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Abstract: The influence of curvature estimation on the 3D mesh topological and 

geometric stability is considered in this paper. It can be shown that, in the case of the 

most commonly used methods for local curvature estimation, the nontrivial calculus of 

curvature can lead to mistakes and treat as noise holders of shape. Therefore, new 

algorithms for solving problems in every step of these processes are proposed. The 

proposed algorithms are simple and quick from the viewpoint of the mathematical 

calculations, because they assume only a few extra steps in the algorithm of curvature 

evaluation. Besides, the new approach provides more accurate results then other 

approaches, and also reduces the possibility of 3D mesh geometry damages. 
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1. INTRODUCTION 

One of the most complicated processes in the field of geometry of three-dimensional 

(3D) models is the curvature estimation and calculation. Ambiguous discrete 

representation of the 3D model has caused a number of different approaches in the 

evaluation of these important characteristics. All approaches basically rely on Gauss [1] 

and Riemann's [2] work in the field of geometry of smooth curved surfaces. However, 

different topologies require specific mathematical representation of discrete geometric 

formulation. 

Earlier definitions described continuous closed surfaces without boundaries, but the 

considerations of these areas exactly, as well as sharp edges fields conclude that the 
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curvature estimation of generalized closed surfaces gives disastrous results in the above 

mentioned regions. This paper explains error in Gaussian curvature calculation in sharp 

regions and proposes a new method for its minimization based on accurate calculation of 

the neighboring area at the point of calculations. 

3D model, as opposed to one-dimensional audio, two-dimensional digital image [3] or 

video [4], is essentially defined by the position of vertices and faces, and the space 

between them is an empty space. This space is, only by virtual connections of points, 

shown to user as a solid body. This is a difficult obstacle if we want to apply curvature 

estimation method of two-dimensional media to 3D mesh. 

The practical implementation of curvature evaluation can usually be seen in the 

processes of optimization and simplification [5], triangulation, smoothing and noise filtering 

of meshes obtained by 3D scanning, as well as 3D representation and precise definition of 

robotic space. Better estimations of 3D structure are crucial in the sense of space objects 

recognition. In modern automatic systems, as robotic surgery e.g., it is absolutely clear that 

successive control and precision of robotic motion are strictly dependent on 3D surface 

characterization. More generally, we have proven the multidisciplinary usability of 3D mesh 

characterization using a theoretical aspect in the field of the data hiding [6]. In all the 

mentioned fields noise filtering process is actually a subject of our research. It shows the 

consequence of incorrect local curvature evaluation to results of triangulated surface mesh 

noise filtering.  

The paper is organized as follows: the second section explains standard 3D formats, as 

well as comparison of the basic stability of a certain primitive in relation to formats of a 

3D object. The third section gives the definitions of curvature notion and describes 

mathematical formulation of different curvature estimation methods. In this section we 

also explain errors of maximal curvature computations at discrete set of points. Section 4 

indicates the stability of vertices with the proper choice of local curvature estimation 

method, and gives a good solution for precise calculation. 

2. BACKGROUND OF 3D MODEL REPRESENTATION 

We have already mentioned that the 3D model format is represented with two basic 

sets of data: the Euclidean spatial coordinates of vertices and their order sequence for 

faces forming. It can be experimentally shown that the order of vertices coordinates does 

not affect the geometric features, but the order of vertices in faces forming significantly 

changes the topology of 3D mesh, and these faces, such as primitives, are classified as 

unstable carriers of information. 

In Fig. 1 one may see different arrangements of faces in 3D format of the pyramid. 

Changing the order of faces and vertices does not affect the geometry of the model, but 

the clockwise direction of faces formation inverts the direction of normal vectors and 

makes a topological error. 

Hence, faces are not eligible for any kind of calculations and evaluation, because the 

data format changes may include re-triangulation and destroy previously formed surfaces. 

