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ABSTRACT

The purpose of this paper is to explore non-abelian finite groups with per-
fect order subsets. A finite groups is said to have perfect order subsets (POS) if
the number of elements of each given order can divide the order of the group.
The study of such groups was initiated by Carrie E. Finch and Lenny Jones.

In this paper, we construct POS-groups by considering semi-direct products

of cyclic groups (and sometimes quaternions).
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CHAPTER 1

INTRODUCTION

In group theory, there are a lot of connections among orders of groups and
orders of their subgroups. Among all of them, the most commonly used and
well-known one is Lagrange’s Theorem, which states a relationship between
the order of a finite group and the order of every subgroup. In the paper A Cu-
rious Connection Between Fermat Numbers and Finite Groups, Carrie E. Finch and
Lenny Jones studied groups with the property that the number of elements of
every given order divides the order of a whole group.They referred to these

groups as having perfect order subsets (POS).

By using techniques in elementary number theory and group theory, I
investigated non-abelian groups, particularly semi-direct products with per-
fect order subsets. I wanted to focus on the semi-direct products because a
fair amount of research has been done on abelian POS groups. Also, S3 is an
easy non-abelian example of a group with perfect order subsets, and S3 can be

expressed in the form of a semi-direct product: Z3 x Z,.

When semi-direct products of groups are involved, it is always necessary
to consider the action. Most of this paper assumes the action is inversion. I
then further explore semi-direct products where the action is not inversion.
While it is not unusual for POS to occur, it is suprising to see how many dif-

ferent categories of groups can be built up by only using a small number of



prime components.

The introductory sections will mainly discuss Finch and Jones’s orginal

definitions and some simple examples as well as non-examples.

1.1 METHODOLOGY

In the beginning stage of this research, I used GAP to list all non-abelian
groups with perfect order subsets whose orders are less than 250. This allowed
me to look for patterns, make conjectures, and create a big picture of formats

of POS groups. The GAP code I used is included in the last chapter of this
paper.
Most of the groups with perfect order subsets resulting from the GAP

code are categorized and all investigation is proven in detail. References of

results that I used in this research are clearly provided.

1.2 NOTATIONS AND NEWLY INTRODUCED DEF-
INITIONS

Throughout this paper, all groups are finite, and for a group G, we denote
|G| to be the order of G and o(x) to be the order of a group element x in G. As
in [1], the order subset of G determined by an element x € G is defined to be
the set OS(x) = {y € Glo(y) = o(x)}.

The group G is said to have perfect order subsets (in short, G is called a
POS-group) if |OS(x)]| is a divisor of |G| for all x € G. We use the standard
notation Z,, to denote the cyclic group of order n with elements 0,1, ..., n — 1

under addition.



1.3 BASIC EXAMPLES AND NON-EXAMPLES

Example 1.3.1. Let G = Zp X Zy X Z3. It is easy to see |G| = 24. We can frame

the following table:
Element Order | Cardinality of Order Subset
1 1
2 3
3 2
4 4
6 6
12 8

Every element in the right column, i.e. the number of elements of every given

order a divides |G|. Therefore, G has perfect order subsets.

The following is a short list of some abelian groups that have perfect order
subsets that were proven in Finch and Jones’ paper [1]:

o Zon forall n

° (22)3 X Zg X Z7

° (22)4 X 23 X Zs5

° (22)5 X Z3 X Z5 X Z31

° (22)16 X Zg X Z5 X Zl7 X 2257

Not only abelian groups have perfect order subsets, but non-abelian groups

can also be POS groups.

Example 1.3.2. Let G = S3 X Zy x Z7.Then |G| = 84, and:



Element Order | Cardinatliy of Order Subset
1 1
2 7
3 2
6 2
7 6
14 42
21 12
42 12

From the table, we know G has perfect order subsets.
Here are more examples of non-abelian POS groups that appear in Finch
and Jones’ paper [2]:
° 53 X (Zz)z X Zs

e SL(2,q),whereq € {2,3,5,7,11,17,19,41,49,127,251} and where SL(2,q)
denotes the group of all 2 x 2 matrices with determinant one and entries

from the finite field IF; of g elements, where g = p" for some prime p.

However, it is not difficult to find examples of groups not having perfect
order subsets. Consider Zy; it is not a POS group as it has 6 elements of order

7.

As noticed by Tuan and Hai in [11] and Das in [12], groups that do not

have perfect order subsets include:

e the symmetric group S,, whenn > 4
e Dy, when n is an even integer.

e non-cyclic 2-groups



CHAPTER 2

ABELIAN POS GROUPS

In this chapter, we will examine several theorems for abelian POS groups

that have been proved by Finch and Jones.

Lemma 2.03. Let G = (Zpa)' x M and G = (Z,011)" X M, where a and t are
positive integers and p is a prime that does not divide | M|. Suppose that d is the order
of an element in G and that p*+1 does not divide d. Then both G and G contain the

same number of elements of order d.

Theorem 2.0.4. (Going-Up Theorem) Let G = (Zya)! x M and G = (Z 1) %
M, where a and t are positive integers and p is a prime that does not divide |M|. If G

has perfect order subsets, then G has perfect order subsets.

Example 2.0.5. In Example 1.3.1, we know Zy X Z4 X Z3 has perfect order subsets.
The Going-Up Theorem allows us to increase the exponent on any of the primes that
appear to create new POS groups. In this case, we also know Zy x Z4 X Zg has

perfect order subsets.

We can generate new POS groups not only by "going up", but also by

going in the other direction.

Theorem 2.0.6. (Chopping-Off Theorem) Suppose that G has perfect order subsets

and that G = Zpal X Zpa2 X ---ZpaH X (Zpﬂs )t x M, where p is a prime not divid-



ing |M|and ay < ay < ... < ag_y < as are positive integers. Then G = (Z s )! x M

also has perfect order subsets.

Theorem 2.0.7. (Going-Down Theorem) Suppose that G has perfect order subsets
and that G = (Zye)! x M, where p is a prime not dividing |M|. Then G = (Z,)" x

M also has perfect order subsets.

We will illustrate the above two theorems by using the following exam-

ple.

Example 2.0.8. By Example 1.3.1, we know Zp x Z.4 X Z3 has perfect order subsets.
By applying Chopping-Off theorem, we have Z4 x Z3 is a POS group. Then, accord-

ing to the Going-Down Theorem, we know Zy x Z3 also has perfect order subsets.

These powerful theorems indicate that we can generate infinitely many
families of abelian groups with perfect order subsets. Therefore, there exist

infinitely many abelian groups with perfect order subsets.



