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Abstract. This paper discusses about Robertson-Walker space-time with quadratic equation of state and dynamical
cosmological parameter Λ. Some exact solutions of Einstein’s field equations for three cases have been obtained.
Physical behaviors of the models are discussed in detail.
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I. INTRODUCTION

The Brans-Dicke (B-D) theory [1] of gravitation is one of the simplest and best understood
scalar-tensor theories. As a result B-D theory has attained significant attention in recent years.
Cosmological models in Brans-Dicke theory is discussed by many authors [2–10]. The cosmo-
logical and astronomical data obtained from the Supernovae Ia(SNeIa), the cosmic microwave
background (CMB) radiation anisotropies, the Large Scale Structure (LSS) and X-ray experi-
ments support the discovery of accelerated expansion of the present day universe [11–19]. The
accelerated expansion of universe is due to the presence of dark energy which has positive energy
density and adequate negative pressure [20, 21]. Chen and Wu [22] considered Λ varying as R−2,
Carvalho and Lima [23] generalized it. Beesham [24], Tiwari [25], Harpreet and Tiwari [26],
Kotambkar et al. [27] are some of the authors who studied cosmological model with variable G
and Λ. Nojiri and Odintsov [28], Capozziello [29], Chavanis [30], Sharma and Rantnapal [31],
Takisa et al. [32], Feroze and Siddiqui [33] are some of the authors who have discussed about
cosmological models with equation of state in quadratic nature. Reddy et al. [34] have obtained
Bianchi type-I model with a quadratic equation of state. Ngudelanga [35] has studied about a star
with quadratic equation of state. Recently, Adhav et al. [36,37] have obtained some cosmological
models with the help of quadratic equation of state.
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In this paper, we discussed an isotropic cosmological model with perfect fluid in Brans-
Dicke theory of gravitation by considering equation of state in quadratic form. In Sec. II we give
the field equations and their solution. The discussion is given in Sec. III.

II. FIELD EQUATIONS AND SOLUTIONS

Here, we consider the spherically symmetric Robertson Walker metric

ds2 = dt2−R2 (t)
[

dr2

1− kr2 + r2(dθ
2 + sin2

θdϕ
2)

]
, (1)

where k is the curvature index which can take values −1,0,1.
The Brans-Dicke (B-D) theory of gravity is described by the action

S =
∫

d4x
√
|g|
[

1
16π

(
φR− ω

φ
gsl

φ,lφ,s

)
+Lm

]
, (2)

where R represents the curvature scalar associated with the 4D metric gij; g is the determinant
of gij; φ is a scalar field; ω is a dimensionless coupling constant; Lm is the Lagrangian of the
ordinary matter component.

The Einstein field equations in the most general form are given by

Rij−
1
2

Rgij +Λgij =
−κ

φ
Tij−

ω

φ 2

[
φ,iφ, j−

1
2

gijφ
,s

φ ,s

]
− 1

φ

[
φ,ij−gijφ

,s
;s
]
, (3)

(3+2ω)φ
,s

;s =κT, (4)

where κ = 8π , Λ is the cosmological constant, Rij is Ricci-tensor, gij is metric tensor, �φ = φ ,s
;s,

and φi is the partial differentiation with respect to xi coordinate.
The energy-momentum tensor for the perfect fluid distribution is

Tij = (p+ρ)uiu j− pgij (5)

with ui = four velocity vector, p = proper density and ρ = proper rest mass density.
Considering a co-moving system, we get

u1 = u2 = u3 = 0,u4 = 1 and gijuiu j = 1.

A comma (,) or semicolon (;) followed by a subscript denotes partial differentiation or a
covariant differentiation, respectively. The velocity of light is taken to be unity.

Now for the metric (1) surviving field equations are

k
R2 +

Ṙ2

R2 +2
R̈
R
−Λ =

−κp
φ
− ω

2
φ̇ 2

φ 2 −2
Ṙ
R

φ̇

φ
− φ̈

φ
, (6)

3(
k

R2 +
Ṙ2

R2 )−Λ =
κρ

φ
+

ω

2
φ̇ 2

φ 2 −3
Ṙ
R

φ̇

φ
. (7)

From Eq. (4), we get

(3+2ω)

[
3

Ṙφ̇

R
+ φ̈

]
= κ (ρ−3p) (8)

The energy momentum equation T ij
; j = 0 leads to the form

ρ̇ +3H (ρ + p) = 0. (9)
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We consider [38] ansatz
Λ = βH2 (10)

and equation of state in quadratic form as

p = αρ
2−ρ, (11)

where α 6= 0.
From equations (9) and (11), we get

ρ =R−3α , (12)

p =α
[
R−3α

]2−R−3α . (13)

