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Shear Moduli and Damping of Cohesive Soils 
under Earthquake Loads 
Hu Wen-yao and Wang Tian-long 

Zheng Da-tong Scientific Research Group, Research Institute of Structural Theory, Tongji 
University, Shanghai, China 

SYNOPSIS To investigate the dynamic properties of soils under earthquake loading conditions, a series 
o~ cyclic triaxial compression tests vas carried out on undisturbed saturated samples of cohesive 
soils from Tianjin. It has come to the conclusion that variation of damping ratio, as well as shear 
modulus, with strain amplitude may be expressed by an empirical formula. Its normalized form can be 
shown by a family of curves or a band zone with shrunken ends. New empirical equations used for eva­
luating elastic or initial shear modulus G0 and maximum shear stress 1rmax have been suggested. For 
the two parameters, some comparisons between field and laboratory test values and between the results 
of cyclic and static triaxial compression tests under conditions of the same loading levels have been 
made. 

INTRODUCTION 

The stress conditions in a soil deposit during an 
earthquake, strictly speaking, is rather compli­
cated. However, it is generally considered that 
the major cause for seismic damages to structures 
or soils is the shear waves which propagate up­
wards from the bedrock. Thus the shearing 
stress-strain relationship should be specially 
considered in study of soil behavior under earth­
quake loading conditions. In this connection, 
dynamic shear modulus and damping ratio may be 
the most useful indices ~or seismic design. 

Soils exhibit a nonlinear stress-strain behavior. 
This behavior at "low amplitude" strain may be 
provided by field test or observation. However, 
it is difficult to determine this behavior at 
"high amplitude" strain by in-situ test. Although 
laboratory test bas its limitation, it can be 
used to study the behavior o~ soils at strains 
from small to large or failed. And in most cases 
it can provide a lot of available data. 

MATHEMATICAL MODELS OF STRAIN-SOFTENING 
STRESS-STRAIN RELATIONSHIP 

1. Rel~tionship between Modulus and Strain 
Laboratory tests have shown that the shape of the 
stress-strain relationship curve for any parti­
cular soil depends upon the type of loading and 
boundary restraining conditions. For the shape 
of the strain-so~tening shearing stress-strain 
curve of soils, some famous demonstrations based 
on laboratory tests have been presented (Kondner, 
1963;Hardin, 1972). In general, it can be ade­
quately represented by a hyperbolic curve. In 
this case, the normalized forms of stress vs. 
strain and of modulus vs. strain can be given by 
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in which ~ and ~ Rre the cyclic shearing stress 
and strain, respectively; 1:"max is the maximum 
shear stress; G(= 't I r) is the secant shear modu­
lus; G0 is the maximum secant shear modulus or 
the initial or elastic shear modulus; and t; 
( = L. /G0 ) is called "re~erence shearing max 
strain". In cyclic triaxial compression test, 
quantities measured directly are values of axial 
stress and strain, but the stress-strain or modu­
lus-strain relationship ~rom this test can easily 
be converted into the expressed form of shearing 
stress vs. shearing strain or shear modulus vs. 
shearing strain. Since there is a simple rela­
tionship between shear and co~pression moduli and 
at the same time assuming that the stress-strain 
conditions at 45 degree plane of cylindrical 
specimen in the triaxial compression test are 
used to simulate the stress-strain conditions at 
horizontal plane of sample in simple or direct 
shear test, the conversion formulae will be 

t5 £1Cr _L ill; (3) = - = 
csmax J+ tiE, 'rmax 1+V _.J:, 

H~ r, 
E 1 J._ 1 (4) = - = 
Eo J+etc, lfo Htl + t' mr; 



Where ~ and t are the cyclic axial stress and 
strain, respectively; 6max is the maximum nor-
mal stress; E( =51 e ) is the secant compression 
modulus; E0 is the maximum compression modulus 
or the initial or elastic compression modulus; e1 (= IS"maxiE

0
) is called "reference axial 

strain"; and V
0 

and V are Poission's ratios of 
soil at small strain and at any strain before 
failure, respectively. 

