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ABSTRACT

In the analysis of most statistically designed experiments, it is common to assume
equal variances along with the assumptions that the sample measurements are in-
dependent and normally distributed. Under these three assumptions, a likelihood
ratio test is used to test for the difference in population means. Typically, the as-
sumption of independence can be justified based on the sampling method used by
the researcher. The likelihood ratio test is robust to the assumption of normality.
However, the equality of variances is often difficult to justify. It has been found that
the assumption of equal variances cannot be made even after transforming the data.
Our interest is to develop a method for comparing k population means assuming the
data are independent and normally distributed but without assuming equal variances.
This is the Behrens-Fisher problem for £ = 2. We propose a method that uses the
exact distribution of the likelihood ratio (test) statistic. The data is used to estimate

this exact distribution to obtain an estimated critical value or an estimated p-value.
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CHAPTER 1
INTRODUCTION

1.1 Model and Statistical Hypotheses

It is often the interest of researchers to compare two (k = 2) or more (k > 2)
population means. For example, when one is comparing the means of the k levels of a
one factor, fixed effects statistically designed experiment. To make these comparisons,
the researcher is allowed to sample from the populations and observe the measurement
Y on each individual in the samples. The measurement Y;; to be taken on the jth
individual from Population 7 is assumed to have a normal distribution with mean p;
and variance o2, for j = 1,...,n; withn; > 2, ¢ = 1,... k with k > 2. Also, it is
assumed that the Y;;’s are independent. We will refer to this model as the independent
normal model.

With the assumption of equal variances (o} = ... = o7 = ¢?), a method known

s “analysis of variance (ANOVA)” is used to analyze these data. The ANOVA
test of the null hypothesis Hy : u1 = ... = u against the alternative hypothesis
H, i~ (u1 = ... =) is a likelihood ratio test. In the derivation of the likelihood

ratio test statistic, it is observed that

S =T =Y S (- Y (V=T

where

J— 1 ng 1 k z

Vi=od YZ],Y__:EZi (D Vi andm =+ e
fort=1,...,k. One form for the decision rule for the likelihood ratio test of size «

rejects Hy in favor of H, if

Shaom (V)=
S (VY m—ky




where Fj_1 ko is the 100 (1 — a)th quantile of an F-distribution with £ — 1 nu-
merator and m — k denominator degrees of freedom. We will discuss this statistical
procedure in Chapter 4.

A question that arises is “how robust is this test to the model assumptions of
independence, normal, and equal variances?” Various authors, as will be discussed
in the next section, have shown that the likelihood ratio test is not robust to the
assumption of equal variances. In Chapter 5, we address this problem by deriving the
exact distribution of V' under the independent normal model with not assumption
about the equality of the variances. It is shown that the distribution of V' under the
null hypothesis of equal means depends on the unknown population variances through

the parameters

2 2
2 01 2 Ok
Al — _27'"7>\k71 — _2.
o o
k k

In the case in which & = 2, Welch (1938) developed a test based on an approxi-

mation of the distribution of the statistic
Y-V,
1 n — \2 1 n — 3"
\/m(m—l_) Zj; (Ylj - Yl,) + e = Zjil (ij _ yz.)

He approximated the distribution of 7" with a noncentral ¢-distribution in which the

T —

degrees of freedom is a function of the ratio A*> = 0%/03 and the sample sizes. The

approximate test was then estimated by estimating A\? with

/):2 _ n11—1 Z;L (Ylj - ?1-)2

no Eva 2"
n21_1 Zj:l (Yé] - YQ)
Champ and Hu (2010) derived the exact distribution of 7" whose null distribution de-

pends only on the parameter A?> and developed a test that estimates the test based on
the exact null distribution of 7" under the independent normal model. This estimate
of the exact test was demonstrated by them to perform better the approximate/esti-
mate test of Welch (1938). In Chapter 5, we extend Champ and Hu (2010) method

to the case in which k > 2.



1.2 Literature Review

Scheffee (1959) observed that the level of significance of the test may be significantly
different from « if the assumption of equal variances does not hold. Thus, the F-
test can result in an increase of the Type I error when the assumption of equal
variances is violated. This creates problem in biomedical experiments, where usually
large samples are not used. In such experiments each data point can be vital and
expensive (Ananda & Weerahandi, 1997).

To avoid such problems, Welch (1951) developed a test that works well under
heteroscedasticity, especially when the sample sizes are large. His method involved
approximating the distribution of the likelihood ratio test statistic with a chi-square
random variable, divided by its corresponding degrees of freedom. Then, the p-value
is approximated based on the approximate distribution when the null hypothesis
is true. Scott and Smith (1971) developed a test based on redefining the sample
standard deviations. Under the null hypothesis, their test statistic follows a Chi-
Square distribution. Further, Brown and Forsythe (1974) developed another test
that utilizes a new test statistic that follows a central F' distribution when the null
hypothesis is true. Bishop and Dudewicz (1981), then, developed a test based on a
two-stage sampling procedure. To improve on these exact tests, Rice and Gains (1989)
extended the argument given by Barnard (1984) for comparing two population means
to obtain an exact solution to the one-way ANOVA problem with unequal variances.

Several other methods have been proposed using simulation. Krutchkoff (1988),
for example, provided a simulation-based method of obtaining an approximate so-
lution that works fairly well even with small sample sizes. There are several tests
done in the literature that provide approximate tests, such as Chen and Chen, 1998;
Chen, 2001; Tsui and Weerahandi, 1989; Krishnamoorthy et al., 2006; Xu and Wang,

2007a, 2007b. Krishnamoorthy et al. (2006) developed an approximate test based



on parametric bootstrapping. Weerahandi (1995a) developed a generalized p-value
based on a generalized F-test to solve such problems with no adverse effect on the
size of the test.

Yigit and Gokpinar (2010) showed using Monte Carlo simulations that Welch’s
test, Weerahandi’s generalized F-test, and Krishnamoorthy et. al ’s test appear to be

more powerful than other tests in most cases.

1.3 Overview of Proposed Research

In this thesis, we derive a closed-form expressions for the probability density function
of a linear combination of non-central chi-squares each with one degree of freedom,
of a linear combination of central chi-squares, and of their ratio mutliplied by a
certain constant. Furthermore, we look at the case in which variances are equal as
a potential guide to our reseach. Laslty, we derive the distributions of SSE, SSTR,
and the likelihood ratio test statistic () under the independent normal model when

the variances are not assumed equal.



CHAPTER 2
SOME USEFUL MATRIX RESULTS

2.1 Introduction

In the study of the general linear model, vector and matrix notation are indispensable
tools. In this chapter, some matrix results are given that are not typically found in

the literature that are useful in finding the distribution of various quadratic forms.