From equations (6), (7),(8) and (10), we get

3
k

R2 +(3−2β )
Ṙ2

R2 +3
R̈
R
= ω[

φ̈

φ
− 1

2
φ̇ 2

φ 2 +3
Ṙ
R

φ̇

φ
] (14)

where a dot (.) denotes differentiation with respect to time t.
For any cosmological model scale factor R(t) should be known and equation (14) can be

integrated by taking the separation constant as zero. So, from (14) we can consider

3
k

R2 +(3−2β )
Ṙ2

R2 +3
R̈
R
= 0, (15)

φ̈

φ
− 1

2
φ̇ 2

φ 2 +3
Ṙ
R

φ̇

φ
= 0. (16)

The gravitational variable [39] is given by

G = (
4+2ω

3+2ω
)

1
φ

(17)

The anisotropy parameter is given by

∆ =
1
3

3

∑
n=1

(
Hi−H

H

)2

.

Shear scalar is given by

σ
2 =

1
2

[
3

∑
i=1

Hi−
1
3

Θ
2

]
·

II.1. Case I: k = 0 and 0 < β < 3

From (15), we get

R = M1{c1(3−β )(c1t + c2)}
3

2(3−β ) , (18)

where M1 = 2
−3

2(β−3) 3
3

2(β−3) and c1, c2 are constants.
From equation (16), we get

φ = A22
9

(β−3) 3
−3

(β−3) {c1 (3−β )}
9

(β−3)

(
β −3
2β +3

)2

(c1t + c2)
2β+3
(β−3) , (19)

where A is a constant.
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The gravitational variable is given by

G =

(
4+2ω

3+2ω

)[
A22

9
(β−3) 3

−3
(β−3) {c1 (3−β )}

9
(β−3)

(
β −3
2β +3

)2

(c1t + c2)
2β+3
(β−3)

]−1

. (20)

From equations (12) and (13), we get

ρ =
[
M1{c1(3−β )(c1t + c2)}

3
2(3−β )

]−3α

(21)

p =α

[
M1{c1 (3−β )(c1t + c2)}

3
2(3−β )

]−6α

−
[
M1{c1(3−β )(c1t + c2)}

3
2(3−β )

]−3α

. (22)

Spatial volume is given by

V =
[
M1{c1(3−β )(c1t + c2)}

3
2(3−β )

]3
. (23)

Hubble’s parameter is given by

H =
3

2c1(3−β )2(c1t + c2)
. (24)

Scalar expansion is given by

Θ =
9

2c1(3−β )2 (c1t + c2)
. (25)

Deceleration parameter is given by

q =−
(

2β −5
3

)
. (26)

The anisotropy parameter is given by

∆ = 0. (27)

Shear scalar is given by
σ = 0. (28)

Cosmological constant is given by

Λ = β

[
3

2c1(3−β )2(c1t + c2)

]2

. (29)

II.2. Case II: k =−1 and β = 3.

From (15), we

R = M2

(
e

c4
c3 e

t
c3 + e

−c4
c3 e

−t
c3

)
. (30)

where M2 =
c3
2 , c3, c4 are constants.

From equation (16), we get

φ = c5


 2e2 c4

c3 e2 t
c3 +1

4
(

e2 c4
c3 e2 t

c3 +1
)2




2

, (31)
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where c5 = M2
−6 is a constant.

The gravitational variable is given by

G = c5
−1
(

4+2ω

3+2ω

)
 2e2 c4

c3 e2 t
c3 +1

4
(

e2 c4
c3 e2 t

c3 +1
)2



−2

. (32)

From equations (12) and (13), we get

ρ =

[
M2

(
e

c4
c3 e

t
c3 + e

−c4
c3 e

−t
c3

)]−3α

, (33)

p =α

[
M2

(
e

c4
c3 e

t
c3 + e

−c4
c3 e

−t
c3

)]−6α

−
[

M2

(
e

c4
c3 e

t
c3 + e

−c4
c3 e

−t
c3

)]−3α

. (34)

Spatial volume is given by

V =

[
M2

(
e

c4
c3 e

t
c3 + e

−c4
c3 e

−t
c3

)]3

. (35)

Hubble’s parameter is given by

H =
1
c3

[
1− e−2 c4

c3 e−2 t
c3

1+ e−2 c4
c3 e−2 t

c3

]
. (36)

Scalar expansion is given by

Θ =
3
c3

[
1− e−2 c4

c3 e−2 t
c3

1+ e−2 c4
c3 e−2 t

c3

]
. (37)

Deceleration parameter is given by

q =
−1
c34

[
1+ e−2 c4

c3 e−2 t
c3

1− e−2 c4
c3 e−2 t

c3

]
. (38)

The anisotropy parameter is given by

∆ = 0. (39)

Shear scalar is given by

σ = 0. (40)

Cosmological constant is given by

Λ =
3

c32

[
1− e−2 c4

c3 e−2 t
c3

1+ e−2 c4
c3 e−2 t

c3

]2

. (41)
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II.3. Case III: k = 1 and β = 3.

