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ABSTRACT

To extend current measurement and data synthedimitpies for resonant column testing, random vidbmatransfer functions
measured using a modified 6 inch (152.4 mm) diarm@teevich free-free resonant column device arduastad against viscoelastic
theories of homogeneous and heterogeneous soillsio&y means of the transfer function approaclis found that the first four
resonant peaks of the soil column response caajtered experimentally with some instrumental aatégns. By calibration against
theoretical transfer functions, the ability to caterize the modulus and damping properties otlilessamples over a broad range of
frequencies is demonstrated. As a generalizatioth® analytical theory for resonant column tesisat number of practical
applications, the sensitivity of the experimentadgedure to the specimen’s vertical material hgfeneity is examined for a linear
variation in shear modulus. The feasibility of Bjopy the experimental and analytical techniquesmtestigations of the frequency-
dependence of damping properties is demonstra@adibration of theoretical models against measwesdnant column soil behavior
over a wide range of frequencies is anticipatetbdol to more accurate material characterizationsacthe spectrum of frequencies

encountered in seismic and foundation vibratiornliaafions.

INTRODUCTION

In problems of soil dynamics and earthquake enginge
characterization of the soil's modulus and dampgingperties
are often of critical importance. Various forms resonant
column (RC) test methods have been widely studied a
commonly used to obtain measurements of modulus and
damping as functions of controlling parameters sush
confining pressure and shear strain, among othdesd{n
1965, Drnevich et al. 1978, ASTM D 4015). Whilsaoaant
column and other dynamic laboratory tests commaniglve
sinusoidal loading, natural and man-made sourceh f$
earthquakes, wind, waves, and traffic often giwe fio non-
periodic loadings covering a wide range of exaiati
frequencies. It is therefore of interest to asierivhether the
use of random and impulse excitation types in latwy tests
can provide measured dynamic soil properties thatem
accurately reflect those that will control the msge in the
field. While random excitations along with outprtly or
input-output transfer function techniques have bagplied to
resonant column tests in the past (e.g. Yong et@®47, Al-
Sanad et al. 1983, Aggour et al. 1988, 1989, Awtiral. 1988,
Cascante and Santamarina 1997, Li et al, 1998aRixMeng
2003, Wang et al. 2003, Cascante et al. 2005) teye
typically involved the use of fixed-free apparatidawere
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usually focused on measurements of the fundamesgahant
peak. Because the bottom end of the sample isinestl from
rotation in fixed-free RC devices, correspondingngfer
function techniques generally involve the measurgnaf
both the input and output quantities at the tophef sample.
These quantities are typically in the form of tlg-platen’s
rotational motion and the applied torque, obtaibgdpplying
a torque-current calibration factor to a voltage ameed
within the electromagnet drive circuit. If the wdicircuit
voltage with respect to ground is used insteachef\voltage
drop across a power resistor, one must also contetid
distortions of the measured damping ratios causgdhke
effects of back-emf (e.g., Cascante et al. 199032Wang et
al. 2003). Correction for back-emf effects regsieglditional
device-dependent calibrations of the coil inductarend
resistance, which are usually approximated as &equ
independent. It should be noted that a measurewofetite
input current as specified in ASTM D 4015 will ingitly
account for the back-emf effect. Therefore, thekbamf
transfer function corrections are only requirechijut voltage
is measured instead of current (Li et al. 1998,c@ake et al.
2005). For the common fixed-free type of RC deyicther
issues such as effects of eddy currents (Cascarate 2005)
and radiation of energy through the base due tack bf
perfect fixity can also affect measurements of damp



(Drnevich 1978, Cascante et al. 2003, Wang etQil32Khan
et al. 2008).

