on the skeleton curve. In steady-
state vibration, for (Qmax) skeleron greater than
(o . the maximum lateral force will occur on
the loop [see Fig. 40a(iv)] and is given by the
relation

(Qm ax )hranch =2 (Qmax )skeleton — QO (7.11 )

Figure 41 shows the response of a single-
degree-of-frcedom  system for the first few
seconds of El Centro earthquake using Egs. (7.9
and (7.0) as the restoring force Q in Eqg. (4.1).
The response is plotted as lateral force against
displacement tor P = 0 (without axial load), and
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for P = 0.4 Py. In this case Qmax and xmax are
found to be greater without axial load.

Equations (7.9) and (7.6) give exact results
only when the axial load is zero. Otherwise the
results obtained from them are approximate and
must be used for small values of P/Py. The
presence of axial load (see Figs. 39a and 39b)
seems to reduce the stiffness of the system.

When axial load is present, it is no longer
possible to express the force-displacement rela-
tion by ordinary Ramberg-Osgood functions as
displacements become large.

The brief discussion presented in this seCt}On
seems to point out clearly that further investlgé‘
tion into the subject, especially in the exper
mental side, is needed.



~ 2

Fig. 40. Concluded.
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(iv) P/Py=0.4
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5

Fig. 41. Shear-displacement response of cantilever beam
with axial load subjected to ground motion.
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VIIL.

In this report, the response of a single-
degree-of-freedom structure to strong-motion
earthquake was studied. The principles and the
construction of the response spectra were dis-
cussed in detail for three different systems,
namely, the linear system, the elasto-plastic
system and the Ramberg-Osgood system. The
discussion for each system generally included
subjects such as force-displacement relation,
equation of motion, energy dissipation, response
spectrum concepts, steady-state oscillation, and
response spectra for strong-motion earthquakes.
Also, a family of spectral curves was presented
for these systems, where the damping coeffi-
cient, the ductility and energy ratios were the
main parameters considered.

The effect of the shape of the force-
displacement curve upon the maximum displace-
ment and upon the maximum energy input of a
system was examined. Furthermore, the in-
fluence of modifying the intensity and the time
scale of an earthquake accelerogram as well as
the behavior of a structure with axial loads were
also investigated.

From the results presented in this report the
following conclusions can be drawn for the
response of a single-degree-of-freedom structure:

(1) The Ramberg-Osgood representation of
the force-displacement relation is considered
realistic if the structure is capable of maintaining
stable, non-deteriorating hysteresis loops. The
Berkeley experiments have produced remarkably
stable  hysteresis loops at large cyclic
strains[ 17], which can be approximated closely
by a Ramberg-Osgood function.

(2) The spectral relation

Xl gy = Xlpgy/con = 1%+ Flnax/wn
is exact for undamped linear systems, and is a
good approximation for damped linear systems
provided the damping is small. The response
Spectra for linear systems are represented by the
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top curves of Figs. 13 and 14. (The eclasto-plastic
system reduces to the elastic system when the
ductility ratio u or the energy ratio e becomes
equal to 1.)

Figs. 13 and 14. (The elasto-plastic system
reduces to the elastic system when the ductility
ratio u or the energy ratio ¢ becomes equal to

1.)

(3) In nonlinear systems the above spectral
relation is not valid. For the clasto-plastic
systems this relation takes the form

1Xbnax |X’ ty Imax

n u o

n

The expression on the left above. a pscudo
velocity, is the quantity that was plotted to
obtain the response spectra in this case.

(4) For Ramberg-Osgood
exists no simple spectral relation. It is noted
however that in Ramberg-Osgood systems. if }y
and V, are defined as follows:

systems  there

Wa '/_Y_lmax and Vg = ll+ ,\:|ma.\'

M wn

Va

Il

then

Vg > Vg foru<?2
Vg=Vs foru=2
Vg < Vg foru>2

For values of ductility ratio less than two. the
maximum difference between V, and }, occurs
when u equals one. It is also observed that
the difference between the displacement and
the acceleration spectrum curves for constant
ductility ratio is constant, and thus pr()d’u_CL.‘s
only a vertical shifting of the curves. Fhis
does not apply to curves of constant cnergy
ratio because the ductility ratio is not a constant
in this case. For this reason. displacement and
acceleration spectra for Ramberg-Osgood sys-



tems are plotted separately.

(5) It is noticed that in the Ramberg-
Osgood  system.  the acceleration spectra are
much more sensitive to changes in exponent r
than are the displacement spectra. The spectral
characteristics of the clasto-plastic system are
quite  different from those of the Ramberg-
Osgood system.

(6) Equivalent viscous damping is helpful to
the intuttion in comprchending response phe-
nomena, but it appears ill suited to the earth-
quake problem for quantitative purposes.

(7) The maximum displacement and the
maximum cnergy input for Ramberg-Osgood
systems are comparable with those obtained for
clasto-plastic systems of the same period and
yicld level.

(8) For the steady-state vibration response,
slowly varying parameter results showed good
agreement  with  those of ‘‘downhill-climbing
method.”™ The discrepancy between the two
increased as exponent r and the ratio of input
force to yield level of the system, F/Q) , became
large. Neither result showed existence of an
unstable zone for the Ramberg-Osgood system.

(9) When an accelerogram is modified by
multiplying the acceleration readings by an
arbitrary constant K;, the response spectra for
the new accelerogram are Ky times the spectral
values obtained from the original accelerogram.

It. however, the new accelerogram is ob-
taincd by multiplying the time scale by a factor
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K7, all quantities involving time must be
changed appropriately. The new acceleration,
velocity, and displacement-response spectra are
obtained in this case by dividing the correspond-
ing original spectral values by 1, K7, and K2,
respectively, and dividing the period values by
Kr.

When the intensity and the time scale of the
accelerogram are modified simultaneously, then
the above two cases must be superimposed to
obtain the desired response spectra, as shown by
the dashed line in Fig. 35.

(10) When axial load is present, for large
displacements, the force-displacement relation
of a cantilever column is no longer of the
Ramberg-Osgood type. Nevertheless, a Ram-
berg-Osgood curve can still be used as a good
approximation when the axial load and the
displacement are small. Figs. 40a and 40b
illustrate the effect of axial load upon the shape
of the hysteresis loop. It can be seen that for
small values of axial load the loop is narrow. As
the axial load increases the loop broadens and
the curves show an unloading region even when
the ductility ratio is small. Figs. 39a and 39b
show that in the absence of axial load the
approximate method yields the same results as
the exact method. With axial force present the
results of these two methods no longer coincide.
The discrepancy is found to be proportional to
the axial load in the column. A column without
axial load is stiffer than the same column with
axial load resulting in different response to the
same earthquake.
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