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STRUCTURAL THEOREMS FOR (m,n)-QUASI-IDEAL SEMIGROUPS *

Petar V. Proti¢

Abstract. The definitions of (m, n)-ideal and (m, n)-quasi-ideal on a semigroup are given
in [5]. They have been studied in many papers, recently in papers [7], [8] and [9]. In
this paper we introduce the notion of an (m, n)-quasi-ideal semigroup and consider some
general properties of this class of semigroups. Also, we introduce the notion of an (m, n)-
duo quasi-ideal semigroup and give its structural description. In section 3 we describe a
class of (m, n)-quasi-ideal semigroups by matrix representation.
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1. Introduction and some general properties for
(m, n)-quasi ideal semigroups

Let S be asemigroup, a € S, then by < a > we denote monogenic subsemiroup on S
generated by a. Either < a > is isomorphic to the natural numbers N under addition
or there exist positive integers r,m such that < a >= {a,a°,...,a",...,a™*™!} with
Ka = {a",a™!,...,a™*™ 1} a cyclic group of order m. The integers r and m are called
index and period of < a >, respectively. A semigroup S is periodic if all its monogenic
subsemigroups are finite. By | < a > | we denote the cardinal of < a >.

By E(S) we denote a set of all idempotents on S.

For nondefined notions we refer to [2] and [3].

A subsemigroup A of a semigroup S is an (m, n)-ideal on S if A"SA" C A, where
m,n € N U {0} (A’SA" = SA", AMSA? = A™S), [5].

A semigroup S is an (m,n)-ideal semigroup if each subsemigroup of S is an
(m,n)-ideal on S, [11, 13].

Definition 1.1. A subsemigroup Q of a semigroup S is an (m, n)-quasi-ideal on S
if Q"SNSQ" € Q, where m,n € N U {0} (Q°S n'SQ" = SQ", Q™S N SQ® = QMS).
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Remark 1.1. Let Q be an (m, n)-quasi-ideal on S, then
Q"SQ" = Q"SQ"NQ"SQ" €Q"SNSQ" € Q

and so Q isan (m, n) ideal on S.

Definition 1.2. A semigroup S is an (m, n)-quasi-ideal semigroup if each subsemi-
group of Sis an (m, n)-quasi-ideal on S.

Form =1, n=0(m =0, n =1)we have right (left) ideal semigroups considered
in [4] and [5]. For m = n = 1 we have quasi-ideal semigroups.

It is clear that if S is an (m, n)-quasi-ideal semigroup, then each subsemigroup
of Sis an (m, n)-quasi-ideal semigroup as well.

Remark 1.2. By Remark 1 we conclude that a class of (m, n)-quasi-ideal semigroups is a
subclass of the class of (m, n)-ideal semigroups.

Remark 1.3. Let S be an (m, n)-quasi-ideal semigroup, a € S, then

a"SNnSa"c<a>"SNS<a>"C<a>.
The following proposition is proved in [11].

Proposition 1.1. Let S be an (m, n)-ideal semigroup. Then the following statements are
true:

(i) Sis periodic, Ky = {e},eiszeroin<a>foreveryae Sand| <a>|<2m+2n+1;
(if) The set E(S) is a rectangular band and an ideal of S;

(iii) Sis a disjoint union of the maximal unipotent subsemigroups S = {x € S| (dp €
N)xP =e,e € E(S)}and e is zero in S,.

Remark 1.4. By Remark 2 the above proposition is valid for (m, n)-quasi-ideal semigroups.

Theorem 1.1. Let S be an (m, n)-quasi-ideal semigroup, then for everya € Sis| < a >
| < 2max{m,n} + 1.

Proof. By Proposition 1 < a >= {a,a%,a%...,a» =e}and | < a > | = p. Suppose that
p>2m+2k+1=2n+2s+1wherek,s e NU{0}are minimal suchthatm+k =n+s.
Let B = {a?,a%...,a"}, then B is a subsemigroup and (m, n)-quasi-ideal of < a >. So

B"anaB"cB™<a>N<a>B"CB

and

{@™, . a2 aP) (@™, Lt aP) C B,

Now a2m+2k+l — g2m+2s+1 ¢ Bywhere k, s € IN U {0} are minimal such thatm+k = n+s
and a?™2+1 £ aP which is a contradiction.

