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ABSTRACT. The behavior of thermoplastics depends on several factors, 
mainly time and temperature. The present work is focused on an analysis of 
the time sensitivity of the viscoelastic and viscoplastic parameters of a 
rheological model. The material considered in this study is a polyamide 6. The 
analogical model is represented by the Kelvin-Voigt viscoelastic mechanism 
mounted in series with a viscoplastic branch of Bingham. After a 
mathematical formulation of the equations governing the model, tensile tests 
at different strain rates are conducted. The model parameters are then 
identified by inverse analysis. The technique of genetic algorithms has been 
favored. A nonlinear dependence of these parameters on the rate of strain has 
been observed. The dependence function has been established by a nonlinear 
regression technique. The comparison of the experimental results with those 
obtained by the model reveals a satisfactory agreement, hence the validation 
of the approach adopted. 
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INTRODUCTION  
 

hermoplastics are materials widely used in various industry applications. Indeed, these polymeric materials have 
relevant mechanical and electrical properties that allow them to adapt and meet different requirements in a wide 
variety of fields including automotive, aeronautics and medicine [1, 2]. Therefore, the understanding of their 

behavior under external loading and in the conditions of their commissioning requires, in recent years, a considerable 
interest. 
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Many models have been developed to represent the rheological behavior of thermoplastics [3-8]. Phenomenological 
models inspired by analog mechanisms such as spring, damper and pad combinations are well placed to represent 
viscoelastic and viscoplastic responses. The simplest mechanisms are the Maxwell and Kelvin-Voigt viscoelastic models 
and the Bingham viscoplastic model. The combination of these mechanisms in series or in parallel makes it possible to 
represent a wide variety of mechanical behaviors capable of representing linear or non-linear viscoelastic and viscoplastic 
rheological behaviors. 
The mechanical behavior characterization of thermoplastic polymers is always a complicated task. This behavior depends 
on many external factors such as temperature and strain rate, but also other internal factors including entanglements, 
crosslinking and crystallinity degree [2, 6]. This dependence is physically explained by their structure in macromolecular 
chains whose mobility, entanglement, branching and crosslinking are the main factors at the origin of the viscous aspect 
[9]. Taking into account these microscopic factors makes it possible to better understand the macroscopic response and 
contributes to the establishment of relevant behavior models [10]. On the other hand, it is very difficult to account the 
influence of all the physical mechanisms in the behavior laws, from which the application of the phenomenological 
models . Demonstration of time behavior dependence is usually done by means of creep, relaxation or tensile tests at 
different strain rates. Experimental data is used to identify the model parameters under consideration using different 
methods. 
Two major classes of methods are distinguished: analytical-graphical methods and inverse identification methods. 
Methods based on the formulation of inverse problems are the most used. They consist in the minimization of a function 
that establishes the gap between the experimental data and the results of the modeling. It is therefore a question of solving 
an optimization problem by setting up the appropriate calculation algorithm. In recent years, so-called metaheuristic 
optimization methods have been developed. As an example, genetic algorithms and ant colony algorithms are mentioned 
[refs]. Genetic algorithms based on evolutionary ideas of natural selection and genetics [11, 12]. They serve as powerful 
tools for solving very complicated optimization problems when the derivative of the objective function is very difficult to 
obtain or does not exist [13, 14]. So, they saw their use for determining material parameters for models with a large 
number of parameters. The authors of the reference works [14-16] used them for the estimation of the viscoelastic 
parameters while those of the references [6, 17, 18] used them for the determination of the viscoplastic parameters. 
Numerous studies relating to the sensitivity of polymer behavior to time and temperature are identified in the literature. 
The references [19-24] are cited for illustrative purposes. Since mechanical behavior models are controlled by parameters, 
it is natural that these parameters also depend on time and temperature. Several researchers have investigated the 
relationship of the sensitivity of elastic parameters, including Young's modulus and elastic limit, to strain rate and 
temperature [20, 21, 25, 26]. It is found that increasing the rate of strain increases the elastic parameters while the increase 
in temperature decreases them. On the other hand, although there is also much published work on the sensitivity of 
viscoplastic parameters, few of them have established dependence functions. 
The present work is an analysis of the sensitivity to strain rate of the parameters of a viscoelastic-viscoplastic behavior 
model applied to thermoplastic materials. The proposed model is an assembly of the Kelvin-Voigt viscoelastic mechanism 
in series with the Bingham generalized viscoplastic mechanism with nonlinear hardening. The material under study is a 
polyamide 6. Tensile tests at different strain rates were conducted to serve as data necessary for the identification of model 
parameters. The latter are identified by means of an inverse analysis based on the technique of genetic algorithms. As test-
model results are confronted and good consistency is enforced, dependency functions are then derived from non-linear 
regression. 
 