EXPERIMENTAL METHODS

The need for device-dependent torque-current caldor
factors as well as the problems of back-emf aneé fagy can
be avoided by a direct measurement of the physieakfer
function of the soil column. The free-free or Drioh type of
resonant column device can be adapted to providié&est
transfer function measurement, as it features tn&ssson of
motion from the bottom platen to the top platerotigh the
soil sample by design. This can be achieved witmomi
modifications to accommodate measurement of thatiooial
motion of the platens using transducers of sufficie
sensitivity. In this study, a 6-inch diameter ffeee Drnevich
type RC device was modified by attaching four
instrumentation blocks with stud-mounted PCB model
352C67 accelerometers to opposite sides of tharidbottom
platens. The traditional RC system’s signal getoera
frequency counter, and oscilloscope were replacigd two
Spectral Dynamics SigLab spectrum analyzers withkB2@
bandwidth random excitation and measurement capesil
A random voltage signal of selected rms amplitudas w
generated by the SigLab unit, then amplified by exhron
5515 power amplifier and sent to the drive coils thé
resonant column device. The resulting time-his®mf the
tangential accelerations from the bottom (actived gop
(passive) platens were digitized and recorded uairjkHz
analysis bandwidth with 4096 samples in the timmdo, a
sampling rate of 5.12 kHz, and a frequency resotutf 1.25
Hz. Analog low-pass filters and Hanning windowingere/
used to minimize the effects of aliasing and spé¢dtakage.
Experimental noise was further minimized by using 3
ensemble averages of spectral quantities in eathFmm the
digitized signals, the auto-spectral densiti€, (f) and

G, (f) and cross-spectral densiti€3, (f) were calculated,

in which x(t) and y(t) denote stimulus and response signals

and f is the frequency in Hz. The transfer fundigialso
referred to as frequency-response functions or FRF)

G, (f)
G,.(f)

H,(f)= 1)

were calculated along with coherence functionsindefby

G, (f
-0l @
G, ()G, (f)
in which bars denote spectral averages (BendatPaacol,
1986). The symmetric arrangement of the four aroeheters
allowed spurious transfer function peaks causedlabgral
bending modes of the sample to be averaged ounifionize
the influence of particle-size effects, a large glenof dry
silica sand (G= 2.65) was used, having a radius76.6 mm,
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heighth =315.1 mm, density = 1707 kg/r, void ratioe =
0.55 and relative densiyr = 79.6%. Effects of large shear
strains were minimized by testing under small-atn@ndom
vibration at confining pressures of 10, 15, 20, 80,and 50
psi (68.9, 103.4, 137.9, 206.8, 275.8 and 344.7).kP&lore
details about the tests can be found in Ashlock &ad
(2010).

With the above described test procedure and metdiifics to
the RC device, the transfer functions of the solilmn can be
measured directly and evaluated against analyticaisfer
functions without requiring the consideration ofeato-
mechanical interaction, torque-current calibratfactors or
the effects of base radiation or back-emf.

THEORETICAL TRANSFER FUNCTIONS FOR LINEAR
SHEAR MODULUS PROFILE

Although various resonant column sample preparation
techniques are used in an effort to achieve homeiternit is
difficult to completely avoid some variations inrdity and
confining stress throughout the sample volume. falctally,
the increase in mean principal stress with depté tuthe
soil's self-weight will cause a depth-wise increaseshear
modulus (e.g. Hardin and Richart, 1963, Hardin Bndevich
1972). While the effects of such heterogeneitiesy nbe
negligible for typical small-scale resonant colusamples on
the order of a few inches in height, they may bentdrest for
larger samples on the order of 1 ft (30 mm) in heim
combination with low confining pressures. To inugste the
effects of a vertical heterogeneity in shear moslubm the
transfer functions of the soil sample, a lineaiatéon in shear
modulus of the form

G(z)=GO(1+mEj, m>-1 3)

is considered analytically, with being the height of the soil
sample. In Equation (3), the axial coordinatis directed
upward with the origin at the bottom of the soihgde, and
m is a dimensionless heterogeneity parameter. dfsion of
a viscoelastic soil sample having a Kelvin-Voigtsagus
damping coefficient;, the shear stress,, may be expressed
as
_ - 4

