-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Edinburgh Research Explorer

Edinburgh Research Explorer

Calmness of partially perturbed linear systems with an
application to the central path

Citation for published version:

Céanovas, MJ, Hall, J, Lopez, MA & Parra, J 2019, 'Calmness of partially perturbed linear systems with an
application to the central path', Optimization, vol. 68, no. 2-3, pp. 465.
https://doi.org/10.1080/02331934.2018.1523403

Digital Object Identifier (DOI):
10.1080/02331934.2018.1523403

Link:
Link to publication record in Edinburgh Research Explorer

Document Version_:
Peer reviewed version

Published In:
Optimization

General rights

Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy

The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

OPEN ACCESS

Download date: 23. Oct. 2019


https://core.ac.uk/display/228379553?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1080/02331934.2018.1523403
https://www.research.ed.ac.uk/portal/en/publications/calmness-of-partially-perturbed-linear-systems-with-an-application-to-the-central-path(b1aa3ee2-2757-440b-a9c7-ba018bcc7414).html
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Abstract

In this paper we develop point-based formulas for the calmness
modulus of the feasible set mapping in the context of linear inequal-
ity systems with a fixed abstract constraint and (partially) perturbed
linear constraints. The case of totally perturbed linear systems was
previously analyzed in [9, Section 5]. We point out that the presence
of such an abstract constraint yields the current paper to appeal to a
notable different methodology with respect to previous works on the
calmness modulus in linear programming. The interest of this model
comes from the fact that partially perturbed systems naturally appear
in many applications. As an illustration, the paper includes an exam-
ple related to the classical central path construction. In this example
we consider a certain feasible set mapping whose calmness modulus
provides a measure of the convergence of the central path. Finally, we
underline the fact that the expression for the calmness modulus ob-
tained in this paper is (conceptually) implementable as far as it only
involves the nominal data.
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1 Introduction

In this paper we consider a parametrized linear inequality system written in
the form
{ze€C; ajx <b, tel}, (1)

where z € R" is the vector of decision variables, ) # C C R™ is a closed
convex set , I is a nonempty finite set and

(a,b) := (as, by)er € (R™ X ]R)I

is the parameter to be perturbed around a nominal value (d, 5) = (Et, Bt)te[ .
The case of ordinary linear systems, when C' = R", is included in the current
setting (‘C’ is understood as the nonstrict inclusion). We also assume that
a: # 0, for all ¢ € I. Along the paper, vectors in R™ are considered as
column vectors and the prime represents the transpose (so, ajz is the usual
scalar product of a; and x).
In this context, we consider the feasible set mapping, F : (R™ x R)I =
R™, given by
Flab):={zeC|aw<b, tel}, (2)

for all (a,b) € (R™ x R)’. Observe that C remains fixed in our analysis, i.e.
it is not subject to perturbations; recall that ‘x € C’ is called an abstract
constraint.

It is well-known that any closed convex set may be written as the solution
set of a linear semi-infinite inequality system (see [15] for a comprehensive
study of such systems), so F can be seen as the feasible set mapping as-
sociated with a partially perturbed linear system. Formally, we can write
(alternatively to (2))

F(a,b)={zeR"|ca<ds, s€U; ajz <by, tel},

for some (possibly infinite) index set U, disjoint with I, which is used for
describing our abstract constraint as an ‘unperturbed’ system of linear in-
equalities.

The main goal of this work is to compute the calmness modulus of F at
the nominal element ((6, 5) ,f) € gphF (the graph of F;ie.,T € F (6, 5) ).
As an immediate antecedent, the reader is addressed to [9, Section 5] where a
formula for the calmness modulus of the F in the setting of totally perturbed
linear systems (with U = () is provided. To this respect, the current work
generalizes to systems (1) the results of [9, Section 5].



At this moment, we underline the fact that the inclusion of such an
abstract constraint in the current paper entails notable differences with re-
spect to the referred previous works; in fact, the technical tools from convex
analysis (specifically, from subdifferential calculus) used here and, more gen-
erally, the methodology followed in this paper are completely different from
previous works, where more direct algebraic arguments of finite Euclidean
spaces are applied.

Roughly speaking, the calmness modulus of F at ((6, 5) ,T) provides
the ratio of local enlargement of the feasible sets (around the nominal
T e F (E, 5)) with respect to perturbations of the data, and the calm-
ness property prevents abrupt local enlargements (with a nonlinear rate)
with respect to the parameter perturbations. See Subsection 2.2 for the
formal definitions. The calmness property plays a key role in many issues
of mathematical programming like optimality conditions, error bounds or
stability of solutions, among others; the reader is addressed to the mono-
graphs [11, 24, 33, 38] for a comprehensive study of this and other variational
properties. In the last decades there has been a growing interest in criteria
for calmness and related concepts, as local error bounds (see, for instance,
[4, 12, 18, 19, 22, 25, 27, 31]), or Hoffman constants (see, e.g., [26, 28, 29]).
See [20, 21], in the context of single-valued maps, for the study of this prop-
erty in connection with necessary optimality conditions.

