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Abstract
A generalized solution of the scattering problem from an
array containing a finite number of axially magnetized fer-
romagnetic cylinders of infinite length placed in free space
is presented in this paper. The analysis is carried out by
matching the tangential boundary conditions at the surface
of each cylinder to find the unknown expansion coefficients
of the scattered field. Planar arrays consist of a finite num-
ber of ferromagnetic microwires are considered to obtain
the numerical results for TMz and TEz polarizations in
terms of the variation in scattered field components of the
near field and scattering cross section (SCS) with respect
to angle of incidence, radius of microwires, spacing among
the microwires and operating frequency. For validation pur-
pose, numerical results of the proposed analysis specialized
for the case of single microwire and normal incidence for
TMz polarization are compared with the results available
in the literature for the specialized case and both are found
to be matched completely.

1. Introduction
Wire-based metamaterials(MTMs) have become a key re-
search area in the recent past[1, 2, 3]. Recently, Ferrites
are reported to be used for designing wire-based double
negative(DNG) metamaterials due to the occurrence of a
well known phenomenon in ferromagnetic materials which
is called ferromagnetic resonance(FMR) inside the ferrite
medium due to which the real part of permeability Re[µe]
of the ferrite medium becomes negative(see in Fig.(1)) be-
yond FMR frequency[4, 5, 6, 7]. Study of the scattering
properties of a ferrite grid structure plays a key role in the
designing of wire-based metamaterials(MTMs).Scattering
from single ferrite cylinder for normal incidence case as
well as for the generalized case has been investigated by
many authors[4, 5, 6, 7]. The problem of two dimensional
scattering from an array of ferrite,conducting and dielectric
cylinders has also been studied for many years using vari-
ous techniques[8, 10, 11, 12, 13] among which the bound-
ary value type solution is found to be very accurate[11].
Recently, a generalized case of scattering from a grid con-
taining an infinite number of ferromagnetic microwires has
been reported in[9]. In real time situation, scattering from
finite number of microwires may be of more paractical in-

terest. Okomoto in [14], has derived a solution for elec-
tromagnetic scattering from plural gyromagnetic homoge-
neous circular cylinders for an obliquely incident uniform
plane wave by assuming auxiliary electric and magnetic
current sources and using reciprocity theorem. But the ap-
proach in [14] seems to be more complex because it re-
derives the expressions for the inside fields of the gyromag-
netic medium. As the generalized expressions for the in-
side fields of the ferrite cylinders are already available in
literature[6, 7], the exact solution for the problem of scat-
tering from finite number of ferrite cylinders can be eas-
ily obtained with less efforts by using tangential boundary
conditions at the surface of each cylinder. In this paper, an
boundary value type solution is obtained in a similar man-
ner as in [9] for the generalized case of scattering from fi-
nite number of ferromagnetic cylinders placed in free space
and illuminated by a uniform plane wave. The solution is
obtained by calculating the unknown expansion coefficients
of the scattered field by matching the tangential boundary
conditions at the surface of each microwire. Graf’s Addi-
tion theorem is used to suitably transform the scattered field
from one coordinate system to another. As a numerical ex-
ample, the solution obtained hereby, is applied to a planar
array consist of a finite number of microwires. Sample re-
sults are expressed in terms of the near field components
of the scattered field and Scattering cross section(SCS) for
TMz and TEz polarizations. In order to validate the pro-
posed method of analysis, numerical results of scattering
field coefficient obtained by the proposed method for the
specialized case of single microwire and normal incidence
for for TMz polarization are compared with the result avail-
able in [4].

2. Formulation of The Scattered Field

Tensorial nature of the permeability of ferrite medium
arises due to the interaction of applied internal magnetiza-
tion H0 and the H components of the wave field which are
normal to H0 [15]. The tensor permeability for axially (z-
axis) biased ferrite microwire can be represented in matrix
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Figure 1: Real and imaginary parts of effective permeability
for the considered ferromagnetic microwire (Liberal et al.
[8]).

Figure 2: Geometry of the scattering problem.

form as[15]
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Figure 3: Geometry of the planar array consist of ’M’ num-
ber of ferromagnetic microwires.