2.2 Quadratic Forms

For the vector y?*! and the matrix AP*P, the scalar value yT Ay is referred to as a
quadratic form. For example, the variance S? of a sample of measurements Y7, ...,Y,,

can be expressed as a quadratic form. The sample variance is defined by

1

i T

S? =

where Y = % > i, Y;. Observe that we can write

— __T_ T
YiI-Y Y\-Y
@_ L [nYV %Y
T on—1
Y, —-Y Y, -Y
Next we observe that
v-v ] [ or 2] [y
nov | [ -b ||




Note that ) )
n-1 _ 1 _1
n n n
1 n—1 1
“n n n 1
=1--7J
n
1 _1 n=1
| n n n |

is symmetrix and idempotent. Hence we see that

S? = ! YT(I—1J>Y7
n

n—1
where I is the n x n identity matrix, J the n x n matrix of ones, and

Y =[v,....Y,]".

It is interesting to look at the following factorization of the matrix I — %J )

can write

—_
|
i
| =
—
|
i
| |~
—_

3
I

—_
S
|
—_
|
|H
—_
[u—
|
-
—_

S
I

|H

1
n— n—1 1

The following theorem will be useful in examining further this quadratic form.

[y

Therorem 2.1: For any positive real number p,

— 9 nXn
1 p ... p
1 ...
’ ’ =VCVT,
pop o 1 |
where the (7, j)th element of V is given by
i(+1) .
JiG+D LS
- iViG+y . )
Vij = TG0 1=7+1<m;

0, otherwise.



and C = Diagonal (1 —p,...,1—p,14+(n—1)p). Further V is a normalized or-
thogonal matrix.
Proof of Theorem 2.1: The proof of this theorem can be found in Champ and
Rigdon (2007).1

It follows from Theorem 2.1 that

where

C = Diagonal n ey n ,0
n—1 n—1

= L]_DiagOnal (]., ey 17 0)

—__ " g
n—1

with H = Diagonal (1,...,1,0). Thus,

1 -1

I--J=" V< n H)VT_VHVT.
n n n—1

Further, observe that H is symmetric and idempotent. Thus, we can write

1
n—1

§2 = YT (VHVT)Y = [HVTY]" [HVTY].

n—1
Theorem 2.2: If ny, ..., n; are integers each greater than or equal to 1 with at least
one greater than or equal to 2 and m = n; + ... 4+ ng, then the eigenvalues of the

matrix

I— lNl/QJNl/Q
m

are 0 and 1 with 1 having multiplicity £ — 1, where I is a k x k identity matrix,
N = Diagonal (nq,...,ng), and J is a k x k matrix of ones. Further, the rank of this

matrix is k — 1.



Proof of Theorem 2.2: Let \ be an eigenvalue of the matrix I — %Nl/QJNl/Q. It
follows that the characteristic polynomial g (\) can be expressed as

1

g(A) = |T— =NY2INY2 _ 1| = (=D)F A (1 = NP
m

Thus, the eigenvalues are 0 and 1 with 1 having multiplicity £ — 1. This also shows
that the rank of T — %NUQJNU2 isk—1. 1

Theorem 2.3: Suppose ng,...,n; are integers each greater than or equal to 1 with
at least one greater than or equal to 2 and m =nq + ... + ng, then we have

1

m

I N'/2JN'/? = VHVT,

where I is a k x k diagonal matrix, N = Diagonal (nq,...,nx), and J is a k x k matrix
of ones, the orthonormal eigenvectors vy, ..., vy are the columns of V with the first
k — 1 vectors associated with the k —1 eigenvalues of 1 of the matrix I — %Nl/QJNl/2
and the eigenvector vy, associated with the eigenvalue 0.

Proof of Theorem 2.3: The proof of this theorem can be found in Champ and
Jones-Farmer (2007).1

Theorem 2.4: If ¥ = Diagonal (63,...,0%), I is a k x k identity matrix, N =
Diagonal (ny,...,n;), and J is a k x k matrix of ones with ny, ..., nj positive integers
with at least one greater than or equal to 2, m = ny + ... + ng, and o2 > 0 for

1=1,...,k—1, then the matrix
21/2 (I _ lN1/2JN1/2> 21/2 — VCVT,
m

is of rank k& — 1, where the diagonal elements of C = Diagonal (&1, ..., &k—1,0) are the
eigenvalues with & > 0 of the matrix and V = [vy, ... ,Vk]T is the matrix in which

the column vectors are the associated orthonormal eigenvectors. Further, we have

Cl/QvTNl/QE—l/Ql — 0’



where 0 and 1 are k x 1 vectors of zeros and ones, respectively.

Proof of Theorem 2.4: Since the matrix I — %Nl/QJNl/2 is a real symmetric
matrix of rank & — 1 and ¥ is of rank k, then X1/2 (I— %Nl/QJN1/2> 312 has
rank k — 1. Thus, the matrix XV/2 (I _ %Nl/QJNW) X2 has k — 1 positive real
eigenvalues &1,...,&_1 and one zero eigenvalue. It follows that we can express
/2 (I — %NUQJNU2> »1/2 as VCVT. Tt is convenient in what follows to define
C~'/2 = Diagonal (5;1/2, L 0). Note that

C~Y2CY2 = Diagonal (1,...,1,0) = H and HC'? = C/2.
Using the results in Dillies and Lakuriqi (2014), we can write
Cl2yTINY/2xn-1/21 — HOY2VTNY/25-1/21
_ (C—1/2VTVC1/2> (C1/2VTN1/22—1/21>
_ /2y T (VCVTN1/2E_1/21)

— C71/2vT (21/2 <I 1

m

Nl/ZJNl/Q) 21/2) N1/2271/21
_ C—1/2vTEI/2N—1/2N1/2 <I i lN1/2JN1/2> 21/22_1/2N1/21
m
1
=C\PyTRl? (Nl — —NJNl)
m

= C/2VTEY2 (N1 - N1)

=00

As discussed in Champ and Jones-Farmer (2007), it is convenient to define the

p X p matrix B by

_ 1 T
B—d(51+d)(5+del)(5+del) I,

where 0 = P! (1 — po), 01 is the first component of the vector §, d?> = §T§ =

(10— 110)" B3t (1 — o), and e, is a p x 1 vector with first coordinate one and the
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remaining coordinates zero. It is easy to show that the matrix B is an orthogonal

matrix that transforms ¢ into

Bé = [d,0,...,0]" = de,.