As an illustration, in Section 4, we study a certain feasible set mapping
appearing in connection with the well-known central path construction; see,
e.g., the classical works of [30] and [32], and references therein (see also
[6, Chapter 9] for some details and additional references). Specifically, we
consider a linear programming problem in standard form, (P), and for each
p > 0 the associated logarithmic barrier problem, (P,),

(P) min =z (Py) min daz—pd>.", log;
s.t. Az =0, st. Az =0, (3)
X 2 0717 x > 0n7

where z € R”, ¢ € R", 0, is the null vector in R™, A is a m X n real matrix
and b € R™. Under the assumptions introduced in Section 4, (P,) has a
unique optimal solution, x (1), and it can be characterized as a part of the
solution of the non-linear system which arises from the Karush-Kuhn-Tucker
(KKT, for short) optimality conditions. If we denote by (z (1) ,y (1), 2z (1))
the complete solution of this KKT system (including dual variables; see Sec-
tion 4 for details), the path {(x (1),y (©),2 (©)); > 0} is usually referred
to as the central path associated with LP problem (P); see the complete



description in [32, Section 2]. The example of Section 4 provides explicit
expressions for constants k > 0 satisfying

d((z(w),y(u),zw),A)) <k for p > 0 sufficiently small, (4)

where d ((z (1) ,y (1) , 2 (1)) , A)) is the distance from (z (1) ,y (1) , 2 (1)) to
the subset A C R™ x (R™ x R™) of all pairs of primal-dual optimal solutions

of (P). At this moment, we advance that these constants k are given in
terms of the calmness modulus of a certain feasible set mapping which is
defined in (25) and of the existing limit point

(2%, 9%, 2%) = lim (2 () 5 (), ()
see [3] and [10] for the analysis of this limit point (indeed, for different
choices of penalty and barrier functions apart from the logarithmic barrier
considered in (3)).

Let us comment here that the formula for x only depends on ¢, A,
b, and on (mo,yo,zo), and so, it is conceptually implementable since it
involves only fixed elements. See Section 5 (of conclusions) for details about
the relationship between (4) and classical results as [17, Theorem 2.1 and
Corollary 2.2] on the rate of convergence of = (1) and z (1) to 2% and 2° in
terms of their derivatives.

Now we describe the outline of the paper. Section 2 provides the nota-
tion and preliminary results. Section 3 contains the main results (and the
most technical difficulties) in this paper; they are focussed on the calmness
modulus of the feasible mapping F, introduced in (2), at the nominal el-
ement ((6, 5) ,E) € gphF. This section is divided into three subsections.
Subsection 3.1 is concerned with the calmness modulus of the mapping de-
noted by Fg, corresponding to the case where perturbations fall exclusively
on the right-hand side terms by, t € I, while the left-hand side members of
the constraints remain fixed at @ (this motivates the notation Fgz). Subsec-
tion 3.2 deals with the case when C' is a polyhedral set, expressed explicitly
by means of linear inequalities. Subsection 3.3 is addressed to calculate the
calmness modulus of F for two-sided perturbed inequality systems. Section
4 applies the results derived in the previous section for obtaining an explicit
expression for constant  in (4). We finish the paper with a brief section of
conclusions.



2 Notation and preliminaries

This section gathers some necessary notation and results used in the paper.
For the sake of clarity, the section is divided into two subsections containing,
respectively, some basic tools of convex analysis in R" and some preliminaries
about calmness and local error bounds. Throughout the paper, the space of
variables, R", is equipped with an arbitrary norm, ||-|| , whose corresponding
dual norm is given by [lul|, = max,|<; [v'z| and ds refers to the distance
associated with the dual norm |||, .

2.1 Basic tools of convex analysis

Given X C R", we denote by convX, coneX and X~ the convex hull, the
conical conver hull and the (negative) dual cone of X, respectively. Remem-
ber that

X" ={zeR"|2'2<0forall z € X}.

It is assumed that coneX always contains the zero-vector, in particular
cone(()) = {0, }.

If Y is another set in R™ we define
X+Y ={z+ylzeX, yeY},

with the conventions
X+0=0+Y =0.

If A C R, we also define
AX :={ x| e A,z e X},

and A = 0X = 0.
Along this paper we also use the usual normal cone of X at x :

{zeR"|(y—a)z2<0forallye X} = (X —z)7, if z€ X,
(), otherwise.

Nx(z) := {

In the topological side, intX, riX, clX and bdX stand, respectively,
for the interior, the relative interior, the closure and the boundary of X.
Obviously, if z € intX, then Nx(x) = {0,}.

If X is convex, Farkas lemma provides the following relationship:

Nx(2)” = (X —2)” ~ = Ry (X —a),



which is nothing else but the tangent cone to X at x, denoted by Tx(z);
ie.

Nx(z)” = Tx(z).

The following lemma establishes an elementary property which is used
later in the paper.

Lemma 1 Assume that X is a convex set in R™ and T € X. If d # 0,, and
Ad > 0 are such that T+ \d € X whenever 0 < A < Ay, then

Nx (T + Ad) = Nx (z) N {d}*, for all0 < XA < Ag.

Proof. Let us see the inclusion ‘C’. Fix any 0 < A < Ag and take u €
Nx (Z 4+ A\d) ; let us show first that u € {d}*. On the one hand, if we take
any A1 > 0 such that A < A\; < Ay, since T + \d € X, we have

W (T4 Md) — (T+ X)) = (M — N u'd <0,
which entails u'd < 0. On the other hand,
W' (T — (T+ M) = —u'd < 0;

so, u'd = 0.
Now, one easily see that u € Nx (%) . Indeed, for any z € X, we have

' (x—7)=u (z— (T+ \)) <0.

