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ABSTRACT

The radiative abserption coefficient of an isothermal hydrogen
plasma is calculated using a step-wise gray approximation. The
approximation retains a high degree of accuracy while significantly
reducing the numerical computer time. The accuracy of the approx-
imation depends on the spacing of the steps taken in the frequency
spectrum as well as the number of steps used; 135 steps are used in
this study.

Plasma conditions of interest in this study are for temper-
atures between 5000 and 60,000°K, densities between 10"'5 and
10'7 gm/cms, and thicknesses between O.1 and 100 cm., Flux and
intensity calculations are made for each case using the average
absorption coefficient developed from the step-wise gray approximation,

The importance of the trade-off between the shift to higher
frequencies in the maximum of the Planck function and the population
increase of the high electronic states as temperature increases is
discussed. The results are shown in graphical and tabular form for

conditions pertinent to the Jovian atmospheric entry problem.
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I. INTRODUCTION

Radiation is an important mode of energy transfer in much
of the current heat transfer analysis. Currently there is con-
siderable interest in exploring the planets of the solar system.
This requires high speed entry into their atmospheres. Radiation
13 the most important form of heat transfer in the maximum
decelleration portion of most planetary entry trajectories. The
exact calculation of the radiative heating, which must be known
to design the entry vehicles, is a costly numerical process.
Because of the excessive computer time required to calculate
the nongray radiation from the shock layer plasma, it is
desirable to develop accurate approximate methods. This
analysis investigates the possibility of using a step-wise
gray approximation for the radiation absorption coefficient.

In the shock layer region around a body entering a planetary
atmosphere, the temperature changes from very hot near the shock
to a much lower value near the body. In the high temperature
regions simple molecules such as hydrogen, oxygen, and nitrogen
are not only dissociated but also are ionized. Atomic line
radiation becomes significant. For energy transitions involving

()

the outer electronic states Griem has shown that atomic lines

have a Lorentzian shape with the half width mainly dependent upon

electron collision broadening. An investigation by Wilson and

(2)

Hoshizaki revealed that about 50 per cent of the radiative



transport within shock layers during re-entry comes from the atomic
lines.

Reabsorption and overlapping of line wings become important
as the lines become optically thick. The radiative heat transfer
is significantly reduced by the effects of radiative cooling
and nongray self-absorption.(3) Since nongray self-absorption
is important, it is necessary to make detailed quantum mechanical
calculations for the spectral absorption coefficient.

In the lower temperature regions molecular hydrogen,
oxygen, etc. exist, and molecular band radiation is important.
The low temperature regions occur near the boundary layer.

The continuum absorption coefficient is well defined
for atomic gases., It results from bound-free and free-free
transitions. The contribution resulting from bound-bound
transitions requires a knowledge of the total line strength and
the shape of the spectral absorption coefficient for each

line; the former is well known for simple gases, but the latter

is not.



II. REVIEW OF LITERATURE

Several approximate methods have been developed in radiative
transfer theory. The classical approximations are the Planck
(%)

and Rosseland means. The Planck mean requires the radiating
plasma to be optically thin, while the Rosseland mean requires
the plasma to be optically thick. These restrictions limit
their application to general radiation calculations.
Radiative intensity from isothermal hydrogen plasmas has been

studied by Aroeste and Benton;cs)

however their investigation did
not include the contribution from the higher electronic trane
sitions. They determined contributions to the intensity due to
discrete transitions using approximate expressions for the
absorption coefficient. They assumed the partition function
to be equal to the contribution from the ground state.

Olfe(s) approximated the radiation from hydrogen plasmas
at temperatures from 300 to IO,OOOOK. He considered contributions
from the continuum, atomic lines, and molecular bands. At higher
temperatures the molecular band radiation was found to be of
secondary importance, since hydrogen molecules dissociate into
atomic hydrogen under these conditions. He calculated the spectral
absorption coefficient for the pressure-induced rotation spectrum.
For a rotational line, the absorption coefficient was represented
by a dispersion contour modified on the low frequency side by a

Boltzman factor and with a half width proportional to the square

root of the temperature.



)

Nelson and Goulard considered line and continuum
radiation from isothermal hydrogen shock layers at temperatures
from 15,000 to 33,000°K. They used a trapezoidal numerical
integration with variable step size to calculate the radiative
intensity. The step size was adjusted by allowing the absorption
coefficient to vary by no more than 50% of its previous value
throughout the interval. They showed that line radiation is more
important than continuum radiation at low ambient densitiesj;
however, as the ambient density increased, continuum radiation
becomes more s8ignificant than line radiation. Nelson and
Goulard(7) also showed that the shock layer is optically thin at
low ambient densities, and it becomes optically thick as the
ambient density increases.

(8)

Nelson and Creosbie calculated the continuum radiative

flux from nonisothermal, nongray atomic gases. They assumed

linear temperature profiles in the shock layer in order to uncouple
the radiative transfer from the fluid mechanics. They showed the
importance of the ionization edge location and the spectral

shape of the absorption coefficient., The method of superposition
was used to extend the results to atomic gases with multiple
electronic levels. However, they did not consider the contri.
bution from the atomic lines. This made the integration of the
spectral absorption coefficient much easier since the continuum

is a relatively smooth function. They used Simpson's rule for

the spectral integration.



(9)

Lasher et al. calculated the radiation from hydrogen plasmas
using the equivalent line width approximation for most of the
atomic lines. Detailed line profiles were used for the transitions
between the low electronic states, while a dispersion profile was
assumed for the line shape of the transitions involving the high
electronic states. The equivalent line width approximation
restricte the results in that it does not take into account the
effect of line overlap. Therefore, the method becomes question-
able when the pressures and densities of the plasma are large.

Equivalent line grouping has also been used to facilitate
the calculation of line radiation in radiative flux calculations.(10)
Its unique feature is the replacement of several lines in a
narrow frequency interval by a single line, thus reducing the
number of necessary calculations. However, this approximation
assumes that each line within the frequency interval is either
optically thin or optically thick.

Nicolet(l’)

discusses the molecular band model as used in
calculating the radiative flux. In the molecular band model the
molecular spectrum is converted into an equivalent continuum,
omitting the fine details of the inner band system. This method
yields the correct fluxes when the layer is optically thin,
optically thick, or when strong overlapping of lines occurs.

For most cases within the molecular spectra, the approximation
is very good.

The approximate methods discussed above for calculating

the radiation from a plasma have several trade-offs. These nmust



be evaluated in order to determine an appropriate method for
calculating the radiation emitted by a plasma. The step-wise

gray approximation developed in this research evolves from these
previous models. In addition to considering the radiating species
of the previous models, the current model considers the effects

(7

of molecular bands. The previous work of Nelson and Goulard

(9)

and Lasher et al. neglected molecular hydrogen and hence, did

not consider molecular band radiation.



III. DEVELOPMENT OF STEP~-WISE GRAY APPROXIMATION

A, Governing Equations

The equation of radiant transfer for an absorbing-emitting
medium is a continuity equation for the number of photons propagating
within the solid angle dQ and within the frequency interval v to

v + dv , The conservation of radiant energy is given by

= anv (T) - KV Iv (s) (2)

where Iv is the radiant intensity, S is the direction of pro-

pagation, ﬁ’ is the absorption coefficient, and BV (T) is the
Planck function., The geometry of the shock layer configuration
is shown in Fig. 1, where x = S cos € and cos © = 3. Assuming
local theromodynamic equilibrium exists, the Planck function is

given by

2hv3 1

B = > (3)
v o] exp(hy / kT) -~ 1

The radiative transport equation can be integrated over a
path length L, assuming zero intensity at the orgin and an
isothermal plasma, to give

L
)]

K
v
Iv (L, p) = Bv (r) [ 1 - exp (- m

The total intensity is obtained by integrating over the entire
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Fig, 1 Geometry of shock layer



spectrum

<) nVL

I (L,n ) =\/: By (T) [ 1 - exp (- )] av (5)

M
Radiative flux is found by integrating the total intensity over

the solid angle, where E, is the exponential integral

3

o]
F (L 2 B (D[32 - v
(L) = n/;v()[z By (k1)) a (6)
When the plasma is optically thin, ﬁ,L — O and the flux is
[ <]
F(L)zxfB () [k L) dy (7)
o Vv v

When the plasma is optically thick, x L -» » and it radiates as
v

a blackbody,

o0

F(L) = ,(f B (T) dv (8)

o v
Equations (5) and (6) are well known expressions for intensity
and flux., The main difficulty in their evaluation arises
because the absorption coefficient varies by several orders

of magnitude over the atomic lines.