CHAPTER 3
SOME DISTRIBUTIONAL RESULTS

3.1 Introduction

In the analysis of various designed experiments, the distribution of linear combinations
of central and noncentral chi square random variables are of interest as well as the ratio
of two such linear combinations. We will examine the distributions of the following
linear combination of independent central chi square random variables, the linear
combination of independent noncentral chi square random variables each with one
degree of freedom, and the ratio of these linear combinations. The linear combinations

and ratio are expressed symbolically as

(1) Y and; (2) Z;l cix? 25 and (3) Z:zl CiX1 2/ (Zzl az-xi).

In the next section, we derive a closed form expression for (1). This is followed by

two section in which we give closed form expressions for (2) and (3).

3.2 Joint Distribution of the Sample Mean and Variance

A proof is given in Bain and Engelhart (1991) that the sample mean and variance
are independent under the independent normal model. Further, they show that the
sample mean has a normal distribution and the distribution of the sample variance is
the same as the distribution of a given constant times a chi square random variable.
In particular, if Y7, ...,Y,, is a random sample from a N (u,0?) distribution, then

(n—1)5?

Y ~ N (p,0%/n) and "~ X2
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3.3 Linear Combination of Central Chi Squares

First, we recall the form of the probability density function fx (z) of a central chi

square distribution with v degrees of freedom. We have

xu/Q—le—x/2

fX(x):W

Ti0,00) (),

where Ia () = 1 if € A and zero otherwise. The mean and variance are, respec-

tively,

px = v and ox = 2v.

The moment generating function M GFx (t) of the distribution of X is

1 v/2

See Bain and Engelhardt (1991) for more details about the chi square distribution.
Theorem 3.1: If X; ~ x2,...,X,, ~ x,, are independent random variables with

Vi, ...,V positive integers, then
Xl+---+XmNX,2/7 withv=v14+... 4+ v,.

Proof of Theorem 3.1: Bain and Engelhardt (1991) give a proof of this theorem
using the moment generating function method.H

Theorem 3.2: If X, ~ Xﬁiare independent random variables for ¢ = 1,--- ,k,
and a; are distinct positive real numbers, then the probability density function of

U=a,X1+ aXy+ -+ apXy is given by

_ 00 00 1 1
fo (u) = Zn:O o Zrk_lzo §r17m7rk_1fX‘Q’1+~~+Vk+2T1+~-+2ka1 (ak U) @
1 -1
=Y et (o)



13

where

POEDDINED B | 3
= st yr=1iry,..., k-1 X
r r1=0 rk,1:0 ’ ’ ’ ’

Vp=v1+ ...+ +2r1+ ...+ 2rp_1; 7o = 0; and

gr - £7”1,...,7‘k_1

(_1)r1+...+rk_1 (Hf:—ll (ai+1 . ai>ri> ](:1+...+1/k,1+2T1+...+2rk,2)/2

ay 2 (T a2 2) (T )

Hf:_ll F (V1+...+Vi+227"]_+.“+2,r,i )

CT () [T (e

Proof of Theorem 3.2: Let X; ~ X?,ibe independent random variables and a; be

distinct positive real values for ¢ = 1,--- , k. Consider the one-to-one transformation

Ui = Zj’:l Clej

for e =1,...,k. Then, we can write the inverse transformation and the Jacobian as

k
Xy =a;'Uy and X; = a; ' (U; — Uiny) with J = [ a5,

j=1

fori =2,...,k. Foru; >0 (i =2,...,k), the joint distribution function of U =
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U1, Us, -+, Uk]T can be expressed as
k k
fow) = fx,(ar u) (] ] Fxloy (s —wim)))(J [ @)
=2 =1

(ay u) 2 e (I o)

g ([E, T(4)

k

X H(a;l(ul — uz'fl))Vi/27167a;1(uh”i*1)/2>
=2

B 1/1/2(1‘[Z Q(UZ _ ul_l))ui/Qfl)

a vi/2 Vi V1 deedu
(T z/)(HZ LD (%))20t ) 2

k
< €_a1_1u1/2<H e—ai_l(ui—ui_l)/Q)
1=2
(Hk‘ (u;_;l>(1/1+-~~+yi_1)/2—1<1 _ ui_zl)yi/Q—lufl)u’(gV1+"’+Vk)/2*1

=2 7

- (T, @) (T, T ()20 e/

k—1
X e—aEIukﬂ(H e—ui(afl—a;rll)ﬂ)

i=1

Using Maclaurin series expansion, we have:

k—1 k—1 oo r -1 —1 \r;
H efui(a z+1 | | § Zu CL B ai—H) ‘
: 2ri !

i=1 i=1r;=

Thus, we obtain

et () o = agy))

Z Z ”m(H /) IT5, (%))

r1=0 rg—1=0 i=1 %
ey ur/2 u}(ﬂvﬁ A 2r e 2ry 1) /21

X Qw1+ Fvp+2r1+-+2rk_1) /2
. (g(u;—il)(yﬁmm1+2h+m+2m1)/21(1 . u;_il)w/Qlui—l)
Since
[t e, < G



we can write the marginal distribution fy(u) = fu, (ug)

Ug u2
:/ / fu(u) duydus - - - dug_y

L)rtee 1(1_[?711(@_1 - aw}l)”)
Z Z 1) r) (T a2 (T, T (%))

670,,C uk/2 (ak_ uk)(1/1+---+I/k+2’r1+---+2’r‘k,1)/271

X

(it ety +2ri++2rk-1) /2

214t 2 1)/2—1
% a(V1+ +up+2ri+2rp_q)/

k
y H V1+ +vi— 1+2T1+ +2ri_1 )F( / )
1/1+ +VZ+2T1+ 27 1)
2
Notice that
Vi Vi 2 e 2
| X )
! 2
=2
k—1
V1+"'+VZ‘+2T1+"'+27’Z'
¢ )
. 2
=1
and that
k=1 k-1 r
H(a—1 _ a7l )i = Hz (@i — a;)
i itl) = 1 .
i=1 Hz 1 (a’lalJrl)
Also,
k k-1 k-1
(L) Taiasa)y = gz A Lag ),
i=1 i=1 i=2