Now let us establish the inclusion ‘D’. Again, take any 0 < A < A\g. We have
that,

Nx (@) N{d}*t = {ueR"| «/(z—7) <0foralzecX, v'd=0}
= {ueR"| v(z—(T+ X)) <0forall z € X, v/d=0}
C Nx(z+ Ad).

u

We say that a function f : R"™ — R U {+oo} is proper if its (effective)
domain, dom f := {x € R" | f(x) < 400}, is nonempty. We say that f is
convez (lower semicontinuous or lsc, for short, respectively) if its epigraph,
epi f := {(z,\) € R"" | f(x) < A}, is convex (closed, respectively).

The Fenchel subdifferential of f at a point z € dom f is the closed convex
set

Of(z) :={2 € R"| f(y) > f(z) + 2 (y — ) for all y € R"}.



If x ¢ dom f, then we set 0f(z) = ().
Given two proper convex functions f, g : R — R U {400}, the classical
Rockafellar qualification condition

ri(dom f) Nri(dom g) # 0 (5)
ensures that (see [37, Theorem 23.8]):
([ +g)(x) = 0f(x) + dg(x). (6)

The support and the indicator functions of X C R" are, respectively,
defined as
ox(y) :=sup{az'y | z € X}, for y € R",

assuming oy = —oo, and

Ty(z) == 0, if x € X,
XEZ 40, ifz € R\ X.

The function o x is convex (sublinear, indeed) and lsc, whereas Ix is convex
and lsc if and only if X is a closed convex set.

Given a proper convex function f : R" — R U {+oc}, if f is continuous
at x € dom f, the directional derivative function f’(z;-) is continuous and

f(@;d) = 0gp(p)(d) = max{v'd | u € df (x)}, for d € R". (7)
It is well-known that if X C R" is a convex set and x € X, then
Olx(z) = Nx(x). (8)
If X is a polyhedral set, with explicit representation
X={xeR"| dx<ds se S}
where S is a non-empty finite set, for x € X one has
Nx(x) =cone{cs | s€ S(z)}, 9)

where

S(x):={se S| cx—ds=0}.



2.2 Calmness and local error bounds

Recall that a mapping M : Y = X between metric spaces (with both
distances denoted by d) is said to be calm at (y,T) € gphM if there exist a
constant x > 0 and neighborhoods W of Z and V' of 3§ such that

d(z, M(y)) < rd(y,7) (10)

whenever x € M (y) N W and y € V, where, as usual, the point-to-set
distance d (x,Q) is defined as inf {d (z, 2) : z € Q}, and d (z,0) := +oo.

The calmness property is known to be equivalent to the metric subreg-
ularity of the inverse multifunction M~! : X = Y, given by M~ () :=
{y €Y | x € M (y)}; the metric subregularity of M~! at (Z,7) € gphM !
is stated in terms of the existence of a (possibly smaller) neighborhood W
of T, as well as a constant x > 0, such that

d(z, M (7)) < kd (Q,M_l (z)), for allz € W. (11)

An important aspect of this concept leans on the fact that the distance in
the right-hand side of (11) is typically easier to compute or estimate than
the distance in the left-hand side.

The infimum of all possible constants x in (10) (over all possible com-
binations of x, W, and V') is known to be equal (see, e.g., [11, Section 3H])
to the infimum of constants x in (11) and is called the calmness modulus
of M at (y,z), denoted as clmM (g, ), and defined as +oo if M is not
calm at (7,Z). When dealing with the feasible set mapping (2), the calm-
ness modulus may be seen as an enlargement rate of the feasible set around
the nominal point.

Recall that an extended real-valued function f : R™ — R U {400} is said
to admit a local error bound at T € R™ if

d(z,[f <0) <w[f(x)]y (12)

for a certain k > 0 and for all x in a certain neighborhood W of Z, where
[f < 0] stands for {z € R" : f (z) < 0} and [a], represents the positive part
of a € R. The following result can be traced out from [4, Proposition 2.1
and Theorem 5.1] and [27, Theorem 1].

Theorem 1 Let f : R" — RU {400} be a lower semicontinuous proper
convez function and T € R™ a point such that f(z) = 0. The following
conditions are equivalent:

(i) f admits a local error bound at T;



(i¢)  liminf d, (0,,0f (z)) > 0.
(z)>0

T—T,
Moreover, under these conditions, the infimum of those k > 0 satisfying
(12) (for some related neighborhood W) is equal to

< liminf dy (0n,df @))) o

z—Z, f(x)>0

3 Calmness for inequality systems with abstract
constraints

The present section is devoted to compute the calmness modulus of the fea-
sible set mapping F in (2), where the parameter space (R™ x R)I is endowed
with the supremum norm

at

b )|’

H(Z)H = max {||ul|, , [v|} for u € R", veR. (13)

I(a,5) o = max

with the norm in R™*! being defined as

Many results in the literature apply to the calmness of F when confined to
the case C' = R"™ (equivalently, U = ()), which is the case of [9] .

3.1 The case of RHS perturbations

For the sake of clarity, we start by considering the case of right-hand side
(RHS, in brief) perturbations. Formally, we consider F5 : Rl = R" the
feasible set mapping defined by

Fgz(b) := F (a,b) for all b e R;

where @ € (R”)[ remains fixed and b € R’ is the parameter to be perturbed.

