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Abstract

In this paper, a polarizability matrix retrieval method for
bianisotropic metamaterials is presented. Assuming that
scatterers can be modeled by electric and magnetic point-
dipoles located at their centers, the induced dipole moments
are analytically related to the normally incident fields, while
the scattered fields are also analytically obtained for two
individual cases of normal wave incidence. The latter can be
combined with the incident fields so as to express the de-
sired polarizabilities in terms of the measured or simulated
scattering parameters. In this way, the polarizability matrix
can be extracted by solving the resulting non-linear system
of equations. The proposed technique is applied to two dif-
ferent split-ring resonator structures and reveals very good
agreement with previously reported techniques.

1. Introduction

Over the past years, the problem of homogenization in
metamaterials, i.e. their modeling via appropriate sets of ef-
fective parameters, has risen as a crucial subject for the sound
comprehension of their properties as well as for design pur-
poses. Two basic techniques for the calculation of effective
parameters exist. The former extracts the effective constitu-
tive parameters from the S-parameters of plane waves normal-
ly incident on bulk metamaterial structures, via the analyti-
cal inversion of the Fresnel-Airy equations [1], [2]. This ap-
proach has gained significant popularity due to its simplicity
and adequate accuracy. However, it has also been questioned,
since it completely ignores the microscopic structure of the
metamaterial. Furthermore, several issues have occurred con-
cerning the correct branch selection for the real part of the
refraction index, as elaborately discussed in [3], while recent-
ly it has been proven that the constitutive parameters, so ob-
tained, do not always represent meaningful material parame-
ters [4]. These problems have been attributed to the bianiso-
tropic properties of most metamaterials as well as to the effect
of periodicity on the constitutive (non-local) parameters. As a
result, the above mentioned methodology, although mathe-
matically sound, produces a physically reasonable output only
for anisotropic metamaterials and for structures or frequency
bands with low spatial dispersion [5], [6]. The second ap-
proach, originating from the quasi-static Maxwell-Garnett
mixing theory [7], employs the polarizabilities of individual
scatterers in order to extract sets of effective material param-
eters [8], [9]. For these techniques, the knowledge of the

polarizability matrix of the scatterer under study is a crucial
and relatively unexplored topic.

Recently, a dynamic approach has been presented for the
extraction of electric and magnetic polarizabilities of simple
uniaxially anisotropic scatterers [10]. To this aim, an infinite
2-D array of scatterers is considered and their response can
be modeled by electric and magnetic dipole moments, as-
suming only their electrically small size. Closed form ex-
pressions for the desired polarizabilities are obtained, as a
function of the scattering parameters of normally incident
plane waves and the interaction coefficients matrix [C],
whose elements have previously been calculated in the form
of rapidly convergent series [11]. To the best of our
knowledge, such a procedure has not been yet applied to
bianisotropic scatterers, which constitute an important part of
practical metamaterials. In this paper, we implement an algo-
rithm for the extraction of the polarizability matrix, bearing
in mind its common form for the most popular bianisotropic
metamaterials, namely the split-ring resonators (SRRs).

2. Polarizability extraction methodology

In this section, our polarizability matrix extraction technique
is systematically described, starting from its typical form for
a well-known bianisotropic particle; the edge-coupled split-
ring resonator (EC-SRR). This structure can generally be
modeled by three dipole moments, which can be directly es-
timated from the incident field and the polarizability matrix.
Next, the scattered field from an array of such particles is ana-
lytically treated, by substituting the discrete distribution of
scatterers with equivalent electric and magnetic currents
induced on the array plane. The scattering parameters, de-
rived from those “equivalent surfaces”, can then be written
as a function of these dipole moments, through their defini-
tion. The final objective is to construct and solve a system of
equations in order to determine the polarizabilities through
the simulated or measured S-parameters of the structure.

2.1. Dipole moments calculation from the incident field

Let us consider the EC-SRR of Fig. 1 as the basis of our
analysis, since it is a bianisotropic particle of great im-
portance in the literature of metamaterials. Our analysis is
based on the point-dipole approximation, which requires that
the dimensions of the scatterer are small enough compared
to the radiation wavelength in the surrounding space (typi-
cally smaller than 1/2). Under this assumption, the EC-SRR
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Figure 1: Geometry and axes definition of the EC-SRR.