Effective permeability and complex permittivity of the fer-
rite medium are respectively given by

µe =
µ2 − κ2

µ
(8)

εc = ε0 −
jσ

ω
. (9)

Let, a finite number of ferrite cylinders of infinite length,
each with radius ′a′ and having applied internal axial mag-
netization H0 are placed parallel to each other with their
axis along the z-coordinate as shown in Fig.2. Each cylin-
der is impinged by a uniform plane wave with polarization
angle α0. The z-components of the incident and scattered
fields at the surface of the ith cylinder are given in cylindri-
cal coordinates ρ, φ and z,respectively by

Einczi = E′0Pi cosα0

+∞∑
n=−∞

jnJn (βρ0ρ) e−jβze−jn(φi−φ0),

(10)

Hinc
zi =

E′0Pi
η0

sinα0

+∞∑
n=−∞

jnJn (βρ0ρ) e−jβzze−jn(φi−φ0),

(11)

Eszi = E′0

+∞∑
n=−∞

CnH
(2)
n (βρ0ρ)e−jβzze−jn(φi−φ0), (12)

Hs
zi =

E′0
η0

+∞∑
n=−∞

DnH
(2)
n (βρ0ρ)e−jβzze−jn(φi−φ0).

(13)
Here E′0 = E0 sin θ0, Pi = e−jβρ0ρ

′
icos(φ

′
i−φ0), βρ0 =

β0 sin θ0, βz = β0 cos θ0, β0 = ω
√
µ0ε0, is the free

space propagation constant and η0 =
√

µ0

ε0
, is the intrin-

sic impedance of the free space. The superscripts i and s
denote the incident and the scattered fields respectively, Jn
is the nth order Bessel’s function of the first kind, H(2)

n is
the nth order Hankel’s function of the second kind, Cn and
Dn are the unknown expansion coefficients.

The φ-components for the incident and scattered fields
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at the surface of the reference cylinder may be easily de-
duced from Maxwell’s equations to be

Eincφi =−E0Pi
n cos θ0 cosα0

β0ρ sin θ0

+∞∑
n=−∞

jnJn(βρ0ρ)e−jβzz

× e−jn(φi−φ0) + jE0 sinα0
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× e−jβzze−jn(φi−φ0), (14)
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where, ’ denotes the first derivative with respect to the ar-
gument.

The z-components of the inside field for the reference
cylinder in cylindrical coordinates ρ, φ and z are given
by[6, 7],

Edzi = E0

+∞∑
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where, Xin(ρ) and Λin(ρ) are defined as
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where
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ρ , (24)

b = ω2κβzεc, (25)
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βρ =
√

(ω2µεc − β2
z ). (35)

Here, i takes the suffix ’1’ or ’2’ according to the ’+’ or ’-’
sign taken inside the square root in (33), respectively.

In order to calculate the contribution of the other cylin-
ders to total scattered field at the surface of the refer-
ence microwire, Graf’s theorem is used to transform the
scattered field components from one set of coordinates to
another[17]. With the help of this theorem, the scattered
field of each microwire placed in the vicinity of the refer-
ence microwire is transformed in terms of the coordinates
of the reference microwire.For example,the scattered field
from jth microwire in terms of the ith microwire can be
represented as:

H(2)
n (βρ0ρ)ejnφg =

+∞∑
m=−∞

Jm (βρ0ρ)H
(2)
m−n(βρ0dij)

× ejmφiej(m−n)φij , (36)

dij = ρ
′2
i + ρ

′2
j − 2ρ′iρ

′
jcos(φ

′
i − φ′j) (37)
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φij =



cos−1
[
ρ′i cos(φ′i)− ρ′j cos(φ′j)

dij

]
,

for ρ′i sin(φ′i) ≥ ρ′j sin(φ′j)
′

− cos−1
[
ρ′i cos(φ′i)− ρ′j cos(φ′j)

dij

]
,

for ρ′i sin(φ′i) < ρ′j sin(φ′j).

(38)

The continuity of tangential components of fields at the
surface of the ith microwire placed along the z-axis (ρ =
a)translates to

Einczi +
M∑
l=1

Eszl = Edzi , (39)

Hinc
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M∑
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φl

= Hd
φi . (42)

After substituting the values of the field components
form (10) to (21) in (39) to (42) and solving further gives
the following equations.

