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ON COMMON FIXED POINT FOR SEQUENCES OF MAPPINGS IN CONE
METRIC SPACE ∗

Dejan Ilić and Ljiljana Gajić

Abstract. In this paper the existence of a common fixed point for sequences in cone metric
space will be considered. Some recent results of Lj. Gajić, T. Taniguchi, Sh. Rezapour
and R. Hamlbarani will be generalized.
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1. Introduction

The existence of a common fixed point for several mappings is studied in many
papers (see [3], [4], [6], [9], [11]). In this paper we will consider the existence of a
common fixed point for sequences in cone metric space.

Huang and Zhang [7] replaced the field of the real numbers by an ordered
Banach space and defined cone metric space. They have proved some fixed point
theorems for contractive mappings on cone metric spaces.

Let us recall some results and notations from the theory of cone metric spaces
(see [1], [2], [5], [8], [10]).

Let E be a real Banach space. A subset P of E is called a cone if the following
conditions hold:

(i) P is closed, nonempty and P � {0} ;
(ii) a, b ∈ R, a, b ≥ 0, and x, y ∈ P imply ax + by ∈ P;

(iii) P ∩ (−P) = {0} .
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x ≤ y

if and only if y − x ∈ P. We shall write x < y to indicate that x ≤ y but x � y, while
x� y will stand for y − x ∈ intP (interior of P).
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Let E be a normed space and P a cone and ≤ the partial ordering defined by
P. Then, P is called normal if there exists a positive number K > 0 such that for all
x, y ∈ P,

0 ≤ x ≤ y implies ‖x‖ ≤ K
∥∥∥y∥∥∥ .(1.1)

The least positive number K satisfying (1.1) is called the normal constant of P. It
is clear that K ≥ 1.

Definition 1.1. Let X be a nonempty set. Suppose that the mapping d : X×X 
→ E
satisfies:

(d1) 0 ≤ d
(
x, y
)

for all x, y ∈ X;

(d2) d
(
x, y
)
= 0 if and only if x = y;

(d3) d
(
x, y
)
= d
(
y, x
)

for all x, y ∈ X;

(d4) d
(
x, y
) ≤ d (x, z) + d

(
z, y
)

for all x, y, z ∈ X.

Then d is called a cone metric on X and (X, d) is a cone metric space.

It is known that the class of cone metric spaces is bigger than the class of metric
spaces [10].

Example 1.1. Let E = l1,P =
{{xn}n≥1 ∈ E : xn ≥ 0, for all n

}
,
(
X, ρ
)

be a metric space and

d : X × X 
→ E defined by d
(
x, y
)
=
{
ρ(x,y)

2n

}
n≥1
. Then (X, d) is a cone metric space.

Example 1.2. Let X = R,E = Rn and P = {(x1, ..., xn) ∈ Rn : xi ≥ 0} . it is easy to see that
d : X×X 
→ E defined by d(x, y) = (|x− y|, k1 |x− y|, . . . , kn−1|x− y|) is a cone metric on X,where
ki ≥ 0 for all i ∈ {1, ...,n − 1}.

Example 1.3. Let E = C1
R

([0, 1]) with norm
∥∥∥ f
∥∥∥ = ∥∥∥ f

∥∥∥∞ +
∥∥∥ f ′
∥∥∥∞ . The cone P =

{
f ∈ E : f ≥ 0

}
is a non-normal cone.

In the following we suppose that E is a Banach space, P is a cone in E with intP � Ø
and ≤ is the partial order on E with respect to P.

Definition 1.2. [7] Let (X, d) be a cone metric space, x ∈ X and {xn}n≥1 a sequence
in X. Then

(i) {xn}n≥1 converges to x if for every c ∈ E with 0 � c there is a natural number
N such that d (xn, x)� c for all n ≥ N.We denote this by limn xn = x or xn → x.

(ii) {xn}n≥1 is a Cauchy sequence if for every c in E with 0 � c, there is a natural
number N such that d (xn, xm)� c for all n,m ≥ N.

(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.
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2. Main results

In this section we will present main results of this paper.

Theorem 2.1. Let (X, d) be a complete cone metric space, S,T : X 
→ X be continuous
functions, Aj : X 
→ SX ∩ TX, ( j ∈ N) mappings commutative with S and T and for
i, j ∈N, i � j, and each x, y ∈ X

d(Aix,Ajy) � q · d(Tx, Sy),

for some q ∈ (0, 1). Then there exists a unique common fixed point for family {Aj}, S and
T.

Proof. For x0 ∈ X let us define a sequence {xn} in X such that for all n ∈N
Tx2n−1 = A2n−1x2n−2,

Sx2n = A2nx2n−1.