may be appropriately modeled by two electric dipole mo-
ments p,, p, and a magnetic dipole moment m. [12], which
can be related to the local electric and magnetic fields at its
center, E'® and H'°, respectively, through
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electric-magnetic, magnetic-electric and magnetic-magnetic
polarizabilities of the scatterer, correspondingly. In addition,
a) =—a due to the Onsager-Casimir principle [13]. As a
consequence, polarizability matrix [a] in (1) contains four
unknown quantities and thus, an equal number of linearly
independent equations will be required to uniquely deter-
mine them. Considering an infinite array of particles and a
plane wave normally incident on their plane, the local field
at the center of any resonator is given by
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where f" is the incident field and **“ stands for the scat-

tered field at the center of an arbitrary scatterer produced
from its neighboring ones, defined by
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The components of the interaction coefficient matrix [C] are
computed via the dyadic Green’s function method [11]. By
substituting (2) and (3) into (1), the dipole moments of an
arbitrary scatterer can be expressed as

n=([e]’ —[C])il £ )

Let us, now, consider two different cases of normal inci-
dence to an infinite array of EC-SRRs (in the following, we
will refer to these arrays with the term “metasurface”). The
first metasurface is depicted in Fig. 2. For this case, the
components of the incident plane wave are

inc inc inc —~1 pyinc r inc inc T
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or, by normalizing the incident electric field amplitude,

=0 ¢, &]". (5b)
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Figure 2: The first metasurface of bianisotropic scatterers at
the x = 0 plane. The periods of the lattice along the y- and z-
direction, are b and a, respectively. A TEM wave propagat-
ing along the x-axis impinges normally on the metasurface.

Figure 3: The second metasurface of bianisotropic scatterers
at the y = 0 plane. The periods of the lattice along the x- and
z-, direction are b and a, respectively. A TEM wave propagat-
ing along the y-axis impinges normally on the metasurface.

Substituting (5b) into (4), we acquire a set of dipole mo-
ments, denoted as

T
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as a function of the polarizability matrix [a].
On the other hand, the second metasurface is given in Fig.
3. The components of the incident plane wave are
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or by normalizing the incident electric field amplitude,

e =[e, 0 —&,] . (6b)

Plugging (6b) into (4), a second set of dipoles with respect
to the polarizabilities of (1) is obtained, which is defined by

T
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2.2. Dipole moments relation to the S-parameters

Having obtained the dipole moments of the scatterers from
the incident field, we can, now, express them as a function
of the simulated or measured scattering parameters of an
equivalent homogenized surface.

Let us recall the two metasurfaces of Figs 2 and 3. For
the first incidence case, the discrete array of electric and
magnetic dipoles can be substituted with equivalent surface
electric and magnetic polarizations, given by
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Utilizing the Poisson summation formula, (7) transforms to
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In a similar fashion, electric polarization Pj, , and mag-
netic polarization M,. 4 are found equal to
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where p, 4, p, 4, and m_ 4, are the dipole moments of an arbi-
trary resonator, as described in subsection 2.1.

Following [14], only the first (zeroth-order) term of the
sums in (8) represents a propagating wave, while all higher-
order terms correspond to evanescent waves. Therefore, in
the far-field region, the discrete array can be seen as an
equivalent surface polarizations/magnetization
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Likewise, the surface electric and magnetic polarizations
for the second metasurface are given by
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and, similar to (9), the polarlzatlon terms that contribute in
the far-field are expressed as
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The scattered field from equivalent homogenized surfac-
es can be evaluated through boundary conditions [15], [16]

fix(H|_, —H|_ )=0P +VxM, =J, (12
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Applying the right parts of (12) and (13), for the polariza-
tions of (9), we acquire the equivalent electric, J;, and mag-
netic, K, surface currents
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Furthermore, equating these results to the left-hand sides of
(12) and (13), the scattering field from the equivalent ho-
mogenized metasurface is derived. For the first case, the
scattered fields are obtained as

(B, B, )0,

o oH ) =J,. (16)

As expected, surface current components normal to the sur-
face do not produce any scattered field. Considering also that

|,‘c:04r
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Figure 4: The simulation/measurement configuration. Prop-

agation occurs along the positive A-direction, which corre-

sponds to x- and y-axis (first and second case, respectively).

The central rectangle depicts the metasurface and gray areas

the reference planes, at a distance of + / for the metasurface.
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equation (16) results in
ZoPys e
e i (17)

where Zj is the characteristic impedance in vacuum. Similar-
ly, from (13) and (15), the scattered electric field component
due to the magnetic surface current, is given by

Jouym, ﬁkomy (18)
2ab

Summation of (17) and (18) leads to the scattered field ex-
pression of the first equivalent surface, i.e.