Opposed to that, vertices are stable primitives. The change of format will not affect their 

coordinates. Since the vertices are specified only by their coordinates, and not by 

sequence order in data files, it can easily be proved that even a change of coordinates due 
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to the whole mesh rotation or a change of the position and direction of the coordinate 

axes, will not interfere with geometric and topological structure of the mesh. But, 

following this logic, vertices may also be hosts of noise and any noise filter may cause a 

significant changes of its position in space. 

  

 (a) (b) (c) 

Fig. 1 (a) Faces forming by original vertices order. (b) Clockwise forming vertices order. 

(c) The top view rendering of both cases. 

3. SURVEY OF CURVATURE ESTIMATION METHODS 

The notion of curvature originates from Gauss work in differential geometry [1]. To 

begin, we define the Euler characteristic [4] 

 ( , )M T V E F     (1) 

for a given triangulation T  of a surface M  in three-dimensional space 3  with V  vertices, 

E  edges, and F  faces. Now we may write a generalized Gauss-Bonnet theorem, which 

gives implicit expression to the Gaussian curvature calculus. For a surface with boundary M , 

made by triangulation T  if ,  1,  , k k l   are exterior angles of boundary M , then [7]: 
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     (2) 

where dA  is unit area of surface M , and K  denotes normal local Gaussian curvature of 

dA . The special case when M  is a compact, oriented surface without boundary is: 

 2 ( , )
M

KdA M T  (3) 

From differential geometry we also know that two principal curvatures 1  and 2  of 

the surface M, with their associated orthogonal directions 
1e  and 

2e  are the extreme 

values of all normal curvatures. The mean curvature κH is defined as the average of the 

normal curvatures 1 2( ) / 2H    . The Gaussian curvature G  is defined as the 

product of the two principle curvatures 1 2G   . Today, the most common methods for 

curvature estimations are given by the algorithm of Mayer et. al [8] and quadric fitting 

method for estimating surface curvature by Petitjean [9]. Discrete curvature estimation 

based on differential geometry approach by Mayer et. al [8]:  
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For the given quadric form 2 2Z aX bX Y cY        expressions for the principal 

curvature and Gaussian and mean curvature calculus are [9]: 
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where coefficients of the quadric a, b and c are solvations of last squares equations: 
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However, the estimates of the curvature using a quadric are sensitive to estimates of the 

surface normal method based on differential geometry estimates of maximal curvature at 

points which are actually topological errors. The solution for eliminating the deficiency of 

the first method is suggested through an extended quadric by Garimela and Swartz [10]: 

 2 2' ' ' ' ' ' 'Z aX bX Y cY dX fY      (7) 
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We recommend improving the estimation accuracy of methods based on discrete 

differential geometry, because the previous method does not give accurate results in 

estimating the local curvature even with the improvements. However, note that global 

estimation with the extended quadric method is more accurate [11]. 

For study invariance of geometry and topology to the surface filtering processes the 

local curvature estimation is more important than global. Our approach is based on a more 

accurate calculation of the neighboring area at the  point of interest. Instead of Voronoi 

area, which does not give good results for obtuse triangles, we suggest a barycentric area. 

For each point of interest xi there are N(i) triangles, adjacent to xi, where i is its interior 

angle that is formed by two adjacent edges ej and ej1. At the case of finite 3D mesh, points 

x  are marked as vertices v  and angle between edges 1i jv v   and 1j jv v   is defined as ij and 

shown in Fig. 2. Then the Barycentric area at the point of interest xi is given: 
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Fig. 2 The triangular face and relevant parameters at vertex vi and its neighbors vj and vj-1. 

Barycentric area for each point of interest vi is calculated as a sum of all adjacent 

triangles of barycentric areas, which are formed by midpoints of adjacent edges and  the 

triangle barycenter(fig 2). Thus, the shape and the accuracy of the adjacent area is 

converging to infinitesimal elliptical area by differential geometry definition. 

In order to achieve greater convergence of the area we can introduce another term, which 

represents the relationship between the angle  at vertex and length of edges around it. 
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If  is the angle at vertex i, l
2
 squared length of edge around it, using the expression 

(7) and (8) we obtain an expression for the final converged surface of the area: 

 ConvergT B   (11) 
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However, we will show that experimental results indicate that estimation accuracy is 

mostly dependent on the angle  at vertex, and less than length of the edges and the 

theoretical region convergence. Indeed, this argument is valid for measuring the stability 

of certain areas, but for determining a shape of meshes and define the difference between 

noise and the shape, the convergence region is crucial. 

