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Dynamic Response of Flexible Foundations on Multilayered Medium

Wang Fuming
Associate Professor of Engineering Mechanics, Zhengzhou
Institute of Technology, China

SYNOPSIS: The dynamic response of flexible strip-foundations placed on a viscoelastic rulti-layered
medium under conditions of plane strian and subjected to harmonic excitation 1is studied in this
paper. A semi-analytic model is developed to determine the dynamic flexibility matrix of the medium,
and the spline finite element method is employed to treat the foundation. The two methods are
appropriately combined through equilibrium and compatibility considerations at the soil-foundation
interface. Numerical results describing the influence of the non-homogeneity of the soil medium on
the compliance are presented, and the effects of the relative stiffness K- on the foundation res-
ponse are brifly discussed.

INTRODUCTION elastic mnulti-layered medium. A sime-analynic
model is developed which is applicable to de-
The dynamic response of foundations placed on termine the dynamic flexibility matrix of the
an elastic half-space and subjected to harmonic medium, vwhere the displacement functions are
excitation has received considerable attention expressed by the cubic splines and Fourier’s
in recent years. In the great majority of pre- series, and the flexibility coefficients can be
vious investigations, the assumption is made evaluated by solving Laprange’s equation. The
that the medium is elastic, isotropic and homo- foundation and the soil-foundation interface
geneous, and the analytical solutions are based are discretized into a number of spline ele-
on the classic work by Lamb [1] who formulated ments, and the assumption is made that the con-
and solved the problem of harmonically varying tact stresses are uniformly distributed within
point force acting on the surface of an elastic each subregion. Then, the dynamic stiffness
half-space. Typically, the force-displacement matrix of the ground is obtained by inversion
relationship for the foundation is obtained by of the dynamic flexibility matrix. Combining
assuming that the foundation can be represented the stiffness matrices of the foundation and
as a rigid body. the ground leads to a set of conmplex liner
equations for the soil-foundation system in
WVhile the analysis of the static response of a terms of the spline nodal parameters. Once the
flexible foundation on an elastic multi-layered nodal displacements are obtained, the contact
medium has drawn the attention of many resear- stresses for each subregion can be easily
chers, the analysis of the corresponding dyna- determined. In the present analysis, only out-
mic vproblem has not been as extentive. Non- of-plane deformation of the foundation is con-
homogeneity of the medium is one of the factors sidered and the shearing contact stresses are
vhich further complicate the modelling process. neglected. Also, although slipage between the
Whereas rigorous mathematical treatment appears foundation and the soil 1is allowed, it is
impossible at the present time. Although the assumed that the foundation remains in contact
finite element method has been used extensively with the ground. The analytical procedure is
because of its ability to treat the complex applicable to both the multi-layered soil
properties of the soil, there is a drawback in deposits and the mediunms continuously varying
the FEM analysis that the semi-infinite medium elastic modulus with depth which are approxi-
is normally represented by a finite-size modal mately regarded as consisting of a number of
the boundaries of which trap energy radiating distinct layers.
away from the foundation. Also, the discreti-
zation causes a filtering effect on the waves The main advantage of the present approach is
in the higher frequency range. These problens that the two-dimensional problem is simplified
may be somewhat mitigated by placing the boun- to a one-dimensional discretization. Due to
daries far from the foundation and by keeping the orthogonal properties of Fourier’s series,
the size of the elements sufficiently small, the computational effort and storage require-
but such action leads to a system with a rela- ment have been greatly saved, thus the boun-
tive large number of degree of freedom causing daries of the finite-size model may be placed
a severe problem on computer time and storage. sufficiently far from the foundation, and the
interaction analysis can be carried out on a
This paper studies the dynamic response of the micro-comnputer. Excellent accuracy is shown in
flexible strip-foundations resting on a visco- numerical examples.
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FUNDAMENTALS AND GOVERNING EQUATION