Hence,p<2m+2k+1=2m+2s+1orp<max{mn}+1. O
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2. A structural theorems for (m, n)-quasi-ideal semigroup

Let P be a partial semigroup, then Q < P is a partial subsemigroup of P if for
X,y € Q and xy € P it follows that xy € Q. Then if Q™P N PQ" C Q we say that Q is
a partial (m, n)-quasi-ideal of P.

A partial semigroup P is a partial (m, n)-quasi-ideal semigroup if each partial
subsemigroup of P is an (m, n)-quasi-ideal.

A partial semigroup P is called a power breaking partial semigroup if for every
a € P there exists some k € IN such that a“ ¢ P.

Example 2.1. Letsemigroup S = {i, j,k,m,n,p,q,¢, f, g, h} be a given by the following table:

i j kmnpqge fgh
i |j kmnpgeegge
jlkmnpogeeegge
k|{mnpgeeeegge
m|inpageeeeegge
n|ipgeeeeeegge
p|geeececeeegge
qg|eeeeeeeeggyge
eleeeeeeeeggyge
fl{hhhhhhhhffh
gleeeeeeeegge
h|hhhhhhhhffh

Then S is a (4, 1)-quasi-ideal semigroup, E(S) = {e, f, g, h} is a rectangular band and an ideal
of Sand set P = {i, j k,m,n,p, q} is a power breaking partial (4, 1)-quasi-ideal semigroup.

Theorem 2.1. Let S be an (m, n)-quasi-ideal semigroup, then S = P U E(S) where P is a
partial power breaking (m, n)-quasi-ideal semigroup and E(S) is a rectangular band and an
ideal of S, i.e. Sis a retractive extension of the rectangular band E(S) by the partial power
breaking (m, n)-quasi-ideal semigroup P.

Proof. LetSbean (m,n)-quasi-ideal semigroup, then by Remark 1.2 and Proposition
1.1 we have that S is a periodic semigroup, E(S) is a rectangular band and an ideal
of Sand P = S\ E(S) is a power breaking partial semigroup.

Let Q be a subsemigroup of P. We denote by R =< Q > a subsemigroup of S
generated by Q. Then R is an (m, n)-quasi-ideal of S, and so

Q"PNPQ"CR™SNSR"CR,

whence
Q"PNPQ"CR\E(S) =0Q.
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Hence, Q is a partial (m, n)-quasi-ideal of P and so P is an (m, n)-quasi-ideal semi-
group.

By Proposition 1 the mapping ¢ : S — E(S) defined by ¢(a) = e, where e, is a
zero in < a >, is a retraction. O

Next, we give the following construction.

Construction 1. Let P be a power breaking partial (m, n)-quasi-ideal semigroup, E
be a rectangular band, P N E # @ and ¢ be a partial homomorphism from P into
E. Let us put ¢(e) = e for each e € E. Then the mappinggp : S=PUE — Eisa
surjective.

Let us define an operation - on S by

o xy, ifx,y e Pand xy is defined in P,
XY= e(X)p(y) otherwise.

Then (S, -) is a semigroup which will be denoted by [P, E, ¢].

Theorem 2.2. The semigroup S = [P, E, ¢] given by the above construction is an (m, n)-
quasi-ideal semigroup.

Proof. LetQ be asubsemigroup ofSand Q* = Q\E. Lets € QMSNSQ". Thenitiss =
pd =tqgwherep = x1X2...Xm € Q™, g =y1Y2...¥n € Q", X1, X2, ..., Xm, Y1, Y2, -+, Yn €
Qandd,teS. Itis enough to consider the following cases:

1 pgqeQ’, dteP

11. s=pd=1tq e P, thens e (Q*)"P N P(Q*)" C Q*since P is an (m, n)-quasi-
ideal partial semigroup.

1.2. s=pd=1tqeE,then

s* = pdtq = p(P)p(A)e®)P(a) = P(P)p()
(p(pmax{m,n}+l)(p(q) — (p(pmax{m,n}+lq) — pmax{m,n]+1q c Q

Other cases can be considered analogously. Hence, Q is an (m, n)-quasi-ideal of S
and so S is an (m, n)-quasi-ideal semigroup. O

S

Definition 2.1. A subsemigroup Q of a semigroup S is an (m,n)-duo quasi-ideal
of Sif

Q"SNSQ"cQ and Q"SNSQ"cCQ

where m,n € INU{0}. A semigroup S is an (m, n)-duo quasi-ideal semigroup if each
subsemigroup of S is an (m, n)-duo quasi-ideal of S.
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Itis clear that a class of (m, n)-duo quasi-ideal semigroups is a subclass of a class
of (m, n)-quasi-ideal semigroups. Putting n = 1, we have (m, 1)-duo quasi-ideal
semigroups.