M∑
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where, l = 1, 2....M is the index number of the cylinders
and
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U1i = η0(η1 + η2)Jn(γρ1ρ), (51)
U2i = η0(η1 + η2)Jn(γρ2ρ), (52)
V1i = jnPi(η0η2 cosα− sinα)Jn (βρ0a) , (53)
V2i = jnPi(η0η1 cosα− sinα)Jn (βρ0a) . (54)

η1 and η2 are defined as given in [6], and

Hln=


H

(2)
n (βρ0ρ), forl = i,m = n∑+∞
m,n=−∞ Jm (βρ0ρ)H

(2)
m−n(βρ0dig),

for l 6= i,m = n
0, for m 6= n

(55)

Here,’m’ and ’n’ are integers such that m,n =
±1,±2, ..... ± Ni and the value of Ni depends upon the
radius ′a′i of the ith cylinder as Ni ≈ (1 + 2kiai) where, ki
is the wavenumber of the inside medium of the cylinder. .
Similarly, by applying the boundary condition at the surface
of each of the ’M’ cylinders, all equations are consolidated
in the form of a matrix equation as[

Θ Φ
∆ Ω

] [
C
D

]
=

[
Ψ
Υ

]
, (56)

The solution of the truncated matrix given by (56) yields
the unknown expansion coefficients of the scattered field
Cin and Din.
Finally, the Scattering cross section is defined as given in
[16]

σTM2D = 10 log

[
lim
ρ→∞

2πρ
|Esz |

2

|Eincz |
2

]
, (57)

and

σTE2D = 10 log

[
lim
ρ→∞

2πρ
|Hs

z |
2

|Hinc
z |

2

]
. (58)

3. Numerical results
The geometry of the planar array of microwires under con-
sideration is shown in Fig.3. Here, in case of a planar grid,
φig = ±π and dij = d, where d is the uniform spacing
among the microwires. Since the maximum radius consid-
ered is 50µm, radius-to-wavelength ratio at the maximum
operating frequency (15 GHz) for the microwire under con-
sideration is only 2.5×10−3. So, the azimuthal dependence
of scattered field may be neglected without any significant
loss in accuracy. Thus only the term, n = 0 in the expan-
sions for the inside and the scattered field makes the sig-
nificant contribution. The sample results are obtained for a
planar arrays containing six ’Co’ based ferrite microwires
of the following specifications as considered in [8]: radius,
a = 1µm − 50µm, spacing, d = 3mm, conductivity, σ =
6.7 × 105S/m, gyromagnetic ratio, γ = 2 × 1011T−1s−1

, saturation magnetization, µ0Ms = 0.55T , loss factor,
δ = 0.02, internal magnetization, H0 = 113.45kA/m
along the z-coordinate and an operating frequency band of
5-15 GHz is assumed. Simulation results are plotted for
the near field distribution in the plane of the array (i.e.,
ρ = a) and scattering cross section (SCS) against the op-
erating frequency radius of the microwires, spacing among
the microwires and the incident angle θ0 for two different
polarization angles, α0 = 0◦ and 90◦(i.e.,TMz and TEz
polarizations respectively).
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Figure 4: Near field component of the array consist of 6
ferromagnetic microwires at φi = 0o(y-z plane) for TMz

Polarization.

Figure 5: Near field distribution in the x-y plane for the
array consist of 6 ferromagnetic microwires for TMz Po-
larization at 15 GHz, 10 GHz and 5 GHz at θ0 = 45◦ and
φi = 0o.

3.1. TMz Polarization (i.e., α0 = 0◦ )

3.1.1. Near Field

Fig.4 shows the numerical results of near field component
of the scattered field calculated in the plane of the array
(i.e., ρ = a) plotted against the incident angle θ0 and op-
erating frequency .The scattering behavior of the grid is
may conveniently be explained with the help of the scatter-
ing behavior of the single microwire as explained in [4] in
terms of two frequency-ranges containing frequencies be-
low and above FMR(i.e., 10GHz) where Re[µe] > 0 and
Re[µe]< 0, respectively(see in Fig.1). For frequencies be-
low FMR,Re[µe] > 0 as shown in in Fig.1, the medium
inside the microwire behaves similar to lossy dielectric and
thus the scattering is weak. However, for frequencies above
FMR, Re[µe] < 0. As a result, the imaginary part of the
propagation constant(phase constant) of ferrite medium be-
comes negative. Consequently, the microwire supports only
evanescent field inside and the microwire essentially be-

Figure 6: Scattering cross section (SCS) of an array consist
of 6 ferromagnetic microwires plotted for TMz polariza-
tion against the frequency and radius of the microwires at
θ0 = 45◦ and φi = 0o.

Figure 7: Scattering cross section (SCS) of an array consist
of 6 ferromagnetic microwires plotted for TMz polariza-
tion against the frequency and spacing ’d’ among the mi-
crowires at θ0 = 45◦and φi = 0o.

haves like a plasma region giving rise to increased scatter-
ing. In other words, there is a remarkable difference in the
scattering behavior of the single microwire for the frequen-
cies below and above FMR. The magnitude of the near field
for small angle of incidence(say θ0→ 10◦) turns out to be
very small because of the low values of the tangential field
components.