A flexible massless strip- footing supported on
a viscoelastic multi-layered medium and sub-
jected to harmonic vertical load 1is shown in
Fig. 1. The dynamic response of the foundation
will be analysed. Since the steady-state vibra-
tion is considered here, the time factor eit
will be omitted in what follows.
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Fig.l. Decription of the Soil-Foundation Systen
Denoting the vertical displacement of the

foundation by w(x), the normal contact stress
distributed at the soil-foundation interface by
p(x), and the vertical excitation on the foun-
dation by q(x), the governing eaquation of the
plate strip-foundation can be expressed as

a
SO[D

where D=Erte/12(1~-ur) represents
rigidity of the plate
modulus Er,

dZw(x) d2w(x)

1 -
dx? axZ —q(x)w(x)+ Y p(x)w(x)]dx=0 1)

the
characterized by
Poisson’s ratio ur

flexural
Yong’s
and thickness tr

By dividing the strip-foundation and the soil-

foundation interface into n elements of equal
length h, the vertical displacement of the
foundation 1is expressed as the cubic spline
function
n+l
wix) = S rida(x) =[]} (2)
i=-1
where
X
¢s(x)=va(—-1)
h
¥; represents the cubic B spline given in

explicit form in reference [4].

The last term of
mately calculated

equation (1)
from

can be approxi-

a n
J p(x)w(x)dx= £ wi(x:)Ry = {W}T(R} (3)
0 i=o
in which w(x:) is the nodal displacement of the

foundation and R,
contact stress on

is the resultant force of the
the corresponding subregion.
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By assuming uniform contact stress within each
subregion, w(x:) and R: can be related through
n
fis Rs = we (i50,1,... ..n) (4)
j=0

where fis represents the flexibility coefficient
of the ground,which relates the normal displace-

ment at point i on the surface to a normal har-
monic force of unit amplitude applied at point
i. The points of interest are those which are

considered to be coincident with the node points
of the foundation. The unit load 1is considered
to be uniformly distributed on the surface of
the nmedium over a space equal to that of the
individual foundation elements. Chopra [2] and
Lou Menglin [3] obtained the flexibility coeffi-
cients of homogeneous viscoelastic medium under
the conditions of plane strain. However, the
solution of layered medium appears to be rather
poor. A semi-analytic approach to the problem is
developed in this paper and it will be described
in next section.

Using matrix notations, -equation (4) may be
expressed in the form

(F? {R} = {W} (5)
and the nodal force vector {R} can be derived
from

(R} = [F1 (W) (6)
where [F] represents the flexibility matrix of

the medium,

which is symmetric of order (n+1)X
(n+1),

complex and frequency-dependent.

Equation (1) can be discretized by the procedure
described. Substitution from equations (2), (3)
and (6) into equation (1) leads to a set of
complex algebraic equations for the soil-founda-
tion system:

( (Kl + (Klm ){r} = {a} (N
in which [K] is the stiffness matrix of the
foundation, and takes the fornm
a
Ky = [ LT elax = DA (®
o
[Klm represents the dynamic stiffness matrix of
the ground given by
(Kin = [& (x0) 17 [FI7[6 (x0)) (9)
where the matrix [¢ (x:)] is of order (n+1)X
(n+3). The load vector of external forces {q}
can be expressed in the fornm
a
{a) = S (617 q dx (10)
0
Once the vector {r} 1is obtained from -equation

(7), the displacements and the contact stressess
can be easily evaluated from eauations (1) and
(6), respectively.



SEMI-ANALYTIC MODEL FOR MULTI-LAYERED MEDIUM

Lou {3} presented in 1984 that the
viscoelastic half-plane nmay be represented by
a finite-size dodel with boundarijes placed
sufficiently far from the srtuctures. This con-
clusion is employed to treat the semi-infinite
nulti-layered medium. The model considered in
this paper with finite length L and depth H is

shown in Fig. 2.
TI

H

|
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Fig. 2. Description of Model
The dynamic flexibility coefficients of the
viscoelastic materijal idealized as a constant
hystieretic solid, according to the complex-

damping principle, can be determined fronm

(-o2M+(1+in) [K13{r} = (P} an

where [K] and [M] represent the stiffness and

mass matrices, respectively. @ is the excita-
Lion freaquency, and n denotes the energy Joss
coefficient.

