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Progressive Strain of Sand Due to Cyclic Loading 
D. H. Timmerman 

Associate Professor of Civil Engineering, University of Akron, Akron, Ohio 

S. Leelanitkul 
Assistant Professor of Civil Engineering, Texas A & I University, Kingsville, Texas 

SYNOPSIS Progressive axial strain produced by cyclic, triaxial loading conditions was measured on 
Ottawa sand samples of various relative densities. The theoretical cyclic shearing strain amplitude 
in each sample was determined using a modified, hyperbolic shearing stress-shearing strain relation
ship. The data shows a linear log-log correlation between the measured progressive axial strain and 
the calculated cyclic shearing strain amplitude. The correlation is proposed as a general procedure 
for predicting progressive strains resulting from general cyclic, triaxial loading conditions. 

INTRODUCTION 

Progressive strain of dry or moist cohesionless 
soil subjected to various loading conditions 
has been studied by various researchers in re
cent years. This paper considers the deforma
tion characteristics of dry sands under the 
influence of small cyclic shear strain ampli
tudes which are likely to occur under vibrating 
foundations. 

Previous work by Silver and Seed (1971, 1972) 
has shown that progressive settlements in dry 
cohesionless soil deposits which are subjected 
to earthquake loadings can be correlated with 
the shearing strains produced by the horizontal, 
cyclic earthquake loading. This was accomplish
ed through emperical correlations with the re
sults of cyclic, simple shear tests used to 
simulate the earthquake loading. The research 
reported herein has generalized the concept 
to enable prediction of progressive deformations 
under general cyclic, triaxial loading condi
tions, such as those occurring under vibrating 
foundations. 

CYCLIC TRIAXIAL STRESS-STRAIN RELATIONS 

Superposition of stresses beneath the center 
of a vibrating circular footing may be repre
sented by Fig. 1 for the case of axial symmetry. 
The static stresses are ov and oh produced by 
the static load of the foundation. Under vi
bration, cyclic stresses ~ ~ov and ~ ~oh are 
introduced. 

The dynamic stress components may be consider
ed as the superposition of a cyclic hydrostat
ic stress, ~ ~oh and a cyclic deviatoric stress, 

·~ (~ov-~oh)· These two stress conditions were 
duplicated in triaxial test by Timmerman (1969). 
The stresses and the stress paths for the two 
cases are shown in Fig. 1 (B) and (C). The 
stress path diagrams show that cyclic shear 
stress, and hence cyclic shear strain, is only 
produced from the cyclic deviatoric stress com
ponent. 
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Fig. 1. (A) Stresses Beneath a Vibrating 
Foundation 

(B) Stress Path for Cyclic Hydrostatic 
Loading 

(C) Stress Path for Cyclic Deviatoric 
Loading 

A detailed representation of the cyclic devia
toric stress condition in triaxial tests is 
shown in Fig. 2 (A). The cyclic stress ~ (~ov
~oh) generates the cyclic axial strain amplitude 
~ ~Ev. This dynamic axial stress-strain re
sponse forms a hysteresis loop as shown in 
Fig. Z (B) in which the dynamic Young's modulus, 



E, is defined to be the slope of the line con
necting the extreme points of the loop. 
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Fig. 2. Typical Response of Soil Under 
Triaxial Tests 

(A) Cyclic Stress-Strain Condition 

(B) Typical Hysteresis Loop 
(C) Equivalent Shearing Hysteresis Loop 

For dynamic analysis, it is often convenient 
to consider the shearing stress-strain response 
instead of the axial stress-strain response. 
The corresponding shearing hysteresis loop is 
shown in Fig. 2 (C) in which the slope of the 
line joining the extreme points of the loop is 
the dynamic shearing modulus, G. The corres
ponding cyclic shearing stress, ! ~T, can be 
evaluated from the cyclic deviatoric stress as 

± ~T (1) 

This cyclic shearing stress is generated in the 
triaxial specimen while the specimen is subject
ed to the mean confining pressure 

(2) 

The dynamic stress-strain response can be repre
sented as shown in Fig. 3. The curve OA in Fig. 
3 represents the static shearing stress-strain 
curve during the application of the mean confin
ing pressure, a0 • Point A becomes the dynamic 
initial loading condition from which the dyna
mic initial tangent modulus can be evaluated 
directly from the static mean confining pres
sure, a 0 , and the initial void ration, e. The 
expressions for computing the initial tangent 
modulus as proposed by Hardin and Richart (1963) 
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Fig. 3. Typical Progressive Shearing Stress
Strain Response 

are 

2630 (2 .170-e) 2 
l+e 

for round-grained sands, and 

(2.973-e) 2 
1230 l+e ~ 

(3) 

( 4) 

for angular-grained sands. Gi and T0 are in psi 
units and e is the void ratio. 