 
RHEOLOGICAL MODELING 
 
Viscoelastic-viscoplastic model 

he proposed rheological model is illustrated in Fig. 1. It is a series assembly of two mechanisms, one representing 
the viscoelastic behavior and the other the viscoplastic behavior. The viscoelastic mechanism is represented by the 
instantaneous Kelvin-Voigt model, consisting of a spring representing instantaneous elasticity mounted in series 

with a parallel combination of another spring and another damper thus reproducing a viscoelasticity. This model is 
adopted to describe the viscoelastic behavior of polymers [27, 28]. The viscoplastic mechanism, which is activated only 
when the loading exceeds a critical value known by the plasticity threshold, is described by the generalized model of 
Bingham defined by the parallel association of a pad indicating the threshold of plasticity, a non-linear spring representing 
the work hardening of the material and a damper simulating the viscoplastic strain. The Bingham model is applied to 
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describe the viscoplastic behavior of wood [29, 30] and polymers [28, 31]. The proposed model, by its components, is 
extensible and therefore likely to simulate a wide variety of materials. 
 

 
 

Figure 1: Viscoelastic-viscoplastic rheological model 
 

Mathematical formulation 
The viscoelastic response is represented by the rheological model composed of Kelvin-Voigt with instant elasticity. It 
follows that the total viscoelastic strain    is all of an instantaneous elastic part  e   and a deferred part  ve . 

 
 e ve    .              (1) 

 
The stress    generated in the viscoelastic mechanism is expressed by: 
 

e ve ve veE K                      (2) 
 
Where E, K and ve   represent the viscoelastic parameters of the model (Fig. 1). 

The speed of instantaneous elastic strain e  being zero, replacing e  by its value, we obtain: 
 

 ve
E

K
E K

    


               (3) 

 
Where  .  is the rate of total viscoelastic strain. 
The threshold of plasticity being reached, the response of the material takes a second component that is the viscoplastic 
strain vp . The latter is described by the generalized model of Bingham with nonlinear hardening. 

 

e ve vp                     (4) 

 
It follows that the equations governing the viscoplastic behavior of material are expressed by: 

 

 n

e vp vp vpH                     (5) 

 
Where H, n and vp  represent the viscoplastic parameters of the model (Fig. 1);  e is the elastic limit. 

This allows us to write: 
 

Kelvin-Voigt Bingham 

Elastic Viscoelastic Viscoplastic 

𝜇
𝐸 

𝐾

𝜎  

𝐻 
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    n
e ve e vp ve eH                            (6)  

 
 replacing the elastic strain, the viscoelastic strain and its velocity by their formulas, and considering that the rate 
of elastic strain is zero, we obtain: 
 

 1 exp exp

n

e vp
ve ve ve

Kt Kt
H

K E

      
  

         
                                

     (7) 

 
Since the above equation is non-linear, numerical methods must be used for its resolution. Several methods are 
used to solve this kind of problem. Here is favored the bisection method [32]. The implementation is done 
under Matlab. 
 
 
MATERIAL AND EXPERIMENTATION 
 
Material of study 

he material under study is a polyamide 6. It is a technical thermoplastic named TECAMID 6 sold in 
sheets 7 mm thick. The conditions under which the tests are carried out are summarized in a 
temperature of 300 K and a humidity of 20%. The specimen’s geometry was established according to 

ASTM D638. They were cut by CNC milling.  
 
Testing machine 
The test machine is a INSTRON 5969 with a capacity of 50 KN. It is equipped with a contactless video 
extensometer. This one allows to correct some problems like those related to the sliding of the edges of knife 
and the inertia of moving parts. The data is processed using the Bleuhill 3 control and acquisition system. 
 
perimental results 
Tensile tests at different constant strain rates are conducted. The strain rates correspond to the speeds of the 
crosshead movement. They are of the order of (0.0000646, 0.000625, 0.00612, 0.0556) min-1. The curves 
obtained, as shown in Fig. 2, clearly demonstrate the strain rate sensitivity of the tensile behavior.  
 