If P is a partial semigroup then the notions of (m, n)-duo quasi-ideal and (m, n)-
duo quasi-ideal partial semigroup are defined analogously by the above.

The semigroup S given in Example 1 is an (4, 1)-duo quasi-ideal semigroup and
P =S\ E(S) is an (4, 1)-duo quasi-ideal partial semigroup.

Let in Construction 1 P be an (m, 1)-duo quasi-ideal power breaking partial
semigroup. Then we prove the following

Theorem 2.3. A semigroup S is an (m, 1)-duo quasi-ideal semigroup if and only if S =
[P, E, ¢].

Proof. Let S be an (m, 1)-duo quasi-ideal semigroup. The proof that S = P U E(S)
where P is a partial power breaking (m, 1)-duo quasi-ideal semigroup and E(S) is a
rectangular band and an ideal of S is analogous with the proof in Theorem 1.

Letp : S=PUE(S) — E(S) be a mapping defined by ¢(x) = ey such that
ey is the idempotent in < x >. Since a class of (m, 1)-duo quasi-ideal semigroups
is a subclass of a class of (m, 1)-duo ideal semigroup, we have that mapping ¢ is
epimorphism [9].

The operation on S is defined in the following way:

Xy = Xy, asinPifx,ye Pandxy isdefinedinP,
Y71 2=0@ = p(x) = pp(y) ~otherwise.

It follows that the operation on S is defined in the same way as Construction 1, and
soS=[S,P,¢].

Conversely, suppose that S = [P,E, ¢] = T where P is an (m, 1)-duo quasi-ideal
power breaking partial semigroup. The proof that T is an (m, 1)-duo quasi-ideal
semigroup is analogous with the proof of Theorem 2. Consequently, S is an (m, 1)-
duo quasi-ideal semigroup. O

3. The matrix representation for (m, n)-quasi ideal semigroups

In this section we describe the class of (m, n)-quasi-ideal semigroups by matrix
representation.
Construction 2. Let E = | X Y be a rectangular band and let Q be a partial (m, n)-
qusi-ideal power breaking semigroup suchthat ENQ = &. Let& :p — &, be
a mapping from Q into the semigroup T(l) of all mappings from | into itself and
n:p — npbeamapping from Q into T(J).

For all p,q € Q let:

(1) PaeQ = &pg = Epcy, Mpa = Moo,
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(i) pg ¢ Q = &p&q = cons., Mp1g = Cons.,

Let us define a multiplication on S = E U Q with:
@ (@, )k =qaD,

(b) p, J) = (i&p, J),

© @, )p=(ijnp),

(d) pag=reQ = pg=res,

(€) Pq¢Q = pa=(ie&p, J1pMa)-

Then S with this multiplication is a semigroup, [1], [6] and [12, 14].

A subsemigroup B of S is of the form B = Eg U Qg, where Eg = Ig X Jg, (Ig C
I,Jg € J) is a rectangular band and Qg is a partial subsemigroup of Q.

If for p,q € Qg, p € QF, g € Q the following condition holds:
(iii) 1l — g, g — JB
then asemigroup which is constructed in this way will be denoted by M(1, J, Q, &, 7).

Theorem 3.1. Semigroup S is an (m, n)-quasi-ideal semigroup if and only if S is isomor-
phic to some M(l, J, Q, &, n).

Proof. LetS be an (m, n)-quasi-ideal semigroup, then S is an (m, n)-ideal semigroup.
By Theorem, [1], we have that S is isomorphic to a semigroup M(l, J, Q, &, ).

Conversely, let S = M(1,JQ,¢&,n) and let B be a subsemigroup of S. Then
B =Eg UQg, Where Eg = Ig X Jg, (Ig C I, Jg CJ)is arectangular band and Q is a
partial subsemigroup of Q.

We will prove that B is an (m, n)-quasi-ideal of S.
Since Eg is an ideal in B, we have

B? = (Eg U Qs)(Es U Qs) = E3 UEsQs U QeEps U Q3 = Eg U Q3,

and so, by induction, we conclude that B? = (Eg U Qg)° = Eg U Qg for every p € IN.
Now

B™S N SB" = (Eg U Qg)™S N S(Eg U Qp)"
= (Es UQg)SN S(Es U QR)
= (EsS N SEg) U (EsS N SQg) U (Qg N SEg) U (Qg N SQR).