Relationships between the cyclic shearing stress 
and the shearing strain amplitude can be adopted 
from the hyperbolic shearing stress-strain rela
tion formulated by Kondner (1963) and later 
modified by Hardin and Drnevich (1972). Thus, 
the cyclic shearing stress-strain relation is 
assumed to be described by the following equa
tions: 

l!.T. ~y 

1/Gi + t.y/T.m 
(S) 

and 

Yr 1 m/Gi (6) 

in which Yr = reference strain, Tm = maximum 
static shear stress based on friction angle ~ 
which would exist at failure if the dynamic 
stress path was followed to failure in a static 
test and l!.y = cyclic shear strain amplitude. 
Hardin and Drnevich (1972) combined Eqs. (S) 
and (6) and upon modifying for experimental de
viations from theory arrived at 

G 

"Gi 
-1 

{1 + Qr [1 +a exp(-b Qr))} 
Yr Yr 

(7) 



With a = -0.5 and b = 0.16, the expression can 
be used to relate the dynamic shearing modulus 
to the shearing strain amplitude for clean dry 
sands. 

Eqs. (5) and (6) can also be transformed to the 
expression 

G 
G. 

l 

1 
tn 

'm 
(8) 

Equations (1) to (8) can thus be used to relate 
the cyclic triaxial shearing strain, ~y, to the 
imposed shearing stress, ~~. as a function of 
the static stress state, the friction angle, ¢, 
and the void ratio e, of the sand. 

PROGRESSIVE STRAIN MEASUREMENTS 

Air-dry Ottawa sand no. 20-60 was subjected to 
cyclic triaxial loadings. Cylindrical samples 
1.4" diameter by approximately 2.8" high were 
subjected to a hydrostatic confining pressure, 
oh of 20 psi and a given static axial stress, 
ov. The samples were then subjected to a sinu
soidal axial loading, ± ~ov, at frequencies 
varying between 2 and 25 cps. The axial strain 
resulting from 10,000 cycles of loading was 
considered as the progressive strain from the 
given stress condition. The cyclic shearing 
strain was calculated for each sample using 
Eqs. (1) to (8). The progressive strain-vs
shearing strain data is shown in Fig. 4 for 
samples having initial relative densities of 
51%, 78% and 93%. 

The dynamic triaxial test results indicate that 
the progressive strain is only dependent on 
the cyclic shearing strain amplitude and the 
relationship is approximately linear on a log
log plot. 

For purposes of comparison, the data of Fig. 4 
is summarized in Fig. 5 (A) along with similar 
data from cyclic simple shear tests conducted 
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by Seed and Silver (1971, 1972) in Fig. 5 (B). 
The simple shear tests were conducted on angular, 
crushed quartz sand no. 20-40 having relative 
densities of 45%, 60% and 80% and for 10 and 
300 loading cycles. Although the soil types 
and loading stress paths are different, the 
similarities in behavior are evident. 

Further analysis of the observed progressive 
strain behavior and the equations controlling 
the shearing strain amplitude suggest that the 
response can be divided into three approximate 
categories: 

(1) When the shear strain amplitude is less 
than lo-5 in./in. 

(2) When the amplitude is between 10-5 and 
1o-2 in./in. and 

(3) When the amplitude is larger than 10-2 
in./in. 

For the first category w~th shearing strain 
amplitudes less than 10- in. /in., no signifi
cant deformation occurs and the soil behaves 
essentially like an elastic medium. ~hen the 
shear strain amplitude is between 10- and 10- 2 

in./in., progressive deformation of the soil 
occurs. The progressive deformation is produced 
primarily by the dynamic shear strain with only 
insignificant volume changes occurring; there
fore the deformation can be correlated with the 
shear strain amplitude with reasonable accuracy. 
When the shear strain amplitude exceeds 10-2 
in./in., large volume changes occur and the 
resulting deformation is considerably larger 
than that predicted by the shear strain corre
lations. A strain amplitude of lo-2 in./in. 
corresponds approximately to the theoretical 
limit of ~T = Tm for the sand. Therefore, when 
~T > Tm or ~Y > lo-2 in./in., grain to grain 
slippage would be expected resulting in poten
tial large volume charges. 
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Fig. 4. Progressive Strain-vs-Shearing Strain Amplitude 
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Fig. S. Progressive Strain-vs-Shearing Strain Amplitude 

(A) Triaxial Test 

(B) Simple Shear Test 

CONCLUSIONS No. SM7. 

For general cyclic triaxial loading conditigns 
with sh2aring strain amplitudes between 10-
and 10- in./in., the resulting progressive 
deformations of sands can be predicted by (1) 
calculating the static and dynamic imposed 
stresses using elastic theory, (2) calculating 
the strain dependent cyclic shear modulus using 
a modified, hyperbolic shearing stress-strain 
relationship, (3) calculating the resulting 
shear strain using the imposed cyclic shear 
stresses and the cyclic shear modulus and (4) 
determining the resulting deformation using 
emperical shear strain-progressive deformation 
relationships from triaxial laboratory data. 

Predicted deformations using the general tri
axial model agree well with data from other 
research using cyclic simple shear data. 
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