We shall prove that the sequence

yn =

{
Txn , n = 2k − 1
Sxn , n = 2k

is a Cauchy sequence.
For n = 2k, we get

d(yn, yn+1) = d(Sx2k,Tx2k+1) = d(A2kx2k−1,A2k+1x2k)
� q · d(Tx2k−1, Sx2k) = q · d(A2k−1x2k−2,A2kx2k−1)
� q2 · d(Sx2k−2,Tx2k−1)

� . . . � q2k · d(Sx0,Tx1) = qn · d(Sx0,A1x0)

Evidently, same estimation is valid for n = 2k − 1.
So, for any n, p ∈N we have that

d(yn, yn+p) �
n+p−1∑

k=n

d(yk, yk+1) �
n+p−1∑

k=n

qk · d(Sx0,A1x0) �
qn

1 − q
d(Sx0,A1x0).

Let 0 � c be given. Choose δ > 0 such that c + Nδ(0) ⊂ P, where Nδ(0) = {y ∈
E, ‖y‖ < δ}. Also, choose a natural number n0 such that qn

1−q d(Sx0,Tx1) ∈ Nδ(0), for
all natural n � n0.

Then, d(yn, yn+p) � c for all n, p ∈ N and n � n0. Hence {yn} is a Cauchy
sequence and it is true even when P is non-normal cone. Since (X, d) is a complete
cone metric space there exists z ∈ X such that limn yn = z, and consequently
limn Tx2n−1 = limn Sx2n = z. We shall prove that Sz = Tz.
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Using commutativity it follows

d(TA2nx2n−1, SA2n+1x2n) = d(A2nTx2n−1,A2n+1Sx2n)
= d(A2nA2n−1x2n−2,A2n+1A2nx2n−1)
� q · d(SA2n−1x2n−2,TA2nx2n−1)
� . . . � q2n d(TSx0, SA1x0).

So there exists n1
0 ∈N such that

d(TA2nx2n−1, SA2n+1x2n)� c
2
, for n � n0.

On the other side, since S is continuous, there exists n2
0 ∈N such that

d(SA2n+1x2n, Sz)� c
2
, for n � n2

0.

Now, for n � n0 = max{n1
0, n

2
0}

d(TA2nx2n−1, Sz) � d(TA2nx2n−1, SA2n+1x2n)

+ d(SA2n+1x2n, Sz)� c
2
+

c
2
= c.

Since T is continuous and limit of convergent sequence is unique, it follows

Tz = lim
n

TA2nx2n−1 = Sz.

Now, we will prove that Akz = Tz = Sz, for any k ∈N. For 2n > k

d(Akz,TA2nx2n−1) = d(Akz,A2nA2n−1x2n−2)
� q · d(Tz, SA2n−1x2n−2).

Since, limn SA2n−1x2n−2 = Sz = Tz, for any c ∈ int P there exists n0 ∈N such that for
n � n0

d(Akz,TA2nx2n−1)� c.

Thus,
Tz = lim

n
TA2nx2n−1 = Akz, k ∈N.

Hence, it follows that AkAkz = Akz, for each k ∈N since

d(AkAkz,Akz) = d(AkAkz,Ak+1z) � q · d(SAkz,Tz)
= q · d(AkSz,Tz) = q · d(AkAkz,Akz),

implies that AkAkz = Akz, k ∈N.
It remains to prove that y = Akz = Sz = Tz is the unique common fixed point.

Suppose that there exists v ∈ X such that

Tv = Sv = Akv = v,



On Common Fixed Point for Sequences of Mappings in Cone Metric Space 111

for every k ∈N. Then

d(y, v) = d(Aky,Ak+1v) � q · d(Sy,Tv) = q · d(y, v),

so y = v. �

Remark 2.1. For S = T = �, we get An = f , for all n ∈N, and, as corollary, Theorem 2.3 [10].

Corollary 2.1. Let (X, d) be a complete cone metric space, � : X 
→ X be a continuous
mapping, f : X 
→ �(X) mapping commutative with � such that for some q ∈ (0, 1)

d( f x, f y) ≤ q · d(�x, �y),

for all x, y ∈ X. Then there exists a unique common fixed point for f and �.

Moreover, if we suppose that f (X) and �(X) are complete subspace in X we can
omit continuity of � and relax commutativity for f and �, thus improve Theorem
2.1 from [3]. �

Theorem 2.2. Let (X, d) be a cone metric space, � : X 
→ X, f : X 
→ �(X) weakly
compatible mappings and let f (X) or �(X) be complete subspaces in X. If for some q ∈ (0, 1)

d( f x, f y) ≤ q · d(�x, �y)

for all x, y ∈ X, then there exists a unique common fixed point for f and �.

Proof. Let {�xn} be defined as �xn = f xn−1, n ∈ N, for some x0 ∈ X. As in
previous theorem one can prove that it is Cauchy and so a convergent sequence.
For z = lim �xn there exists p ∈ X such that �p = z. Inequality

d( f p, �xn) = d( f p, f xn−1) � q · d(�p, �xn−1),

implies that lim �xn = f p so, by uniqueness of limit point, f p = �p.
Since ω = f p = �p is a unique point of coincidence, by Proposition 1.4 [3], ω is

a unique common fixed point for f and �. �

Theorem 2.3. Let (X, d) be a complete cone metric space, and {As}, {Bp}, s, p ∈N be two
sequences of mappings from X to X. Suppose that following conditions are satisfied:

a) there exists a q ∈ (0, 1) such that

d(A2n−1x,A2ny) � q · d(B2n−1x,B2ny),
d(A2nx,A2m+1y) � q · d(B2nx,B2m+1y)

for all m � n, m, n ∈N and all x, y ∈ X,

b) A2nB2m = B2mA2n and A2n−1B2m−1 = B2m−1A2n−1,
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c) B2nB2m = B2mB2n and B2n−1B2m−1 = B2m−1B2n−1,

d) A2n−1(X) ⊆ B2n(X) and A2n(X) ⊆ B2n+1(X).