B. Molecular Bands
The absorption coefficient depends on frequency, temperature,
and density. When the temperature is low, molecular hydrogen
becomes important in certain spectral regions. The data for the
Lyman, Werner, and Photoionization molecular bands was taken
(12)

from curves for absorption cross-sections of those bands,

see Figs. 2, 3, and 4. The curves represent averages over
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the vibration-rotation lines. As the temperature increases and
the molecules dissociate, the effect of molecular hydrogen becomes
negligible. Atomic hydrogen is the primary source of emission.
When extremely high temperatures are reached, the hydrogen atoms
become ionized, and free-free radiation between protons and elec-
trons is the primary source of emission. The temperature and
density of the plasma control the population of molecular, atomic,

and ionized hydrogen.

C. Step-Wise Gray Approximation

In order to develop the step-wise gray approximation, the
spectral frequency range is divided into several intervals of
varying wlidth Av . They are large (about one eV) when only
continuum radiation is present; however, A v must be very small
when line centers are located in the interval. A quadratic fit
is used in the numerical process of approximating the continuum
absorption coefficient when a line center is not in the frequency
interval., If a line center is in the interval, a simple averaging
process is used to determine the average continuum absorption
coefficient. A Lorentz line shape is assumed in order to calculate
the bound-bound absorption coefficient of lines with centers in
the spectral interval. The continuum contains the line wings of
lines with centers outside the spectral interval of interest,
as well as free-free and bound-free radiation.

The model developed in this research averages the absorp-
tion coefficient in each frequency interval. An average

absorption coefficient is calculated for each line with its
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line center located in the spectral interval. The individual

line contribution is then summed to determine the total bound-

bound absorption coefficient for the interval. This value

is added to the average continuum absorption coefficient in

the interval to obtain the total average absorption coefficient.
The continuum absorption coefficient is calculated in two

ways, depending on whether or not a line is encountered within

the frequency interval., If a line center is not contained in

the frequency interval, a quadratic fit is used in the approximation

of the continuum absorption coefficient. The line wings are con-

sidered as being part of the continuum. Three points are chosen,

point one at the beginning, point two at the middle, and point

three at the end of the frequency interval. The exact values

for the total absorption coefficients at the three points are

(7)

taken from a program developed by Nelson and Goulard. The

average absorption coefficient becomes

L L
% = ! 2 2 (9)
6

where g s K s and are the absorption coefficients at
Vi Vo Vs
the three points. This yields the average continuum absorption
coefficient for the spectral interval. It is especially useful
when line wings are present.
When a line center is in the frequency interval, the

continuum absorption coefficient is assumed to vary linearly

in the frequency interval v, to v3. The average absorption



coefficient becomes

(10)

The average bound-bound absorption coefficient is found
by averaging the atomic line absorption coefficients over the

spectral interval, assuming a Lorentz line shape.

- h v st 7i
Ky = f 3 - dv (11)
1 v

V-V 1 n [(v--voi)2+ 712 ]

If a line center is not in the spectral interval, the average
line absorption coefficient is zero. After performing the

integration, the bound-bound absorption coefficient is

n
h Vq -V vy -V
- . * -1,"37Vo4 -11°1 Vo4
= S (e e ]
~ (v3~v17”} - i an ’ 7 }*tan ' 75 l (12)
Here Kl has been summed over all the lines with centers in
the frequency intervalyv -V Equation (11) does not contain

3 1°
the stimulated emission factor (l-exp(-hV/kT)); however, the

continuum contribution in the spectral interval contains the
stimulated emission factor.

The average total absorption coefficient in the frequency
interval is found by adding the average continuum and average
line absorption coefficients together

k= K + "y (13)

Using this, the average total intensity is found by summing the

spectral intensity over each frequency interval,



16

-k, L
= i
I(L,u) )_' B,(T) [Ll-exp( )] Avy (1)
i
The average total flux is calculated in a similar manner,
F(L) = 248 (T - E '

Now the step model is complete and the radiative intensity
and flux can be calculated. Figure (5) shows graphically the
step-wise gray absorption ceoefficient as a function of frequency.
Each frequency interval has an average absorption coefficient
of its own, which when placed along side that of the other
frequency intervals depicts a graph similar to the exact graph
of absorption coefficient versus frequency. The only difference
is that there are "steps" in each interval rather than a
continuous curve.

Once the total average absorption coefficient is obtained,
it is used in the radiative intensity and flux calculations,

The average intensity and flux are calculated for each interval
AV 3 these are summed for all the intervals to determine the
intensity and flux for a particular temperature, density, and

shock layer thickness.

D. Accuracy of Approximation
In this study various numbers of steps were tried with varying
accuracy. In general, increasing the number of steps increased the

accuracy. For the data presented 135 steps were taken in a spectral
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interval from zero to fifty electron volts. Where only continuum
radiation is significant, the step sizes were quite large
(as much as one eV). However, when atomic lines occur within
a frequency interval, step sizes were as small as 0.0001eV.

The position of the steps was determined through a trial and
error procedure until an accurate approximation was obtained. This
was done by investigating the contribution to the total flux of

the ith interval (AFi). AFi was limited by

T,

-1
A»Ii <

M

AFy . (16)

L

10 -1

.

If this criteria was not satisfied, the ith interval was decreased.
The spectral position of each step is shown in Table I.

The accuracy of the step-wise gray approximation is shown
in Table II. Plasma conditions of interest are for temperatures
of 20,000°K and 40,000°K at densities of 3.1415 X 10’8 gm/cm3
and 1.55 X 10'6 gm/cm3 respectively. When the frequency spectrum
is divided into a small number of intervals, the accuracy is
poor compared to when it is divided into many intervals of
varying length Av. The per cent deviation from exact results
obtained using the numerical program developed by Nelson and

(7)

Goulard is shown in Table II. At ZO,OOOOK Nelson and Goulard

9

obtained for the flux 2.96 X 10 ergs/sec-cm2 and for the intensity

5.80 X 108 ergs/sec-cma—sr. At 40,000°K they obtained for the

12 ergs/sec-cm2 and for the intensity 5.39 X 1011

flux 3.06 X 10
2
ergs/sec-cm -sr,

The ZO,OOOOK case is less accurate than the AO,OOOOK case,



TABLE I

LISTING OF FREQUENCY INTERVALS (ev)

19

50.0000
46.0000
44.0000
4,2.0000
40.0000
38.0000
36.0000
34.0000
32.0000
30.0000
29.0000
28.0000
27.0000
26 .0000
25.0000
24.0000
23.0000
22.0000
21.0000
20.0000
19.0000
18.0000

17.0000

16.0000
15.0000
14,5000
14.0000
13.8500
13.7500
13.6000
13.5000
13.3500
13.2000
13.1000
13.0500
13.0200
13.0000
12.9600
12.9200
12.9000
12.8000
12.7750
12,7500
12.7250
12,6000

12.3500

12.1500
12.1000
12.0950
12.0900
12.0880
12.0865
12.0860
12.0850
12.0830
12.0800
12.0600
12.0400
12.0000
11,5000
11.0000
10,7500
10.5000
10.3000
10.2600
10.2300
10.2150
10.2080

10.2060

10.2040
10.2020
10.2010
10.2000
10.1995
10.1990
10.1988
10,1986
10.1985
10.1984
10.1982
10.1981
10.1980
10.1979
10.1978
10.1977
10.1976
10.1975
10.1973
10.1972
10.1970
10.1968

10.1965

10.1960
10.1950
10.1940
10.1920
10.1900
10.1850
10.1800
10.1700
10.1000
10.0000
9.5000
9.0000
8.5000
8.0000
7 . 5000
7 .0000
6. 5000
6.0000
5.5000
5.2500
5.0000
4.7500

4 .5000

4.2500
4 .0000
3.7500
3.5000
3.2500
5.0000
2.8500
2.7000
2.5000
2.0000
1.8000
1.5000
1.2000
1.0000
0.5000
0.2000
0.1000
0.0500
0.0200