Dividing Lhe soil medium into N horizontal

strips, Lhe displacement functions can be given
as a product of the cubic splines and Fourjer'’s
series in the form of

M

u(x,y)= = [$IXa{a)a 12)
n=)
M

vi,y)= £ [¢$]1Yn{b}a (13)
=)

where
(9] = [ b0 &3 ... ... b nai ]
4>,=q:3(—:- P i1 0 1h .. N-2

Pr TPl N+ 1) = —pa(2 W)+ pa(L N
N—l“PSh quah '«P:{h

Xn and Ya represent Fourier’s series,

nn (x+L/2) . an (x+L/2)
Xm = cos v Ya = sin
- L T
Equation (12) and (13) can be expressed in

matrix form
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M
{6 }=[u v]T = Zﬁ (Nlm{r}m = [N){r} (14)
m:
where
¢ JX 0
N = [ Xe (15)
0 (¢ IYn
{rim = [ {a}T™ {b}T I~ (16)
The strain components are given in the form
M
{e)=lecgye]™= 21 [(Blm{r}m =[B]1{r} 7
m:
where
[o1X'm 0
[(Blm = 0 [¢’]Ym (18)
[¢ " ]1Xn (¢ IYa
Similar to the vprocedures of the standard
finite element method, the stiffness matrix [K]
and mass matrix [M! can be obtained from
N
(K1 = = § [B]™ [Du] [BY dxdy
k=1 Sk
[K]'ll [K]lz [K]ll(
TKlz: "Klza ... TKlam
= e e e e ce (19)
(Klur [Kluz . TKTum
vhere
N -
fKlan = 2 f [Blm [D«l [Bln dxdy (20)
k=1 Sk
and
M = % J o INIT [N] dxd
k=1 s hd
[M]ll 'ijz [M]IH
[M]Zl [M]ZZ .« .. . “:M]?H
= N e . e e (21)
[M}Hl [M:}MZ !:M]HM
where
N
(Mlmn = k'=21 jSkp,JNhn (NJn dxdy (22)
1 £ 0
1'»k
2 -
[Dk] - (1 }lk)Gk ik 1 0 (23)
1‘2ﬂk I‘Hk
]‘Zpk
) - Lik
?(1‘Bk)
sk donates the area of kth strip of the soil
characterized by the shear nodulus Gk, the
density ¢ and Possion’s ratio ux.



Because of the orthogonalities of Fourier’s
series, all the terms do not coupled together,
and each term can be analysed separately.
therefore equation (11) may be expressed in the
form
(-0®*(Mlm + (1+in)(Klm) {r)m = {pin
mn=1,...,M (24)
vwhere
(K]n= 2 S (BT a(Dx][B]n dxdy
k=1"sk
(Kluu [Kluv
= (25)
[(Klvu [Klvv
N T
[Mlw= X p (NITm(N]lm dxdy
k =1 Sk
[ (Mluu 0 (26)
0 (Mlvv
in which
N 2(1-ux)G 1-2
Kuu = 5 2 (O [FyTe ——— Fx(Cy] ]
k=1 1 ~2ux 201 -p)
N 2(1-m)G 1-2ux
(Kluv = Z s k[ ~ Hyx [Hy]+ ——-—-—ny[HyT]
k=1 1-2px 1-pis M)
(Kivu = (KTuv
N 2(1-p)G -2l
Klww = 5 —222 ([Ry](Cy]s ——D Cy[Fy] )
k=1 1‘2}11( (1‘,uk)
N
(Mluu = Z px Fx (Fy]
k=1
N
(Mivv = z Fy (Fy]

Cx,Cy,Fx,Fy,Hxy and Hyx are folloving constants

L/2, L2,
Cx =j—L/zX"X’" I L pters o

L/2 L/2
Fx =J:L/2X.X. dx Fy = IL/ZY.Y. dx

Cy =

L/2 y - Lz,
Hxy -j_L/zx.Y. dx Hyx _-/—L/ZX‘Y" dx

and [Cy],[Fy] and [Hy] are matrices given by
(Cyl=] [¢’17 [¢'1dy
y jhk
Fyl={ (61 [¢ ldy
[Fy );k
Hyl=[ [¢ 17 [¢'1dy
SN
Once the generalized coordiante vectors {rlam
(=1, ...... , M) are calculated, the compliance
coefficients can be easily determined from

equation (14).
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NUMERICAL RESULTS
1. Dynamic Flexibility Coefficients

and numerical results

in reference [2] for the
influence coefficients for a
homogeneous viscoelastic half-plane. as an
extension, the solutions for a semi-infinite
medium with a finite depth wvere obtained by Lou
(31 in 1984. These <influence cofficientshare
complex-valued and depends on the dimensionless
frequency parameter