Top(1,2,t) =G(2)y(r,z,t) +ny(r,zt)
where y(r,z,t)=r060g(zt)/ 0z=r06(zt)/ 0z is the shear
strain, 6x(zt)is the angular displacement relative to the
base, and(z,t)is the absolute angular displacement relative

to a fixed reference frame. The equation of motioterms of
the total angular displacement may then be forredlas

0 00 0% 0%0
“lez2)ZE |+ -p27, 5
62( ( )ézj Txo2 Lo ®)




in which p is the mass density of the soil. Assuming a time
harmonic steady-state solution of the form

6(zt)=6(z)d” where w=27fis the circular frequency
andi=~/-1, Equations (3) and (5) give

25 2
1rmZ i 21 M+( jd9+ ® _4-0 (6)
h G )d? \(h)dz c§

in the frequency domain, wher€%, =G, / pis a reference

shear wave speed. For a more general treatmet@rping,
the term wn / Gyin Equation (6) may be replaced with the

general frequency-dependent fored( @), where &(w)is a
generalized damping ratio. One may téke )=on/(2G,)

for constant viscous Kelvin-Voigt type damping, ase a
constant {(w)=¢, for hysteretic damping behavior.

Imposing the inertial boundary condition for the tplaten
having a polar mass moment of inertiaresults in

l @°

dé(z) _
z=h h(1+m§+i 2§(a))j

dz

o(h),

()

where| = I, / (phd) is the platen-to-soil inertia ratid,is the
polar second moment of area of the sample, and

_  oh
0=—
C

(8)

is a dimensionless frequency parameter. To fatdlit
calibration of Cyyvia comparison with measured transfer

functions, it is more convenient to express Equef®) as
—2
(1+m +|2§(a)))d o (—j— +—60=0 9
z z

The general solution to the above equation is
~ . 20 — . 20 —
6(z)=Cly, |W,/y(z,w) +C.Ky IHJ#(Z’(U) ,  (10)

where C,and C, are arbitrary constantd,, and K,are the

modified Bessel functions of orderof the £ and 2° kinds,
respectively, and

/1(2,5)=1+%+i2§(5), (11)

Prescribing the top boundary condition of Equalfi@jalong
with the base excitation as
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6(0,t)=6(0)et = 4, (12)

while expressing the rotation at the top of the glams

o(ht)=a(h)d* =g, (13)

the transfer function of rotational displacementr (o
equivalently, tangential acceleration) may be olgdias

ocht) _ 6
6(0t) 4,
204 (13(3%) Ko () + 1o(@)Ke(@))
24 (12(@;) Ko (@) + 1o (@) Ka (1))
@)

& (
+ml wt( o) Ko wb)"O(a’b)KO(at))

(14)

wherel , andK, are the modified Bessel functions as described
above, 4 = u(h,@), w,=u(0,3), @ =i2o\fx /|m and
Dy =120\, 1M The function for the

homogeneous case may be found by settimg=0 in
Equations (7) and (9) and solving the resultingriatawry value
problem, yielding

transfer

== repra (15)

where

INTEN (16)

Note that the foregoing transfer functions (14) &) for the
proposed measurement approach correspond to thérée or
“spring base model” (Hardin, 1965), and are indejeen of
the bottom platen’s polar mass moment of inertia.
Additionally, they are free of device-dependengta-current
calibration factors or a “system resonant frequéray the
first peak (ASTM D 4015; Hardin, 1965). If transdus are
used to measure the motion of the top and bottateps, the
corresponding experimental transfer functions alglo be free
from extraneous damping effects from back-emf wHewe-
circuit voltages are used as a means to calcutegeapplied
torque. Hardin (1965) also pointed out that due the
independence of the resonance ratio (the transfactibn
above) on the value of the forcing function andliase platen
inertia, that the “best procedure studying soilpemies would
be to measure the resonance ratio.”