0.0100




TABLE II

Accuracy of Intensity Calculations at

20,000°K and 40,000°K

(Plasma thickness = 1.0 cm)

20

T = 20,0009K

T = 40,0009K

NUMBER TIME INTENSITY ERROR INTENSITY ERROR
OF (ERGS/ % (ERGS/ 0
INTERVALS | (SEC.) SEC-CM2~.SR) SEC~-CM2.SR)
25 18 1.50 x 10'' 27,400 | 1.14 x 102 11
50 21 6.66 X 10° 1,050 | 3.99 x 10" 26
70 25 3.22 X 10° 472 | 1.35 x 1012 150
80 26 9.44 X 10° 63 | 6.02 x 10" 1.5
100 29 4.56 X 10° 690 | 2.97 x 10" 45
120 33 6.74 X 10° 16.2 | 5.80 x 10"’ 7.4
135 35 | 6.58 x 105 13.4 | s5.74 x 10" 6.5
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At ZO,OOOOK there is a significant amount of atomic hydrogen
present in the shock layer. Hence, this makes it possible

for more bound-bound energy transitions to occur which give
rise to atomic lines. The lines are difficult to integrate
over accurately. The frequency interval in which a line center
occurs must be divided into many small intervals to accurately
approximate the atomic line absorption coefficient.

At 40,000°K the plasma is nearly fully ionized with only
electrons and protons present. Therefore, only a few lines
exist., The radiation is mostly due to the continuum at uo,ooo°x,
which is easily approximated.

The location of the beginning and end (cuts) of each spectral
interval has a large effect on the accuracy. For instance,
when 100 cuts are used, the accuracy is less than for 80 cuts.
This is because of the spacing of the cuts. The cuts are
located in a manner that does not yield a true average of the
absorption coefficient; instead, a much higher absorption
coefficient than the one which actually existed is predicted by
the model.

The flux and intensity are found to have aboﬁt the same
per centage error. Therefore, only the intensity results are
shown in Table II.

The time required to make the intensity and flux calculations
increased as the number of steps increased. Required computer

time versus the number of intervals is shown in Table II.
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IV. RESULTS

An IBM System/360, model 50 computer was used for the
numerical calculations in this study. Approximately 35 seconds
of computer time was required to model the absorption coefficient
and calculate the flux and intensity for ten shock layer thick-
nesses at one temperature and density. The shock layer was
assumed to be isothermal., The flux and intensity numerical
results are presented in tabular form in Appendix B, while the
results are presented in graphical form in the discussion that
follows., The numerical computer program that was used for the

calculations is listed in Appendix C.

A, Absorption Coefficient

The absorption coefficient (cm") as a function of frequency
(eV) is shown in PFigs. 6 through 9. Kv is plotted in Figs. 6
through 8 for temperatures of 10,000°K and h0,000oK at constant
density. Fig. 6 is for a density of IO'5 gm/cmB, Fig. 7 for a
density of 10'6 gm/cmB, and Fig. 8 for a demnsity of 10=7 gm/cm?
Fig. 9 gives the absorption ccocefficient for a density of 10"5
gm/cm3 at a temperature of 5000°K.

The photoionization edges occur at approximately 13.6eV
(Lyman series), 3.4eV (Balmer series), 1.5eV (Paschen series),
and 0,85eV (Brackett series). The Lyman edge is clearly visible

in the figures; however, the other edges are hidden by the con-

tribution from the molecular band and free-free radiation.
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The Lyman lines are also visible in Figs. 6 through 9. The
Ly.iis seen at 10.2eV, LyB at 12.1eV, and L; at 12.5eV. The
other Lyman lines are also presentj however, they are so close
together that they appear as continuum on the graphs. 1In Figs. 7,
8, and 9 the H, and HB lines are visible at 1.8eV and 2.5eV. The

Paschen and Brackett lines are masked by the free-free radiation

process.

1. Effect of temperature at constant density

The effect of temperature at constant density on the radia-
tion absorption coefficient is seen in Figs. 6 through 8. At
10,000°K and 1()"5 gm/cm3, Kv first decreases as hV increases
because . the free-free absorption cross section decreases as
14 > and also because the excited atomic hydrogen states are not
populated sufficiently to contribute to the absorption coefficient.
As by increases beyond 2.5eV, the absorption coefficient begins
to increase first due to the Balmer lines and continuum and
then due to the Lya line wing. The H2 Lyman molecular band
does not significantly influence nv because the HZ population
is so small.

The absorption coefficient continues 1lts general increase
between 10 and 13.9eV due to the Lyman lines. After passing
the Lyman ionization edge, the ground state continuum process is
responsible for the absorption coefficient. At 10,000°K the
ground state is highly populated; hence, the absorption coefw
ficient in this range is large.

At 40,000°K and 10'5 gm/cms, nv continually decreases as hy
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increases from zero to about 10eV. It first decreases because

of the free-~free radiation process. It continues to decrease as

hv increases from 2eV because the higher excited states of

hydrogen are more highly populated than the lower excited stétes,
and the bound-free continuum process drops off as 1/v 5. Also,

the Lya line is not as strong as it was at 10,000°K because the
ground state population has decreased. Hence, the Lya line wing
does not increase Kv from 5 to 10eV as it did at IO,OOOOK. Between
10 and 13.9eV the Lyman lines appear, while beyond 13.9eV the

ground state continuum is responsible for the absorption coefficient.

6 and 1077 gm/cmB, trends similar to those

At densities of 10~
discussed above are observed. However, as density decreases the
Balmer lines increase in importance.

As the temperature increases from 10,000°K to AO,OOOOK, the
absorption coefficient increases in the frequency interval from
zero to approximately 10eV and decreases in the frequency interval
from 10eV to infinity. This can be attributed entirely to the
population of the hydrogen electronic states,

At low temperatures only the ground state of atomic hydrogen
is significantly populated, and the electron number density is
low. This causes the ground state continuum process and the
Lyman series bound-bound processes to be the major contributors
to the radiative absorption coefficient.

At high temperatures the electron number density is high,

and the ground state population is small. This causes the free-

free process and the excited state bound-free processes to be the
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major contributors to the radiative absorption coefficient.

2. Effect of density at constant temperature

The effect of density at constaht temperature can be
considered by investigating Figs., 6 through 8. First, a temperature
of 10,000°K will be considered.

The free-free absorption coefficient varies directly with
density as density changes from 102 to 10™7 gm/cm3. It is
related to the population of the electrons(lo) which changes
directly with the density.

In the frequency region from 2.5 to 10eV, the absorption
coefficient is influenced by the Balmer lines and continuum as
well as the Lya line wing. The absorption coefficient in the
Lya line wing increases as density increases at IO,OOOOK. This
is because the number density of the electrons increases (see Figs.
A-1, A-2, and A-3), thus, broadening the Lya line wing. The
continuum absorption coefficient increases directly with density.
Hence, the absorption coefficient in the interval from 5 to 10eV
increases slightly faster than the density for density changes at
10,000°K.

The Balmer lines influence the rate of change of Kv with
frequency near 2.5eV. As the density increases, the Balmer lines
become less important in defining the absorption coefficient.

The population of the ground state and the excited states
of the hydrogen atom vary directly with the density. At a given
frequency, the ratio of the continuum absorption coefficient at

two different densities is proportional to the ratio of the
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populations at the two densities.

In the frequency region beyond 13.9eV, the absorption
coefficient varies directly with the ground state population
at 10,000°K. The ground state populations are given in Table III.
They vary directly with density for a temperature of 10,000°K,
thus accounting for the factor of 10 change in the absorption

coefficient for a factor of 10 change in density.

TABLE IIX
Populations of the Hydrogen Ground State

and the First Excited State

T = 10,000°K T = 40,000°K
DENSITY N, (cm‘3) N1 (cm’3) No (cm"3) N, (cm"3)
10" 2gn/cn 5.9 x10' | 1.7 x10"™ | 7.9 x10' | 1.6 x 101°
1078 5.8 x10'7 | 1.2 x10" | 9.0 x10'™ | 1.8 x 10"
1077 5.5 x10° | 1.6 x10"2 | 9.3 x10'2 | 1.9 x 10'2

Now, the effect of density at uO,OOOOK will be considered.
Between zero and 2,0eV the free-free radiation is much stronger
than the molecular band radiation and the high excited state bound-
free radiation. The free-free absorption coefficient varies directly
with the square of the electron number density.(13) The electron
number density changes directly as the density of the plasma
changes; therefore, at uO,OOOOK the free-free absorption coef-

ficient changes as the square of the density.