Analytical expressions
have been presented
dynamic flexibility

»w b
a. =
c
where ¢ denotes the shear wave velocity of
the medium,
ﬁ ey
L=J00¢ L=100C
H=30¢C
+— ey
] U= _/3
L | fn=025 N=o.1
b
(b2

05q, [=looc
H=5¢C

G U=ls
N=o0.1

(®)

Models of houogeneous and Non-
Homogeneous Mediunm

Fig. 3.

Two exasples for homogeneous medium, illustrated
by Model (a) and (b) in Fig.3.,are analysed by
the present approach, and the results are
compared with the available solutions. The
homogeneous viscoelastic half-plane investigated
in reference (2] is represented by Model (a)
with a finite length L=60b and a depth H=30b,
and a semi-infinite single layered medium from
reference [3] is shown in Model (b). It is
observed from Tab. 1 that the results given by
the present semi-analytic model are quite close
to the analytical solutions.

The dynamic flexibility
non-homogeneous mediums illustrated by Model (c)
and (d) in Fig.3. are calculated and the results
are listed in Tab.II. Compared the results with
the solutions shown in Tab.I for the correspond-
ing homogeneous mediums,it is indicated that the
non-homogeneity of the medium has considerable
influence on its compliance coefficients.

coefficients for the



TABLE I. Dynamic Flexibity Coefficients for Homogeneous Viscoelastic Medium
x/b B o 0.0 0.5 1.0 1.5 200 7.5 3.0 3.5 4.0 4.5
EPresent Method 0.3621 0.2546 0.0595 -0.0493 -0.0843 -0.1213 -0.1457 -0.1348 -0.1190 -0.1062
ReFYY | pararanse- {21~~~ 0238500473 - =071320~" - =0 1452 --20TTITS”
?Present Hethod -0.3011 -0.3560 -0.2840 -0.2220 -0.1704 -0.1132 -0.0573 -0.0114 0.0294 0 0850
fyy rReference (2] 7-0.3553 -0.2259 Co-oin4z T -0.0129 0.06%5_
"R TPresent Wethod 0.4652 0.1511 " T0.0756 0.0289 0.0046
oFyy | Reference (3] © o Towseor T 0.1732° 0.0773 0.0288 -0.0027
_________ —%FFSQEHE_EEEHSE—___—_____—°_‘35Tﬁi§§__—____-— -0.0174 -0.0090 -0.0036 0l 0g08
ety fReference (3] ©-0.0493 T plotes T -000003 " Lgloo3r T -0.0008"
TABLE II. Dynamic Flexibility Coefficients for Non-Homogeneous Viscoelastic Medium
x/b U T Y 2.0 T 25 3.0 7 3.8 4.0 7 4.5
Model(c) ! ReFyy  0.3371 10,2303 0.0355 -0.0728  -0.1073  <0.1436 0.1873" -0.1554  -0.1387 ~0.1250
20=0.5 j TEFJJ———:ET3517___:6T§Z§§——‘IET§77§___:6TETET__-:ETTEZ—__-:ﬁffﬁﬁﬁ___:ﬁfﬁ%if___:ﬁfﬁﬁé1'_“ﬁfﬁif?‘ 70.0662"
Model(d) | ReFyy 0.6286 0.1301 N T B N T -0.0067
80=0.2 f InFyy 7 -0.0668 T Tplogs7 T -0.0096 T -0.0040 T 0.0004
TABLE II1. Vertical Harmonic Point Force Response of Foundation
On Non-Homogeneous viscoelastic Medium {Model (c))
____________________ .= 0.1 TTTTTLoIgTy =
o Real  Imagnary " Real  lmagnary " Real  Tmagnary "
B R
| Edge 0.2045 -0.1098 -0.1622 ~0.0584 -0.0941 0.0866
——_‘: ___________ [ Centre  0.7503 " -0.2408 T 0.3573 -0.4003 T 0.2405  -0.3330° T
fr=0.003 f_"Eééé ________ 0.2048 ":ﬁ_fﬁéé'__—_"’"~_:6—T§§§_—”__—:ﬁf6§§i_h_‘_-_-_‘36f6§7§ ______ 0.0865
—_;;;;j&; ______ ?:::?%Efff:::_—:ﬁféf§6"__”‘“Iﬁfiﬁié _____________ 0.2224 20.3853 0.1104 ~ “o.2607 "
' Edge 0.2009 -0.1097 -0.1658 -0.0697 01185 T 0.068
] f " Centre 0.47237 " Colig3s T 0.113¢  -0.2382 0.0553  -0.1642 T
kr=0.3 5“‘@&;; ________ 0.2460 -0.1307 T o T040 T TIolizar T -0.1137 -0.0200
i Centre 0.3604 -0.1441 T 0.0260  -0.1633 0.0005 -0.095¢
fr=3.0 ;___Eaéé_" 0.3162 -0.7425 T Iglats0 T -0.0345 S0 psss T
——————————————— ?—_—EEHEFE_____-ﬁ—iiif———__":5TT1§§—_'” ©0.0056 T S0.1516 T Igloias -0.0875 T
fr=300 g_—_EEEE__— 003324 -0.1429 TTTTGT0056 T Zo.is14 -0.0148 -0 o874
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2. Dynamic Response of the Foundation