CHAPTER 3

EULER PHI FUNCTION

In this chapter, we will introduce the Euler Phi function, which will be

used in this paper to count numbers of elements of given orders.

Definition 3.0.9. Euler Phi Funcion, denoted by ®(n), is the number of positive

integers less than n and relatively prime to n. [80, Gallian]

We are using an upper ® here because we have the lower ¢ reserved for

later use in our notation for functions.

Example 3.0.10. It is true that (10) = 4 because 1,3,7 and 9 are relative prime to
10.

Theorem 3.0.11. If d is a positive divisor of n, the number of elements of order d in a

cyclic group of order n is ®(d). [80, Gallian]

Furthermore, we would like to know how to calculate ®(d), where d is a

positive integer.

Theorem 3.0.12. The Euler Phi function is multiplicative. Moreover,

1

®(n) =n]](1- )

pln

)

[58, Nathanson]



In particular, if n = pi'p72... plr{" is the standard factorization of n, where

p1, P2, -, Px are distinct primes and rq, 13, .., r¢ are positive integers, then

Example 3.0.13. Consider 7875 = 325°7. Then ®(7875) = ®(32)®(5%)®(7) =
(3-1)-3-(5—1)-52-(7—1) = 3600

Example 3.0.14. Consider the group Zsss. We have 128|384 and there are &(128) =
®(27) = (2 — 1)2° = 64 elements of order 128.

In this paper, we mostly use the fact that in the group Z,,, if p*|m, where p*
is a power of a single prime, then there are ®(p*) = (p — 1)p*~! elements of

order p~.



CHAPTER 4

AN INTRODUCTION TO
SEMIDIRECT PRODUCTS

In this chapter, we will explore the concept of semi-direct products, which

will be frequently used later in this paper.

Let G be a group. Recall that G is a direct product of two groups if and
only if G contains normal subgroups N7, N, such that Ny N N, = {e} and

G = N1N,. Semidirect products are a generalization of this notion.

Definition 4.0.15. A group G is a semidirect product of its subgroups N and H if
and only if N <G, G = NH, and NN H = {e}, where e is the identity of G. (Hence
H is a complement of N). [213, Scott]

Note that conjugation of N induces an automorphism of N. So there is a
homomorphism ¢ : H — Aut(N). Then we can denote a semidirect product

of Nand H as N x4 H (or N x H if the action is clear from context).

Suppose G = NH with N and H as above. Notice that every element
has a unique expression nh with h € H and k € K. The uniqueness follows
from N N H = {e}, since if nh = n'}, then (n')"'n = h™ 1 € NN H = {e},

son = n’and h = K. And, as N is normal in G, for each h € H we have

9



an automorphism ¢(h) of N given by n s ¢,(n) = hnh~!. Furthermore, the
map ¢ : H — Aut(N) given by h + (n + hnh~!) is a group homomor-
phism. Therefore, given the subgroups N, H and the homomorphism ¢, we

can write down the multiplication on G. For, given nihy, nyh, € G, we have
(n1,h1)(n2,h2) = (n1@p, (n2), hha).
Finally, if ¢ is not the trivial map, then N %, H is non-abelian, even if Nand H

are both abelian. To show this, suppose i € H and n € N such that ¢;,(n) # n.
We then have:

(,1)(1,h) = (n,h)
(L) (n,1) = (@n(n), h).

So (n,1)(1,h) # (1,h)(n,1). Using semidirect products is a nice way to con-

struct many but not all non-abelian groups.

We now give several examples of semidirect products.

Example 4.0.16. Let N = Z,, let H = Z;, and let ¢ : H — Aut(N) be the
homomorphism that sends e to e and the nontrivial element of H to the inverse map
of N. The map x — x~ " is a group automorphism of N since N is abelian, and this
automorphism has order 2. Thus, it generates a subgroup of Aut(N) isomorphic to H;
we define the map @ to be the isomorphism of H onto this subgroup. Let G = N x4 H.
We claim that G = D, the dihedral group of order 2n. Recall that D,, is the group
generated by elements a, b, subject to the relation a" = b*> = 1 and bab = a=1. Let
N = (x) and H = (y). Then (x,1) has order n and (1,y) has order 2. Note that ¢,

is the inverse map on N. So,

(Ly)(xD(Ly) = (oy(x),y)(Ly) = (9y(x),y*) = (py(x),1) = (x~1,1) =
(x, )71,

Therefore, in G we have elements u = (x,1) and v = (1,y) satisfying u" =

v? = 1 and vuv = u~'. So, there is a group homomorphism D,, — G, and this map

10



is surjective since G is clearly generated by {(x,1), (1,y) }. However, |G|=|N||H| =
2n, so |G| = |Dy|. This shows that D,, is isomorphic to G.

~

Example 4.0.17. Let p, q be primes such that p divides q — 1. Then Aut(Z;) =
Z, 1 is a cyclic group of order q — 1, so it has an element of order p. If r is an
integer such that P = 1 (mod q) but v # 1 (mod q), then the automorphism f
given by f(a) = «” has order p. If we send a generator of Z,, to this element, we
get a homomorphism ¢ : Z, — Aut(Z,). Let G be the semidirect product of these
groups. If Z.,, = (a), and Z, = (b), then @,(b) = f(b), we have a? = b7 = 1 and
aba—! = @,(b) = f(b) = b'. So this semidirect product is a group of order pq, and

since aba=—' = b" # b (as r #Z 1 (mod q)), we see that G is non-abelian.

11



CHAPTER 5

NONABELIAN GROUPS HAVING
PERFECT ORDER SUBSETS

5.1 SOME PROPERTIES OF SEMIDIRECT PROD-
UCTS WITH PERFECT ORDER SUBSETS

Before I start to demonstrate properties of semi-direct product groups

with perfect order subsets, I need to show these two lemmas first.

Lemma 5.1.1 (Z.). If G is a POS group, then |G| has to be even unless |G| = 1.

Proof. If every element in G is of order 1 or 2, |G| is even by Lagrange’s The-
orem. Suppose there exists an element in G of order other than 1 and 2. Then
|OS(x)| is even since every element in |OS(x)| can be paired up with its in-

verse. Since G is POS, OS(x) is a divisor of |G|. Thus, |G| is even. O

Lemma 5.1.2 (Z.). If |G| is even, the number of elements of order 2 in G is odd.

Proof. In a group G, there is always one element of order 1 and an even num-
ber of elements of order other than 1 and 2. Thus |0S(2)| = |G| —1—Y. |OS(a;)],
with o(a;) # 1 or 2. Since |G| is even, |OS(2)] has to be odd.