In the case when C' = R" it is well-known that Fz is always calm at
any point of its (polyhedral) graph as a consequence of a classical result
by Robinson [36]. Observe that this is not the case for the more general
abstract /set constrained setting of systems (1) with C being a closed convex
set, not polyhedral. Just consider, for instance, the example when C' is the
closed unit ball in R? and @ = (1,0), Fz(b) := {z € C; 1 < b}. If we
consider the nominal elements b = —1, Z = (—1,0)", one easily sees that
Fz (b) is not calm at (b, 7).



Moreover, in the particular case in which C' = R", the calmness of Fg at
(b,T) € gphFz can be easily translated into the local error bound property
of the max-function defined by x — maxc; [ﬁgx — Bt] +

Coming back to the general case when C'is a closed convex set, associated
with (5, T) € gphF; we consider the proper convex Isc function sz : R" —
R U {400} given by

s5(x) == max (ayz — b)) + 1o(z). (14)

Obviously
(5 < 0] = 72 (B) = F (a.B).

Observe that the specification of (11) defining the metric subregularity of
F Lat (f, b) turns out to be equivalent to

d(z,[s; <0]) <k [s5 ()] (15)

+

for a certain x > 0 and for all  in a certain neighborhood W of z. Note
that (15), which holds trivially if x ¢ C, is nothing else but the existence of
a local error bound for s; at z; see (12).

Remark 1 If Z € F5 (b) satisfies s5(z) < 0, then clmFz(b,T) = 0, because
the continuity of the max-function appearing in (14) ensures the existence
of a neighborhood W of T such that

sy(x) <0, for all z € WNC.

So (15) trivially holds for all K > 0 and all x € W, either z € W N C or
x € WNC (where both sides of (15) are +00).

So, from now on we deal with the non-trivial case s; (Z) = 0. Therefore,
we may apply Theorem 1 to conclude the following result which constitutes
the starting point in our analysis:

Proposition 1 For T € 5 (b), with sz (Z) = 0, we have

clm]—"a(b,x):< liminf d. (0,85b(x))>_1.

T—T, sp(z)>0

The rest of this section is devoted to translate the previous proposition
into a point-based formula for the calmness modulus of 75, as an extension

10



of [9, Theorem 4] to the case when C' # R™. To start with, one easily checks
the following equality

r—7T, s5(x)>0 T—T, sp(x)>0

In this way, this subsection mainly consists of providing a a point-based

formula for the outer limit of subdifferentials Limsup,_,z sp() >0 dsy (z),

where this limit of sets is understood in the Painlevé-Kuratowski sense. The

reader is addressed to [8, Theorem 3.1] for the particular case when C' = R"™.
If we denote

my(x) 1= max (ayz — by),

then clearly domm; = R™ and since riC # ), we can apply (5), (6), and (8),
together with the well-known Valadier formula, to get

Osp(x) =0ifx ¢ C,
and

Osy () = Omy(z) + dlo(x)
= conv{a | t € ;(z)} + No(z), forall z € C,

where B
Li(x)={tel| az—b=my(xz)},

which is trivially nonempty. Moreover, (7) yields

sz (2;d) = mg (z;d) + I, 4)(d), for all d € R™, (16)
and from (16) one immediately concludes
D(z) := {d ER" [0 < s (2;d) < —I-oo}
= {d € To(z) | mj (x;d) > 0}.
Now we associate with each d € D(x) the sets
I(z;d) := {t € I;(x) | @d=mg(z;d)} and Ne(z)N {d}+.

Obviously I(z;d) is non-empty, while No(z) N {d}*+ may collapse to the
origin. It is also immediate, from (16) and the definition of I(z;d) that, for
all d € D(x), the hyperplane

Hyg:={z€eR"| dz= m’g(x;d)},

11



supports Os; (x) and
H, 4N 0z (z) = conv {a@, t € I(z;d)} + (NC(:E) N {d}L) . a7)

From now on in this section, our results are established under the addi-
tional assumption that C' is locally polyhedral, i.e.

R4 (C — x) is closed for all z € C.

So, in this case any 0,, # d € T¢ (z) is a feasible direction of C' at x since
Te (z) = clRL(C — z).

Lemma 3.2 in [2] proves that if C'is locally polyhedral, then R, (C —x) is

polyhedral at every = € C, and so, N¢ () is also polyhedral at every z € C.

Lemma 2 Consider T € F (b) with s; (Z) = 0, and assume that C is locally
polyhedral. For any d € D (T) there exists A\q > 0 such that

T4+ M € C, my(T+ M) = mi (T;d)  and (T + \d) = I(T; d),
whenever 0 < X < Ag.
Proof. Take Xd > 0 such that
Z+ Ad € C and I(T + Ad) C I;(T), whenever 0 < A < A (18)

(remember that D (Z) C T¢ (%), while the inclusion I;(Z + Ad) C I;() for
sufficiently small A comes from the continuity of m; at 7).
Now, let us show the existence of 0 < Ay < Ay such that

my (T + Ad) = Amg (T;d) , whenever 0 < A < Ad- (19)
Taking 0 < A\g < Xd such that

< —
/\dt?i?x {llall. llall} II\I}f {be — @;7}),

then, one can easily check that

max {(a@,T — b;) + A@,d} <0, for any 0 < A < Ag.
teI\I(T)

Observing that s; () = m; (T) = 0, we get for 0 < A < Ag,
my; (T + Ad) = max{(&%f —by) + Aayd}

= max {(atx —b) + \apd} = Amg (T; d) -
te;(T)