The technique described above is employed to
determine the dynamic response of a flexible
strip-foundation subjected to harmonic vertical
loading and in smooth <contact with the non-
homogeneous viscoelastic medium illustrated by
Model (C).

For a rigid surface massless strip-foundation,
the response depends only on the elastic
constants of the medium and the frequency of
the exciting dynamic disturbance. However, the
dynamic behaviour of a flexible footing is
additionally affected by the material pro-
perties of the elastic plate. The main pare-
meter characterizing the flexibility of the
soil-foundation system is the relative stiff-
ness Kr defined by

Kr = Ds/Da (28)
vhere the flexural rigidities Dr and Da of the
foundation and the medium, respectively, are
given by

Erts
De = — (29)
1-ur
and
Ex a3
Do = —m— (30)
2(1+pa)
The response of the foundation excited by a
series of harmonic point loads applied along
the centre line 1is obtained and the vertical

displacements at the centre and at one edge of
the fundation are listed in Tab.Il for several
representative values of the relative stiffness

ranging from Kr = 0.00003 to Kr = 300. The
smallest value of Kr corresponds to a non-
existing foundation for which the response is
identical to the free field motion, and the
largest value of Kr corresponds to a “"rigid”
plate.

It is observed from Tab.Il that the displace-

pents decrease as the frequencies increase and
the centre displacements seem more sensitive
than the edge displacements to changes in rela-
tive stiffness. When the relative stiffness Kr
increases, the displacements at the edge either
decrease or increase depending on the frequency
of the applied force.
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CONCLUSTONS

The spline function methods ( spline finite ele-
ment and spline semi-analytic method ) are em-
ployed to analysis the dynamic response of a
flexible strip-foundation subjected to harmonic
excitation and supported at the surface of a
non-homogeneous viscoelastic medium. The spline
semi-analytic approach is developed to determine
the dynamic flexibility matrix for the layered
nedium, which simplifies the two-dimensional
probler to a one-dimensional discretization.

The numerical computations were performed on a
IBM personal computer. The dynamic flexibility
coefficients for homogeneous and non-homogeneous
viscoelastic mediums are presented. It is shown
that the non-homogeneity of the mediuam consider-
ably affects its compliance. Paremetric studies
examining the effect of the relative stiffness
Kr on the foundation response are conducted. It
is shown that the response at the centre of the
footing decreases as the relative stiffness Kr
increases.
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