Thus, we obtain

)7t (T (@ — ai)"™)
fuluy) = Z Z (V1+2T1 E

k— 21, _142r;)/2 k—
fS0 noazoa (H Sl T) § ) N ES
Hf:ll F(V1+ +Vi+227“1+~~-+2m) Vit A g1 F2ri 20 o) /21
Hf:—Ql F(u1+~~~+ui+2;1+-~~+2ri_1) k

e—ailukﬂ (alzluk)(V1+"'+Vk+27'1+"'+27"k71)/2_1

F( vitAvp+2ri42r )2(V1+"'+Vk+2’r'1+"'+21“k—1)/2 '
2

The results follow.H

15
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Figure 3.1: Graph of fy,2 4,2 (u)
Consider the cases in which £k = 2 and k£ = 3. For £ = 2 with v; = 3, 1n, = 6,
a1 = 2, and as = 4, the probability density function describing the distribution of
U =2x;+4x3

is given by

4\ g (DT () .
fu (u> = <§> ZT:() AT %) 7! fXS%-FZr (4 u) )
The graph of fy (u) is given in Figure 3.1.
For k = 3 with vy = 3, 1, =6, 13 = 7, a; = 2, a = 4, and a3 = 5. The

probability density function describing the distribution of
U = 2x3 + 4xe + 5x>

is given by

. o (_1)r+t (l)T (l)t T (3+2T) r (9+27"+2t) 5(7+2T+2t)/2 ~
fo (u) - Zr:O Z1t:0 ' 22;)5/2T!t!r2(%) I (ﬁ) ‘fx%6+2r+2t <5 1u)

2

The graph of this density is given in Figure 3.2.
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Figure 3.2: Graph of fy,2 42 52(u)

3.4 Linear Combination of Noncentral Chi Squares Each with One

Degree of Freedom

In this section, we look at the probability distribution function of a non-central chi-
square and some of its properties. We also derive a closed form expression for the
probability distribution function describing the distribution of a linear combination
of non-central chi-squares, each with one degree of freedom. Several approximations

to this distribution have been done in the literature (Press 1966, Davis 1977).

Theorem 3.3: If Z has a standard normal distribution and 7 is a real number, then

the probability density function describing the distribution of

W= (Z+71)
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o O, T (H20)

i
- ( w3y, LG )T)Qrfxmw)?

where
1, if r=0;
‘97",7'2 =
(3", ifr>0.

Proof of Theorem 3.3: The cumulative distribution function describing the distri-

bution of W for is given by

Fw(w):P((Z—f-T)QSw):P(—\/E—TSZS\/E—T)I(O’Oo)(w)

= [®(Vw—1) = (—vw—1)] Lne (w),

where @ (2) is the cumulative distribution function of a standard normal distribution.

It follows that the probability density function describing the distribution of W is

1

o (1) = [0 (V5 =) 4 20 (v = )] o ()

Vo e (Va2 L i (v )2/2}
= |——w /e \WVW¥TT + ——w % weT Lo o0y (W
[2\/27r 2V (000) ()

677'2/2

N

where ¢ (z) is the probability density function of a standard normal distribution.

wV2emw/2 <67\/E + e_T‘/E) I(o,oo) (w) )

Next we observe that

SRS S Twr/2+zr )
_Zr B (14 (=1) )Twr/
_221"0 7“.

77 r/2

2
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Hence, we have

—72/2 2\T T
_€ —1/2_—w/2 ( oo (77) w )

W) = ———w e 2 T0.00) (W
fw (w) Nors > o ) e ) (w)
22\ (%) 2r—1)/2 2

—e T/ E w@r—D/2,—w/ L(0.00) (W)

r=0 27T (27")'
r=0 2 (27")' 7

oo (7_2>7” r (%) 2(1+2r)/2

_—T2)2
=e
ZTZO V2 (2r)!

1
(142r)/2-1 _—w/2
T (EE) 20 e o00) (w)

o (7_2)7’ r (%) 2(1+2r)/2

— —72/2 )
¢ Zr:O V2 (2r)! fX1+2r (w)

o ()T ()

_ T/
=e 2 ZTZO 7 @) fx%+2'r (w).A

The random variable W is said to have a noncentral chi square distribution with

2 or more compactly stated as

1 degree of freedom and noncentrality parameter 7
W~ X%,’r?'
Theorem 3.4: If W ~ x? , , then the moment generating function of the distribu-

tion of W is

MGPFy (t) = (1 — 2t) /2 71/(1-20)

fort € (—1/2,1/2).
Proof of Theorem 3.4: The proof of this theorem can be found in Tanizaki (2004).H
Theorem 3.5: If Z;,..., 7, are v independent random variables each having a stan-

dard normal distribution and 71, ..., 7, are real numbers, then the distribution of
W=(Z+7n)+...+(Z+1)

is a noncentral chi square distribution with v degrees of freedom and noncentrality

parameter
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Proof of Theorem 3.5: The moment generating function of W is

_I1 _op—l/2 —r2t/(1-2t)
MGFy (t II MGF . (t) = ILiﬁl 2t) e
—(1— 2t)_”/2 e—(7'12+~-+‘ru)t/(1—2t).

This the moment generating function of a noncentral chi square distribution with v
degrees of freedom and noncentral parameter 72 + - - - + 7.1

Theorem 3.6: If W) ~ Xfﬁg, o Wy~ X%JUQ are stochasticly independent noncentral
chi square random variables each with one degree of freedom and ¢y, . . ., ¢, are distinct
positive real numbers for 7 > 2, then the probability density function describing the

distribution of
W =caWi+,...+c,W, ~ ClXile +...+ cnxiT%

is for w > 0 given by

DONIEED DD DINPEIED BN
- ot 1y
t1=0 ty=0 £—51=0 Sp_1=0 > LrtmSlosn—1

X [y (c_lw) ct
V2t o2t +2s 1+ H2sy 1 N ] n

_ E -1 —1
- ts Ct’sfx’%t,s (Cr] w) Cr] ’

for w > 0 and fi (w) = 0 otherwise, where
(I, 6, 72)(—1)51+'”+S"*12t1+"'+t’7e*(712+"'+73)/2

ot ”(f) (H” 26 (T, si!)

Ct,S - <t17“‘7tn7817'“75n—1 =

o (I (e — o)) ey o0 e e e
(Hn 1 1+2t +254— 1+281)
(H (z+2t1+ +2t2+2sl+-~~+25i ))( ;]:2 F( 1+22tz- )) .
21 F 2t 251+ 28— )
(H (H— 1+ -gSH- +2s 1))
O, 72 = ;and t = (¢,...,t,) and s = (s1,...,5,-1).