For hv between 2.0 and 5.0eV, the bound-free absorption
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coefficient varies as the population of the first excited state.
The populations of the first excited state are given in Table III.
They change by a factor of 100 for density changes of a factor of
10. This is because the partition function at hO,OOODK varies
directly with density. When the density decreases, the reduction
of the ilonization potential als§ decreases. This causes the
electronic partition function to increase, which in turn causes

the hydrogen population to decrease by a factor of 100 when density
decreases by a factor of 10. At 10,000°K the higher terms in the
partition function are negligible and the partition function is

relatively constant with density.('u)

The factor of 100 is coin-
cidental to 40,000°K; at 30,000°K it would be smaller; and at
50,000°K it would be somewhat larger.

The absorption coefficient decreases in the entire spectral
region from zero to 10eV at 40,000°K. As the density increases,
the Lya line undergoes greater breadening, which increases the
absorption coefficient in the line wing. Thus, as density
increases, K\' decreases less rapldly in the frequency interval
5 to 106V,

The Lyman lines occur in the spectral interval between 10
and 13.9eV. Above 13.9eV the ground state continuum determines
the magnitude of the absorption coefficient. The populations
of the ground state differ by about 100, as explained above,

causing the absorption coefficient to vary as the square of the

density.
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3. Effect of molecular band

Fig. 9 shows the absorption coefficient at a temperature
of 5000°K and a density of 10"S gm/cmB. At 5000°K there is very
little effect from the free-free process due to the low degree of
ionization. Also, the excited states of atomic hydrogen are
essentially unpopulated. Therefore, the atomic hydrogen absorption
coefficient is quite lew in the zero to 5eV frequency range.

At approximately 5.5eV, L increases very rapidly due to
the H2 Lyman melecular band. The absqrption coefficient for
the I-I2 Lyman band, which is shown in Flg. 2, remains strong up
to about 12eV. Over this range of hv (5.5 to 12eV), the H,
Photolonization band is still relatively weak (see Fig. 4).

However, the H_ Werner band becomes strong at approximately 10eV

2

(see Fig. 3). Thus, in Fig. 9 the effect of the H_, Lyman band

2
appears from 5.5 to 10eV; however, the Lyman lines are strong
enough to mask the Werner molecular band above 10eV.

At SOOOOK the ground state is hlighly populated. This causes
the ground state continuum process to be large for h V greater than
13.9eV. Above this frequency, as frequency increases the ground

3

state continuum decreases as 1A~ .
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B. Total Intensity
The integral of intensity (ergs/cma-sr) from infinity to
hy as a function of frequency is shown in Figs. 10 through 12.

The integral of intensity is the normal intensity to the body (u= 1)

Toy™ 'fhvw B, (DI l-exp(-x L) Jav (17)

The graphs are plotted for temperatures of 10,000, 20,000, 30,000,
and 40,000°K at densities of 1077 gm/cm3 (Fig. 10), 10™° gm/cm3
(Fig. 11), and 107 gm/cm3 (Fig. 12). All of the figures are for
a plasma thickness of 1,0 cm.

Figs. 10 through 12 allow the follo;ing conclusions to be made.
When the integral of intensity curves are flat over a spectral
region, there is no major contribution to intensity from either the
lines or the continuum., When the integral of intensity curves
have a steep increase over a spectral region, it indicates that a
strong atomic line exists. This is especially noticeable in
Figs. 11 and 12 at approximately 10 and 12eV at the locations of
the Lya and LyB lines. The sharp increase indicates that these
lines make very important contributions to the total intensity.

For instance, in Fig. 12 at a temperature of hO,OOOOK and between
a frequency of about 10.2 and 10eV, the intensity doubles because
of the contribution due to the Lya line.

Note that in Fig. 11 the T=40,000°K and T=30,000°K curves
cross at approximately 14eV, and in Fig. 12 the T=20,000°K,
T=30,000°K, and Tu#O,OOOOK curves cross at about 14,5eV. This is
caused by the shift in the maximum of the Planck function to higher

frequencies as the temperature increases. For instance, at IO,OOOOK
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the maximum of the Planck function is at 3.9eV, while at 40,000°K
the maximum of the Planck function is at 9.5eV. Therefore, for a

? gm/cms, the source function for ground state con-

density of 107
tinuum radiation in the spectral interval from infinity to hv is
greater at hO,OOOOK than at BO,OOOOK. Although the ground state
population is less at uO,OOOOK than it is at BO,OOOOK, the increase
in the source function is strong enough to increase the intensity
in the spectral region from infinity to about 15eV. At higher
densities the population of the electronic states at h0,000oK is

great enough to increase %» above that for T=30,000°K throughout

RY
the frequency spectrum.

In the spectral range below 15eV, lower temperature plasmas
radiate more strongly than the high temperature ones. At QO,OOOOK
the excited states and free states are highly populated. But
since the maximum of the Planck function is shifted to 9.5eV,
the source function is not strong enough for the radiation from

the highly populated excited states to have a great effect in the

zero to five eV range.

C. Spectral Distribution of Intensity
Figs. 13 and 14 show the spectral distribution of intensity
at densities of 1077 and 10-6 gm/cm3 and a plasma thickness
of 1.0 cm. These graphs are for temperatures of 10,000 and AO,OOOOK‘
The area under the curves is equal to the total intensity emitted

by the plasma at those specific theromodynamic conditions.

1. Effect of temperature at constant density
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In Figs. 13 and 14 at a density of 10'”5 gm/cmB, the effect
of temperature on the spectral intensity is seen. First, the
10,000°K case will be considered.

In the zero to 0.5eV range, the plasma radiates as approx-
imately a blackbody. The radiation is optically thick in this
frequency range.

The radiative contribution from the Balmer and Paschen
lines is seen from 0.5 to 3.5eV. They are optically thin at
this temperature and, therefore, contribute only a small amount to
the spectral intensity. The effect of the Ha and the HB lines
is seen at 1.8 and 2.5eV in Fig. 13.

As the frequency increases above 3.9eV, the spectral intensity
drops off rapidly because the Planck function is decreasing and
the plasma is optically thin,

Effects from the Lya line wing on the spectral intensity
begin to appear at about 9.0eV. The Lya emission near the line
center is strongly reabsorbed and radiates like a blackbody.

Other Lyman line effects are seen between 10 and 13.9eV. The
Lys line is also thick and radiates like a blackbody.

Above 13.,9eV the plasma is optically thick and radiates
like a blackbody. However, since the source function is so
small above 13.9eV, the total effect of the ground state continuum
radiation is also small even though the ground state is highly
populated.

Now a temperature of 40,000°K will be considered at a

density of 10'5 gm/cms. At this temperature the maximum of the
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Planck function has been shifted to 9.5eV, The plasma radiates
as a blackbody from zero to 2.0eV since the absorption coefficient
is large due to the highly populated excited and free states.

The Balmer lines are optically thick at AO,OOOQK; however,
their effect on the total intensity is small because the source
function is about a factor of five less than its maximum in the
frequency range where the Balmer lines occur,

Above the Balmer ionization edge (3.5eV), the continuum
drops off less steeply for 40,000°K than 10,000°K due not only
to the increase in the population of the excited states, but also
because the source function is still increasing at uO,OOOOK.

The Lya and LyB lines are optically thick near their line
centers and are strongly reabsorbed. Other Lyman lines are
optically thin and have no significant contribution to the
spectral intensity.

Above the Lyman ionization edge the continuum is optically
thin and it radiates like nv times the Planck function; whereas,
the ground state continuum was optically thick and radiated like
the Planck function.

6 gm/cmj, similar trends occur to those

For a density of 10~
observed for the case discussed above, However, since the plasma
is less dense, and therefore, more optically thin, the spectral

intensity is less,

2. Effect of density at constant temperature
o
The effect of density at a temperature of 10,000 K is

shown in Fig. 13. At a demnsity of 10'5 gm/cm3 the continuum
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is the most significant radiation process. At this temperature

and density the plasma is highly populated with neutral atoms

in which bound-free transitions can occur. Thus, the bound-free

contribution is large in comparison with the atomic line contribution.
The Balmer lines are optically thin, hence , they contribute

little to the total intensity. The Lyman lines are optically

thick and are reabsorbed, but they also have only a small effect

since the source function is small where they occur.