B3, ——sgn(x)

Ejm = _ﬂ(zopv 4 Hsgn(x)pm, )eijko‘x‘y . (19)
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whereas the scattered field for the second one is derived by
sca j oVl
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Through (19) and (20), we may find the S-parameters for
each equivalent metasurface, owing to their relation with the
reflected and transmitted wave at the reference planes + /, as
presented in Fig. 4. Distance / is considered to be sufficient-
ly large so that the higher order terms of (8) and (10) are
adequately attenuated.

Subsequently, considering the fields on the reference
planes, we calculate S-parameters by means of

11 E[nc (h — _l) Einc
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Substitution of (19) and (20) in (21) and (22), finally, yields
the dipole moments parallel to each equivalent surface as a
function of the S-parameters
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Figure 5: Geometry of the simulated EC-SRR, with » = 3.2
mm, ¢ = 0.5 mm, d = 0.5 mm, and g = 0.5 mm. The periods
of the lattice, as depicted in Figs 2 and 3, are a = b = 10 mm,
and the distance from the reference planes is / = + 3a.
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If we plug the dipole moments, evaluated from (4) for both
incidence cases, into (23), a system of four linearly inde-
pendent equations is obtained, containing polarizabilities
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and a,. . Moreover, due to (1), equation

(23c) contains only the a, term and hence it can be solved
directly, thus reducing the final system to three equations for

the unknown polarizabilities o , a)”

ee > em

and o . Such sys-
tem is non-linear and a closed-form solution is not generally
feasible. However, in the special case of «). =0 the closed-

form solution of (23) is viable and the result coincides with
the method presented in [10], as verified in Section 3. In the
following section, we apply the Newton-Raphson method
(see Appendix I) to numerically solve (23).

3. Results and Discussion

The proposed polarizability extraction methodology is, here-
in, applied to two SRR structures. All simulations are con-
ducted via the frequency domain solver of the CST MWS™
computational package [17]. The first structure is the biani-
sotropic EC-SRR of Fig. 5, which is known to produce a
strong magnetic field, opposite to the incident and perpen-
dicular to its plane, on its first resonance frequency. The
transmission coefficient of EC-SRR for x- and y-incidence is
displayed in Fig. 6, indicating the first two resonances. The
real part of the polarizabilitites, extracted by our technique,
is given in Fig. 7. It is straightforward to detect that both

a” and o, become resonant approximately at the same

frequency. This outcome is in agreement with the assump-
tions of [12]. Next, the a ,a” ,and a

ee > Tee mm

polarizabilities are
further validated by comparing them with the Sipe-

Kranendonk condition [18] for lossless anisotropic scatterers,
which reads (for i = x,y,z and j = e,m)

ml Lk
a;;. 6r

As presented in Fig. 8, outside the resonance bands, where
(24) is not accurate due to the presence of bianisotropic ef-
fects, the Sipe-Kranendonk condition is satisfied.

24)
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Figure 6: Transmission coefficient for the EC-SRR of Fig. 6,
for the x- and y-incidence, respectively. The axes convention
is the same as that established in Fig. 1.
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Figure 7: Real part of the polarizabilities of the EC-SRR,
extracted via the proposed method.
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Figure 8: Comparison of the Sipe-Kranendonk criterion for
lossless scatterers with the polarizabilities of the EC-SRR
extracted in Fig. 7. The criterion is not satisfied on reso-
nance bands, where the anisotropic assumption is not valid.



Figure 9: Geometry of the simulated NB-SRR, with » = 3.7
mm, ¢ = 0.5 mm, d = 0.5 mm, and g = 0.5 mm. The periods
of the lattice, as depicted in Figs 2 and 3, are ¢ = b = 15 mm,
and the distance from the reference planes is / = + 3a.
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Figure 10: Transmission coefficient for the NB-SRR of Fig.
9, for the x- and y-incidence, respectively. The axes conven-
tion is the same as that established in Fig. 1.
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Figure 11: Real part of the polarizabilities of the NB-SRR,
extracted via the proposed method.