' (r2)", if t; > 0.
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Proof of Theorem 3.6: Let W, ~ X? _2be independent random variables and ¢; be

positive real values for ¢ = 1,--- ;7. Consider the one-to-one transformation
i
Wi = Zj:l CjX
for i =1,...,n. Note that W = W,. Then, we can write the inverse transformation

and the Jacobian as

n
X, =c;'Wy and X; = ¢; *(W; — Wi_y) with J = ch_l,
j=1
fori =2,...,n. Forw; >0 (i =1,...,n), the joint distribution function of W =

(W, Wa, - - ,Wn]T can be expressed as

: n
fW(W) = le (Cl_lwl)(H le(CZ_l('lUZ o wz_l)))(H Ci_l)
i=2 P
0, %F (%) 2t1(Cl_lwl)(1+2t1)/2_1e_01_1w1/2

7T /2 t1,T
1 Ztl =0 VT (2t)T (%) 9(1+2t1)/2
- F (1+2t )275,( Yw; — wy_y))(+20/2-1
X I[ Ztl =0 (2,5,).{‘ (ﬂ) 9(1+2t;) /2

<11
o f:o (Hi:l gti,TE

e—Tf/2€— i_l(w —wi—1)

e XHC

2 2—1 . _
)wg + t1)/ ( 17 2(wz wi_l)(l+2tl)/2 1)

2
n
=2
o0
- Z 1426;)/2
212/ ([T (2t) ) (T o F27%)
n—1
% 6—(7'12+.--+7'727)/26—c,71wn(H e—wi(cfl—ci}ll)/Z)
-1

)e (712+"'+Tr27)/2€_6771w77

i=1 t“T
> ZW

142t;)/2
= 5 L2t )([T, o 207)
n
% (H(wifl)(if1+2t1+---+2ti71)/2—1(1 . wi—.1>(1+2ti)/271w;1)
i—p Wi Wi
n—1
% (H (wi(c;lfciﬁlw) wgn+2t1+---+2tn)/271_
i=1

Using Maclaurin series expansion, we have:

n—1 n—1 oo -1

s2 —1 \s;
'LU C — C;
| |6_wi i ’H—l | | E Z+1) .
2518 '

i=1 =1 s;=
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Hence,
S Sp o S UE S LI
1+42t;)/2
L 2t))( 715 %)
B0 oy C i >wfﬁ““+ e
([T sil) 20w +2 072
% (H(wifl)(i—1+2t1+~--+2ti_1+251+--~+25i_1)/2—1(1 . wifl)(1+2ti)/2—1wi—1).
=y Wi Wi
Since

M Wityeer g - Wity g, H@D0)
/O(Uh‘) 1 wi) i dwz_l_F(a—i—b)’

we can write the marginal distribution of W, as

Wn w2
an (wn) = / s fw(W) dwldwg cee dwnfl
0 0
B U
= —
t1=0 ty=0s1=0 sy—1=0 ﬁ)ﬁ( i:1(2tz)-)
6_677 wn/Q(Hi:l (ci — Ci+1)si) (C’;lw )(77+2t1+"'+2tn+251+"'+28n71)/2—1

n (1+2t;)/2
( =1 G )(Hz 1 Si- )
2t1+~"+tnc(77+2t1+‘"+2tn+251+ +2sp-1)/2—-1
n

X

X

2(n+2t1 442ty +2s1 4 +257-1) /2
n =142t 44281 +251 4425, 1 )F(1+2ti)
1l | |
F(i+2t1+“-+2ti+281+--~+23i—1) ’
- 3

Notice that

ﬁr(2—1+2t1++2tl_1+281+—|—28l_1

. 2 )
=2
T it bt 28 e 28
= [ . )
=1
and that
n—1

Tt — ey — List (e —e”
i+1 - n—1 55
i=1 Hi:l (ciCiy1)%i
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Also,
n—1
(1+2t;) /2 s;
H H(Cici+1) )
i=1 =1
n—1
_ (1H261+251)/2 (142842591 /2 (1+2ti+25i71+25i)/2)
=q Cy C; .
1=2

Hence, the marginal distribution fw(w) becomes

Qt -2 2)e —(712+~--+T2)/2(_1>S1+---+Sn—1

tlzo tz—ozo ,Zo VAT, 2t)) T s)

2T e — c»i)An4+%r%42%4+%r“44%—ﬂﬂfl
1=

7
C(1+2t1+251)/2(1—[ 1+2t +2s;_ 1+281)/2)
1
(H (z+2t1+ +2t2+251+ +25,))( ;]:2 F(%))
(H (z+2t1+--~+2tr|2-281+~~-+25i—1 ))

e—¢n Lwn /2 (C;Lwn)(17+2t1+--~+2t,,+2sl+---+2sn,1)/2—1

X .
2(7I+2t1+--~+2tn+281+~~-+2sn71)/2r(”+2t1+"'+2tn‘;‘251+"'+25n71)

The results follow.H

3.5 Ratio of a Linear Combination of Noncentral Chi Square and

Central Chi Square Random Variables

It is useful to examine the distribution of a constant times the ratio of W and U.
The probability density function describing the distribution of this ratio is given in
the following theorem.

Theorem 3.7: Let X; ~ Xiare independent random variables for : =1, --- | k,
and a; are distinct positive real numbers, and let U = a1 X7 + asXo + - -+ + ap X4
Let W; ~ Xiﬁg, ey Wi ~ XiTng be stochasticly independent noncentral chi square
random variables each with one degree of freedom and ¢, ..., ¢, are distinct positive
real numbers for n > 2, and let W = ¢;Wi+,... + ¢,W,. Then for positive real
numbers d,, and d, the distribution of

d, W _W/d,

V=37 " U/,
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is given by

Vt75/2
Gt (20) ™ () gt

(ve,stvr)/2
P (%) T () (14 ag) ™

fol@=2_, >,

where Zt’s, > e Vbss Ur, Cis, and & are defined as in theorems 3.2 and 3.6.
Proof of Theorem 3.7:

The distributions of U and W are given in theorems 3.2 and 3.6 as

=D &b, (ag'u) ot and fiw () =3 Gesl,, (e w)

Define

W/d,

@= U/d,

and Q2 = U/d,

W =d,QQs and U = d,Q)> and J = d,d,qo

f0.0: (4, @2) = fw (dwaqe) fu (dugz) dwduqe

B Zt s Z1[' Ct,sfrfxl%t,s (Cgldwq(h) fX%r (alzlduQQ)