6 gm/cmB, the population of the plasma

At a density of 10~
is decreased by approximately a factor of 10 from the previous
casej; hence, the spectral absorption coefficient has decreased
which causes the spectral intensity to decrease. Line radiation
increases in importance as density decreases because the con-
tinuum becomes optically thin faster than the lines.

Now, the effects of density at 40,000°K will be considered.
For a density of 10‘5 gm/cmB, the plasma radiates as a blacke
body from zero to 2.0eV because the higher electronic states
and free states are significantly populated.

At uO,OOOOK there are relatively few neutral atoms in which
a bound-bound transition can occur. Thus, the continuum bound-
free transitions completely mask the Balmer lines at this density.
The LyOl line occurs near the maximum of the source function and
radiates like a blackbody near its center. Thus, the Lyman line
contribution to the spectral intensity increases.

At a plasma density of 1078 gm/cm3 and temperature of 40,000°K,

the plasma radiates as a blackbody from zero to O0.5eV. Blackbody
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radiation is not found from 0.5 to 2.0eV (as was the case for

> gm/cm3) because the plasma is less dense which causes

p =10
the population of the higher electronic states to decrease relative
to the previous case of p = 10'5 gm/cmB. This, in turn, causes

the plasma to become more optically thin.

The Balmer lineg increase in importance since the bound-free
continuum radiation has been reduced; however, their effect on the
total intensity is relatively small. The continuum radiation
decreases with frequency between 3.5 and 9.5eV., The Planck function
is still increasing in this frequency range, so the decrease in
continuum intensity is gradual compared to the IO,OOOOK case,

The Lyuand Lyﬁ lines are optically thick for these plasma
conditions, causing the spectral intensity to increase signifi.
cantly. Thf Lya radiates as a blackbody, and the LyB approaches
blackbody radiation.

The ground state continuum process decreases with frequency
but the contribution is much less at a density of 10'6 gm/cm3

than at 1077 gm/cm3 because it is more optically thin due to the

decrease in the number of particles.

D, 1Intensity as a Function of Thickness

Figs. 15 through 17 show the total intensity (ergs/sec-
cmz-sr) as a function of shock layer thickness (cm) at constant
density and temperatures of 20,000, 30,000, 40,000, and 60,000°K.
All the results are for u =1. Fig, 15 is for a density of 107

gm/cms, Fig. 16 for a density of 10'6 gm/cmB, and Fig. 17 for a
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density of 10~¢ gm/cmB.

First, a density of 10'5 gm/cm3 will be considered. From
Fig. 15 several conclusions can be drawn. When the plasma is
optically thin, the intensity increases linearly with thickness.
At higher temperatures the plasma remains optically thin for larger
path lengths than at lower temperatures. As the temperature
increases and the maximum of the Planck function moves to higher
frequencies, the population moves to the excited states. Thus,
the ground state is relatively unpofulated which causes the
plasma to remain optically thin over a larger path length at
higher temperatures (see Fig. 14).

As the shock layer thickness increases, the intensity increases
less rapidly until finally it attains that of a blackbody, which
is shown as a straight line extending from the right side of the
graph, Once the intensity has attained that of a blackbody, an
increase in shock layer thickness yields no further increase
in the total intensity.

In Fig. 16 at a density of 1070 gm/cms, similar trends to
those in Fig. 15 are observed. The main difference between the
two densities is that the plasma remains optically thin for
greater thicknesses because of the decrease in the total number
of species with a decrease in density. The intensity, therefore,
varies linearly with thickness over a greater range of plasma
thicknesses,

Also, the magnitude of the intensity decreases as density

decreases. The intensity is less at a lower density because the
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absorption coefficient, which varies directly with density, is
smaller as was discussed previously. In other words, the optical
thickness of a plasma of given thickness L decreases with demnsity.

The curves in Fig. 16 at temperatures of 30,000°K and 40,000°K
intersect at L = 0.3 cm., Here, the emitted intensity for the
two temperatures is equal. At a thickness of 0.1 cm, a plasma
at uO,OOOOK emitts less energy than a plasma at 30,000°K. This
can be explained by considering the shift in the maximum of
Planck function to higher frequencies as the temperature increases,
while the population of the hydrogen levels moves more away
from the ground state and towards the excited states. As the
temperature increases, the population forces the plasma to radiate
at lower frequencyj; however, the maximum of the source function
moves to larger frequencies. Thus, the curves for temperatures
of 30,000°K and 40,000°K in Fig. 16 intersect due to the trade-off
between the shift in the maximum of the Planck function and
the population of the excited electronic states.

Curves for a density of 1077 gm/cm3 are shown in Fig. 17.
Trends are similar to those discussed above. However, at a density
this low, the plasma is essentially optically thin for all of
the temperatures and thicknesses shown because there are relatively
few species present. As the density decreases, the trade«off
between the maximum of the source function and the excited state
population has a more pronounced effect, causing several of the

curves to intersect.
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E. Intensity as a Function of Temperature
The total normal intensity ( M= 1) as a function of temperature

is shown in Figs. 18 through 20 at densities of 10'5, 10'6, and

10'? gm/cma. Intensity curves are shown for shock layer thicknesses

of 0.1, 1.0, 10, and 100 cm. The reference blackbody intensity

is also shown., The pressure is plotted with its ordinate at

the right hand side of the graph. Individual data points on the

(9) (15).

graphs are from Lasher, Wilson, and Grief and Nelson A

comparison with these results will be made later.

1. Effect of temperature and density

At a density of 10"5 gm/cm3 in Fig. 18, the emitted intensity
at low temperatures is much less than at high temperatures
because the Planck function varies directly with Th. From tem-
peratures of 5000°K to ZO,OOOOK, the plasma radiation increases
faster than the Planck function because the electronic levels are
all becoming populated, allowing the plasma to radiate throughout
the entire frequency spectrum.

> gm/cmB, the plasma radiates as a

For a density of 10~
blackbody between temperatures of 20,000 to 35,000°K when the
thickness is greater than 10 cm, This effect was also visible in
Fig. 15 where the intensity curves became flat for thicknesses
greater than 10 cm in the temperature range mentioned.

As the temperature increases further, the plasma becomes
fully ionized and only the free-free continuum and high excited

state radiation processes are important. The spectral interval

available to the plasma for radiation becomes smaller, and the
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total intensity decreases relative to the Planck function.

® and 1077 gm/cu’ (Fig. 19 and 20),

For lower densities of 10~
the intensity varies in a similar manner to that discussed above.
However, as the density decreases, the emitted intensity decreases
relative to that of a blackbody because of the decrease in hydrogen
population.

In Figs. 19 and 20 a deflection point appears in some of
the curves. This occurs for a thickness of O.1 cm in Fig. 19 and
for thicknesses of 0.1, 1.0, and 10 c¢m in Fig. 20. There is
less intensity emitted at hO,OOOOK for these cases than for ZO,OOOOK
or 60,000°K. This fact was also seen in Figs. 16 and 17, which
caused the curves to intersect. It is due to the trade-off
between the shift of population to free and high electronic

states and the shift of the maximum of the Planck function to

larger frequencies.

2. Comparison with previous results
The radiation from hydrogen plasmas was claculated by

(9 4p to 40,000°K and by Nelson'!>

Lasher, Wilson, and Grief
between temperatures of 15,000°K and 35,000°K. The data they
obtained is shown on Figs. 18, 19, and 20 by the square (Nelson)
and the circular (Lasher et al.) data points.

Results from the Lasher et al, study were obtained at
constant pressure. Pressure is shown on the figures for

reference to the work of Lasher et al. Their results were for

pressures of 0.1, 1.0, and 10,0 atmospheres, and they agree
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closely with those of this study except at a density of 10-6 gm/cmB,
where they differ by about a factor of two at a plasma thickness
of 10.0 cm,

(15)

Nelseon made his calculations at constant density as was
done in the present study. He considered plasma densities of
10'4, 10'5, and 10'6 gm/cmB. Therefore, comparison with his
results is limited to Figs. 18 and 19,

The results of this study agree with the previous results
of Nelson within about 15% at the points compared. The present
study seems to give intensities that are generally slightly
higher than those obtained previously by Lasher et al. as well
as those of Nelson. This is because the present study predicts
an absorption coefficient in the line wing regioms to be slightly

(15) (9

higher than that predicted by Nelson and Lasher et al.

