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PARTICULARITIES OF MULTI-CUTTER CUTTING DYNAMICS

Abstract. Certain particularities of steady continuous cutting dynamics for multi-cutter turning and the results
of mathematical modeling are discussed in the paper. The effect of processing parameters on the excitation of
vibration in the case of multi-cutter turning of a long cylindrical part with finite flexibility is studied. Depending on
the fixing rigidity of the cutters and their relative positioning, different forms of the tool oscillation and formed chips
are analyzed.

The model is based on equations of motion and the cutting law in the form of a fractional function together with
the equation for new surfaces formation which are represented as a system of differential-algebraic equations with
several delays describing the dynamics of multi-cutter turning. These equations allow consider the regenerative
mechanism of oscillations excitation in the system. The evolution of the cutter’s oscillations to steady regime in the
case of an angular shift of the cutters, as well as the evolution of chips are shown in the work. An example of the
operation of cutters, which angular shift allows to control the work of the cutting edges is given. The reasons for the
stability loss and the self-oscillations excitation are noticed. The procedure for integrating systems of differential-
algebraic equations with retarded argument and the model of two-cutter turning taking into account the compliance
of the cutting tool fixation is considered.

Influence of the technological system parameters on the stability of continuous cutting regime is analyzed.

Key words: multi-cutter turning, dynamics, modelling, continuous cutting, discontinuous cutting, self-excited
vibration, stability, time-delay.

Introduction. The turning of parts is often accompanied by the occurrence of self-oscillations in the
"machine-tool-workpiece" system, which adversely affects the quality of the parts produced and the equip-
ment wear. Various reasons for their occurrence, in particular, caused by the nonlinearity of cutting forces,
compliance of the machine elements or the part itself, cutting tool fastening conditions, turning along the
surface formed on the previous revolution of the part (or tool), thermomechanical effects in the cutting
zone, and etc. are detailed in modern literature [1-10]. Under certain conditions, turning with constant
thickness of the removed layer (chips) can become dynamically unstable. General questions of the onset of
the oscillations during cutting have been discussed in numerous works [1, 11, 12].

One of the reasons for the stability loss and the self-oscillations excitation is the nonlinearities of both
the cutting forces and the frictional forces (in particular, when the flank face of the cutter is rubbed),
which depend on the cutting speed and the thickness of the layer to be removed and which lead to chips
discontinuity [13-15]. Other reasons for stability loss are the regenerative chatter, i.e. time delay between
two subsequent tools, the workpiece compliance, temperature effects, etc. [4, 16-19].

Problem formulation. At the same time, due to the development of various non-classical cutting
schemes, in particular, using multiple cutters simultaneously, a number of new problems related to the



analysis of the dynamics of the multi-cutter cutting process arise [20-25]. Note that multi-cutter turning
allows combining different types of processing (roughing and finishing), the cutting depth (the thickness
of the layer to be removed) in one pass can be increased, the transverse components of cutting forces can
be balanced (which is important especially for turning long parts), manufacturing time is significantly
shortened [26, 27]. In a number of cases such a scheme of processing makes it possible not to use
intermediate support elements with simultaneous increase in the cutting depth.

The aim of this paper is to determine the conditions for self-excitation of oscillations and to estimate
the possibility of realizing a continuous (segmentation-free) cutting. For this purpose, the effect of pro-
cessing parameters on the excitation of vibration in the case of multi-cutter turning of a long cylindrical
part with finite flexibility is studied. In the case of multi-cutter turning, the axial (along the longitudinal
axis of the workpiece) displacement (vibration) of the cutters has an important role in the appearance of
extremely undesirable vibration regimes (the phenomenon of dynamic instability). Depending on the
fixing rigidity of the cutters and their relative positioning, different forms of oscillation of the tool and
formed chips may occur.

Mathematical model of the multi-cutter turning. Let us consider the workpiece as an absolutely
rigid body of cylindrical shape with the machined surface of radius R and length /. The workpiece rotates
around its longitudinal axis with constant angular velocity w (figure 1,a). The processing is carried out
simultaneously by 7 cutters located along the circumference of the workpiece at an angle ¢;(j = 1,n) to

each other so that Z]fn @; = 2m. All the cutters are fixed to a single support moving along the workpiece
longitudinal axis with constant velocity V' (figure 1,b). Each j-th cutter is considered as a rigid body
independently fixed in a separate toolholder with finite stiffness in axial direction. For the sake of clarity
of the results obtained, we shall limit ourselves to considering only the longitudinal (along the axis of the
workpiece) components of the cutting forces and displacements of the cutter.

Note that all the subsequent reasoning and mathematical calculations are also valid for the case of
longitudinal feed of a workpiece and a rotating support.