Fig.5 shows the distribution of the near field in the x-y
plane plotted at three different frequencies ( i.e., 15 GHz,
10GHz and 5 GHz respectively) for a planar array contain-
ing six ferromagnetic microwires each of radius 1µm (see
in Fig.3). It can be seen in Fig. 5 that maximum scatter-
ing takes place for φ0 = 180o i.e., backscattering is more
dominant.
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Figure 8: Scattering cross section (SCS) of an array consist
of 6 ferromagnetic microwires at 10 GHz for TMz Polar-
ization and θ0 = 45◦, φi = 0o.

Figure 9: Near field component of the array consist of 6
ferromagnetic microwires at φi = 0o (y-z plane) for TEz
Polarization.

3.1.2. Scattering Cross section

Fig.6 and Fig.7 shows the numerical results of Scattering
Cross section (SCS) for a planar array containing six ferro-
magnetic microwires each of radius 1µm (see in Fig.3). In
Fig.6, SCS is plotted against the radius of the microwires
and operating frequency. It can be seen in Fig.6, as the ra-
dius increases from 1µm to 10µm, there is about 20 dB rise
in the magnitude of SCS while beyond 10µm, the SCS in-
creases by 4 dB only. This is on account of the increment
in the magnitude of scattered field from thicker microwires.
In Fig.7, SCS is plotted against the spacing among the mi-
crowires ’d’ and operating frequency. It is to be noticed
from Fig.7 that the magnitude of SCS decreases as the spac-
ing among the microwire reaches closer to the operating
wavelength.

In Fig.8, SCS is plotted at 10 GHz and incident angle
θ0 = 45o, φi = 0o. It can be noticed from Fig.8 that the
magnitude of SCS varies negligibly (0.16 dB only) around
the entire x-y plane with maximum at φ0 = 0o, 180o, 360o

Figure 10: Near field distribution in the x-y plane for the
array consist of 6 ferromagnetic microwires for TEz Po-
larization at 15 GHz, 10 GHz and 5 GHz at θ0 = 45◦ and
φi = 0o .

Figure 11: Scattering cross section (SCS) of an array con-
sist of 6 ferromagnetic microwires plotted for TEz polar-
ization against the frequency and radius of the microwires
at θ0 = 45◦, φi = 0o.

and minimum at φ0 = 90o, 270o .

3.2. TEz Polarization (i.e., α0 = 90◦ )

3.2.1. Near Field

Fig.9 shows the numerical results of near field component
of the scattered field calculated calculated in the plane of
the array plotted against the incident angle θ0 and operat-
ing frequency for a planar array containing six ferromag-
netic microwires each of radius 1µm(see in Fig.3). In this
case, there is no interaction of applied internal magnetiza-
tion H0 and the H components of the wave field as the H
vector of the incident wave is in a plane along the wire(i.e.,
z-axis)i.e, parallel to the internal magnetization. Hence,
there is no effect of ferromagnetic resonance observed and
an ordinary wave propagation takes place inside the ferrite
medium. Consequently, the ferrite medium behaves like a
lossy dielectric medium which results in a very weak scat-
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Figure 12: Scattering cross section (SCS) of an array con-
sist of 6 ferromagnetic microwires plotted for TEz polar-
ization against the frequency and spacing ’d’ among the mi-
crowires at θ0 = 45◦, φi = 0o .

Figure 13: Scattering cross section (SCS) of an array con-
sist of 6 ferromagnetic microwires at 10 GHz for TEz Po-
larization and θ0 = 45◦, φi = 0o.

tered field. Further, it can be seen in Fig.9, the magnitude
of the scattered field increases with frequency. This is be-
cause, the skin depth decreases with an increment in fre-
quency and as a results in the decrement in the Transmitted
field is compensated by the increment in the magnitude of
the scattered field.

Fig.10 shows the distribution of the near field in the x-y
plane at three different frequencies ( i.e., 15 GHz, 10GHz
and 5 GHz respectively)for a planar array consist of six fer-
romagnetic microwires each of radius 1µm (see in Fig.3).
It can be seen in Fig. 10 that maximum scattering takes
place for φ0 = 180o i.e., backscattering is more dominant
just like the case of TMz polarization.

3.2.2. Scattering Cross section

Fig.11 and Fig.12 shows the numerical results of Scattering
Cross section (SCS) for a planar array containing six ferro-
magnetic microwires each of radius 1µm (see in Fig.3). In

Figure 14: Comparison of the Scattering cross section
(SCS) of an array consist of 6 ferromagnetic microwires
with an array consist of 3 ferromagnetic microwires at 10
GHz for TMz Polarization and θ0 = 45◦, φi = 0o.