12
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By applying the previous lemmas, we can have the following theorems:

Theorem 5.1.3 (Z.). Let G be a group such that G = Zym X Z g, where p,q are
primes and m, n are positive integers, and the action is nontrivial but otherwise ar-
bitrary. If G has perfect order subsets, then p does not equal to 2 and q has to be
2.

Proof. Let the cyclic groups Z ,» and Z;» be generated by a and b, respectively.
By Lemma 5.1.1, we know |G| has to be even. Thus at least one of p, g has to

be 2.

Suppose p = g = 2. Then G = Zow x Zon. Both (a2, ¢) and (¢, b*" )
are of order 2. Since G has even size, by Lemma 5.1.2, its number of elements
of order 2 has to be odd, and it has to be greater than 2. So |OS(2)| is odd and
cannot divide |G| = 2"™*". Therefore, G = Zyn X Zyn does not have perfect

order subsets.

Suppose p = 2 and g # 2. Then G = Zom x Zn. It is commonly known
that Aut(Zym) = Zy X Zyn—, and so we have |Aut(Zon)| = 2" 1. Leto =
$w € Aut(Zyn) for some w € Zy. We have o(0)[2"~1. Also, o(c)|¢", which is

not possible unless o(¢) = 1. Thus, G does not have perfect order subsets.

From above, if G = Z,m x Zn is a POS group, then p # 2 and g = 2.
O
Example 5.1.4. The group G = Zg X Z4 with inversion has perfect order subsets.
In G, there is 1 element of order 1, 1 element of order 2, 2 elements of order 3, 18

elements of order 4, 2 elements of order 6, 6 elements of order 9 and 6 elements of

order 18.

13



5.2 SEMIDIRECT PRODUCTS WITH INVERSIONS

We start this section by a lemma that will be used frequently in the proofs

of theorems afterwards.

Lemma 5.2.1 (Z.). Let G be a group such that G = Zym Xy Zyn, where p is a
prime and m, n are positive integers. Suppose a,b are generators of Zym and Zon
respectively and ¢y(a) = a~1. For (a',b%) € Zyn xp Zon, b* & ker(¢p) if and only
ifo(bY) =2".

Proof. 1f o(b*) = 2", then Zon = (b¥) = (1). So ¢(1) € ker(¢) and therefore
¢ € ker(¢) forall c € Z,,. This cannot be true, and so a contradiction. Morever,
if o(b*) # 2", then o(V*) = O(bZi) for some 1 < i < n, and $(bF) = (p(bzi) _
[p(b)]? = e;. Thus b* € ker(¢). =

Theorem 5.2.2 (Z.). Let G be a group such that G = Zyn Xy Zon, where p is a
prime and m, n are positive integers. Suppose a,b are generators of Zym and Zyn,
respectively, and ¢y,(a) = a~'. Then G has perfect order subsets if and only if p = 3
or5. Whenp =3,n > 1, when p =5,n > 2.

The following lemma will be useful in the proof of Theorem 5.2.2.

Lemma 5.2.3 (Z.). Let G = Zym Xy Zyn, where p is a prime and m, n are positive
integers. Suppose a, b are generators of Zym and Zon, respectively, and ¢y (a) = a~ 1.

Then the table of sizes of order sets for G is Table 5.1.

Proof. Let (a',b*) € Zyn xy Zyn. By Lemma 5.2.1, we have b* & ker(¢) if
and only o(b¥) = 2" in Zys. Then, when o(b¥) # 2", we can calculate the
order of (!, b¥) the same way as in direct product Zpn x Zon, ie. o(d',b*) =
lem(o(a'), 0(b¥)). Furthermore, since o(a') is a divisor of p™ and o(b¥) is a

divisor of 2", o(a, b¥) = o(a') - o(b¥).

14



Orders of Elements Cardinalities of Order Subsets
1 1
2i1<i<n—1) 2i~1
on pn=1pm
pr1<i<m) pPip—1)
2ipf(1 <i<n-1,1<j<m) 2i_1pj_1(p—1)

Table 5.1

When o(b*) = 2", kis an odd positive integer, and (a’, b¥)(a!, b¥) = (al+(_1)kl, by =
(e,b%F). So for (a',bF)™, where w is a positive integer, if w is odd, (a/, b*)* =

(a', b¥F); if w is even, (a!, bX)® = (e, b™*). Therefore, o(a!, b*) = 2".

By using the analysis above, we can prove Table 5.1 in detail.

The identity is the only element of order 1.

Elements of order 2/(1 < i < n) in G are exactly those in Zy of order 2/,

and there are ®(2') = 2! of them.

(a',b¥) is of order 2" as long as o(b¥) = 2" in Zyu. There are ®(2") = 2!
such y that satisfies this condition. So, there are 2"~ p™ elements of order

2",

Elements of order p'(1 < i < m) in G are exactly the ones in Z"" of order

p', and there are ®(p') = (p — 1)p'~! such elements.

o(al,bF) = 2'pi(1 < i < n,1 <j < m)ifand only if o(a') = p/ in Zn

and o(b) = 2! in Zyn. So |0S(21pl)| = ®(p/)D(2') = 21" 1p/~1(p —1).

Proof of Theorem 5.2.2. Suppose G is a POS group with the given action.

15



Lemma 5.2.3 has listed the cardinalities of every order subset. To make
G a POS group, we want all cardinalities of order subsets to divide |G|. In
particular, the number of elements of order 2'p/ must divide |G| when i =
n—1andj = m, thatis, 2"~ 2p"~1(p — 1) divides 2"p™ and p — 1 is a divisor
of 22 = 4. Since p # 2 by Theorem 5.1.3, p = 3 or 5. When p = 3, |0S(p™)| =
2.3""1 sowehaven > 1. When p = 5,|0S(p™)| = 22 - 5("=1)_ We then have

n>2.

Now suppose G = Zpn X¢ Zon with ¢p(a) = a land p = 3orp = 5.
Whenp =3,n > 1, whenp =5,n > 2.

Corollary 5.2.4 (Z.). Let G be a group such that G = Zy x (Zzn Xy Zon), where
m, n are positive integers. Let a,b be generators of Zzn and Zyn respectively and

¢p(a) = a~'. Then G has perfect order subsets .