-1, -1
X ¢, ay dwdyqo

)I/t,s/2*1 6—(051(110‘1‘12)/2

B (T
= Zt,s Zr Ct,sgr T (Vt s) ok, s/2

,1du vr/2—-1 —(alzldqu)/Q
% (ak Q2IZ (%> 21/2 c,?lagldwdqu

Z Z Gt sfr( _ldw)ut’S/Q( _1(1 )Vr/Q vts/2-1
o t,s Vts

) 2(ve,s+rr)/2 (ak ldu + C»,?lde) (ve,s+vr)/2

x ((ay'd, + c;ldwq) qQ)(Vt’SJrV‘")/%1

w ¢ (ax duteydug)az/2 (ap'd, + c,?ldwq)
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It follows that

q) = /0 f0.0: (4, 42) dg

Z Z Ge sfr( 71dw)yt’s/2( i )”r/z vt,s/2-1
- t,s Vts

l/r) 2(ve,s+rr)/2 (alzldu + cglde) (ves+rr)/
x /0 ((ak 'd, + c, 1dwq) q2)(l’t,s+ljr)/27l
X e_(agldu+c;1dwq)q2/2 (%Zldu N Cgldwq) das

o Z Z Ct Sé.r( *1d )Vt,s/2 (a—ld )I/r/2 Vt,s/2*1
t,s Vts

( ) 9 (vt,s+vr)/2 (akld + c—ld )(Vt,s+Vr)/2
< T (Vt’s—w> 2(Vt,s+l/r)/2

2
Cosbr (cgldw)l/t,s/Q (alzldu)yrh r (WST_,_,,T) th,s/2—1
)

I' (%) (ag'dy + ¢, dwq) (ste)/2

2

I/t’s/Q
Ct,sgr <if]§:) T (W’STM) qvt,s/Q—l

1% a (ve,s+vw)/2°
D)0 () (1+ 2a)

3.6 Conclusion

Some distributional results were given. A closed form expression was derived for a
linear combination of (central) chi square variates. Also, a closed form expression was
derived for a linear combination of noncentral chi square variates each with one degree
of freedom. In both cases, the resulting forms of the probability density functions are
convex convolutions of probability density functions of central chi squares. This was
followed by a closed form expression for the probability density function describing
the distribution of a constant times the ratio of a linear combination of noncentral chi
square variates each with one degree of freedom and a linear combination of central

chi squares.



CHAPTER 4
ANALYSIS ASSUMING EQUAL VARIANCES

4.1 Model

It is often of interest to compare the means of more than two populations. This occurs
in the design of experiments when the research wishes to investigate the effect of one
factor on a response variable in which the factor has more than two levels. The levels
of this factor that are of interest to the researcher may be considered to be fixed or
a sample from the possible values of the factor. We are interested in this thesis in
examining the case in which (1) the researcher is interested in comparing the means
of k fixed populations or (2) a designed experiment with one factor in which the k
levels of the factor are fixed.

A commonly used statistical method for comparing these means is known as the
ANalysis Of VAriance (ANOVA). However, this method was constructed by making
three assumptions about the data. The firstly of these assumes that the response
variables Y; ; to be taken on the jth individual from the ith population are uncor-
related. Secondly, it is assumed that Y;; ~ N (u;, 0?). These first two assumptions
imply that the Y; ;’s are independent. Thirdly, it is assumed that the & population

variances are equal. That is,

Il
Q
Pl o}
Il
)

2 _
0-1_--.

As has been demonstrated by Brown and Forsythe (1974), the size of the test is
“markedly” different than the desired size. As stated by Rice and Gains (), an
ANOVA analysis of the data is most affected when the variances are unequal.

In this chapter, we derive the mathematical properties of the ANOVA procedure
under the previously mentioned assumptions. While these results are derived in the

literature, we will use this chapter as an outline for our method for comparing &
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means without the assumption of equal variances.

4.2 Sources of Variability

The method used to analyze the data begins by examining the statistic

SST = Z; Z:Zl (Vi V)

that is a measure of the variability in the responses. The statistic SST' is referred to
as sum of squares total. This variability can be partitioned as SST = SSE + SSTR,

where

SSE = ZHZ —v,)” and SSTR = ZHZ Vi -Y)

The statistics SSE and SSTR are commonly referred to as the sum of squares error
and the sum of squares treatment, respectively.

Observe that we can write the SSTR as

SSTR = Zl DI Z; n (Vi =V.)

-T -~ -

Vi (Y. -Y.) v (Y1 =Y.
viz (Yo —Y.) vz (Yo = Y)

Ve (Ve =Y.) | | v (Ve =Y

It is not difficult to show that

1

a0 o o)

where I is a k x k identity matrix, J is a £ x k matrix of ones, m = ny + ... + ny,

N = Diagonal (ny, . ..,n;); and
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As one can see, this is the quadratic form of SSTR. It was shown in Chapter 2 that
the k£ x k matrix I — %Nl/ 2JN'/2 has k—1 eigenvalues that are one and one eigenvalue
that is zero. Further, it was shown that the matrix can be expressed as

1

m

I NY/2JNY? = VHVT,

where the k£ x k£ matrix H has ones in the first £ — 1 diagonal components and zeroes
elsewhere, and the first £k — 1 columns of the k x k& matrix V are the normalized
eigenvectors associated with the k — 1 eigenvalues of 1 and the k£ column is the
normalized eigenvector associated with the eigenvalue of zero. It is not difficult to
show that H is idempotent.

We can now write
SSTR = (N'2Y)" VHV™ (NV?Y) = [HVT (N'2Y)]" [HVT (N'/?Y)].

Further, we can express NY/2Y as

%—%‘i‘\/nl% Zl—l—\/nlél
Yo.—pp 2 =
Nl/Q? = 0 U/\/TTQ + " 7 = g 22 + n252 =0 (Z "’ N1/25) )
| Domrvme ||z v

where Z; = (71-. — ui) / (a/\/n_l) ~ N (0,1), 6; = p;/o,
Z=12,....2Z)" and 6 =[61,....00]" .
It is not difficult to see that Z;’s are independent. It follows that

SSTR = o* [HV™ (Z + N'2)]" [HVT (0 (Z + N'/%))]

— o> [(HVTZ + HV™N'25)]" [(HV"Z + HVTNY25)] .
The random vector

Z-=HVTZ=[7Z;,...,Z; ,0]" ~ N, (0,H).
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Hence, the first £ — 1 components of Z* are independent standard normal random

variables. Letting

T =HVTN'%,

we have

k—1

SSTR = o*(Z* +1)" (Z* + 1) = 0° Z (ZF 4+ 7).

=1

Applying Theorem 3.5 in Chapter 3, we have

SSTR ~ 0°Xi_1 12,

where
=3 = T = (HVTNY5) T (HVTN2)
_ (N1/25>T I— lNl/QJN1/2 (N1/25)
m
k )2 Eong (- )’
= Zizl n; (51 — 6) = Z@':l —0_2 y
where

Thus,
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4.3 The Classical I test

In the previous section, we have derived the distribution of SSTR/c*and SSFE/o?.