If each Bq, q ∈ N, is continuous, then there exists a unique common fixed point for two
sequences {As} and {Bp}, s, p ∈N.

Proof. Let x0 be an arbitrary point in X. By the condition (d), there exists a point
x1 ∈ X such that A1x0 = B2x1. Inductively, we can define the sequence {xn} such
that

Anxn−1 = Bn+1xn, n ∈N.(2.1)

Let us show that {Bnxn−1} is a Cauchy sequence. By (2.1) and condition (a), we
obtain that for every n ∈N, n ≥ 3,

d(B2n−1x2n−2,B2nx2n−1) = d(A2n−2x2n−3,A2n−1x2n−2)
� q · d(B2n−2x2n−3,B2n−1x2n−2)
= q · d(A2n−3x2n−4,A2n−2x2n−3)
≤ q2 · d(B2n−3x2n−4,B2n−2x2n−3)
� . . . � q2n−2d(B1x0,A1x0)

So we have that

d(Bnxn−1,Bmxm−1) ≤ qn−1

1 − q
d(B1x0,A1x0)

so {Bnxn−1} is a Cauchy sequence.

Let z = limn Bnxn−1. Now, since Bn, n ∈N, is a continuous, we obtain that

B2mz = B2m(lim
n

B2n+1x2n) = lim
n

B2mB2n+1x2n

= lim
n

B2mA2nx2n−1 = lim
n

A2nB2mx2n−1

and B2m+1z = limn A2n+1B2m+1x2n.

We are going to prove that B2mz = B2m+1z.

d(B2mz,B2m+1z)
� d(B2mz,A2nB2mx2n−1) + d(A2nB2mx2n−1,A2n+1B2m+1x2n)
+ d(A2n+1B2m+1x2n,B2m+1z)
� d(B2mz,B2mB2n+1x2n) + d(B2m+1B2n+2x2n+1,B2m+1z)
+ q · d(B2mB2nx2n−1,B2m+1B2n+1x2n)
� d(B2mz,B2mB2n+1x2n) + d(B2m+1B2n+2x2n+1,B2m+1z)
+ q · d(B2mB2nx2n−1,B2mz) + q · d(B2mz,B2m+1z)
+ q · d(B2m+1z,B2m+1B2n+1x2n).
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For any c ∈ int P, there exist n1
0 ∈N such that, for n � n1

0,

d(B2mz,B2mBnxn−1)� 1 − q
1 + q

c

and n2
0 ∈N such that, for n � n2

0,

d(B2m+1z,B2m+1Bnxn−1)� 1 − q
2(1 + q)

c

Obviously, for n � n0 = max{n1
0, n

2
0}

(1 − q)d(B2mz,B2m+1z)� (1 − q) c,

so d(B2mz,B2m+1z) � c for any c ∈ int P, which implies that d(B2mz,B2m+1z) = 0 e.t.
B2mz = B2m+1z.

Similarly we can prove that d(B2m+1z,B2m+2z) = 0, m ∈N∪ {0} and we have that

Bmz = Bm+1z, for m ∈N.
Now, we shall prove that Anz = Bnz, for all n ∈N.

If m � n, then

d(B2n+1B2m+2x2m+1,A2nz) = d(A2m+1B2n+1x2m,A2nz)
� q · d(B2m+1B2n+1x2n,B2mz).

Since limm B2n+1Bmxm−1 = B2n+1z = B2nz, it follows

A2nz = lim
m

B2n+1 B2m+2 x2m+1 = B2n+1z.

Similarly, B2nz = A2n−1z, for all n ∈N, so

An+1z = Anz = Bnz = Bn+1z, for n ∈N.
Hence z is a coincidence point for the sequences {As} and {Bp}.

Furthermore, for any n ∈N, we obtain

d(A2nz,A2n+1A2n+1z) � q · d(B2nz,B2n+1A2n+1z)
� q · d(A2nz,A2n+1A2n+1z),

which implies d(A2nz,A2n+1A2n+1z) = 0, n ∈N.
Therefore, we obtain that u = Ap(u) = Bp(u), p ∈N, setting u = Amz.
Let us prove that u is the unique fixed point of {As} and {Bp}. If there exists w,

such that w = Asw = Bpw, for all s, p ∈N, then

d(u,w) = d(A2m−1u,A2mw) � q · d(B2m−1u,B2mw)
� q · d(u,w),

so d(u,w) = 0, which means that w = u, �.

Remark 2.2. If (X, d) is metric space(in usually sense) we obtain T. Takeshi fixed point result
[11].



114 Dejan Ilić and Ljiljana Gajić
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