 
Figure 2: Stress-strain curves of a polyamide 6 at different strain rates. 
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The results obtained are described by the strain-strain curves of Fig. 2. It clearly shows a time-dependent rheological 
behavior. The strain rate plays remarkably influence on the stress-strain relationship both in the viscoelastic domain and in 
the viscoplastic domain. In terms of quality, the shape of the curves is insensitive to the speed of strain. However, 
quantitatively, the difference between the curves as a function of the rate of strain is clearly distinguished. There is an 
increase in the resistance of the material with the increase in the rate of strain. 

 
 

IDENTIFICATION OF RHEOLOGICAL PARAMETERS 
 
Genetic algorithms 

t is generally accepted that genetic algorithms [11] are particularly suited to multidimensional global search problems 
where the search space potentially contains multiple local minima [14]. Unlike other research methods, genetic 
algorithms do not require a thorough knowledge of the search space, such as the limits of probable solutions or the 

derivatives of functions. They begin with a set of potential solutions chosen at random; and evolve by iteratively applying 
a set of stochastic operators, known as selection, crossover, and mutation. No gradient information is needed. Only the 
objective function and the constraints are necessary to determine the solution of the problem. Thus, they have the 
possibility of facing problems with a complicated objective function, where its derivative is difficult to obtain, or even 
non-existent. As a result, these techniques are well placed to be applied in the present work. 
 
Identification of parameters 
The identification of the three viscoelastic (E, K, ve ) and four viscoplastic ( e , H, n, vp ) parameters is done by setting 

up respectively objective functions veQ   and vpQ   minimizing the difference between the experimental measurements and 

the values of the model. So the optimization problems are formulated as follows: 
 

     2

1

,   ,   , , ,   ,   , ,
N

i i
ve ve c ex ex c ve

i

Q E K E K       


         (8) 

 

    2

1

, , ,   , , , , ,   , ,
N

i i
vp e vp c ex ex c e vp

i

Q H n H n         


         (9) 

 

Where N is the number of measurement points ; i
exσ  and i

cσ  respectively represent the experimental stress and simulated 
by the model. 
The genetic algorithm optimization technique was applied in the Matlab environment to determine the viscoelastic and 
viscoplastic parameters of the model. 
The elastic limit corresponds to the stress at which the material begins to have a permanent strain. For metals, this limit is 
practically determined at the stress at which a 0.2% strain is attained. Moreover, according to the references [8, 33], 
polymers have an elastic limit corresponding to a strain of 1%, where the stress-strain curve becomes clearly nonlinear. 
 
 
RESULTS AND DISCUSSION 
 

he proposed viscoelastic-viscoplastic rheological model was applied to simulate the behavior of the polyamide 6 
material. The following sections present the experimental and simulation results obtained from a tensile test at 
several strain rates. 

 
Identified parameters 
Tabs. 1 and 2 represent respectively the viscoelastic and viscoplastic identified parameters. It can be seen that the modulus 
E is constant and independent of the strain rate, whereas the viscoelastic parameters K and ve  depend considerably on it. 

It should be noted that with the increase of the strain-rate, the parameter K increases while the ve  parameter decrease. 

I 
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As for the viscoplastic parameters, the coefficient of work hardening is constant whatever the strain-rate, or the other 
viscoplastic parameters are a function of the strain-rate. The higher the strain-rate, the greater the elastic limit e  and the 

modulus H, and the lower the viscoplasticity coefficient vp . 

 
 

Strain-rate  1min .    E GPa .    K GPa      .ve GPa min  

0.0000646 2.9765 7.3122 23.8816 

000625 2.9765 12.2063 5.0066 

0.00612 2.9765 18.6363 0.7380 

0.0556 2.9765 32.3085 0.0640 

 
Table 1: Viscoelastic parameters  

 
 

Strain-rate  1min    e MPa .     H MPa  n .     .vp MPa min .  