4. TOPOLOGICAL AND GEOMETRIC STABILITY OF 3D MESH IN RELATION TO NOISE 

FILTERING 

Our improvement achieves more accurate approximation of the elliptic area, and also 

achieves more accurate estimation of the local curvature and the increased resistance to 

the filtering and fairing parts of mesh surface. These processing operations fundamentally 

include local curvature estimation. Minimizing curvature energy [12]: 
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 ( , ) ( , ) ( ) ( , )dist rep sprE K V E K V E K E K V    (13) 

is the final step to noise filtering surfaces of the mesh. 
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Noised surfaces are actually geometric bubbles, which are usually formed by one 

vertex with high local curvature. Rarely (but it is not impossible) two vertices or first ring 

of adjacent vertices may create noise bubbles [13]. 

Nevertheless, curvature of the first ring of adjacent vertices affects the shape features and 

it is very important to precisely evaluate gradient of curvature at vertices and their first ring 

of neighbors. If a gradient has the same sign as the estimated curvature, then this vertex and 

its first ring of neighbors we have to treat as parts of a geometric shape. Otherwise, this 

vertex is probably noise vertex, and it may be filtered like other noise signals. 

Therefore, we propose a new algorithm to curvature estimation in the form of an 

additional step in the iteration of curvature calculations. The next step includes calculating 

the gradient of curvature at each vertex of the first ring of neighbors, as well as comparison 

of the obtained values with the value of local curvature at vertex. 

5. EXPERIMENTAL RESULTS OF THE CURVATURE EVALUATIONS 

We have performed several tests of evaluation of Gaussian and mean curvature using 

discrete differential geometry and fitting quadrics methods. 

  

Fig. 3 The plot of Gaussian and mean curvature estimation respectively. Red colored 

areas are regions with a high level of curvature. The blue areas have low values of 

curvature.  
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Fig. 4 The plot of Gaussian and mean curvature estimation computed by local differential 

geometry method. 

In processes of the global curvature evaluation and shape recognition a dominance of 

quadrics fitting method, compared to the differential geometry method, is obvious. 

In the case where 3D mesh is subjected to a simplification process, red dots mark 

vertices whose coordinates remained unchanged after the mentioned process. 

  

Fig. 5 Plot of stabile vertices (red dots) extracted by Gaussian curvature estimation 

computed by fitting quadric method. 



34 J. NIKOLIĆ, B. VASIĆ 

  

Fig. 6 Plot of stabile vertices extracted by Gaussian curvature estimation, computed by 

local differential geometry method  [11][14]. 

It is obvious that the estimated regions are rather wide with the fitting quadrics 

method, so we can see in figures (Fig. 5) wrong selection of vertices with high curvature 

values. Our method of calculating local differential geometry has a significant advantage 

in extraction of stable vertices (Fig. 6). These vertices survived decimation during the 

simplification process and, at the same time, represent vertices with very important 

geometric features. One can see the order of magnitude of a greater number of red marked 

vertices shown in Fig 6, then ones that are shown in Fig 5. 

6. CONCLUSION 

Explanations and descriptions of the most commonly used methods for local curvature 

estimation show that nontrivial calculus of curvature can lead to mistakes and be treated 

as noise holders of a shape. We conclude that the effect of local curvature estimation is 

essential for the proper treatment of geometry in the filtering or fairing surfaces of the 

given 3D mesh . We also proposed new algorithms for solving problems on every step of 

these processes. 

Solutions which we have suggested are simple and quick from the viewpoint of 

mathematical calculations, because they assume only a few extra steps in the algorithm of 

curvature evaluation. This will speed up the later steps of curvature energy computation 

and filtering process. Our new approach provides more accurate results then other 

approaches, and also reduces the possibility of 3D mesh geometry damages. 
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