12



Finally, let us prove
(T4 M) = I(z;d), for 0 < X < Aqg.
Take any 0 < A < Ag. If tg € I;(T + Ad), then from (18) and (19) we have

1 - 1
which yields tg € I(; d). Reciprocally, if ty € I(T;d), then

my (T + M) = mg (T; d),

1o (T + Ad) — by = Amy (T; d) = mg (T + Ad).
|

Theorem 2 Let T € F5 (b) with sz (T) = 0, and assume that C is locally
polyhedral. For any d € D (%), there exists \q > 0 such that

05 (% + Ad) = conv {a@, ¢ € I(T; d)}+(NC(I) N {d}i) , for all 0 < A < Aq.
Proof. Fix any d € D () and take Xd7> 0 verifying the statement of the
previous lemma; then, for any 0 < A < Ay we have
T+ €C, T+ ) =1(7;d), and N¢ (T + )= N¢(z) N {d}",
where the last equality comes from Lemma 1. Then, for 0 < A\ < A\g we have
Osp(T+Ad) = conv{ay, t € I (T + Ad)} + N (T + A\d)
= conv{a, t € I(T;d)} + (Nc )N {d}L)
The following lemma is a direct consequence of [2, Lemma 3.1]. =

Lemma 3 Assume that C is locally polyhedral and let {x"} C C' converging
to T with x" # T for all r. Then, there exists rg € N and a sequence of
scalars {\; }r>ry CJ1,+00[ such that such that T+ A\, (2" — ) € C, for all
r > 7.

Theorem 3 Consider T € F5 (b) with s5(Z) = 0, and assume that C is
locally polyhedral. We have

Limsup Js;(z) = U {conv {a, t € I(z;d)} + <Nc( )N {d}L>}

r—T, sp(z)>0 deD(x)
= U Lim supds; (T + Ad) .
depE) MO

13



Proof. The second equality comes straightforwardly from the previous the-
orem. Moreover, it is immediate that

Limsupds; (T + Ad) C Limsup 0s; (7).
deD(z) A0 T—T, SE(Z‘)>0

Just observe that for any d € D (Z) Lemma 2 ensures the existence of Ay > 0
such that

55 (T + Ad) = mg (T + M) = )\m’g(f; d) >0, for 0 < A < Ag.

So, it remains to prove the inclusion

Limsup Jsg () C U {conv {at, t € I(z;d)} + (NC(E) N {d}l>} .
o=, 55(2)>0 deD(z)

Let
uw € Limsup Os;(x),

x—x, s5(x)>0

and write u = lim, u", with
u" € Osy (") = conv{ay; t € I; (z")} + N (2"), for all 7,

for some sequence {z"} converging to Z such that s; (z") > 0 for all 7. In
particular, Osy (2") # 0 for all 7 entails {2"} C C. Moreover, s;(z") > 0
implies " # T for all r.

The finiteness of I allows us to assume (by taking a subsequence if
needed) that {I; (z")} is constant, say I; (z") = D for all r. In particular,
D C L (7).

Moreover, the previous lemma ensures the existence of A, €]1, 4o00[ such
that T + A\, (z" —Z) € C for r large enough (say for all r, without loss of
generality). In this way, from Lemma 1 we conclude

N¢ (z") = N¢ (%) N {z" — z}*, for all r.

Since N¢ (Z) is polyhedral and N¢ (Z) N {z" — T} is a face of N¢ (7),
there is a finite amount of possibilities. Consequently, we may assume that
N¢ (%) N {z" —Z}+ = N¢ () N {2 — T}+ for some fixed ro € N.

Then, define
"0 —x

d° = )
SE (xT‘O)

14



Let us see that d° € D (7). Clearly, d° € T¢ (Z) and
—ire =
my(Z;d°) = max @@’ —3T)
tel;(z) sp(x™)
62:1,”0 — Bt
max ————
tehy(@) S5 ()
621:’“0 — Bt

= max ——— = 1.
teD  s;(x")

In fact,
= »T0 _E
ST Vit te I (@)~ D,
s (270)
and , _
arato _ G
MU _1ifteD.
sy (x"0)

So, d° € D (%) and I(7;d°) = D.

In summary

u’f‘

m

conv{a;t € Iy (")} + Ne (2")
— convi{ayte D} + <NC (@) N {2 — E}L>
— conv{a;t e D) + (NC (T) N {dO}L) ,
with d° € D (Z), which entails
u € conv{a;t € D} + (NC @) N {dO}L) .
| ]

Corollary 1 Consider T € Fz (b) with s5(Z) = 0, and assume that C is
locally polyhedral. We have

—1
clmF (b, 7) = ( min d, (On,conv (@, teI@d)}+ (NC(E) N {d}¢>)>
deD(z)
Remark 2 (i) Observe that when C is locally polyhedral, Fz is calm at all
(b,T) € gphFy. In fact, from (17) we know that 0,, ¢ conv {a;, t € I(z;d)}+
(N¢(Z) N{d}*) . Moreover, the ‘locally polyhedral’ assumption entails the
finiteness of possibilities when we are taking the minimum in the previous
corollary. Finally, as commented above, clmF5(b, ) = 0 when s; (Z) < 0.
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(79) The second equality in the previous theorem brings to mind the
notion of directional limiting subdifferential. In fact, for each direction d €
R™, the set Limsupds; (T + Ad) is clearly included in the analytic limiting

ALO

subdifferential of s; in the direction of d, denoted by 0ys; (T) ; see [5, p. 5] for
the definition in R™ and [14] for a previous reference in Banach spaces (the
reader is also addressed to [13] for related topics as the directional metric
regularity and subregularity). In fact, one could possibly employ this notion
to avoid the ‘locally polyhedral” assumption. Specifically, the role played by
U Ogsy (T) when C' is an arbitrary closed convex set could constitute a
deD(7)
matter of further research. In any case, the polyhedrality assumption is not
restrictive for our purposes of applying the calmness results to the analysis
of the convergence of the central path, and it has some advantages from the
practical point of view (due to the finiteness of possibilities in the previous
minimum, as commented above).