F, Total Flux

The total radiative flux (ergs/sec-cma) is shown as a function
of temperature in Fig. 21 at various thicknesses and a density
of 10"5 gm/cmB. The Planck function is shown for reference.

The radiative flux is calculated in this study because

(9) (15)

in the previous work of Lasher et al. and Nelson it was
not determined.

The trends are exactly the same for the flux as they were
for the intensity at this density. The flux is greater than
the intensity by approximately a factor of g. The flux at other
densities is also a factor of 5 times the intensity., When the

plasma is optically thick, the flux is exactly =n times the
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intensity. As the plasma becomes optically thin, the flux deviates

slightly from gy times the intensity. (See equations 6,7, and 8,)
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V. SUMMARY AND CONCLUSIONS

The goal of this study was to accurately approximate the
radiative absorption coefficient of an isothermal hydrogen plasma
while reducing the numerical computer time involved, 1In this
study a step-wise gray approximation was used to approximate the
radiative absorption coefficient, with 135 steps being taken
in the entire frequency spectrum., The data was presented in
graphical and tabular form for various plasma conditions. The
plasma was between temperatures of 5000 and 60,000°K, between
densities of 10"5 and 10'7 gm/cmj, and between thicknesses of
0.1 and 100 cm,

Using the step-wise gray absorption coefficient, the radiative
flux and intensity were calculated and several trends were noticed.
Various numbers of steps were tried with the general trend being
more steps increasing the accuracy but at the same time requiring
more computer time. Using 135 steps, the numerical computer time
required to approximate the absorption coefficient and calculate
the intensity and flux was reduced by about a factor of 10 from
previous calculations.(15)

The results bring out the importance of the trade-off between
the shift of the maximum of the Planck function and the population
of the higher electronic states. They show that even though
the plasma may radiate as a blackbody in a certain frequency
interval, the emitted radiation may be small because the excited

states are relatively unpopulated.
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7

At a low density (10~ gm/cmB), the plasma was seen to be

essentially thin because relative few species were present.

At a density of 10~7 gm/cms, it was observed that the intensity
remained relatively constant in the temperature range from
20,000°K to 40,000°K.

The results can be extended to include plasmas made up of
several species as well as non-isothermal plasmas. When a
plasma has several species present, the spectrum is divided into
several frequency intervals for each specie and then summed with
that of the other species present, By making the frequency
intervals very small and letting each be at a slightly different

temperature, an arbitrary temperature profile can be approximated

to give non-isothermal results.
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Appendix A

COMPOSITION OF HYDROGEN PLASMA

To calculate the equilibrium composition of hydrogen plasma

at high temperatures, the following reactions must be considered.

HZ ®H+H (A - 1a)

H & P+e (A - 1b)
-+

H, gH, +e (A - 14d)

The total number of hydrogen molecules is

. HZ P HE

where the gas density p is assumed to be known. The hydrogen
layer temperature is also known from the solutions of Rankine-

Hugoniot equations.

* This development closely follows that of Ref, 16.
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Let ¥ be the fraction of the molecular hydrogen that has
dissociated (Equation A-la); therefore, the number density of

molecular hydrogen is (1 - V¥ )N}'I s While NH =2 ‘PH}'I s because two
2 2
hydrogen atoms are formed in each dissociation process.

Let « be the fraction of NH that exists as protons, then

NP = 2« YN}’I e« For each proton that is formed an electron also

2
becomes free; therefore, Ne = NP' The number density of remaining
atomic hydrogen is NH =2 VY -~ & Nﬁ .
2

The negative hydrogen ion is formed by the reaction given in
Equation (A - 1c). Let ® be the fraction of atomic hydrogen that

exists as the negative hydrogen ion, then N - =§ (1= ZYNIQX .
2

=(1 - 8)

H

The remaining number density of atomic hydrogen is NH

(1 -® 2 ‘YNI'I and that of the electrons is N, =2Y [a- 8
2
(1 = @ ]Nl'i , because an electron is used for each H~ that is formed.
h 2
+
In addition the molecular ion HZ is formed by the process of

Equation (A-1d)., Let n be the fraction of H2 that exists as H;.

Then NN* = n (1 « Y)N! and N, =(1-1n) (1 -« ¥) N* ., For
iy H, Hy >

each Hg ion that is formed an electron becomes free; therefore, the
electron number density becomes Ne = [ (a-8) (1 = a)) 2Y + )]
(1 - Y )]N' .

Ha

In summary, the final number densities are related to the

initial number densities as follows:

N =(1 -q ) (- YY) Nt (A - 3a)
H, Hy

NH=2‘¥(1-&)(1-5)NI'12 (A - 3b)
NP ==2¢x‘YNI!I (A - 3c)

2



NH- =2Y (1 - ag Nf'Ia

N4 = (1 - ¥) N
By H,

N, = [2Y (-8 ( 1 - &) + g O
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(A - 34d)
(A - 3e)

- V¥) ]N;{2 (A - 3f)

The condition of macroscopic neutrality

- +
Ned’NH =Np N

-+
H
as well as the conservation of nuclei are

by the relations of Equation (A - 3).

The equilibrium relationships betwese

(A - 4)

satisfied identically

n the atoms and ions

as defined in Equation ( A - 1 ) are given in terms of the

complete partitioen functions as

NpNe ape ZPZe
kT = = kT = BB’ (A -~ 5)
NH (1«38) (1« ZH
N 2 2.7
o EH _[2¥ 0 -8) (- a))® _ Pl =8, (a-6
N (1 -7n) (1 - VYY) Z__ Nt
H, Hy Hy
N 2.2
KT HN°=(1-5)pe=H°kT=95, (A -7
Ng= 8 By~
and NH'Z'Ne 1P, ZHsze
kT = = > kT = 56’ (A - 8)
N 1
Ha =N HZ
where the electron pressure Pe is defined as

P, =l[2¥ (a-5(1 -a) +q0 -¥

)] Nﬁa kT. (4 - 9)
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The set of Equations (A-5) through (A-9) represents five
unknowns; a, ¥,8 , n and Pe, which can be found as functions
of temperature and density.

An iterative method is used to solve the set of Equations
(A-5) through (A-8). The solution begins by assuming & = 1 = O.

Thus, BEquations (A-5) through (A-9) become

aP°=B3 (1 = a) (A - 10)
4w2(1~u)2=g+(1-w ) (A - 11)
P =2VY aN! kT (A - 12)
e H2

Eliminating Pe and Y one arrives at an equation in terms of «

2 BB
1- a)a 3y 4
(l-d)h[ﬁla* >N T _th__:o (A - 13)
HZ H2

o
which can be solved to give the initial value of a, (a.( )).

Combining Equations (A-10) and (A-12) and using a(O), the initial

value of VY becomes
o -2 B

= (A - 1)
Z(G(o)) 2 kTN}'Ia

and the other initial values become

p (O _ 5y (0) (0 wy yp (A - 15)
e HZ
(0)
P
(0) =——(g';———— (A - 16)
Pe + 35
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B
(0) :_._.___.é.-._(_cv (A - 17)

B6 + Pe

Once the initial values are known the ith value of the

variable is arrived at in the following manner.