It is important to note that SSE and SSTR are independent. Thus,

_ SSTR/(k—1)  Xp1./(k=1)

Y

- SSE[(m—k) X/ (m—k)

Q

The F distribution is a ratio of two independent Chi-squares, each divided by its
degrees of freedom (Bain and Engelhardt 1991). Thus, Q ~ Fi_1 -k -2. Under the
null hypothesis when all the population means are equal, the non-centrality parameter
72 becomes zero. Thus, the distribution of ) becomes a central F distribution with
k —1 and m — k degrees of freedom. Therefore, p-value = P(Fi_1m—k > qobs), Where
Gops 1S the observed value of the ratio (). The null hypothesis is rejected when p-value

is less than some significance level a.



CHAPTER 5
ANALYSIS WITH NO ASSUMPTION OF THE EQUALITY OF
VARIANCES

5.1 Introduction

In this chapter, we use the methods and theorems provided in chapters 2 through 4
to derive the distribution of the likelihood ratio test statistic under the independent

normal model without the assumption of equal population variances.

5.2 Distribution of SSE with No Assumption about the Variances

Theorem 5.1: Under the independent normal model with no assumption of equality

of the population variances,

k
SSE[oi~) . AXn 1

where \? = o7 /0%.
Proof of Theorem 5.1:

k

SSE = Z; ijl (Vi —Y:) = Zizl(m —1)s7
— Z; o2 (7%—0—21)53 ~ Zi; o? Xi_b

since (n; — 1)S7 /07 ~ x5 _, for i = 1,... k. By dividing SSE by o}, the results
follows.H

The following theorem gives a closed form expression for the probability density
function describing the distribution of SSE/o?.
Theorem 5.2: Under the independent normal model with no assumption about the

population variances with distinct values of \? = ¢?/02 for i = 1,...,k,

00 00
fSSE/U;% (u) - Zn:O o Zrk71:0 57"1 """ rk71fxil+A..+nk—k+2rl+”‘+2rk71 (U) !
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where

(1t (T (W - )"

i Th—1
V14211 k—1 \n;—14+2r;42r;_ k—1
AY (HiZQ A [T=, r!
k-1 ni+...4n; —i+2r1+...42r;
X [Ty I ( 5 )

2 2

T (nl—l) Hf;gl r <n1+...+ni—i+2r1+...+2ri_1>

with \? = ¢0?/0%.
Proof of Theorem 5.2: Subsituting a; by A\? and v; = n; —1 (i = 1,...,k) in

Theorem 3.2 gives the result.ll

5.3 Distribution of SSTR

Theorem 5.3: Under the independent normal model and no assumption about the

population variances,

k—1 )
i i (X if Hy holds;
SSTRJo? ~ ) 2= e 1y ,

Sl ety i H, bolds.

k )
where A; = ijl Vjiltjn/T; /0, Vi = Ciop, ¢; are the eigenvalues and v; are the or-

thonormal eigenvectors of the matrix A (I - #NI/QJN1/2> A with A =Diagonal(Ay, . ..

and \; = 0;/oy for i =1, ..., k.
Proof of Theorem 5.3:

SSTR = Zl DI Z; ni (Vi =V.)

-T -~ -

Vi (Vi =Y) Vi (Vi =Y
Vi (Vo —Y) Vi (Vo —Y.)

(e -v) | v (-

= (N'2Y)" (I - %N”QJN”2> (N'?Y)

3 )\k,’—la 1)
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e Y, 1
\/nlYl. (Ul/\/i‘i‘\/ )
Ve Y
Ny | VY | (U;N@ + /gt )
L Vnk?k' J L (37/:/\/ﬁ Ty > J
o1 (Zl + \/nla%)
02 (Z2 + \/WU&;)
i O (Zk—l—\/nkﬁ—w i

— 21/2 (Z + N1/2Z_1/2M)

It follows that

1

SSTR = (912 (2 N ) T (1 DNV (81 (4 N0 )

1
_ (Z + N1/2E—1/2N)T |:El/2 (I . _N1/2JN1/2) 21/2:| (Z +N1/22_1/2M) )

m
Then,
SSTR 1
_ <Z+N1/22—1/QM)T AlT— INYV2INY2) A (Z+N1/22_1/2u)
o? m

where A = diagonal(\y, ..., A\g_1,1) with \? = 02 /52,
Using Theorem 2.4, A (I - %NVQJN”?) A = VCVT, with C = Diagonal (c1, . .., cx_1,0).
The diagonal elements of C are the eigenvalues with corresponding column vectors

of V the normalized orthogonal eigenvectors of the matrix A (I — LNV2JNY 2) A.

We can now write SSTR/o? as

SSTR

2
O

= (Z+N'22"2)" [VCVT] (Z + N'251/2))

_ [C1/2VTZ + Cl/QVTN1/22_1/2/J,}T [C1/2vTZ + Cl/2vTN1/22—l/2lu:|
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With Z* = VTZ, observe that

Cl/2vTZ _ Cl/ZZ* _ C%/ZZT,

where Z* ~ Ny (0,I). For convenience, we define

T
1/2 s
-»Ck/—1Zk—1>0]

6 =NY22"Y2 and A = VINY2E-12, = V7T,

For clarity, we observed that

SSTR

2
O

Ve (Z + Ay)

VOt (Zi, + M)
0

Ve (Z +Ay)

VT (Ziy + Dica)
0

with A; = 2?21 viipi/mi/o; (i = 1,...,k), where vj; is the jth element of the

eigenvector v;.. It then follows that

SSTR k—1
2 Zi:l a(Z7 + 00

Ok
As has been shown,

(ZF + A)° ~ X3 a2

Hence,
SSTR

2
O

k—1 9
~ C; .

The null hypothesis of equal means can be expressed as
Hy:p=pl,
where p is an unknown constant and 1 is a k x 1 vector of ones. Note that

X!/ <I — iN1/2JN1/2) x'/? =VvDVT,
m
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where D = Diagonal (71, ...,7v—1,0) with v; = ¢;o2. Using the results of Theorem

2.4, we see that
D1/2VTN1/22_1/2,LL — ,uDl/QvTNl/QE—I/Ql - 0.