3.2 The polyhedral case

If C is a polyhedral set, expressed explicitly by means of the linear inequal-
ities

C={zeR"|daz<ds, scU}, (20)
with U being a finite non-empty index set, disjoint of I, and (ES, ES)S U fixed
(i.e., inequalities indexed by elements of U are not subject to perturbations),
with ¢ # 0,, for all s € U, we have

Fa(b):={zeR" | o <d, scU; quw<b, tel}. (21)
In this particular case for any x € C' we have (recall (9)):
Ne(x) = cone{cs; s € U(x)},

where

U(z) ={seU:¢x—d;=0}.

The following theorem constitutes a specification of Theorem 3 to our cur-
rent polyhedral setting. Observe that this new expression for the outer limit
of subdifferentials has the virtue of being conceptually implementable as far
as it only involves the nominal elements and a finite family of pairs of subsets
of indices which is defined as follows:
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Associated with T € Fz (b), let us define the family Z () formed by all
pairs of subsets of indices of the form (Iy,U;) with I) C I (z), Uy C U(Z),
and such that the following system has a solution in d:

mi(z;d) > 0,

a;d = m(z;d), t € I,

ajd < mi(z;d), t € I (@) \ I, (22)
E/Sd =0, se Uy,

cd<0, seU(z)\U.

Theorem 4 Consider T € F5 (b) with sy (T) = 0, and assume that C' is the
polyhedral set (20). Then,

Limsup Js;(x) = U (conv{a;, t € 1} + cone{cs, s € Ur}).
2=, s5(2)>0 (I1,U1)€Z(7)
Consequently

—1
clmF(b,T) = min  dy (0,,conv{a;, t € I1} + cone{cs, s € U .
6:3) =, i, (Onconv {a, 1€ )+ cone fe 5 € U1)))

Proof. The inclusion ‘C’ comes from applying Theorem 3, just by observing
that if d € D (z), then m(z;d) > 0, and d € T¢ (Z) , which implies ¢,d <0
for all s € U(Z). Moreover, Iy := I(T;d) C I (T) together with

Uy :={seU(®)|cd=0},
verifies that (I1,U;) € Z (Z) . Finally, observe that
N¢(Z) N {d}* = cone {c, s € Uy}.
For the reciprocal inclusion, consider any (I;,U;) € Z (Z) and take d €
R™ as a solution of system (22). Then, d € D (%), I(Z;d) = I, and again
cone {¢s, s € U1} =Ng(@) N {d}*. =

Remark 3 In the previous theorem we could confine ourselves to those
(I;,U1) € Z(x) which are maximal with respect to the coordinatewise in-
clusion order.

The following examples illustrate the difference between the contexts of
total and partial perturbations of the RHS.
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Example 1 Let us consider the system, in R? endowed with the Euclidean

$1§b, t=1€el .
—x1—22<0, s=2€U ’

For b= 0 and Z = (0,0)", we have Z (Z) = {({1},0), ({1}, {2})} and

norm, given by

clmFz(b,Z) = (d* (Og,conv {(1,0)’} -+ cone {(_17 _1)’}))_1 - V2.

Observe that in the framework of perturbations of the whole RHS, i.e., the
case [ = {1,2}, U =), and b = (0,0)’, the corresponding calmness modulus,
according to [9, Theorem 4], is equal to (d. (02, conv {(1,0)", (-1, 71)/}))71
=/5.

Example 2 Let us consider the system, in R? endowed with the Euclidean
norm, given by
—r1—a22<b, t=1€l
1 <0, s=2¢€U ,;
<0, s=3€U

For b =0 and Z = (0,0)", we have

(@) ={({1}.0), ({1} .{2}), ({1}, {3})} and clmF4(b,7) = L,

whereas in the framework of perturbations of the whole RHS, again accord-
ing to [9, Theorem 4], the calmness modulus equals v/5.

3.3 Perturbations of all coefficients

The development of this subsection is very similar to that of [9, Section 5].
To start with, for any = € R™, recall that d (b, Fl (z)) = [s5 ()], , while,
following the argument of [7, Lem. 10], one has

(a7 )= (7)

For completeness purposes, let us recall that the previous expression comes

from applying the well-known Ascoli formula for the distance from (9:) to

+ Y

-1
i} [35 (x)] 4

b
the half-space {w € R | ( _xl),w < ()} . Moreover, with our current choice

1)

of norms (13),

= [l +1,

*
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and, so,
d((ab), 7 ' (z) =(|z| +1)d (b,F " (z)).

Then, in a completely analogous way to [9, Theorem 5] (see also [9, Remark
10]), one can prove the first equality of the following result, whereas the
second equality is a straightforward consequence of Theorem 3.