N® kT (A - 18)
5y
B
(i) 6
= (A - 19)
n B, +p, @
(1)
P
g L =—t (A - 20)
P +B
5
(1)
Q1 o) )
a(i) = E) ) (A - 21)
P, +53(1 - 8 )
1) 1/2
w_ x=° Dr+_y_ -1 (4 - 22)
b4 2 X(i)
where ﬁl{-(] - 1 (L )
REP I
W - 5@y (1 . ()2 (4 - 23)
and
J =1 «1

The iteration is continued until successive values of Pe are

the same to a specified number of places,
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Figures A-1, A-2, and A-~3 show the equilibrium composition of
hydrogen plasmas as a function of temperature for p = 10'5,
p = 10-6, and p = 10™7 grams/cmB. At a given density as tempera-
ture increases, the number density of atomic hydrogen rapidly de-
creases initially and then becomes almost constant at higher
temperatures. The number density of electrons and protons
initially increases and then becomes almost constant at higher

temperatures when the plasma is fully ionized. Note that molecular

hydrogen is unimportant at temperatures above 10,000°K.
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APPENDIX B

TABLES OF INTENSITY AND FLUX

TABLE B-I

RADIATIVE FLUX AT g = 1077 gn/cm

71

FLUX (ERGS/SEC-CMZ)
THICKNESS (cm) 0.1 1.0 10.0 100.0
TEMPERATURE (9K)
5000 1.29 x 10° | 1.07 x10” | 4.89 x 107 | 1.44 x 108
10000 2.55 x 10° | 1.99 x 10"°| 1.41 x 10" | 4.81 x 10"’
15000 2.21 x 10| 9.17 x 10" | 2.53 x 10'2 | 2.87 x 10'2
20000 1.88 x 10'2| s5.51 x 10'2| 8.95 x 10'%| 9.07 x 102
25000 5.23 x 10'2| 1.50 x 10| 2.19 x 10"2 | 2.21 x 10"
30000 8.15 x 10'2| 3.00 x 10" | .54 x 10" | 4.59 x 10"
35000 1.00 x 102 | 4.70 x 10"2| 8.33 x 10"> | 8.50 x 10"3
40000 1.15 x 102 | 6.23 x 102 | 1.36 x 10"* | 1.45 x 10"%
50000 1.47 x 10" | 8.94 x 10" | 2.70 x 10" | 3.49 x 10"
60000 1.89 x 10" | 1.17 x 10| 4.08 x 10" | 6.80 x 10'*




RADIATIVE INTENSITY AT p = 10'5 gm/cm3

TABLE B-II

INTENSITY (ERGS/SEC-CMZ-SR)

72

THICKNESS (cm) 0.1 1.0 10.0 100.0
TEMPERATURE (9K)
5000 2,12 x 10° | 1.99 x 10® | 1.20 x 107 | 3.20 x 107
10000 5.61 x 10° | 3.7 x 107 | 2.81 x 10" 1.33 x 10"
15000 5.86 x 10'% | 2,06 x 10" | 7.18 x 10" | 9.13 x 10"!
20000 440 x 107 | 1.4 x 103 2.79 x 10'% | 2.89 x 1012
25000 1.15 x 10'2 | 4.o4 x 10'%] 6.90 x 10'2| 7.05 x 102
30000 1.65 x 10'2 | 7.82 x 10'%| 1.2 x 10" | 1.46 x 10'>
35000 1.92 x 102 | 1.13 x10"®| 2.58 x 10" | 2.70 x 10'3
40000 2.1 x 102 | 1.41 x 102 | 4.12 x 1072 | k.61 x 10"
50000 2.65 x10'% | 1.90 x 10" | 2.45 x 10" | 1.10 x 10"
60000 3.36 x 10'2 | 2.47 x 10" | 1.05 x 10" | 2.07 x 10'™*




TABLE B-III

RADIATIVE FLUX AT p = 10°° gn/cm>
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FLUX (ERGS/SEC-CM2)
THICKNESS (cm) 0.1 1.0 10.0 100.0
TEMPERATURE (°K)
5000 1.97 x 10% | 1.96 x10° | 1.89 x 10® | 1.56 x 107
10000 2.78 x10% | 1.75.x 107 | 1.37 x 10"° | 1.00 x 10"
15000 3.15x10'°] 1.52 x 10" | 6.55 x 10" | 2.14 x 1012
20000 152 x 10" | 192 x 10" | 2.82 x 102 | 7.22 x 1012
25000 1.85 x 10" | 1.17 x 10'%| 5.86 x 102 | 1.57 x 10'2
30000 1.87 x 10" | 1.30 x 10" | 8.15 x 10'2 | 2.93 x 10'>
35000 1.86 x 10"V | 1.37 x 10'2 | 9.64 x 10'2 | 4.54 x 10'3
40000 1.88 x 10" | 1.55 x 10*23 | 1.09 x 10'2 | 5.98 x 10'>
50000 2,07 x 10" | 1.71 x 10" | 1.38 x 10" | 8.48 x 10"
60000 2.8 x 10| 2,12 x 10" | 1.728 x 10" | 1.11 x 10
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TABLE B-IV

RADIATIVE INTENSITY AT p = 10° em/cw’

INTENSITY (ERGS/SEC-CM>~SR)
THICKNESS (cm) 0.1 1.0 10.0 100.0
TEMPERATURE (©K)
5000 3.1 x 100 | 3.13 x 10% | 3.11 x 10° | 2.90 x 10°
10000 . | 5.46 x 107 | 3.21 x 10® | 2.38 x 107 | 1.95 x 10'°
15000 6.35 x 10° | 3.29 x 10'% | 1.45 x 10" | 5.64 x 10"
20000 2.79 x 10'° | 1.64 x 10" | 6.76 x 10" | 2.00 x 10'2
25000 3.49 Xx 10'% | 2.27 x 10" | 1.33 x 10"% | 4.24 x 102
30000 3.4 x 100 2.50 x 10" | 1.66 x 102 | 7.67 x 10'2
35000 3.35 x 10'° | 2.47 x 10" | 1.84 x 10" | 1.09 x 10"
40000 3.33 x 10'% | 2.55 x 10" | 2.02 x 102 | 1.34 x 10"
50000 3.60 x 10'° | 2.92 x 10" | 2.49 x 10'% | 1.79 x 10"
60000 5.28 x 100 | 3.56 x 10" | 3.16 x 10'% | 2.32 x 10'3




TABLE BV

RADIATIVE FLUX AT p

-
-

1077 gm/cm3
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FLUX (ERGS/SEC-CM2)
THICKNESS (cm) 0.1 1.0 10.0 100.0
TEMPERATURE (°©K)

5000 3.06 X 102 | 3.01 x10° | 2.99 x 10* | 2.98 x 10°
10000 3.722x 107 | 2.01 x 108 | 1.22 x 107 | 9.46 x 10°
15000 2.27 x107 | 1.29 x10'° | 7,08 x 10'°| 3.21 x 10"}
20000 3.81 x 107 | 2.33 x10'° | 1.47 x 10" | 7.99 x 10"!
25000 3.2 X 100 | 2.39 x 100 | 1.60 x 10" | 1.06 x 10'2
30000 2.95 x 107 | 2.26 x10'° | 1.63 x 10" | 1.15 x 10'2
35000 2.65x 107 | 2.19x10'° | 1.66 x 10" | 1.23 x 102
40000 2.5 x10° | 2.20 x10'° | 1.71 x 10" | 1.32 x 10'2
50000 2.70x 107 | 2.45 x10'° | 1.97 x 10" | 1.61 x 10'2
60000 3.26 x 10° | 2.97 x 10'° | 2.43 x 10" | 2.05 x 10'2




RADIATIVE INTENSITY AT p = 10/ gm/cm”

TABLE B-VI

INTENSITY (ERGS/SEC-CM>-SR)

76

THICKNESS (cm) 0.1 1.0 10.0 100.0
TEMPERATURE (°K)

5000 boou x 10" | 4.81 x10° | 4.77 x 10° | n.76 x 10%
10000 7.62 x 10° | 3.99 x 107 | 2.26 x 10® | 1.64 x 10°
15000 5.60 x 108 | 2.52 x10% | 1.48 x 10'° | 6.95 x 101°
20000 7.31 x 10° | .59 x 107 | 2.81 x 10'° | 1.73 x 10"
25000 6.21 x 105 | &.43 x 1072 | 3.00 x 10'° | 2.02 x 10"!
30000 5.10 x 10° | .07 x 107 | 3.00 x 10'° | 2.10 x 10"
35000 o x 10° | 3,87 x 10° | 3.00 x 10" | 2.19 x 10!
140000 5.17 x 108 | 3.82 x 107 | 3.05 x 10" | 2.32 x 10"
50000 b1 x 108 | s.16 x 107 | 3.48 x 1070 | 2.74 x 10!
60000 5.32 x 10 | s5.02 x 107 | 4.26 x 10'° | 3.44 x 10"]