As to Poission's ratio of soil, it is often es­
timated and treated as a constant for the pur­
pose of engineering calculation. Whitman (1970) 
suggested that, "For full saturated soils, 
Poisson's ratio may be taken as 0. 5; for soils of 
low degree of saturation, 0.35 may be a reasona­
ble value; and intermediate values may be se­
lected for intermediate cases." The fact that 
the value of Poisson's ratio is quite close to 
0.5 for fully saturated soils vas also observed 
in our laboratory tests. Thus there is a valid 
reason for assumption of V= )1

0 
for cohesive 

soils in saturation or essential saturation. 
From that the expressions on both sides in Eqa 
(3) or (4) are equivalent and the conversions 
between them become quite convenient. The ex­
pressions in Eqs.(3) and (4) can be represented 
by curves shown in Fig.l. 

~=(m•r 
-"""'r 1-+TfT, 

for '""o.3,o.4,a.5 
o.6 ,o.a,t.o, 
1.2 

Fig.l. Stress, Modulus or Damping Ratio as a 
Function of Strain 

2. Bolatiopship between Dgmpipi Batjo apd Strain 
Tests show that variation of hysteresis damping 
of soils with strain amplitude exhibits more 
complicated and can hardly be described by a hy­
perbolic curve. It is found from tests that the 
following empirical expression 

)\max 

aay approximately describe this variation. Here­
in X is the damping ratio at any strain before 
failure; >.max (maximum damping ratio) and m 
are the parameters determined by test. From 
Eq.(5) it is not difficult to see that the high­
er the value of m, the lover becomes the value 
of A with respect to any given r when the 
parameters " and ¥;. are kept constant. 
And so 111 md~ defined as the shape pa-
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rameter of curve of )\ I )t. max vs. ("I D, • Eq. 
(5) can be expressed by a family of curves or a 
band zone with shrunken ends, as shown in Fig.l. 
It is evident that Eq.(5) can be written as 

Log A 
= mLog ~ 

"'max 

( 6) 

in which 

~== 
t'/0, 1-_£.._ 

1 + rtr., Go 
( 7) 

and rt is termed "transformed shearing strain". 
Eq.(6) can be represented by a series of radial 
straight lines or an oblique triangle zone in 
lo8arithmic plotting, as shown in Fig,2, and Eq. 
(7) by the corresponding curve shown in Fig.l. 

w.lue) 
O.f 

0. 

0.3 o.1 o.oJ o.01 

If 

.Fig.2. A/ A max vs • 

PARAMET~RS OF EMPIRICAL EQUATIONS 

There are four independent parameters, namely, 
Go' 7 max' ~max and m. 

1. In1t1aJ Qr Elastic Shear MQduJus G;0 

Soils exhibit the behavior similar to linear 
stress-strain relationship only at small strain 
amplitude. Laboratory tests hnve shown that 
there is an insignificant change in Vs(shear wave 
velocity) for tests run at shearing strain ampli­
tude of 10-5 or less (Richart, Jr., 1977). Wave 
velocity tests usually develop shearing strain 
in the field of 10·6 or less. Laboratory tests 
of the resonant column type may also be control-

-6 L led to develop str~in on the order of 10 • a-
boratory tests of cyclic loading type generally 
develop the least effective strain of the order 
of lXlo-4 and the "presumptive" initial or ela­
stic modulus may be presumed by extrapolation on 
the basis of law obtained from testing. In ad­
dition, relationship between G

0 
and some of phy-

sical or mechanical property indices which have a 



significant influence on it may be establi~hed 
based on the results of laboratory or field 
tests. Therefore, there is an opportunity to 
check laboratory values against field values or 
to compare one of laboratory values with another. 

2. l'4aximum Shear Stress "t"max 

This parameter i~ often determined by laboratory 
tests. For example, laboratory tests of cyclic 
loading type can provide not only the value of 
G

0 
but also the value of ~ax· Herein ~max is 

not necessarily identical with the value of 
shearing strength, but they may be relatively 
close to each other. In order to fully utilize 
the data of static tests and reasonably select 
the value of this parameter, an establishment of 
relationship between static and cyclic shearing 
strength may be of benifit. Sometimes the cyclic 
shearing strength for a given soil can be con­
sidered to be its static shearing strength ad­
ding corrections to take account of dynamic 
effects. 

3. Damping Ratio Parameter ~max and m 

In effect, it is difficult to systematically 
study the variation of damping with strain am­
plitude under in-situ conditions. Most of this 
sort of studies were carried out in laboratory. 
A feasible means of determining the two param­
eters is the laboratory tests of cyclic loading 
type. 