Proof. According to the previous proofs, we know cardinalities of all order
subsets of the subgroup {0} x (Zzn Xy Zon). However, in G = Zy x (Zan x¢
Zyn), the number of elements of 2/ (1 < i < n)is twice the cardinality of order
subset of 2! in Zzmn Xy Zon, since for g € Zan Xy Zon,if0(g) = 21 in Zam X Zon,
then 0 x g and 1 x ¢ are both of order 2/ in G. The calculation of cardinalities
of subsets of elements of order 2" and 2!3/, where 1 < j < m, is similar. In
addition, different from Zzm x4 Zyn, we have elements of order 2 - 3/, since if
the order of z € Zgn Xy Zypn is 3/, then 1 x z has order 2 - 3/. Furthermore, the

number of elements of order 3/ equals the number of elements of order 2 - 3.

16



We then make the following table:

Orders of Elements Cardinalities of Order Subsets
1 1
2 3
202<i<n-—1) 2
2" pnm
3 (1 <i<m) 9. gi—1
2-3(1<i<m) 2.3i
232<i<n-11<j<m) i+13j-1
Table 5.2

With the sizes of every order subset being a divisor of |G|, we know G is

a POS group. O

Theorem 5.2.5 (Z.). Let G be a group such that G = Zy Xy Zy, and a, b are gen-
erators of Zy, and Z,, respectively. If ¢,(a) = a~' and G is a POS group, then

n = 2%3P, where « is a positive integer, and B is a non-negative integer.

Proof. Since ¢y, is of order 2 in |Aut(Z,,)| and o(¢,) divides n, by the Unique-
ness of Factorization, we have n = 2% p*1 p,*2p3*3...p*, where p;(1 < i < k)

are all odd primesand 1 < a; for 0 <i <k..

Suppose n divides m. Then by a proof similar to the proof for Theorem
5.2.2, we have that the number of elements of order n is the sum of m - &(n)
and the number of elements of order n in Z,,,, where ® is the Euler Phi Func-
tion and

Dék—l

®(n) =2 p — 1)p T (p2 — )py> (e — V)P

In Z,, , the number of elements of order 7 is also ®(n). Thus, there are

Dék—l

(m+1)20" (py — 1)p5 (p2 — Dp52 (pr — Dpp

17



of elements of order n in G. Since G is a POS group, (m + 1)2%~1(p; —

DpH(p2 = 1)p5> e (pr— 1);0%"_1 isa divisor of |G|. mn = m2%0p;*1py*2p3*3...

This is equivalent to saying

(m+1)(p1 — 1) (p2 = 1)..(px — 1)[2mp1p2...p-

Because (m + 1) and m are relatively prime, we should have (m + 1) divides
2p1p2...pk. It is not possible since m is a multiple of n, by assumption. Then
m + 11is greater than n, and further greater than 2p; p;...px. Therefore, n cannot

be a divisor of m.

So in Z,,, there is no element of order n, and the number of elements
of order 1 is m2%0~1(p; — 1)p{* (pa — 1)ps2 o(pr — Dpi* . To make it a
divisor of mn, weneed (p1 —1)(p2 —1)...(px — 1) | 2p1p2...P- As the p; are odd
numbers for all i, the p; — 1 are multiples of 2. So (p1 — 1) (p2 — 1)...(pxr — 1) =

2ku, where u is a positive integer and 2€u | 2p; py...pr. Thusk =0 or k = 1.

If k = 0, we are done, since this implies that n = 2%. If k = 1, from the

above we know (p — 1) is a divisor of 2p. So p = 3.

Example 5.2.6. The group G = Zy X Z1 has perfect order subsets.

In the next theorem, we will further discuss what m can be when G =

Zy X Zy is a POS group and n = 2%3F.

Theorem 5.2.7 (Z.). Let G be a group such that G = Z,y Xy Zyi30(1,n > 1), where
a, b are generators of Z.,, and Z.,,, respectively. Further, suppose that ¢,(a) = a= 1. If
ged(m,2!'3") = 1and G is a POS-group, then m is a power of 7 and 1 > 2.

Proof. We can factor m into q14,23%...q%. Since m and 2/3" are relatively

prime, g; # 2 or 3 for all 1 < i < k. We count the number of elements of order

18
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m2!=13"_ Since all elements of the form b2H3n in Z,i5. are of order 2, they are

in ker(¢). We now consider two cases:

Case 1: I > 2. There are

213" (g — 1)g7 (92 — 2045 gk — D!

elements of order m2/~13". Then 2/-13" (g, — 1)45" (g2 — 2)g5> " (gx —
1)(7;{"71 divides mn = 2/3"q;°1,°23%...q;%. This is equivalent to (q; — 1)(g2 —
1)...(qx — 1) being a divisor of 6414>...q. Since g; — 1 is an even number for all
i, but 6419...qx = 2 - w, where w is odd, we have k = 1. Furthermore, g — 1|6,

sogq=7.

Case 2: | = 1. There are

2-3" (g — 1)g5 (g2 — 2)g52 e (gr — g

elements in G of order m2 - 3". Since G is a POS group, we have 2 - 3"~1(g; —
1)g5 (g2 —2)g5 (g — 1) mustbe a divisor of mn = 2-3";14,%2q5% ..,
which is equivalent to (g1 —1)(g2 — 1)...(qx — 1) being a divisor of 34142...Gx-

This is not possible, when g; > 5for1 <i <k.

Therefore, if G = Z; X Zyi3n (I,n > 1) has perfect order subsets, m has to
be apowerof 7and ! > 2. So G = Zjyc X ¢ Zyi3:. We have a table summarizing

these results on the next page.
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Orders of Elements

Cardinalities of Order Subsets

1 1
2((1<i<I—1) ni-1
J(1<j<n)) 2.31
751 <k <¢) 6. 7k1
213/(1<i<1-1,1<j<n) 9igj-1
27F(1<i<I-1,1<k<c) 3. pizk-1
3I7F(1<j<nl1<k<c) 4. 3j7k—1
23781 <i<I-1,1<j<nl1<k<c) 2i+13i7k-1
2! ol—1rc
2131(1 < j<n) plgj—17c

Table 5.3

In this case, G always has perfect order subsets.

When m and n = 23" are not relatively prime, the case is more compli-

cated. Before we consider, we need to see a new related definition and several

lemmas.

Definition 5.2.8. A group G is said to have almost perfect order subsets if the

number of elements in each order subset of G is a divisor of 2|G]|.

Lemma 5.2.9. In G = Zyn X Zyn, where p is a prime, there are (p*> — 1) - p

elements of order pi, wherei < mandi < n.

Proof. We first count the number of elements (x,y), where x is of order p' in

Z,m, and y is of order less than or equal to p' in Z,». There are

D(p') - (1+ @(p) + @(p?)... + 2(p))

20
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=(p-Dp "N+ (p-D+p-Dp+.+(p-p " =(p-1)p""
choices.