APPENDIX C

LISTING OF COMPUTER PROGRAM

The numerical computer program 1s listed on the following
pages. The input data consisted of the plasma temperature and
density, the beginning and end cuts on the spectral range of
frequency, the mass fraction of hydrogen, the number of cuts,
ten plasma shock layer thicknesses, and the spectral
location of each cut,

The program is written in the language of Fortran IV,

It was run on an IBM System/360, model 50 computer.
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QOO

¢ RHO yHV1 yHV2 ,DHV, F

W
a.a
STUW—~ oo
-

L AT LT
oo «C
CO=CwnN
Q,TM ot et
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i e et
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1,NCUT)

-0
el

N
W
o~ e

[TERVeY JF
— X o

NEIN

L 00k aad © NS
F —~lUL -~ OC
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N —~g

78

HV2 DHV  F/

HV1

XLG * * % XLO)

y29HTEMP ©HD
F

A/2CX
Xy13H
1DHY,

DAT

0P NCUT EPS/20
1,NCUT)

1,17)
INITIALIZATION

'HINPUT

STOP,NCUT,EPS

MDDy RHJyHV],HV?2
(M),

2X g1

(¥ e o e

QST T <IOV— Ui =l
FEICF UNZHT ot
RR,R\I\RV&IIRV\V,.!AII
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wuuw
e O

LLUU
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RLI=) ©
TEMD=TEMP
TEMPD=TEMPD
JEDGE=1]

[END=D

INPYT ==

27=3 141593
CER=? P1785:=-13
D=zl Z1324KF405
AT =5 2Q172E-rgQg
C=2.997932F+10
SE=4 R(C286E-1C
XK=]1 3B044FE-16
XKEV=8 5164F-C5
HVKT 1=HV]1/(XKEV.TEMP)
HVKT2=HV2/(XKEVXTEMP)
H=6 52517E-27
Cl1=SE%SE/H

HM=1 AKT734E=-24
RH=109K77 6
RHE=109737.2
ELM=0 ]1055E-28
PM=1 A723Q9FE-24
HEM=64/. 6470E=-24

HEM2=6 A4L6GF=-24

HEM3=HEM2-ELM

H2M=2 . xHM

H2PM=H2 M-E| M

HMM=HM4+ELM

XNISS=7 16€-12

W5=6 21BT7E+"3

WS =W5%(C*H

46=2 13794E+C4

WE=WhH%(C %xH

CONSTA=]1.0E4C8%CxH/ (XK*TEMP)
ERC=2 #(XKXTEMP)k%4/ [HX (HXC )*%2)
CALL CNMPG( COCS5, TEMP,F,RHO,LABEL,C 0)

JHY=5§

TF{NMH. LT.5) JHY=NMH

JHETII=5 )

IFINMHF2 LT 5) JHEIT=NMHE?
MAX(1)=12

MAX(2)=12

[F(NMH- Li 12) MAX(1)=NMH
TF(NMHEZ LT, 12) MAX(2)=NMHE?
ED=NF/1 60621E-12

64
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[S,F12.2)

TY ERGS/(CM2 SEC SRI/2CX412HTHICK
PE14.5)

UNIT FREQ-

2CCC /TEMP
I
G
G

F—ax—awnZ—c

aoOxCuwlCur<g

XU FIUZO—NUL
-—

C “ «© o

-~ N8~ O

o« o

o

o,

SUBROUTINE ABSCOF(INPUT,TEMP,F,A,BRAC,CAC,TAC,DELTAS,NDELTA)

AND DELTA

THIS SUBRCUTINE CALCULATES ABSORBTION COEFF.
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N O Ne)
I = ~
ZO = >
xa uwn OQad
L 4 *3
X o —
(=S Vo] LU
oI W - o
[ ol T (a2
Wz o ~ mad
aa x Zu
ol o -
WwWToN WXe—
Z sy C a0
XETTIT OC-=-N
OO\ — LINO ~
AOTX = el
W e = -\'T
T WeX
ZI W TZ -
XWI >0
oI Jed
N &3 (e

Wy euEN -
T T W g
ZUie=T o op- =
XITXEFEFITZN
o e o™ et~
—E W e ey
WWT e~ xg
ITIxwr—e «F
L o oeT W d &
XF¥ ITEX X
cTxZ™ o—X
O & e e amX>
ZTOITVN T
o ¥ T ~=0O
o T Z™ oy =
~TF & * o3 ~X
NZUW X W o ol
-3 WO T OIN-
MONNN O~ eun
CedNMNMNN 2N
M b—-—C>»>2Z2Z
M NN WV ==X W

MAIN CALCULATION

VOO

>
I~
~NO
Q
Fo - -
wooc ~
4+ N oo —
# U= O i
¥ Qe 0N

$—OCNEO~E
g ooma I it n
U WX MY NNA
> X< 2 D= T

(s8]

~N

CALLS LINES

OO
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QYOOI OO

N
o

0
N

(o))
D

SUZROUT INE ARLENE(FyAL INyGA,SL)

CALCULATES AVERAGE VALUE OF ABSORPTION COEFFICIENT

e ook ook ok ok skok ok sk ook e o ook ok ol ook o ok ok o ko oK ok ok ook ok ok ok kok ol kK

* %

s

TAC HAS UNITS OF INVERSE CM., soksdokdorkokmk ks
% CONTK HAS UNITS OF INVERSE CM.  skkksskakddadshksk
%  BOUNDK HAS UNITS OF INVERSE CM., kxkidkkkkknkiks
x% AA HAS UNITS NF HV /KT (2223233233 2% 333
¥  CUT(J) HAS UNITS OF EV ok A Rk KK
% ALIN(K) HAS UNITS OF HV/KT EREREEIRK R KK KK
%k EVLIN HAS UN[TS OF EV % 3 3 ¢ A o 2k 3K e o ok XK ok ok ok
x % GA HAS UNITS QF HV/KT ke ook ko ok ok Kk g
x¥%x GEV HAS UNITS OF EvV 3 o ik A ok o g o ok ookt dk ke
*%  HEY HAS UNITS OF EV-SEC Rk KRR KKK
%% DI & D2 HAVE UNITS OF Ev Fok A A K SRR
Fe 3k sk 3 e e s s 3 ok o ol o e o e ok 0 0 a0 ke ke 3 gk o o ok o o o 3k ok ol o o ek ok o ok o o ok ek ok e o
COMMON/AVEONE/CUT(120),8K(12C),NCUT, TEMP

COMMON/ IONED/ JRY » JHE, JHE T T, JM,LM; L INE, JEDGE
COMMON/CONST3/XK yH yC yRHyRHE g XIHy XIHEL 3 XTHEZ » XDISS W5 o W6
DIMENSTON ALIN(120},6A(120045L(120)

XKE V=8, 6164E-05

HEV=4, 1354E-15

523

AA=CUT (11/ (XKEVXTEMP)

INPUT=1]

TEMPD=TEMP

géL%AéBSCOE(INPUT,TEMPO sFyAA, DUM,DUM1,TAC 4D5,06)
VVCUTS (CUT(J)+CUT(I=11)/2.

AA=VVCUT/ (XKEVETEMP)

géL%AéBSCDE(INPUT,TEMPD JFyAA,DUM,DUML s TAC,D5,D6)
AA=CUT(J)/{XKEVETEMP)
%A%kCABSCOE(INPUT.TEMPD,F,AA,OUM,DUMI,TAC,DS.D&)
CONTKA=0.-

CONTKS =0~

BOUNDK=0. C

DO 59 K=KS, LM

KSAVE=K

EVLIN=ALIN{K) *XKEV*TEMPD

IF (EVLIN-LT.CUT(J)) GO TN 51

D1=AL IN(K)¥XKEVFTEMPD=CUT(J)
D2=CUT(J-1)-ALIN{K) & XKEVETEMPN

GEVZGA(K)*XKEV*TEMP
ROUNDK=HFEVEXSL(K) % (ATAN(D2/GEV ) +ATAN(D1/GEV) )/

(3 141593%(DI+N2) ) +BOUNDK

CONTINUF

h8
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SUBRROUTINE DELTWL(INPUT, IEND,EPS,FHVKT2,A,DELTAS,DELTA)

THIS SUBROUTINE CHECKS JUMP OF INTERVAL DELTA AND END CONDITION
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