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SYNOPSIS

and real stress-strain behavior of soils.

This paper is concerned with the constitutive equations of the sands and overconsolidated
clays under cyclic loads. The constitutive equations are derived,

based on the theory of plasticity

The non-associated flow rule is applied to the derivation

of the equations. The derived equations can explain the mechanical behavior of overconsolidated

clays and sands under cyclic stresses and have nine
faction analysis.

INTRODUCTION

This paper is concerned with the stress-strain
relation of soil under cyclic loads. Hardin(1978)
experimentally reported that the yield surface
for most soils enclosed the single point,
because the inelastic strain occurred under
unloadings. Pender (1978) considered that when-
ever the stress ratio changed even inside of the
boundary surface(e.g., critical state energy
theory) ,the plastic yielding occurred. Dafalias
et al. (1977) also discussed the vanishing of
elastic range. From the above works, we assume
that the material is elastic in the overconsol-
idated region only when the stress ratio is
constant.

The concept of the bounding surface has been
proposed by Dafalias et al., and Dafalias et al.
(1980) and Mroz et al.(1979) developed a bound-
ing surface model for clay. In this paper, the
similar concept of bounding surface in the
stress space are used in conjunction with the
critical state soil plasticity.

Following to Pender's idea and the concept of
the bounding surface, we will derive a constitu-
tive model which can describe the mechanical
behavior of overconsolidated calys and sands
under cyclic loads, based on the theory of
elasto-plasticity.

DERIVATION OF CONSTITUTIVE EQUATIONS

The boundary between normally consolidated state
and overconsolidated state is assumed to be
given by the following 0.C. boundary surface as
shown in Fig.l.

= ik 1 =
£1.= Nyt Mpln(og/opl) 0 (1)

where o% is a mean effective stress, Oée is pre-

consolidation pressure and n* in Eq.(l) is a
stress parameter for representation of anisotrp-
ic consolidation introduced by Sekiguchi et al.
(1977), and is defined by
_ 1/2
* =l (nk.—nk. * ok,
n(o)[(n1J ”13(0))(”13 ”13(0))] (2)
in which

n* = Sij/cr:.l (3)
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soll parameters, and are applicable to lique-

* = [

"500) =53/ (0) @
where nij(O) is the value of n{. at the end of
anisotropic consolidation and Sy is a devia~-
toric stress tensor. J

1/2

* 1 i * *
Mm in Eq. (1) is the value of (ni.nij) when

the maximum compression of the material takes
place.

Since there is no elastic domain, the plastic
strain incremental tensor deP. is given by the
following non-associated flowlrule, i.e.,

af
deP.= A—F ar (5)
1] Boij
where f, is a plastic potential function, f is

a plastic yield function, Oij is the stress

tensor and A is a hardening parameter.

The plastic potential function fp is assumed to

be given by

n* o+ M*ln(o&/o'

mm)) = 0 (6)

f =
p

In this equation, n* is a relative stress para=-
meter and in this case we define as follows.

- _ _ 1/2
n*—[(n;j ”fj(n))(”fj ”fj(n))] (7
In Egs.(6) and (7), ngj(n) and O%(n) are the

values of n*. and o' at the n-th times turning
over point of the logding direction., Further-
more, the parameter M* in Eq. (6) is a variable
which is defined by

*
M = - ln(om;7o' )

mc
1/2

(8)

n*=(n§jn’i‘j) (9)
In Eqg.(8), oé is a value of c%exp(n*/M;) at the

end of consolidation.

It is easily understood that M* is automatically
determined once the current stress state and
consolidation history are provided.

On the other hand,
by

the yield function is given

f = p* (10)
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Figs.l and 2 schematically illustrate the plas-
tic potential curve £ 0 and stress paths under
the undrained triaxia]l test condition.

Inside of the state boundary surfac& namely
in overconsolidated state, we keep ~M* after
* attains to the value of M¥%. This assumptlon
coincides with the concept of so-called phase
transformation line defined by Ishihara et al.
(1975).
In order to obtain the hardening function, we
introduce a strain-hardening parameter y* co-
rresponding to the parameter n*. y* can be

called "relative plastic deviatoric strain”
Y*= PP -e 1/2 1
Y [(elj 1](n))( 13(n))] (11)
where e? is_the plastlc deviatoric_strain com-

ponent é 4 elj( ) at the

state when the n-th times reverse of loading
takes place as shown in Fig.l.

is the value of et
ij

In addition, we assume that the following_rela-
tionship between the hardening parameter Yy* and
n* 1is expressed by a hyperbolic curve as given
in Fig.3.

- n* (MEEny

- (12)
G'[M§+n?n)- n*]

where G' is the initial tangent modulus, M* is

£

the value of n* at the failure state and
n* is defined by
(n) y
1/2
* = * * 13
n(n) [ nlj(n)nlj(n)] (13)

This hyperbolic strain-hardening function is
a generalization of Nishi and Esashi's harden-
ing function(1978).