Next, we count ordered pairs in Z,m x Z,» with an element of order
strictly less than p’ in the first position and an element of order exactly p'

in the second position. There are

1+ ®(p) +2(p?).. + 2" - @) =p" - (p-1p" ' = (p—1)p* 2

such elements. In sum, we have

(p—Dp* T+ (p—1)p* 2= (p*—1) - p* 2

elements of order p’ in Zyn x Zn. O

The proofs of the following lemma is similar to the proof for the Going-

Up Theorem in Finch and Jones” paper [1].

Lemma 5.2.10 (Z.). Let G = (Zy)* x M and G = (Zpa+1>2 X M, where a is a
positive integer and p is a prime that does not divide |M|. If G has almost perfect
order subsets, then G has almost perfect order subsets, i.e the Going-Up Theoren in

[1] can be applied to almost POS groups.

Proof. Let (x,y) € G, where x is an element of (Z pyoa )2 and v is an element of

M. Let d be the order of (x,y). We prove this lemma from two cases.

Case 1: We can assume that 4 is not divisible by p‘”l. Since G is almost POS,
then by Lemma 2.0.3, the cardinality of the order subset of G determined by
(x,y) divides 2 - |G|.

Case 2: Suppose d is divisible by p?*!. Then we have that the order of x in
(Zpu+1 )2 is exactly p”*1, and we can factor d as p”*1m, where m is the order of
y in M. Next, we let k be the number of elements in M that have order m. By

Lemma 5.2.9, we know the total number of elements of order d is (p*)?(p? —
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1)k. Lemma 5.2.9 tells us that the number of elements in G having order p*m is
(p*~12(p® — 1)k, which divides 2| G| since G is almost POS, Since |G| = p?|G],
it follows that p?(p®~1)%(p? — 1)k = (p*)?(p? — 1)k divides |G]|.

Similarly, the Chopping-Off Theorem holds in the case of almost POS

groups.

Lemma 5.2.11. Suppose that G has almost perfect order subsets and that G =
Zyn X Ly X .1 X (Z s )* x M, where p is a prime not dividing |M| and
1y < ap < ... < ag_y < as are positive integers. Then G = (Zys)* x M also has

almost perfect order subsets.

Proof. Let (x,y) € G, with x an element of (Z)? and y an element of M. So
the order of (x,y) can be factored as p’m with b < a5, where p" is the order of
x and m is the order of y. Also, suppose that pk, where p does not divide k,
is the number of elements in M that have order m. Then by Lemma 5.2.9, the
number of elements in G that have order p'm is (p? — 1) (p*~1)? - p°k.

Next, we intend to show (p? — 1)(p?~1)? - p°k is a divisor of 2 - |G|. We
calculate the number of elements in G of order p*m to be p*(p? — 1) (p™~1)? -
p°k, where a = Yi_! a;. This number divides 2 - |G| since G is almost POS. We
conclude that (p? — 1)k is a divisor of |[M|. Thus (p?> — 1)(p?~1)? - p°k divides

2 - |G|, hence G has perfect order subsets. O

The Going-Down Theorem is also true for almost POS groups. This is a

corollary of Lemma 5.2.11.

Lemma 5.2.12. Suppose that G has almost perfect order subsets and that G =
(Ze)? x M, where p is a prime not dividing |M|. Then G = (Z,)? x M also

has almost perfect order subsets.
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Theorem 5.2.13 (Z.). Let G be a group such that G = Zyea,, X Zoesr (e, f > 1),
and a, b are generators of Zocsa,, and Zesy, respectively. ¢y(a) = a= L. If G isa POS
group, G has to be the following case:

c<e—1,d#f.
Further, in order to be ba POS group, G has to be in the form

Z3f X ((ch X Z3d X Z7n) X Zze)

Proof. Let m = q}'qy2...q,%, where g; # 2 or 3 forall 1 < i < k, and the g; are
primes. Then G = Zyega,, Mg Zoenr = Zigs X ((Zoc X Zga ¥ qul X quz... X
ank) b Zze).

k

Case 1: Suppose ¢ > e. Then we count the number of elements of order 2¢, i.e.
|0S(2°)]. Let G’ = (Zoe X Zg X Zq;q X Z e X Zq:k) X Zy and (x,y) € G'.
Then o(x,y) = 2¢if y ¢ ker(¢). There are 23_1263dq’111q§2...qzk of such ordered
pairs. If y € ker(¢), then o(x,y) = 2°if o(x) = 2°1in Zye X Zsa X Zqu X
quz... X Zq:k. There are 2¢712¢71 = 22¢=2 of them. Adding them together,
we have 2¢7¢~139 4 22¢=2 elements in G'. By the definition of POS-groups,
we need to have 2¢7¢~13%m + 2262 divide |G| = 2¢F¢3/*dg]1402 g%, which is

equivalent to having
p2e2(gemetlgdgigl gtk 4 1) | 20e3f Tglngl gk,

It is true if 2071391102 g + 1 divides 207¢+23f 4411402 g%, This is not
possible since 2¢7¢+23/ gl g72 g is a multiple of 2¢7¢2, while 2¢~¢*2 can-
not divide 2C’e+13dq'f1qu...qzk + 1. Therefore, G does not have perfect order

subsets when ¢ > e.

Case 2: Suppose c = e —1and f = d. Then G = Zy; X ((Zye X Zy5 % Zm X
1

anz... X ank) X Zyei1). In G, there are 8 elements of order 3, and by Lemma
2 k
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5.2.9, there are 3 - 22°~2 elements of order 2¢ and g; — 1 elements of order 4;.
We then have that the number of elements of order 3 - 2° - gy is 8 -3 - 222 .
(g1 — 1) = 2%+2.[(g; — 1)/2]. But 22°*2. [(g; — 1)/2] does not divide |G| =
22e4132f g1 g02  qiny since 222 > 22¢+1 Therefore, G does not have perfect

order subsets in this case.

Case 3: Supposec < e—1and f = d. Weknow y ¢ ker(¢) ifand only ifo(y) =
2°in Zye, and o(x,y) = 2°in G’ when y & ker(¢). Let (z,x,y) € G, where
z is an element in Z,f, x is an element in Zyc X Zgz1 X Zq'fl X Zq;Z... X ZqZk,
and y is an element in Zy.. If y ¢ ker(¢), o(z,x,y) = 3'2° for some i, with
1 <i<d= f. Foreachi, there are 2-3i~1.2071.2¢.34. R R
elements of order 3/2¢. This number divides |G|, so we only need to consider
(z,x,y) when o(y) # 2°in Zj.. All elements of this property form an abelian

subgroup of G:
G Z3f X (ch X Z3d X qulq X Zq;z... X qur:k X 22971).