Theorem 5 Assume that C is locally polyhedral. For T € F (E, 5) we have

cmF((a,b),z) = (|z]| + 1) clmFz(b, 7)
[Z]| +1

minge p(z) ds (0p, conv {a, t € I(T;d)} + (No(@) N{d}+))

4 On the convergence behavior of the central path

We consider the family of nonlinear problems {(P,)},>0 defined in (3). A
standard reformulation of the KKT conditions (see, e.g., [32]) applied to
(P,) gives rise to the following non-linear system in the variable (z,y,z2) €
R”™ x R™ x R™
c—Ay—2z=0,,
Ax = b,
Tizi =W, 1 =1,...,n,
x,z > 0,.

(23)

Observe that any solution (z,y, z) of (23) satisfies =,z > 0y, since x;z; =
> 0 for all 4.
On the other hand, the well-known KKT conditions for the original LP
problem (3) read as,
c—Ay—z=0p,,

Ax = b,
Ti=y = 0, 1= 1, ey T (24)
z,z > 0p.

From now on, let A C R™ x R™ x R™ denote the set of all solutions of (24).
It is well-known that
A=S(P)x S(D),

where S (D) denotes the optimal set of (D), the dual problem of (P).
We work under the following assumptions (which are equivalent to the
fulfilment of Assumption 2.1(a, b, and c) in [32]):

e The set of optimal solutions of (P), which we denote by S (P), is
non-empty and bounded.
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e The Slater constraint qualification (SCQ) holds at (P); i.e., there exists
a Slater point Z > 0,, (i.e. all coordinates positive) satisfying AZ = b
and the rank of A is m (< n).

The following proposition can be traced out from Propositions 2.1, 2.2
and 2.3 in [32].

Proposition 2 Under the current assumptions, we have:

(i) For each v > 0, problem (P,) has a unique optimal solution, say x (1);
moreover, there exists (y (1), z (n)) € R™ xR™ such that (x (1) ,y (1), z (1))
is the unique solution of the KKT system (23).

(ii) Keeping the previous notation, we have that

lim (2 (), y (1), 2 (1) = (2% 5", 2%) € A,

where 20 is an optimal solution of (P) and (yo,zo) s an optimal solution

of its dual, i.e. 2° € S(P) and (y°,2") € S(D).
In this framework, a typical computation yields

da (p) = by () =z (1) z (1) = np,

and this quantity is the so-called duality gap at (z (n),y (1), z (1)) .

For each > 0, (z (u),y (1), 2 (u)) is usually obtained by applying the
classical Newton method to the KKT system mentioned above. This is the
so-called primal-dual path following method, which is widely considered to
be a notably efficient interior point method. Recall that the interest in in-
terior point methods comes from the work of Karmarkar [23], where the
first interior point algorithm with polynomial time complexity was intro-
duced. One can find in the literature particular implementations of this
generic scheme, such as the pioneering works [35] and [32]. See also [1] for
a different implementation, coming from a specific reduced KKT system.
The reader is addressed to [16] and [34] for comprehensive surveys on the
field of interior point methods. Borrowing the notation of Monteiro and
Adler [32], standard convergence results for interior point methods are fo-
cused on the behavior of || f(z, z) — pe||2, where f (z,y) € R™ has components
2%, i = 1,...,n, given that z and z yield the duality gap nu = 2’z. Being
a scalar measure associated with two vectors, driving the duality gap to
zero is not sufficient to ensure convergence: some componentwise measure
of proximity to the central path must also be reduced sufficiently in each

20



iteration. For Monteiro and Adler [32], this is characterized by the condition
that || f(z,z) — pell2 < Op, for some constant 6 € [0, 3).

Here, we introduce a certain feasible set mapping which will allow us to
analyze the speed of convergence of (z (1) ,y (1), z (1)) to A via the analysis
of the calmness modulus of this mapping. Let (:Jco, Y, zo) € A be as in the
previous proposition, consider

1% .= {i=1,...,n] z? = 0}
and define the multifunction F9 : R” = R™ x R™ x R” given by

c—Ay—z=0,,

Ax =b, x > 0,, z > 0y,
z; < Uy, iEIO

zi <uj, j€{1,..,n}\I°

FO(u) =< (z,9,2) € R" x R™ x R" , (25)

which is nothing else but a feasible set mapping associated with a linear
system of inequalities and equations parametrized with respect to the right-
hand side of a specific block of inequality constraints. In this setting, we are
considering the space of parameters, R", endowed with the supremum norm,

‘|| ., , and the space of variables, R™ x R™ x R"™, with any norm satisfying
o0

1z, y, 2)[| = max{[lz]| , 2]l - (26)

For instance, any p-norm satisfies this property.

The following theorem provides a certain measure of the convergence of
the central path with respect to parameter p. Considering (aco, 10, ZO) as in
Proposition 2, define

ag = min{z? + 20 i=1,...,n} and By := max{z? + 20 i=1,...,n}. (27)

These scalars ap and 3 are inspired by the concept of condition number of
a problem, which follows from [39, Definition 16].