Examples of the transfer functions derived aboeestwiown in
Fig. 1 for a homogeneous sampla € 0) and a range of
hysteretic damping ratios. Displaying transferdlions on a
linear scale as shown in part (a) has been fouafiiLin least-
squares optimization procedures of the back-caioumaof



Fig. 1. Magnitude of transfer function for homogeug
(m = 0) free-free resonant column sample with hgsie
damping. (a) linear scale typically used in leagieses
modulus/damping optimization procedure, (b) lodsmiic
scale for examining damping characteristics at high
frequencies

modulus and damping values. To observe the eftéct
damping on the higher modes in more detail, a degplot
of the transfer function is also useful (see Fit).1To
facilitate their comparison to the experimentallyeasured
resonant column transfer functions, all theoreticatves in
this paper will be presented for the sample dinmrsiand
properties given above, with a top-platen inertitior of 1 =
1.224.

The effects of a linear height-wise variation ire tehear
modulus on the first peak of the transfer functiare
illustrated via comparison of Equations (14) anf) ({h Fig. 2
for a hysteretic damping ratié(w)=~&,=05%. The

magnitude of the transfer function, as shown in. g, is
commonly used to convey information about resonant
frequencies and damping behavior. In this stuldg,real and
imaginary components shown in Fig. 2b and Fig. 2e& a
preferred over magnitude and phase for use in-kpsires-
type error optimization algorithms to calibrate dymic
material properties, as the real and imaginary amapts
share common units. As shown in Fig. 2, both tegudency
and amplitude of the fundamental peak increasepfmitive
values ofm (modulus increasing towards the sample top), and
decrease for negative values of Traditional resonant
column testing techniques involve the applicatiod o
sinusoidal loading at a number of excitation fretpies in
order to measure the fundamental peaks of the sppgvn in
Fig. 2. Random vibration techniques, on the othand,
permit measurement of the system response at nlasglg
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Fig. 2. Effect of linear shear modulus heterogsneft
Equation (3) on first peak of free-free resonaoitimn
transfer function. (a) magnitude, (b) real comptné)
imaginary component. Hysteretic dampirgg,= 0.5%.

spaced frequencies over a wide bandwidth in a matte few
seconds, allowing one to efficiently measure noly cthe
fundamental peak, but also those of higher modeth wi
suitable instrumentation. The increased amount of
information afforded by measuring the system respawver a
greater bandwidth than just the neighborhood of the
fundamental peak naturally provides the possibiitya more
detailed validation and calibration of numerical dats, as
well as the study of frequency dependence of madalud
damping characteristics. For example, the trarfsigstion of
Fig. 2 is shown for an enlarged frequency rafgeo <15 in

Fig. 3, illustrating the characteristics of thesfifive resonant
peaks in relation to the heterogeneity paramaterAs shown

in this figure,m can affect greatly the distribution of the modal
resonant frequencies whose measurements can levadHhy
the proposed test method.

While the analysis presented above enables a cisopaof
response functions for shear modulus profiles wisbhre a
common valueG,, at the bottom of the sample, further insight

can be gained by having modulus profiles that share



Fig. 3. Effect of linear shear modulus heterogeneit
Equation (3) on first 5 peaks of free-free resdrcolumn
transfer function. (a) magnitude, (b) real compuné)
imaginary component. Hysteretic dampirdg,= 0.5%.

common value at mid-height.  Although this could be
achieved by scalingG, in Equation (3) and adjusting
Equation (8) to achieve a common frequency norratbn, a
direct formulation is equally convenient. For thisrpose, the
shear modulus profile may be taken as

G(z)=G0[1+ m[ﬁ—%]] m> -2

for which the average modulus has the valgg for all m.
Proceeding as above, the terfmz/h) will be replaced with
m(z/h-1/2) in Equations (7) and (9). It can be shown that

the solution to the resulting differential equationil be the
same as Equation (10) and the transfer functionagmin be
represented by Equation (14), provided one sets

(17)

W(2,5)=1+ m(%—%)ﬂ%(a_)). (18)
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4.2 4.3
w/wl

w/wy

Fig. 4. Effect of linear shear modulus heterogeneft
Equation (17)on first 4 peaks of free-free resonant column
transfer function. (a) first peak frequenay,

(b) 2% (c) 3¢ (d) 4" peak frequency ratias,/, .