From Eqgs.(5),(6), (8),(10) and
the parameter A as follows.

(12), we obtain

- - * * 2,

A= 0 (Me+ 11y
p _.P _ ' = 2
(€157%55 (n)) (V137013 (ny) G MEFI,y T

(14)

Finally, the constitutive equations for over-
consolidated clays and sands are obtained from
Egs. (5),(6), (10) and (14). Taking into account
the elastic component, they can be written by

do’ n¥.~n¥*.
de. .= =ids,.+ —K o D l@ij+/\[_];]___i~l_§£). i

137 269%i37 TT+e) of 3 - ot

. M* Sy

Skl . . ij
357013 T 3z Rk 5z 19f (15)

There are ten material parameters in the con—
stitutive equ&tions, namelﬁ y KeA ',e,
M* M§, ng and M*, However, M* can be ob@glned
when yﬁ,cée and the current stress state are
provided and bounded by the value of M*,
Thus the following nine parameters have to be
given to complete the constitutive equations.,

A; consolidation index, k; swelling index,
€; void ratio, G; elastic shear modulus,
G'; parameter for strain-hardening function,

m 3
Fig, 1 Schematic diagram of the potential
surfaces and yield line.

o!
y — —-— ——stress\path
Fig, 2 Schematic diagram of stress paths
under undrained condition
-
n
* 4Nn%x
"E M)
tan 6 = G!
0
0

-

y
Fig 3 Hyperbolic representation of
strain-hardening function

n6 ; the value of n* at the end of consolidation,

M;; the value of stress ratio n* at the maxi-
mum compression, M*f; the value of stress ratio

n* at the failure state, oée :
pressure.

preconsolidation

COMPARISON WITH EXPERIMENTAL RESULTS

In the normally consolidated region of sand, M*
is always equal to M§. For clay, in the
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Fig, 4 Stress path of overconsolidated sand under cyclic stresses
(after Ishihara & Okada, 1978)
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Fig 5 Stress ratio vs. axial strain relations of overconsolidated sand
under cyclic stresses(after Ishihara & Okada, 1978)
}_ OCR=1,12,e=0,811 L'
OCR=1.3
5 3 1 N
0.4 | 0.4} e=0.816 705 3 L
-
0.2 | 0.2
- ~ &
o~ 7 6 5 E
g 0 b+ #——r—t —+——rt > o0 >
3 .5 1.0 g 1.0 ! x
= i oy = m o
o-0.2} 2 -0.2 | (kg/cmZ)
(kg/cm™)
b= r
~0.4 +. A NG -0.4 %
(a) (b)
Fig.6 Stress path of overconsolidated sand under cyclic stresses(calculated results)
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Fig.7 Stress ratio vs, axial strain relations of overconsolidated sand under cyclic stresses(calculated results)
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Fig.8 Stress—strain relation and stress path of
normally consolidated clay (after Akai et al.

1979)
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Fig.9 Stress-strain relation and stress path of
normally consolidated clay (calculated result)

Table II Soil parameters of clay and test condition
€ £ E G' M M
max 2 m(c) m(E)
0.78 % 0.12%/min 600 kg/cm” 1200 1.3 1.05
M K
%o Me ) £(E) )
0.8 1.95 1.575 0.0087 0,091
normally consolidated region, elasto/visco-

plastic constitutive relations proposed by one
of the authors(F.0Oka,198l) are used. The prame-
ters shown in Tables I and II are used to pred-
ict the undrained responses of sand and clay
under cyclic loading. In Tables, the indices (c)
and (E) denote the compression state and exten-
tion state respectively, and M.=v3 72M§ and M =
v3/2M*, In triaxial test condi 1ons, c! is
equalmto i +20} )/3 and q is given by @i -0
Figs. 4 and % show the cyclic triaxial t@ést
results for overconsolidated Fuji River sand
obtained by Ishihara et al. (1978). Figs.6 and 7
show the predicted results by the proposed theo-
ry, corresponding to Figs.4 and 5. The undrained
cyclic triaxial test result for normally consol-
idated clay, reported by Akai et al. (1979) is
shown in Fig.8. Fig.9 show the predicted result
for clay. From Fig.9, it is found that the pro-
posed theory can finely explain the stabiliza-
tion of stress-strain loop after some cycles of
load application., It may be concluded that the
predicted results can fairly describe the
undrained cyclic behavior of sand and clay.

¥

33°

74

CONCLUSIONS

The constitutive relation that can describe the
cyclic behavior of sands and overconsolidated
clays are proposed, based on the elasto-plas-
ticity and the concept of the boundary surface,
The relative stress ratio and the newly defined
prameter "relative deviatoric strain" are used
to formulate the hardening function. It must be
emphasized that the derived theory also explain
the behavior after the stress ratio attains to
the value defined by the phase transformation
angle. Then, the proposed theory is applicable
to the liquefaction analysis.
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