Thus, we can write

SSY;R _ (D1/2VTZ)T (D1/2VTZ> _ Zf:—ll N (X%)Z -

Ok

We can also note from the previous theorem that
Zi; GAZ = (CV2A)T (C'2A)
— (CY2VTNY2E 12t (CRVTINI2E 12y,
— (CY2VTS ANV T (CAVTE AN
— (Nl/zp)T (Cl/QVTE*”Q)T (CYAVTE=12) (NY2)
= (N'2)" (272 (VOVT) £71/2) (NV2p)

= (

N1/2 T < -1/2 (El/Q (I . lNl/QJN_l/Q) 21/2) 21/2> (Nl/QlLL)
n

N1/2 T I— N1/2JN 1/2) (NI/Z/L)

= Zi:l n; (,Uz' —ﬁ) )

where

5.4 Distribution of the Likelihood Ratio Test Statistic

In this section, we derive the distribution of the likelihood ratio test statistic under
the null and alternative hypotheses.
Theorem 5.4: Under the independent normal model and no assumption about the

variances, the distribution of

MSTR _ SSTR/(k — 1)

©="IsE ~ SSE/(m— k)
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is given by

k—1 Vt,s/2 14 ,s+Vr vt.s/2—
Ct,sé} <Ck—1(m—k)) I ( : 2 ) q* /21

Vt,s Ur _ (ve,s+11)/27
P 1) (14 i)

where MSTR = SSTR/ (k— 1), MSE = SSE/(m — k), and

Zt,s - Zh:() o Ztk—lio 281:0 U Zsk_Q:o ;
)OI DRI SR
Vs =k —1+2t + ... 4+ 2,1 + 251 + ... + 255_9;

Vp =M1+ ...4+np+2r+ ...+ 2r,_1 — k;
r14.Fre_ k— T
(—1) e <Hi:11 (>‘z2+1_)‘12) )

(n1—1+2'r1) k—1 (ni71+2r¢+2n,1) k—1
/\1 (Hz’:Q )‘i > (Hizl Tz‘!)
k-1 nit..4ni+2ri+..4+2r;—
T T ( ; )

r —

y i=1 .
r (n12—1) Hfz—zl r <n1+---+ni+27”21+---+27"i71_i> ’
Cos = (TT5=) 0y, n2) (— 1)t tonmztutttioy o (A4 AL, ) 2
ts — 14+2¢1+2s1)/2 _ k—1 k—2
AR (T 26 (T i)
(Hk_f(ci-i-l . Ci)si) C](Ck—12+2t1+"'+2tk—2+251+"'+28k—3)/2
X ——= —
E—2 1126125, 1125,
(I[= e o S)
([ T2yt st ) p(E8))
(Hk_zl F(i+2t1+-~~+2trg281+~~-+28i—1 )) ; and
1=
1 if t;, = 0;
gti7A22 _ ) (2 b

(A2)" | ift; > 0.

Proof Theorem 5.4: Using Theorems 3.2, 3.6, 3.7, 5.2 and 5.3, and subtituting v;

by n; — 1, a; by A?, 7 by A, and n by k — 1, give the result. B

Corollary 5.4.1: The cumulative distribution function describing the distribution
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of @) is given as

q>:/0qu<x>dx

Vt’S/Z Vt s+VUr
B Z Z Ct e (m) I (T+)
be T ()T (%)

Vt5/2 1
x /O < o >(ut,s+ur)/2dx

1+ 1 (m—R)~

Proof of Corollary 5.4.1: The proof is straight forward.

Theorem 5.5: Under the independent normal model and no assumption about the
variances, and under the null hypothesis that the population means are equal, the

probability distribution function describing the distribution of

MSTR _ SSTR/(k — 1)
MSE ~ SSE/(m—k)

Q=

is given by

vs/2
Gér (m) r (%) q s/2—1

. (vs+or) /27
P()T (%) (14 52ei)

folg) = ZS Zr
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where MSTR = SSTR/ (k— 1), MSE = SSE/(m — k), and

00 00

> - ZSFO . ZSHZO;
00 00

ZJz' - Z1“1:0 o Zrk,1:0 ’

Ve =k —1+4+2s1 + ...+ 28_9;

Ve =M1+ ...+np+2r+...42r,_1 — k;
e (I (- )
ér a )\7111—1—&-21‘1 (Hf:;l )\?i_1+27"i+27’i71> (Hf;ll 7"1')

H?:—II T (m+"‘+m+22rl+“-+27’¢fi)

T (nl—l) Hl'cfl T (’n1+.~+m+27"1+...+27"i—1—i) ;

2 =2 2

S1d S k— k—2+2s 25 2

P G i 2(TIE 2 (ogs — )3 )y oot 2o/
s 14+2s1)/2 k— k—2 142s;_1+2s;
W] s ([T Ay 2

1 =1 =1
Hf:—f F(z‘+2sy§~-+2s¢ )

D(3) (T3 P2yt )

Proof Theorem 5.5: Using the same procedure as in Theorems 3.7, and using

X

Theorems 5.3, we get the result. B

Corollary 5.5.1: Under the null hypothesis that the population means are equal,

the cumulative distribution function describing the distribution of @) is given as

0= [ fol)da

VS/2 Vst
Cs&r (m) NG

22T T

2

I/s/2 1
X dx
\/O\ ( k—1 >(V5+Vr)/2

1+ Y m—R) ¥

Proof of Corollary 5.5.1: The proof is straight forward.
The value of I (¢q) for a given value of ¢ must be obtained numerically as would
determining the 100 (1 — «)th percentile of the distribution of (). Under the hypoth-

esis that the population means are equal (null hypothesis), this could only be done
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for given values of \} = o%/07,...,A\_; = o7_,/o7. On the other hand, the null
distribution of () can be estimated using the data (see Welch (1938)). For example,
one could estimate the paramter A\? = ¢?/0% by estimating the population variance
o? with the sample variance S? for i = 1,...,k. One could then obtain an estimate
of the 100 (1 — a)th percentile of the distribution of @) as well as an estimate of the

p-value of the test for the equality of means.

5.5 Conclusion

Closed form expressions were given for the probability density function describing the
distribution of SSTR/o? and SSFE /o2 under the independent normal model with no
assumption about the equality of the variances. Further, closed form expressions for
the probability density and cumulative distribution functions describing the distribu-

tion of the likelihood ratio test statistic M. ST R/MSE were derived.



CHAPTER 6
CONCLUSION

6.1 General Conclusions

To conclude, closed form expressions for the probability density function and the
cumulative distribution function describing the distribution of the likelihood ratio
test statistic, under the independent normal model with no assumption of equality
of population variances, are derived. However, values of I (q) for given values of ¢
must be obtained numerically as would determining critical values. An estimate of
the p-value of the test for the equality of the population means must also be obtained

numerically based on the exact distribution of the likelihood ratio test statistic.

6.2 Areas for Further Research

We intend to develop a MATLAB program that computes an estimate of the 100(1 —
a)th percentile of the distribution of ) under the null hypothesis, as well as an
estimate of the p-value of the test for the equality of means. Furthermore, we intend
to compare our test to other tests found in the literature. This method can also be
extended to comparing levels of more than one factor. Furthermore, further research
can be made when the population means are ordered or when two population variances

are the same.
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