Figure 15: Comparison of the Scattering cross section
(SCS) of an array consist of 6 ferromagnetic microwires
with an array consist of 3 ferromagnetic microwires at 10
GHz for TEz Polarization and θ0 = 45◦, φi = 0o..

Fig.11, SCS is plotted against the radius of the microwires
and operating frequency. Both kind of plots are character-
ized by the absence of FMR(Ferromagnetic resonance) as
discussed earlier. It can be seen in Fig.11, as the radius in-
creases from 1µm to 10µm, there is about 50 dB rise in the
magnitude of SCS while beyond 10µm, the SCS increases
only about 20 dB. Once again, this is on account of the
increment in the magnitude of scattered field from thicker
microwires. In Fig.12, SCS is plotted against the spacing
among the microwires ’d’ and operating frequency. Similar
to the TMz case, the magnitude of SCS decreases as the
spacing among the microwire reaches closer to the operat-
ing wavelength.

In Fig.13, SCS is plotted at 10 GHz and incident an-
gle θ0 = 45o, φi = 0o. It can be noticed from Fig.10 that
the magnitude of SCS varies negligibly around the entire
x-y plane. It represents an almost uniform SCS in the x-y
plane. This is due to the fact that each microwire has a ra-
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Figure 16: Comparison of the results of scattering field co-
efficient specialized to the case of θ0 = 90o and ’M=1’ for
TMz Polarization (i.e. normal incidence and single ferro-
magnetic microwire) with the result available in [4] for the
specialized case.

Figure 17: Continuity of the Ez for TMz Polarization.

dius 1µm which is much less than the wavelength. Hence,
the azimuthal dependence of the scattered field of an indi-
vidual microwire was neglected..

3.3. Comparison of the results

Fig.14 and Fig.15 shows the comparison of the Scattering
cross section (SCS) of an array of 6 microwires with an ar-
ray of 3 microwires each of radius 1µm for TMz and TEz
Polarizations receptively at θ0 = 45◦. It clearly shows the
rise in magnitude of SCS as the number of microwires in-
crease in both cases.

Fig.16 shows a comparison of the results for the expan-
sion coefficient of the scattered field Cs0 , of order zero as
given in [4] for single microwire at normal incidence and
TMz Polarization characterized by the following parame-
ters: radius, a = 45µm, conductivity, σ = 6.5 × 104S/m,
gyromagnetic ratio, γ = 1.33 × 1011T−1s−1 , saturation
magnetization, µ0Ms = 0.55T , loss factor, δ = 0.02, inter-
nal magnetization, H0 = 213kA/m along the z-coordinate

Figure 18: Continuity of the Hz for TEz Polarization.

and an operating frequency band of 8-12 GHz. with the
results obtained by substituting ′M = 1′, α0 = 0◦ and
θ0 = 90◦ in (56). As we can see, results of the proposed
analysis for this specialized case reduce to the results avail-
able in [4].

3.4. Continuity of the Fields

Finally, continuity of the tangential field components con-
sidered in this analysis is proved with the help of Fig.17
and Fig.18 for Ez and Hz components, respectively. In
Fig.17, |Esz |+ |Eiz| (z-components of the incident and scat-
tered fields) and |Edz | (z-component of the inside field) are
shown to be matched perfectly at the surface of reference
microwire for TMz polarization. Similarly, Fig.18 shows
the matching of the |Hs

z | + |Hi
z| (z-components of the in-

cident and scattered fields) and |Hd
z | (z-component of the

inside field) for TEz polarization.

4. Conclusion
A boundary value type solution for the generalized case of
scattering from an array consist of a finite number of ferrite
cylinders is presented in this paper. The derivation was car-
ried out by using the tangential boundary conditions at the
surface of each microwire in order to find the unknown ex-
pansion coefficients of the scattered field. Proposed method
took less efforts as there was no need to re-derive the inside
field expressions and already available expressions were
utilized to derive the final results. Effect of the radius of
microwires, relative spacing among the microwires and in-
cident angle upon the scattering behavior of the array was
presented with a numerical example of a planar arrays con-
taining six microwires. Numerical results are expressed in
terms of the near field components and Scattering cross sec-
tion (SCS) for TMz and TEz polarizations respectively. It
is shown here that the case of electromagnetic scattering
from single ferromagnetic microwire available in the liter-
ature, is a special case of the proposed analysis. Authors
expect that the present analysis may find many application
including wire based metamaterials.
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