As shown in Fig. 4a, the effect of the heteroggnpérameter
m in Equation (17) on the amplitude and shape of first

peak of the transfer function is relatively minor the range
considered. The fundamental frequenay decreases for

positivem and does not exhibit a systematic shift in relatio
the value oim. Both of these characteristics are in contrast to
the behavior for the modulus profile of Equation (8ee Fig.
1). Similarly, the higher-order peaks can alsoshewn to
exhibit non-systematic variations with changimg However,
a systematic trend is revealed by examining theueacy
ratios o,/ @4, (N=2,3...), obtained by normalization of
each curve’'so by its fundamental peak frequeney; (see
Fig. 4b, ¢ and d for the"2through &' peaks). Such higher-
order peak frequency ratios can be useful meadarethe
evaluation or calibration of stiffness and dampprgperties
of various theoretical models against those of ek data.
For example, Fig. 5 and Fig. 6 show the theoreticaisfer
functions for the shear modulus profiles of Equatid?),
calibrated to the fundamental peak frequenigy=102 Hz of

the soil column at a confining pressure of 10 68.9 kPa).
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Re(6,/05)

1000 1500
Frequency f (Hz)
Fig. 5. Theoretical transfer function for homogeumseo
sample fit to first peak of measured response atlf02 Hz.
Calibrated homogeneous shear modulus G= 109.5MPa,
hysteretic damping ratid, = 0.6%. Specimen confining

pressure 10 psi (68.9 kPa).

2000

0 500

The theoretical resonant frequencies of the higmedes
appear to be in very good agreement with the medsialues
when plotted over the full measurement bandwidtt? dfHz

as can be seen in Fig. 5. Closer examinatione®ththrough

4™ peaks as shown in Fig. 6 reveals that the homagene
modulus solution predicts peak frequencies that are
approximately 1-2% higher than measured. Basedhen
results shown in Fig. 4, one possible explanation the
measured peak frequencies being slightly lower thase of
the homogeneous case is a modulus increases wyth,de
which is not uncommon due to gravity and self-vaeig
effects. To examine the possible effects of adlinkeight-
wise shear modulus variation on the higher-mode&mnant
frequencies, transfer functions for the modulus fifgroof
Equation (17) withm =-0.2 and-0.4 are also included in Fig.
6. Although a good match of the higher-order peéks
obtained withm = —0.4, calculations based on the relations of
Hardin and Drnevich (1972) indicate that such dafi@mm in
shear modulus (i.e-/+20% of G at the sample top and
bottom) is perhaps too large to be the sole exgitamdor the
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Fig. 6. Theoretical transfer function for vertigall

heterogeneous sample with shear modulus

G(z)=Gy(d+m (zh-1/2)), hysteretic damping
ratio&, = 0.6% . Specimen confining pressure 10 psi (68.9

kPa). (a) first peak calibrated to measured 102 Hz, (b),
(c), and (d) frequencies of2- 4" peaks. Calibrated
Gy(MPa) =109.5, 108.6 and 108.5 for m=0, -0.2 and -0.4.

discrepancy. Other physical conditions of the wsth as
imperfect platen contacts and higher-order hetereige can
also contribute to the cause and might warrant héurt
investigation.
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Fig. 7. Determination of optimum damping ratiosratch
first 4 measured peak amplitudes. Transfer fundiio
homogeneous sample fit to first measured peakif02 Hz.