TEST RESULTS AND DISCUSSIONS 

The types and properties of soils tested are 
shown in Table I. The cylindrical specimens of 
q,40X80 mm were resaturated and reconsolidated 
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Table I. Types and Main Properties of Soils Tested 

Tne or l.le1tb w r 
lo Soil 1eetf:d Site (•) (<) ( .r;; 'c.,'5, 

1 CH, ••r1 S'lf1 y ,H. 4.4~.4 4Q,1 l. 74 

2 H,O. ,,0-5.0 4f;,, l. 76 

' H,O. 16.0-l~.o 4.?.? 1.!'4 

4 Cl, ver) so!t Y.H. 11.7-1,,0 ~0.4 l. 78 
., Y,ll. 12.0-1' ,(l ~0.? 2.01 

6 4.P .B. 9.1-10.7 ,0,7 l,CO 

1 H,O. 7.0-8,0 14.4 1.89 

I! H,G, B.0-1 ~.o ~8.2 1.1'6 

9 Cl, so~t H,O. 15.7-16.'1 ?'·. 4 2.01 

1C 1..!1 .• aoft H.O. 21. 7-2~. 7 24.E' l.9" 

11 y ,H. ~0.7 ?2. < 2.0'> 

12 CH, ••dtu• y ,H. 9.0-10.0 'l. 6 1.91 
n .t..P.B. 17.7 ,6.0 1.82 

14 y .H. 24.~-~'>.4 41.? l. 79 

1~ (;], ••dlua y .H. 18.7-21.7,26.7 ?"!.a l,Q~ 

16 H.o. 8.7 ?6. f 1.99 

17 H.G. 2}.0-2~.0 27.3 1.96 

t-- I (or 2 ) Hl, JO cycks f4r each shen leve/1 

~
6

o~--~~~~~~_L~~~~~6~0r~+ffl--~ . /\1\/\(\f\f\1\(\ "t 

-6 vvv V\Tv \fVV 
-t£0 I ... , <> , (\ /\ A 0 {\ [\ [\ (\ t 

vvv vvv= vvv-
-t 

Fig.3. Sketch of Cyclic Stress and Strain 

..1. 
I 

f 0 2 4 8 

Fig,4. Typical Resu1ts of 1/E vs. £ in the Case 
of Equal Consolidation Pressures 

9 
e <,.;) 

LJ, PL PI Ll 

l. ~41 lC•O 46.1 ?4." 21.6 1.0 

1.n9 99 4< ,(\ 2'>.0 20,0 1.1 

l.1Hi 1(•0 41.0 zz.o 19.0 1.1 

1.no qc, ,4.~ 1F. 5 1~. 7 1.0 

o. 7·'(, 1(\(\ 2' . 7 16.5 9.2 1.0 

O.B6b 96 2fJ. ,' 17.0 11.2 1.2 

0.99~ 100 - - - -
1.021 lC•O ~6.< 20.2 16.J 1.1 

0.771 100 n.~> 17.0 lO.B 0.9 

O.f91 97 2t .. 7 17.0 9.7 0.8 

0.60 99 24 .o 15.0 9.0 o.e 
O.Eif\1 98 46,0 24.5 21.5 o., 
1.042 94 42.5 2,.0 19.~ 0.7 
1.16~ 97 ~0.8 26.~ 24.J 0.6 

0.789 96 ~2.2 18.0 14.2 0.7 
0.727 99 - ~ - -0.760 -- 91 J4.6 19.0 1~.6 o_o; 

8otee: (1) Y.R.,I.O.and A.P.B. represent To .. -be .3ric!.fl"'• H.rtn-~·-= br1d~e ·.r1rl. Bur~,,u 0r A.,pr1cu]1uro:- and Jo'orest,·y,respect1velJ• 
(l) CH,CI ""d CL .-.p.-.eent eoheslYe soils vltt tlloh, lr.t""'~~~~t• ".r.·: low ll17u1~ limit, ,...~pect1velJ: ' 
( 'l pror•rtr lndleee 1D tile Table denote ttle1r ~·· r. vR1ue~ 



under assigned pressures before cyclic loading 
test. For some samples, the consolidation pres­
sures are evaluated on the basis of geostatic 
pressures so as to try to restore their original 
ground stress conditions. The consolidation 
pressures on the other samples are assigned by 
testing requirements. For example, in order to 
investigate relationship between initial modulus 
G

0 
and mean consolidation pressure G~, the con-

solidation pressures applied to different speci­
mens of the same sample are different. 