If G is a POS group, G has to be an almost POS group, as previously defined

in this section.

By Lemma 5.2.10, Lemma 5.2.11 and Lemma 5.2.12, we know if G has
almost perfect order subsets, then G’ & Z, x Z3 X Z3 X Zg X Lgy... X Ly,
is almost POS too. However, G’ has 8 elements of order 3, and 8 is not a
divisor of 2|G’|. Therefore, G’ is not an almost POS group, which comes to the

conclusion that G cannot be almost POS. So G is not POS when ¢ < ¢ — 1 and

f=d.

Case 4: Suppose ¢ = ¢ — 1 and f # d. We can first let f < d. Similar to Case 3,

wewant G = Z,s X (Zoe X Zga X Zrﬁl X quz... X ZqZk X Zye-1) to be an almost

ny np

POS group. In G, the number of elements of order 2¢3max{/ 'd}ql Go2 et ¥

gy 18
220713/ (g — 1) (ga — )52 (g — g
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If the number of elements of order 2°3max{/.@} g q5%...q;* can divide 2|G|, k has
tobeequaltoland g =7.S0 G = Zys X (Zpe X Zgg X Zyn X Zyc). By Lemma
5.2.9, we have that in G, there are (3 - 22¢=2 glements of order 2¢ and 8 - 32/ 2
elements of order 3/. Then, the number of elements of order 2¢ - 3/ . 7" equals
(3-2272)(8-3%72)(6-7"1) = 22¢+2.32f . =1 Byt 22¢+2. 32f . 71 cannot
divide |G| = 22%¢- 3/ . 7" Therefore, G is not POS in this case.

When f > d, the proof is similar since G = Z,s X (Zpe X Zsa X anl X
1

Z rees X Z e X Zy1) is an abelian direct product.
2 k

The only situation leftisc < e —1and f # d. So, if G = Zyc3a,, X Zpess
has perfect only subset, it has to be this case. Next we discuss the form of G if

G is a POS group.

Case 5: Suppose ¢ < e —1 and f # d. Without loss of generality, we can
assume that f < d. By Lemma 5.2.11, we have if G = Zy; X (Zoc X Zsa X
Zq;:l X Zq;z... X Zq:k X Zoe-1) is almost POS, G' = Zy X Zz X Z g, X Zg,... X Zy,
is almost POS too. In G/, there are 2 - (g3 — 1)(g2 — 1)...(qx — 1) elements of
order 2 -3 - g142...qx, and 50 2 - (g1 — 1)(g2 — 1)...(gx — 1) divides 2|G'| = 12 -
q192--qk- Sok = land g = 7and G = Zys X (Zye X Zga X Zgn X Zoe1). By

22C—2

Lemma 5.2.9, we have that in G, there are 3 - elements of order 2¢ and

8 - 32/~2 elements of order 3/, and the number of elements of order 2°¢ - 3/ - 7™

is (3-22¢72)(8-3%~2)(6-7"1). Then G is almost POS if
(3 . 22c72)(8 . 32f72)(6 . 7n71) ‘ 2. ‘G‘ — petc, 3f+d i

This is always true whenever ¢ < e — 1 and f # d. Therefore, in order for G to

be almost POS and G to be POS, G = Z,s x ((Zoc X Zsa X Zgn) X Zye).
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CHAPTER 6

OPEN QUESTIONS

Though this research has been fruitful in terms of results, many interest-
ing questions remain unsolved. These investigations mainly focused on the
constructions of semidirect products with perfect order subsets. But we know
little about the relationship of the two groups that are factors in semidirect
product POS groups or the existence of actions other than inversion that can

make groups such as Zym X Zon POS.

I conclude with a brief list of open questions:

o Let G be a group such that G = Z;, Xy Z;, and a, b are generators of
Zy, and Z,, respectively. If ¢,(a) = aland misa multiple of n, is it

possible for G to be a POS group?

e Let G be a group such that G = Z,, Xy Zyn, and a, b are generators of Zy,
and Zyu, respectively. If ¢, (a) # a~' and ¢y (a) # a, is it possible for G

to have perfect order subsets?

e Let G be a group such that G = Z,, Xy Zyn, and a, b are generators of Zy,

and Zn, respectively. If o(¢y(a)) # 2, can G have perfect order subsets?

e Let G be a group such that G = Zyn x (Z7: Xy Z. a,b are generators of
Zgn and Z, respectively. If ¢, (a) # a?,is G POS?
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APPENDIX A

SEMIDIRECT PRODUCTS WITH
NON-INVERSIONS

When semidirect products have non-inversion actions, perfect order sub-

sets can still occur. We can support this by examining the following cases.

Theorem A.0.14 (Z.). Let G be a group such that G = Zgp x (Zoyn X Zon). a,b
are generators of Z' and Z75, and ¢y,(a) = a'*2"" Then Gisa POS-group.

Before we start to verify it, I would like to introduce a theorem that will

be useful to the proof:

Theorem A.0.15. Let G be a cyclic group with n elements and generated by a. Let
b € Gandlet b = a°. Then b generates a cyclic subgroup H of G containing 7

elements, where d is the greatest common divisor of n and s. [64, Fraileigh]

Proof of Theorem A.0.14. Let (a',b) € Zom Xy Zon. We may write | = 2'a,
k =28, where 0 < r <m,0<s <mn 21« and 2 { . Then the order of
b* in Zyn is 275, By calculation, we have
ye(a) = dF2D0 @
Repeated application of (1.1) indicates (a’,b*)*"" = (a7, ¢;), where

y =11+ 1 +2" )4 (14 2m D) (1422
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This is a geometric series and equal to
(1 4 om— 1)2”ﬁ . (1 + 2m—1)2”ﬁ -1
« .
(142m-1)2°h — 1 (142m-1)2h -1

Wehave (1+2" )2 —1 = [14(*F)2 1+ ()@ )2 4.4 (F) 2" 1)) -
1= Zz p (2 .5)(2"1 Dyi = pm=12n 8y, where u is an odd positive integer. Sim-
ilarly, (1 +2""1)2F —1 = 2"~12°Bv and v is an odd positive integer. Since
2°B is a divisor of 2"B, (14 2" 12F — 1 divides (1 + 2" 1)%"# — 1. Hence

v = 2"2" 5w, where w is a positive odd integer.