Calibrated shear modulus G= 109.5MPa.
Specimen confining pressure 10 psi (68.9 k

INVESTIGATION OF
FREQUENCY-DEPENDENT DAMPING BEHAVIOR

Owing to the data it can generate for multiple nesu
regimes efficiently, the random-vibration resonamiumn
method can be naturally used to study the frequency
dependence of the soil's damping properties. Addy
Hardin (1965), the amplitudes of the theoreticansfer
function peaks in Fig. 6 are related to the dampatgp and
may therefore be used to determine an experimeatalping
ratio in the neighborhood of a given peak. Withe th
frequency-independent hysteretic damping rdtic= 0.6% in

Fig. 5 and Fig. 6 , the three measured higher-opgaks are
matched reasonably well by the theory, but a ladgenping
ratio is required near the frequency of the fundatalepeak.
Flexible in allowing frequency-dependent materiedperties,
the proposed formulations permit a variety of forfos the
generalized damping ratiof(w). To investigate the

frequency-dependence of the soil's damping behavior
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Fig. 8. Least squares approximation of first foptimum
damping ratios by the functio&i( f )=¢; / f +c,f to match

measured FRF amplitudes. (a) transfer function (FRF
amplitudes and frequencies, (b) optimum dampinigsat

theoretical transfer functions for a range of hgetie damping
ratios may be calculated and the best-fit dampat@p rat the
frequency of each peak identified as that whichvigles the
closest match of the measured peak amplitude. xample of
this procedure is illustrated in Fig. 7, from whitte optimum
damping ratios for the fundamental and higher-opbsaks are
identified as&( f;)~1.6%, &(f,)~0.55%0, &(f3)~0.60%,

and £(f,)=0.50%. The amplitudes of these measured and

theoretical transfer function peaks are displayeé @ommon
scale in Fig. 8a and the corresponding dampinggatire

shown in Fig. 8b. To investigate the behavior bt t
theoretical transfer function for a frequency-defemt

damping ratio, the values shown in Fig. 8b arenfia least-
squares sense by the function

E(f)="rcpf (19)
as shown in Fig. 8b. Using this formula for dangpiim

Equation (18) results in a transfer function thaitches the
peak frequencies and magnitudes reasonably wesh@sn in
Fig. 9.

CONCLUSIONS

In this study, the experimental setup and analltica
formulation for a free-free resonant column deviaee
outlined in the application of the random-vibratiorethod.
The free-free boundary conditions enable the direct
measurement of tangential accelerations at the Is&snp
and bottom boundaries, permitting the determinatioh
experimental transfer functions on the basis of enld-platen
accelerations. This avoids the need of device-digrEn
torque-current calibration factors commonly reqdire@hen



using fixed-free RC devices. Because the expetiahdree-

free transfer function measurement approach predemrein
also does not involve the use of excitation volsagecurrents
from the coil drive-circuit, the technique also daw®t suffer
from errors in damping measurements that can bsechby
effects of back-emf. Since the motion of the bottolaten is
measured, knowledge of its polar mass moment ofignés

not necessary for the calculation of the transiacfions, even
though it is a factor in the mode shape profiled simear strain
variations (Hardin, 1965). As one more practic@antage,
the experimental and analytical transfer functiads not

contain a device-dependent “system resonant frexylideee,

e.g. ASTM D 4015) which must typically be deterninghen

using free-free RC devices.

To investigate the effects of a height-wise vamiatdf shear
modulus and the frequency-dependence of damping,
theoretical transfer functions were presented fotingar
variation in shear modulus with depth and a geirdl
frequency dependent damping ratio. The abilityekplore
and characterize the material parameters of soilgémeral
modal synthesis involving multiple resonant regirmseapt to

be of fundamental relevance to understanding thecaTy
and common approximations in site response anaiys®il
dynamics and earthquake engineering.
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