Type DSZ-100 dynamic triaxial compression appa­
ratus with electromagnetic excitation, made in 
China, was used for this research. A sinusoidal 
load, with a frequency of 1 or 2 Hz, vas applied 
to the specimen in its axial direction during 
testing, and cyclic loading tests were performed 
under undrained condition. The Cyclic loading 
program and the waves recorded are sketched in 
Fig.3. 

For the case of equal consolidation pressure 
applied to different specimens of the same sam­
ple, typical results of 1/E vs. C are shown in 
Fig.4. Tests have shown that, if the soil in the 
same sample is homogeneous and manipulation 
during testing is careful, all data from dif­
ferent specimens of the same sample will fall on 
a single straight line, as shown in Fig.4; other­
vise the data will be scattered. Nevertheless, 
the data for each of these specimens nearly al­
ways fall on the same straight line. It follows 
that the strain-softening stress-strain curve 
for a particular soil can be adequately repre­
sented by a hyperbolic curve. For the case of 
different consolidation pressures applied to 
each of the specimens of the same sample, typi­
cal results are shown in Fig.5. From that rela-
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Type of IOi/: CI 
sue : Yo~-ne 6ri~ 
Depth, 20-J"' 

Fig. 5. Typical Results of 1/E vs. {. in the vase 
of Different Consolidation Pressures 

tionship between initial modulus G
0 

and mean 

consoliation pressure 6~ for a given soil can 
be provided. The results of this testing are 
gathered in Fig.6. Tests indicate that varia­
tion of G

0 
with 6~/ 6~ may be aproximately 

represented by a straight line in logarithmic 
plotting, i.e., this relationship can be ex­
pressed 

tS' 
G =lOOOK ( ~ )n 

0 Oc) 
{B) 

10 

(i0jtoooK 

4 
(i

0
=f000K (5:,/ 0,.' )'' 

~ t>.:. 2 
or Lo9 tPR= "La, G'o 

-25 

.5 

,2'5 

Fig.6. ~·; 
m ~· 0 

Which vas first presented by Seed and Idriss 
(1970). In Eq.(B), ~~is a pressure parameter 
which may be taken as unit pressure (1 kg/cm2 or 
1 ton/m2 , etc.); K and n are tbe parameters de­
termined by tests. From Eq.{B) it can be seen 
that lOOOK equals G

0 
or K is equal to G /1000 for 

' 0 the case of am= ~~. It may be noted from Fig.6 
that the value n runs only within a narrow range 
for different soils. Besides, tests found that 
the value n slightly increases with compressi­
bility of soil. It is suggested that the value 
n may be taken as 0.6 for the purpose of engineer­
ing calculation. 

It bas been shown by tests that initial or elas­
tic modulus G

0 
essentially depends upon the mean 

I consolidation pressure 6m and the void ratio e 
for a given soil of normal consolidation or light 
overconsOlidation. The test results are summed 
up in Fig.7. 

190 • f80 

~ 
E ISO 

">"' 

100 

Fig.7. vs. e 

From that ve have 

Vs = (212-124.4e) 
(m/s) 

2 
Since G

0
= pv s ( pis 

the empirical formula 

far sofl or 

med;um C ~~ 

Cl anci CH 

whose "'a:n 
properties ma~ 

be '*"eci 1o 
Table 1 

6:')0.25 
m 2 

(kg/em ) 

{9) 

the mass density of soil), 
used for evaluating ini-



tial shear modulus G
0 

for soft or medium satu­
rated cohesive soils may be given by 

lO(a) 

or 

G = 426(l+0.37e 
0 l+e 

(kg/cm2) 

)(1.70-e) 2( 6') 0 •5 lO(b) m 

(kgfcm2) 

in which t' is the unit weight of soil. It 
should be emphasized that the value K in Eq.(B) 
corresponds to the void ratio at ~~ and Eq.(9) 
or (10) to the void ratio at ~~. For this rea­
son the power of ~~ in Eq.(9) or (10) is dif­
ferent from that of 6~/ 6~ in Eq.(B). 

Results of G
0

/G vs. f are shown in Fig.B, from 
which the variation range of ~ for soils test­
ed can be seen. 