Ifm—r < n-—s, thatis, m < n+r—s, ¢ = 22" w = 0(mod 2™).
Therefore o(a’, b*) = 2",

fm—r>n—s,v=22"5w#£0,(mod2™). Then o(a”,e,) = 2" """+,
So O(EII, bk) — on—spm—r—n+s _ ym—r.

Let’s compare this situation to the corresponding direct product: (a, b¥) €

gcde”}_zs
o(a',b*) =2"%if m —r < n —s. Similarly, o(a l,bk):2m "ifm—r>n—s.So

Zyn X Zyn. By Theorem A.0.15 and the fact that max{ d lzm

the orders of element in Zyn Xy Zyn correspond to the orders of elements in
Zom x Zon. Therefore, instead of counting the number of elements of a given

order in G, we can count them in G’ = Zzp X (Zom X Zyn).

Without loss of generality, we assume n > m. In G’ = Zsp X (Zon X Zon),
when 0 < i < p,1 < j < m, |0S(32/)| is equal to the multiplication of
®(3') and the number of elements of order 2/ in Zyn x Zy:. By Lemma 5.2.9,
there are 3 - 222 ordered pairs of order 2/ in Zom X Zon. Therefore, there are
®(3%) - 32272 = 3122~ 1 elements of order 3'2/ in G.

Next we count the number of ordered triples of order 312/ when 0 < i < p
and m < j < n. There are ®(3') = 2-3/~! elements of order 3' in Z3». In
Zon X Zon, we count ordered pairs with elements of order 2/ in the second

position and any element in the first position since j > m. There are 2"®(2/)

such choices. So, there are 3121/ elements of order 3i2/.
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We can now make the following table:

Orders of Elements Cardinalities of Order Subsets
1 1

2/(1 < j < min{m,n}) 3.2%2
2/(min{m,n} +1 < j < max{m,n}) pmin{mn} . pj-1

3 (1<i<p) 2.3-1

3i2j(1 <i<p1<j<min{m,n}) 3ip2i-1
312/(1 <i < p,min{m,n} +1<j < max{m,n}) gi—lpmin{mn}+j

Table A.1

Itis easy to see that G/ = Zgp X (Zyn Xy Zyn) is a POS-Group. Therefore,G =
Zsp X (Zon Xy Zyn) is a POS-group.

The above theorem can be further generalized.

Theorem A.0.16 (Z.). Let G be a group such that G = Zzp x (Zoyn Xy Zoyn). a,b are

B A s L

generators of Zym and Zyn, respectively; and ¢(b) , where

0 <i<min{m—1,n—1}. Then G is a POS-group.

Proof. Let (al,bk) € Zoym Xy Zyn. We may write [ = 2'a, k = 2°B, where
0<r<m0<s<mn2fwa and 21t B. Similar to the previous proof, we have

(a',b)?"" = (a7, e,), where

p A2 2 PP 1 (1427 L 2P

= - 0 - .
i (142m=1 4 . 42m=H)2p 1 (142m=14 . 42m=H2 1

Then (1+2""14 ... 42m=1)2"F —1 = 2m=i2"yand (1+ 2"~ ... +2mH)ZF —
1 = 2"72%y, where u and v are two positive odd integers. We can have

v = 2"2"*w, where w is a positive odd integer.
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The rest is the same as in Theorem A.0.14. So G in this case has perfect

order subsets.
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APPENDIX B

SEMIDIRECT PRODUCTS WITH
THE QUATERNION GROUP

First, I will consider the definition of the quaternion group as well as its

important properties that will be used in the theorems in this secion.

The quaternion group is a non-abelian group of order eight, isomorphic
to a certain eight-element subset of the quaternions under multiplication. It
is often denoted by Q or Qg, and is given by the group presentation: Q =
(=1,i,j,k|(—=1)?> = 1,i®> = j2 = k> = —1), where 1 is the identity element and

—1 commutes with the other elements of the group.!®!

Property B.0.17. The elements i,j,k are all of order 4 and any two of them can generate

Qs. So another notation for Qg is Qg = (i, j|i2 = j2,jYij = i~1). !

Property B.0.18. Every element in Qg can be uniquely written as i*jP, where 0 <
« <3and g € {0,1}. 10
With the help of properties above, we can invesitigate POS of semidirect

products with the quaternion group.

Theorem B.0.19 (Z.). Let G = Qg Xy Z3n, and c is the generator of Zan. If p(c) =
P, where (i) = j, and Pc(j) = ij, then G has perfect order subsets.
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Proof. First, we show that for x € Zszn, 0(x) # 3" if and only if x € ker(¢).

If o(x) = 3", then Z3» = (x) = (1). So ¢(1) € ker(¢) and therefore
y € ker(¢) for all y € Zzn. This is not possible.

If o(x) # 3", then x = ¢®'¥, where 1 < a < nand 3 {y. Then ¢(c%) = ¢,
and Y3 (i) = Pe(e(Pe(i))) = Pe(¥e()) = ¥elif) = Ye(i)ie(j), since P is an

automorphism. Further ¢.(i)i.(j) = jij = i. For a similar reason, ¥3(j) = ;.

So ¢3 € ker(¢). Also, we have x = ¢>"¥ € (c%), and therefore x € ker(¢).

From 3 € ker(¢), we know o(1.) = 3. Therefore (¢.) = Z3. For c* such
that 31k, Y (i) is Ye(i) or 7 1(i). Similarly, P« (j) is () or p71(j).

Every element in Qg can be expressed as i”j7, where p = 0,1,2,3 and
g = 0,1. Let (iPj7,c*) € G = Qg x¢ Zzn. Since if ¢ € ker(¢), the order
of (ij7,ck) would be easy to calculate, here we only consider the case when
o(c*) = 3". There are ®(|Z3:|) = ®(3") = 2-3""! such ¥, where @ is the

Euler Phi Function. We separate it into four cases, depending on ¢« and g:

Case 1: When ¢4« = ¢ and ¢ = 0.Then (i) = ¢.(i) = jand Pu(j) =
Pc(j) = ij. We have

(i, )" = (PP (i) p o (7). an 11 ()P, 0)
= (i P (if PP 1P (i) .7 P (i), 0) = ((i#}7 (i)P)*"", 0).
We consider four subcases:

o Ifp =0, theni? = j* = (ij)? = 1and i?j?(ij)? = 1. So (i (ij)?)*"",0) =
(1,0), which is the identity of Qg X Z3n. So 0(i¥, c*) = 3", since o(c¥) =
3"

e If p=1,wehavei? =i, j? = jand (ij)P = ij. Soi*j*(ij)P = ij(ij) = —1.
Then ((ij7(ij)?)®" ',0) = (—1,0). We further have o(i?, c¥) = 2 - 3",
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o If p=2,theni? = —1,j# = —1and (i)’ = —1. i"jP(ij)? = ij(ij) — 1.
Hence ((i?j?(ij)P)3",0) = (—1,0), and o(i?, ) = 2.- 3"

o If p=3,if = —i,j = —jand (i) = —(ij). i*j(ij)P = —ij(ij) = 1. We
have ((i”7(ij)?)¥"',0) = (1,0) and o(i”, c¥) = 3".