Remark 4 It is well-known in the context of LP problems, that under the
current assumptions () # S (P) bounded and SCQ), that (:L’O, yY, zo) s non-
degenerate;

t.e., 0< x? + z?, foralli=1,...,n,

which obviously entails
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Theorem 6 Assume that ) # S (P) is bounded and the SCQ holds. Con-
sider the central path of (P), {(z(un),y(n),z(n));un > 0}, and its limits
point (3:0, Y, zo) . Then:

(1) We have that, with the notation (27),

clmF° (On, (xo,yo,zo)) >0 5. (28)
(73) For any
K > aalclm]:o (On, (aco, y°, ZO))

there exists € > 0 such that
d((z(),y 1),z (1), ) <k, whenever 0 < p <e.

Proof. (i) Let us see that for any «, /3, and 7 such that 0 < a < ag, 5 > S,
and
v > clmF° (On, (wo,yo,zo)) ,

one has
S «
7 - 5
B

which allows us to conclude that our desired inequality (28) holds.
Take «a, 8, and vy as above and consider any sequence of positive scalars
{u,}, converging to 0 and define the following sequences of parameters:

u"=te e R, reN,

where e := (1,1, ..., 1), € R™. Associated with {s,}, , let us consider the cor-
responding sequence of elements in the central path {(z (u,.) ,y (1), 2 (1)) } 5
which converges to (:1:0, Y, zo) by assumption. So, for each r, we have

xi () zi () = iy =1, ...,m.
Note that, by assumption,

Zio = xZO —+ ZZ'O Z 010(> O[)’ fOI' 7 S IO,
20 =20 + 29 > apg(> ), for {1,...,n}\I°.

Them, for r large enough, say r > roq,

{

<zi(u,) = zil(t;;. %, for all i € I°,

<
< zi(u,)= xf(LﬁT) < £rfor all i € {1, VA

N

(29)

wFwF
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Consequently,

(z (1) sy (1) 2 (1) € FO (u"), for r > ro.

Then, the choice of v (> clmF? (On, (:co,yo, zo))) guarantees the existence
of r1 > rg such that

d (@ () sy (1) 2 (18)) s F2 (0n)) < vd (u”,0n) = v%, for all 7> ry.
(30)
On the other hand,
F2(0,) C {(z,9,2) |2, =0, i €I, 2, =0, i € {1,...,n}\I°}
and, then,
0 Moy
d((@ () 2y () 2 (y)) 72 (On) 2 75, 2 10, (31)

where we have taken (26) into account and applied the lower bounds for
x; (), 1 € 1% and 2; (11,.) ,i € {1,...,n}\I° given in (29). Finally, from (30)
and (31) we conclude

o
B

which yields v > £, as required.
(73) Let k1 > ozalclmj’:o (On, (mo, 0, zo)) and consider

< ’y&, for all r > rq,
o

0<ap:= /<;1_1(:1m]30 (OR, (xo,yo,zo)) < o

Consider any ag satisfying oy < ag < ag. Following a similar argument to
that in (29) there exists €1 > 0 such that, for any 0 < p < 7,

Z; (,U,) < 0%7 (XS IO)
2 () < e (L m\IY,

and, so,

(z (1), y(p),2z(p) e F° <O€;e> , whenever 0 < p < €7.

On the other hand, since g—f > 1 and clmF? (On, (:(;0, Y, zo)) > 0 (as stated
in (7)), then g—fclm}" 0 (On, (:CO, Y, zo)) is a particular calmness constant for
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FY at (On7 (xo, yY, zo)) , which guarantees the existence of 0 < € < g1 such
that

d((z(m),y (1), z(w), F°(0,))

IN

%clm}“o (On, (1:0, yo, zo)) d <:e, 0n>
2

o1
= K1i, whenever 0 < p < €.

Finally, the desired inequality comes from the easily checkable fact that
Fo0,)CA =

5 Conclusions

The main part of the present paper, and where the main technical diffi-
culties appear, is devoted to the derivation of a formula for the calmness
modulus of the feasible set mapping, F, associated with a linear inequality
systems including an abstract constraint (see (2)); in other words, F is the
feasible set mapping associated with a partially perturbed system (where
some constraints remain unchanged). It is clear from the definitions that
this calmness modulus is always smaller than or equal to the modulus as-
sociated with perturbations of all constraints. In this sense, the expression
given in Theorem 4 constitutes a refinement of previous results which can
be traced from [9, Sections 4 and 5]. Moreover, we point out the fact that
the arguments behind this refinement are notably different from the ones of
[9]. ~

The expression of clmF((a, b) , Z) given in Theorem 4 (where the abstract
constraint set, C, is polyhedral) is point-based in the sense that it only
depends on the nominal data. In view of Theorem 4, we are providing a
conceptually implementable procedure for computing this calmness modulus
since it involves the computation of the distance from the origin to a finite
number of polyhedra only depending on the nominal data.

As commented above, Section 4 develops an illustration related to the
classical central path construction. The main result in this direction is
Theorem 6, which provides an expression for the linear rate of convergence
of the central path in terms of the calmness modulus of the feasible set
mapping F° defined in (25) and the scalar ag defined in (27). This theorem
establishes the existence of € > 0 such that

d((x ),y (p),z(p),A) < kp,

whenever 0 < u < ¢, and K > aalclm]:o (On, (:L“O,yo, zo)) .
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For comparative purposes, we comment that the classical results of [17,
Theorem 2.1 and Corollary | establish the existence of € > 0 such that

|z () — :UOH < rpand ||z (p) — ZOH < K, (32)

whenever 0 < p < € and k > max{||z’ (0)]|, ||z’ (0)]|}, where 2’ (0) and 2z’ (0)
are the derivatives of z (-) and 2 (-) at 0.
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