14 

~12 
<.b

0 to 

Fig.B. 

s 
6 

vs. r 

'i, ~ 
7[=1+~: , 

In regard to the value 6'max or "Tmax (= ~max/2)' 
it seems mainly dependent of consolidation pres­
sure in the case of isotropic consolidation. 
Moreover, there is a linear relationship between 
both of them. This relationship for soils test­
ed may be expressed 

C)max(or 2 't'max) ...0.15+0.47 IS'~ ( 11) 

In comparison of the value G based on in-situ 
0 

shear wave velocity test with those from tri­
axial compression test, it shows that the field 
values are nearly always greater than the la­
boratory values, as shown in Fig.9. The ratio 
of both of them runs about from 1.2 to 1.8 and 
the mean ratio is about 1.5. Herein the labora­
tory values do not take "secondary time effects" 
into account; otherwise they will be closer to 
the field values. 

Comparing Values of ~max from cyclic triaxial 
compression tests with those based on static 
triaxial compression testa, under the same 
levels of loading as well as the same conditions 
of "consolidation quick test", shows that the 

II 

.. 10 
~ 

---~ .. 8 
g 

3! 6 

;$ 
q; 4 

2 

0 6 s /0 

( ~o 'Jab. • toz "9/'"'2 

Fig.9. 

former seems always lower than the latter. The 
ratio of static value to dynamic value runs about 
from 1.2 to 14 and this ratio tends to the low 
value as plasticity of soil increases. Unfortu­
nately, this test can not provide dynamic correc­
tion factor available for seismic design. 

Typical results of variation of damping ratio 
with "transformed strain" are given in Fig.lO. 

- t.2 
-< 
g> 

..... -1.0 

Sile: Yong-he Brid:Je 
T~peof .rt>il: c I 
[)ppfh: 26.7,., 
e0 =o.8o.J, LL=J/.6, PL=t8 

:2 

-(.0 

[Qj(Hi/lio> or Lo~ ~ 

Fig.lO. Typical Rel!lults of A vs. ~ 

The data appear somewhat scattered, but for a 
particular soil it may be aproximately represent­
ed by a straight line in logarithmic plotting. 
Tests indicate that the value m runs in a con­
siderably wide range, as shown by the shade zone 
in Fig.2 for different soils or consoildation 
pressures and that the value of ~max seems to 
be a rel~tively stable one. For soils tested, 
the value ~ may be taken as 20% for purpose max 
of practical analyses. 

It bas been justified by most investigators that 
the strain-softening stress-strain relationship 
can be adequately represented by a hyperbolic 
curve. For the law of damping ratio varying with 
strain amplitude, however, considerable differen­
ce exists in the results from different authors. 
Fig.ll shows comparison of results of this test-



ing with those from the other authors. It shows 
that the difference is appreciable but their 
tendency is in agreement. 

a.B 

~ 
..: 0.6 

'--.. 
A:. 

0.4 

c.:z 

Hara ef al 
(sand, 1971) 

this1e5t 

Comparison of Results about Variation 
of Damping Ratio with Strain 

In cyclic triaxial compression test, the effec­
tive least strain is of the order of lX 10-4 and 
soils begin to fail at cyclic strain of the order 
of llC 10-2 or more for most saturated cohesive 
soils. On this basis the various conclusions 
mentioned above were drawn. 

CONCLUSIONS 

The strain-softening stress-strain relationship 
for a particular soil in a certain range of cy­
clic strain amplitude can be sulriciently repre­
sented by a hyperbolic curve. And thus varia­
tion of modulus with cyclic strain may be ade­
quately expressed by an empirical equation. 

The relationship between shear wave velocity and 
void ratio may approximately be represented by a 
straight line for a given consolidation pressure, 
and an empirical formula used in evaluating value 
of G

0 
for undisturbed saturated cohesive soils 

bas been suggested. 

Parameter lrmax or ~max is mainly dependent of 
consolidation pressure under isotropic consolida-

tion condition and an empirical relationship be-
tween ct.: (or T: ) and mean consolidation max max 
pressure 6~ was offered. 

Comparing the values of G
0 

from in-situ shear 
wave velocity test with those from laboratory 
test shows that the former is nearly always 
greater than the latter and the ratio of both of 
them runs about from 1.2 to 1.8. 

Tests show that the cyclic maximum shear stress 
~ is almost always lower than the static max 
one, and the ratio of them runs in a considerably 
wide range. 

An empirical equation concerning variation of 
damping with strain bas been suggested. Testa 
indicate that the value m runs within a wide 
range and tbe value ~max seems to be consider-

12 

ably stable. For the practical purpose, the va­
lue ~max may be taken as 20% for most saturated 
cohesive soils. 
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