From (15), we get

R = M3

(
e

c7
c6 e

t
c6 − e

−c7
c6 e

−t
c6

)
(42)

where M3 =
c6
2 , c6,c7 are constants.

From equation (16), we get

φ = c8


 2e2 c7

c6 e2 t
c6 −1

4
(

e2 c7
c6 e2 t

c6 −1
)2




2

, (43)

where c8 = M3
−6 is a constant.

The gravitational variable is given by

G = c8
−1
(

4+2ω

3+2ω

)
 2e2 c7

c6 e2 t
c6 −1

4
(

e2 c7
c6 e2 t

c6 −1
)2



−2

. (44)

From equations (12) and (13), we get

ρ =

[
M3

(
e

c7
c6 e

t
c6 − e

−c7
c6 e

−t
c6

)]−3α

, (45)

p =α

[
M3

(
e

c7
c6 e

t
c6 − e

−c7
c6 e

−t
c6

)]−6α

−
[

M3

(
e

c7
c6 e

t
c6 − e

−c7
c6 e

−t
c6

)]−3α

. (46)

Spatial volume is given by

V =

[
M3

(
e

c7
c6 e

t
c6 − e

−c7
c6 e

−t
c6

)]3

. (47)

Hubble’s parameter is given by

H =
1
c6

[
1+ e−2 c7

c6 e−2 t
c6

1− e−2 c7
c6 e−2 t

c6

]
. (48)

Scalar expansion is given by

Θ =
3
c6

[
1+ e−2 c7

c6 e−2 t
c6

1− e−2 c7
c6 e−2 t

c6

]
(49)

Deceleration parameter is given by

q =
−1
c6

4

[
1− e−2 c7

c6 e−2 t
c6

1+ e−2 c7
c6 e−2 t

c6

]
. (50)

The anisotropy parameter is given by

∆ = 0. (51)
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Shear scalar is given by
σ = 0. (52)

Cosmological constant is given by

Λ =
3

c6
2

[
1+ e−2 c7

c6 e−2 t
c6

1− e−2 c7
c6 e−2 t

c6

]2

. (53)

III. DISCUSSION

Here, we have got the following results:
Case I: In this case R→ ∞, φ → 0, G→ ∞, H→ 0, Θ→ 0, V → ∞, Λ→ 0 as t→ ∞. For t = 0,
R, φ , G, H, Θ, V , Λ become finite. Also, for α < 0, ρ > 0 and p < 0 which gives positive energy
density and negative pressure contributing to the dark energy model with accelerating universe.
Here, for 2 < β < 3, q ≤ 0, the deceleration parameter is in the range −1≤q≤0 which is in
agreement with the observations made by Riess et al. [12] and Perlmutter et al. [13] i.e. the
expansion of the universe is accelerating. Also, ∆ = 0, σ = 0 this shows that our model is isotropic
and shear free. The value of the cosmological constant for the model is found to be small and
positive, which is supported by the observations Garnavich et al. [40, 41] and Schmidt et al. [42].
Case II: In this case R→∞, φ → 0, G→∞, V →∞ as t→∞ and H, Θ, Λ remains finite for t→∞.
Again R,φ ,G,H,Θ,V,Λ become finite for t = 0. Also, for α < 0, ρ > 0 and p < 0 which gives
positive energy density and negative pressure contributing to the dark energy model with accel-
erating universe. Here, as t = 0 and t → ∞, the deceleration parameter is in the range −1≤q≤0
which gives accelerated expansion of the universe. Here, ∆ = 0, σ = 0 this shows that our model
is isotropic and shear free. The time dependent cosmological constant for the model is small and
positive.
Case III: In this case R→ ∞, φ → 0, G→ ∞, V → ∞, as t → ∞ and H,Θ,Λ become finite for
t → ∞. For t = 0, R,φ ,G,H,Θ,V,Λ become finite. Also, for α < 0, ρ > 0 and p < 0 which
gives positive energy density and negative pressure contributing to the dark energy model with
accelerating universe. Here, as t varies from 0 to ∞, the deceleration parameter is in the range
−1≤q≤0 which supports the observations made by Riess et al. [12] and Perlmutter et al. [13] for
accelerating universe. Also, ∆ = 0, σ = 0 this shows that our model is isotropic and shear free.
The time dependent cosmological constant for this model also is small and positive.
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