0.0000646 22.0151 69.8468 0.3072 6962.33 

0.000625 20202 94.9441 0.3072 3044.22 

0.00612 24.8992 122.883 0.3072 210.346 

0.0556 26 155.818 0.3072 23.11376 

 
Table 2: Viscoplastic parameters 

 

 
 

Figure 3: Comparison test-model of the stress–strain curves of Polyamide 6 at various strain-rates 
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Stress-strain curves 
To evaluate the relevance of the rheological model taken into account, the stress-strain curves of the experiment and 
those of the simulation, at four strain-rates, are compared. Below the elastic limit, the stress is related to the strain by a 
linear function. The threshold of plasticity being reached, the curve takes another pace. Indeed the spring of the 
viscoplastic mechanism connecting the stress to the strain with a nonlinear function is at the origin of the nonlinearity 
observed on the curve. The error between the test-model results is almost insignificant. 
 
Sensitivity of the elastic limit to the strain-rate 
The stress corresponding to the elastic limit depends considerably on the strain-rate. Indeed, the higher the strain-rate, the 
greater the stress corresponding to the elastic limit. Fig. 4 illustrates the dependence of the elastic limit on the strain-rate. 
In the references [19, 20, 34-36], the authors extensively discussed the sensitivity of the elastic limit to the strain rate. 
Different functions have been established. It should be mentioned that the elastic limit also depends on the temperature, 
an aspect that is not considered in this study because the tests were conducted at constant room temperature. In the 
present work, the dependence can be expressed by a power law as illustrated in Fig. 4. 
In addition, Fig. 5 shows the elastic limit versus the logarithm of the strain-rate. There is a linear increase in the elastic 
limit as a function of the strain-rate. This is in perfect agreement with other work on polymers with references [35-37]. In 
another plane, the strain corresponding to the elastic limit is insensitive to the strain-rate. 
 

 

Figure 4: Sensitivity of the elastic limit to the strain-rate. 
 

 

Figure 5: Linearity of elastic limit at the logarithm of the strain-
rate 
 

Sensitivity of the parameters to the strain-rate 
In order to verify the dependence of the viscoelastic and viscoplastic parameters of the strain-rate, four different speeds 
were taken into account in the tensile tests. Following the identification step, it turned out that the elastic modulus E is 
independent of the strain-rate while the other two viscoelastic parameters show non-linear dependency. Referring to Fig. 
6, it is noted that the K module increases with the increase of the strain-rate while the viscosity parameter ve   decreases. 
On the viscoplastic plane, the work hardening coefficient n is independent of the strain rate whereas the other two 
viscoplastic parameters depend on it and are connected to it with nonlinear functions. Referring to Fig. 7, an analogy can 
be observed qualitatively between the viscoplastic parameters H and vp   on the one hand and the viscoelastic parameters 

K and ve   respectively on the other hand. Thus with the increase of the strain-rate, the module H increases while the 

parameter vp  decreases. 
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Figure 6: Dependence of viscoelastic parameters at the strain-rate 

   
 

 
Figure 7: Dependence of viscoplastic parameters at the strain-rate 

 
To define the functions that represent the mathematical relationship of the strain rate with the viscoelastic and viscoplastic 
parameters, a nonlinear regression technique is considered. As a result, a power law connects both the viscoelastic 
parameters and the viscoplastic parameters to the strain-rate. The curves that represent the sensitivity of the viscoelastic 
parameters to the strain-rate are illustrated in Fig. 6. The sensitivity of the viscoplastic parameters is illustrated in Fig. 7. 
With the exception of the elastic modulus E and the coefficient of hardening n which are independent of it, the functions 
obtained are shown in Tab. 3. 
 

K  ve  e . H . vp  
0,2158881  0,876,6166   0,0228,059  0,12222, 27  0,882,3512   

 
Table 3: Relationship of the parameters with the strain-rate 
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CONCLUSION 
 

n this work, we have mainly studied the sensitivity to the strain-rate of the viscoelastic and viscoplastic parameters of 
a rheological model applied to thermoplastics. The proposed behavior model takes into account several elementary 
responses including instant elasticity, viscoelasticity, viscoplasticity and hardening. The identification of the 

parameters was carried out on the basis of the experimental results obtained following a simple tensile test at different 
strain rates. The parameters were identified by means of inverse analysis by genetic algorithms. The comparison of the 
test-model results reveals a very good coherence. Except the modulus of elasticity and the exponent of work hardening, 
the results obtained reveal a strong dependence of the other viscoelastic and viscoplastic parameters to the strain rate. A 
nonlinear regression technique has made it possible to establish dependence functions which show relations in power law. 
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