Case 2: When ¢« = ¢p. and g = 1.
(i, = (o (PP ]) 2 (i) P en1i (i), 0)
= (P() -7 j) - GP@E) - P (G) - ()P Gf) - (G)P )P () - 77 (i) - (i7)P (i), 0)
= ((7() - 7 (i) - (i) (D), 0).
Similar to Case 1, we also divide it into four small cases:

e When p =0, i = jP = (ij)? = 1. So i’ (j) - j*(ij) - (ij)? (i) = —1, which
indicates ((i%(j) - j* (if) - (ij)p(i))?’n_l,O) = (—1,0). We have o(i"(j), c*) =
2.3,

e« When p = 1, #(j) = ij, j*(if) = j(ij) = i and (i)?(i) = ij(i) =
j. We have i7(j) - j°(if) - (if)?(i) = (if)if = —1. Then ((i"(j) - j/(if)
(i) ())*",0) = (—1,0).We have o(i?, c¥) = 2 - 3",

e When p = 2,iP(j) = —j, jP(ij) = —ij and (ij)" (i) = —i. i"(j) - jP(if) -
(ij)P(i) = —j(ij)i = 1. Then ((#(j) - j*(if) - ()P (i))*",0) = (1,0).
o(iP, c*) = 3.

e When p = 3, i"(j) = —ij, j?(ij) = —jij = —i and ()" (i) = ~iji = .

i#(j) - 37 (if) - (i) (i) = 1. We'have (¥ (j) - ¥ (if) - (i) (i))*",0) = (1,0)

and o(iP, ck) = 3",

So when ¥ = ¢, (1,c5), (i%,c5), (i%j,c5), and (i%j,cF) are of order 37,
while (i,c¥), (i2,c5), (j,c¥), and (ij, c*) are of order 2 - 3". So we have 4 - 37!

elements of order 3" and 4 - 3"~ ! elements of order 2 - 3".
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We can use the similar reasoning to calculate the order of (i?,c*) when

wck = (Hbc)_13

Case 3: When ¢« = (¢.) ! and g = 0. Then ¢« (i) = (i) = ij and P4 (j)
P2 (j) = i. We have

(17, 0" = (P (P p e (P)pr (7)., 0)

-1

= (" (i) ()P ()P (i) ()P (P ()P ()P, 0) = (P ()P (7)P)*,0)

e If p = 0, then i = j¥ = (ij)? = 1. So j?(ij)*(i)? = 1 and o(i?, c*) = 3".
e If p =1, wehave i’ =i, j# = jand (ij)? = ij. Therefore, j¥(ij)P(i)P =

ij(ij) = —1. So o(iF, k) = 2.- 3".
e If p = 2, we have j# = —1, (ij)? = —1 and i = —1. It follows that
jP(ij)PiP = —1. o(iP,c*) =2-3".
e If p =3, theni? = —i, jF = —jand (ij)? = —ij. jP(ij)Pi’ = 1. We have

o(iP, k) = 3",

Case 4: When ¢« = (¢¢) 'and g = 1.

(i, )" = (P jpor (iP ) (i) .. 4p -1 (i), 0)

@ () - GHPG) - (NP Gf) - PG - @GP E) - (PGP (G) - (@)P(E) - ()P (), 0)

= (((j) - ()P (i) - /P (if))*" ", 0).

o If p=0,i” = j?» = (ij)? = 1. We have o(i?(j),c*) =2 - 3",
o If p = 1, then iP(j) = ij, (ij)Pi = iji = jand jP(ij) = jij = i. iP(j)
(i))P(i) - (j)?(if) = 1. We have o(i?, c*) = 3".
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o If p = 2, then iP(j) = —j, (ij)P(i) = —i and (j)P(ij) = —ij. Hence

o(iP,c*) = 3.

e If p =3, then i?(j) = —ij, (ij)P(i) = —j and (j)?(ij) = —i. Therefore, we
have (—ij)(—j)(—i) = —1and o(i?, ) = 2-3".

When ¢ = ()78, (1,cF), (3,¢5), (i%],cF), and (%], c¥) are of order 3.

(i,c%), (i2,¢5), (j,c¥), and (ij, c*) are of order 2 - 3". Therefore, 4 - 3" ! elements

are of order 3" and 4 - 3"~ elements of order 2 - 3".

Considering all cases, in G = Qg Xy Zsn, there are always 8 - 3"~ ! ele-

ments of order 3" and 8 - 3" ! of order 2 - 3".

Now, we calculate orders of elements (i”j7, cX), when 3 { k. When 3|k, c* €

ker(¢). Then (i7j4, c*) acts the same way as in the direct product Qg Xy Zz«. In

Qs, there is one element of order 1, one element of order 2 and six elements of

order 4. In Z3, the order of every element, other than the identity and those

of order 3" is in form 3/, with 1 < i < n — 1. And there are ®(3/) = 2-3/~!

elements of order 3.

From the above information, we have the table on the next page:
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Orders of Elements

Cardinalities of Order Subsets

1 1

2 1

4 6
3(1<i<n—1) 2.371
2:-3(1<i<n—1) 2.371
4.3 (1<i<n-1) 4.3
3 8-3”_1
2.3" 8.3 1

Table B.1

36

Every number in the right column can divide |G| = 8- 3", i.e. the num-

ber of elements of every given order can divide the size of the whole group.

Therefore, G = Qg Xy Z3n is POS.
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APPENDIX C

GAP CODE

OrderFrequency:=function(g)
local h,w;

[];
= h—) Collected(List(Elements(h), Order));

w:
w:
return w(g);

end;

POS:=function(n)
local i, j, p, x, Small;
foriin [1..n] do
Small:=AllSmallGroups(i);
for j in Small do
if not IsAbelian(j) then
p:=OrderFrequency(j);
if ForAll(p, x—)i mod x[2] = 0) then

Print(StructureDescription(j)," (", IdGroup(j),") is non abelian POS
\ nu);
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fi;
fi;
od;
od;

end;
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