Now we will consider the set

EgSN SEg = {ea = hele, f € Eg,a,b € S}.
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Since E = | x Jis a rectangular band and ideal on S we have
ea = e’a =eea = ebf = e(eh)f =ef € Eg.
Hence
(3.1) EsS N SEg C Es.
We will consider the set
EeSNSQg =fea=bqlecEgabeSqeQgl.
Thenea =hqg € E. Letthisbee = (i, j) € Eg = Iz X Jg. We have the following cases:
(2.1) Ifa,be Q,qe Qp € Qg then (i, j)a=bg and
(i, Da = (i, )*a = (i, ))ba = (i, ine)a = (i, jnona),
so by (iii) it follows that

(i/ Jrla) = (I/ Jﬂbﬂq) € EB C B.

(2.2) Ifa,b € Q,q € Eg, then it is case (1).
(2.3) LetaeE,beQ,qeQg, thena=(k I)and (i, I) = (i, )k, I) = bg. Now

(i, ) = (i, Dba = (i, Inong) € Es.

(2.4) Letae Q,beE,qe Qg,thenb = (k1) and (i, j)a = (k, 1)g. Now

(i, ina) = (i, ina)® = (i, ina)(k, 11g) = (i, Inq) € E.

(2.5) Leta,b € E, qe Qg, thena = (k 1), b = (K, 1), (i, j)(k 1) = (k’,I')q and

i,)=K,I'n) = (i,I'ng) €Eg.

(2.6) IfacE, beQ, qeEg,thenitiscase (1).
(2.7) Ifae Q, b €E, qe€Eg, thenitis case (1).
(2.8) Ifa,b € E, q € Eg, then itis case (1).

By the above it follows that

(3.2) EgSN SQR C En CB.
B Q
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Similarly we have that

(3.3) Q'S N SEs CB.

Finally, we will consider the set
QpSNsSQp ={pa=hqlpeQp, qeQg, a,bes}
Then we have the following cases:
(4.1) Ifp,geQp, a8, b e Qthen
pa=hg e QFQNQQE € Qs CB.

(4.2) Ifp,ge Qp, a,b e Qandpa=hqg € E, then by (e) it follows
pa = (iéaép/ jrlpna) = bq = (igqéb/ jﬂbﬂq)
and so by (iii) we have

pa = bq = pabq = (icalp, jnp1g) € Es € B.

(4.3) IfpeEg, a,beQ, beQpthenitiscase (2).

(4.4) Fromp,q € Qg, a€ E, b € Q follows bg € E and, for a = (i, j) and (e), it
follows that pa = (i&p, J), bq = (i€&s, j11g). SO

pa = bg = pabg = (i&p, jnung) € Es € B.
(45) Ifp,ge Qp, a€Q, b=(i,]) € Ethen pa = (i£a&p, jnpna) = bg = (i, jng) and
S0 (i&ap, Jng) € Es.
(46) Ifp={(i,j)eEs a=(k 1) €E, beQ, ge Qg thenitiscase (2).
(4.7) Ifp={(i,j)€Eg acQ, bekE, qe Qg thenitis case (2).
(4.8) Ifp={(i,j)€Eg, a,beQ, q= (k) € Eg then it is case (1).
(49) IfpeQg, a=(k1)€E, beQ, qe Egthenitiscase (3).
(4.10) If pe Qp, a=€Q, b eE, qeEgthenitis case (3).

(411) If p € QB/ a= (II J) € E/ b = (k/ I) € E/ q € EB then pa = p(l/ J) = (igp/ J) =
bg = (k, I)g = (k, Ing) and so

pa = bg = (i&, Inq) € Eg C B.

(4.12) IfpeEg, a,beE, qe Qg then itis case (2).
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(4.13) If p,qge Eg, ac E, b e Qthenitis case (1).

(4.14) Ifp,qe Eg, a€ Q, b e Ethenitis case (1).

(4.15) IfpeQg, a,b € E, q € Eg then itis case (3).

(4.16) If p,q € Eg, a,b € Ethenitis case (1).

There are no other cases. Hence

(3.4)

QUS NSQR € B.

By (1), (2), (3) and (4) we have that B™S N SB" C B, B is an (m, n)-ideal of S and
S is an (m, n)-quasi-ideal semigroup. O
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