Next, let us focus on the non-bianisotropic SRR (NB-SRR)
of Fig. 9. Despite its designation, bianisotropic effects are
not totally absent in that structure, as our analysis will reveal.
The transmission coefficient for the two first resonances is
illustrated in Fig. 10 for both x- and y-incidence, while the
real parts of the corresponding polarizabilities are presented
in Fig. 11. Figure 12 presents a comparison of our results
with those of [10], valid for uniaxially anisotropic scatterers,
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Figure 12: Detail of Fig. 11, including comparison of the
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Figure 13: Comparison of the Sipe-Kranendonk criterion for
lossless scatterers with the polarizabilities of the NB-SRR
extracted in Fig. 11. The criterion is not satisfied on reso-
nance bands, where the anisotropic assumption is not valid.

where a very good agreement can be promptly detected.
Deviations are significant only in the resonance bands,
where a considerable electric-magnetic polarizability has
been found in our simulations, which has not been taken into
account in [10]. These deductions suggest that the proposed
technique can be regarded as a generalization of [10], as al-
ready mentioned before. Finally in Fig. 13, by applying the

Sipe-Kranendonk criterion (24) on and a>

mm >

xx »
aee 2 aee 2

we
attain additional verification on the efficiency of our method.

4. Conclusions

A novel methodology for extracting polarizabilities from
bianisotropic scatterers has been introduced in this paper. Its
formulation is based on the use of the point-dipole approxi-
mation for both the microscopic and macroscopic descrip-
tion of two equivalent metasurfaces. Initially, the dipole
moments are acquired as a function of the polarizabilities of
the scatterers. Assuming, additionally, that infinite rectangu-
lar arrays of scatterers constitute equivalent homogenized



metasurfaces, the equivalent surface currents generated by a
normally incident wave are analytically obtained and dipole
moments are expressed as a function of the simulated/ meas-
ured S-parameters. Furthermore, equating the polarizabilities,
acquired from the microscopic and macroscopic approach, a
non-linear system of equations for the unknown polariza-
bilities is derived, which can be numerically solved.

Concerning the certification of our algorithm, two of the
most popular SRR structures, namely the EC-SRR and NB-
SRR, have been investigated. The results are in very good
agreement with those reported already in the relevant litera-
ture and have been further validated by means of the Sipe-
Kranendonk criterion. Moreover, for the case of the NB-
SRR, outcomes have been compared with those of an exist-
ing method, developed for uniaxially anisotropic scatterers.
Again, our results coincidence is very satisfactory, while some
differences between the two schemes is attributed to the exis-
tence of a non-vanishing electric-magnetic polarizability
inside the resonance band, which is a priori ignored in [10].

Future work is going to address the expansion of the re-
ported methodology to a broader set of scatterers, with an
even larger number of unknown polarizabilites, on condition
that an equal number of different and independent measure-
ments can be carried out. Finally, polarizabilities extracted
through the method could be utilized in rigorous homogeni-
zation techniques that are currently being developed, such as
the one developed in [4].

Appendix I
The Newton-Raphson method for non-linear systems

Assume a non-linear system

[AG)]{u} = {b}. (252)
or in full form

a,u +apl, +...+a,u, =b

Ay +apty, +...+a,u, =b, (25b)

+..+a u =b
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where coefficients a;;, are not constant, but functions of vari-

ables ;. Vector {u}' = {u,,u,,..,u,} contains the unknown

parameters and {b}T =1{b,b,,....,b,} contains constant com-

ponents. Moreover, system (25) can be written as
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where f; =a,u +a,u, +--+a,u

Wi, —b =0 for i=(1,2,...,n).
According to the Newton-Raphson method, the approx-
imate solutions u(kﬂ), u®V on the (k+1)-th and k-th step re-

spectively, are given by
u“ =u® 4 5u®, (27)

where vector ou"”’ represents the components’ modification,
while advancing from the &-th to the (k+1)-th step.

(k)
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Let us consider the following Taylor expansion, where
second order terms are forfeit

fi (ul(k”),ugk“),...,uqu“)) =7 (ufk),ugk),...,uqu))
+---+%5ul(k)+%5u§k)+~--+%5uqu), (28)
Ou, ou, Ou,
for i=(1,2,...,n).
Setting f;(u“*",ul"*",..,u"")=0, we extract the fol-
lowing system of equations

. 50+ B ()
ou, ou ou

n
1 2 n

APTINR: AT S

LAY SN
aI’ll 2 6un
Using the subsequent Jacobian matrix
o9 o]
Ou, Ou, ou,
% o 9
J=|0u Ou, ou, |, (30)
% Y Y
| Ou,  Ou, Ou, |
equations (29) are rewritten as
Jou" = —f(u"). 3D

Substituting (31) in (27) and taking into account (26), we
derive

uf =g® g [A(u“‘))u(“ —b} , (32)
where the elements of J are calculated via
of, L Oa,
J,.jza—ui:a[j'l'za—ljuk. (33)
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