Mathematical model of nonlinear dynamics of the process under consideration can be described by
the system consisted of three groups of equations: equations of technological system motion, cutting law
and equations of new surfaces formation [7, 9, 11, 15, 21, 23].
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Figure 1 — Design scheme of multi-cutter turning

Equations of motion, describing vibration of the cutters in longitudinal direction could be written as
follows [11-13, 15]:

mii,=—d i, —ku +F/(th); j=Ln (1)
where m; is mass of the j-th cutter, d; and k; are coefficients of damping and stiffness of the j-th cutter

attachment, respectively; u,(¢) is axial displacement of the j-th cutter relative to the nominal (quasistatic)
state; /;(¢) is cutting chips thickness removed by the j-th cutter.
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Cutting law for every j-th cutter is described by the cutting law model in the form of a fractional
function [7, 17, 20]:
ct+rh; (t)
c+h(t)
where K, = yo, B is static cutting stiffness, o, is characteristic stress of the processed material; B is a
width of the removed layer (chips); y, 7, ¢ are experimentally determined coefficients. Thickness A,(f) of
the material removed by the j-th cutter at multi-cutter cutting depends on the workpiece surface geometry,
formed at cutting by the previous (j-1)-th cutter.

New surfaces formation equations, forming by the j-th cutter, are the functions of time ¢ measured
from the free (untreated) end of the workpiece. Herewith the j-th cutter processes the surface formed by

Fy(t) =K, hy (1) ,Jj=ln @)

the previous (j-1)-th cutter, at the moment (t ; —1 i1 ) Time ¢ = is a delay, equal to the time of turning

the part by the angle between the cutting edges t;_; = ¢j_1/w. These features can be described by
equations of new surfaces formation in the following form [7, 9, 15]:
D;(t) =Vt —u;(t) — Lj_(t — tj_1) + A — Hy;,
h;(t) = maX[O, Dj(t)], 3)
Li(t) = Li1(t — tj_1) + b (D),

where (see figure 1,a): Dj (t) is the distance between cutting edge of the j-th cutter and the surface

treated by the previous (j-1)-th cutter at the moment  — ¢ i ;L j (t ) is the distance from the right end of
the part to the surface generated by the j-th cutter; 4 stands for the distance measured from the initial
position of the cutting edge of the first cutter to the right end of the workpiece; H 0j is the axial offset of j-

th cutter relative to the first one, for which the distance 4 is measured; ¢ stands for current time.

Equations {(1) - (3)} are a system of differential-algebraic equations with several delays describing
the dynamics of multi-cutter turning. These equations allow considering the regenerative mechanism of
oscillations excitation in the system: a new surface resulting on the current processing cycle contains
information about all previous tool passes.

Let us reduce the system of equations {(1) - (3)} to dimensionless form by taking the feed per

revolution ho as a linear scale X,, as a time scale T, = |[Y* . T?/n, T; = 2myfm;/k; ,T; is a period of

i=11i
the cutters natural oscillations; as a cutting force scale £, =K A, .
Then in case of the identical cutters and equality of their fixing conditions

(m[ =m ,k[ =k, dl, =d, Tl, =T=T.,, i:l,_n, ) the equations in dimensionless form take the form:

(Ai(0) =t/p — &;(7) —Aj_l(‘r - rj_l) +A—-Hy;, X075 =p,
n,(@ =max (0,4,),17; =0, (n, +m,) / (n, +7,)

“4)
0=—4;(r) + /1]-_1(1 — ‘L']-_l) + nj(r),
\ § = —4nCE; — 4n%E; + An2kll;,j = Tn
where the following dimensionless quantities and complexes are introduced:
Uj d KO hj c F}
':_;C: yJK=—=N. =7, :_;H':—)
J ho 2Vmk k W ho " ho'"7 Kohg
a2 A Ay _Hy

Aj(T)_ho’Aj_ ho’c_wT*'A_ho'HOJ_ e (5)



p is ratio of the cutters natural frequency to the frequency of the workpiece rotation and equals to the
dimensionless time of one revolution of the workpiece (the parameter 1/p is a dimensionless cutting
speed); k is relative static cutting stiffness, which, in this case, are the same for the zones of interaction
between the cutters and the workpiece; I7;is a dimensionless axial component of the cutting force.

Two-cutter turning. In the particular case of two-cutter turning, the cutters divide the circumference
of the workpiece cross-section into two unequal parts (figure 2), which are determined by the angles
¢, =1+ Ap and ¢, = m — A, A is deviation of the angle between the cutters from .

Figure 2 — Design scheme of two-cutter turning

The dynamics equations (4) for two-cutter turning are written in the following form:

( Ai(D) = %‘ §@ —4(t—1;) +A—( — DH,,
n,(2) = max (0,4;(0)), 4;(1) = 4;(z — ;) + (), ©
l =, (n,+m;)/(n, +n))
§ = —4nCE; — 4m?E; + 4n’«ll;,j = 1,2;] = mod(j — 2,2) + 1

with the initial condition 4;,(0) = Ajo(—rj). In this case, the values of the delays are normalized as
follows: T, = p@, /2w, T, = p@, /2w, p = 11 + T5.
Continuous cutting is characterized by the fact that Al ) (T)ZO\V/T. In this case the complete

system of equation (6) can be simplified, and we may consider only the equations for the cutters
deviations:

&:(1) = —4mc€ (1) — 4m?E; (1) + 4m*I; (),
1@ =n; (n, + ;@) / (0. +0,®), ™)
n,@ = %+ §(r—1)—§@,j =12 = mod( —2,2) + 1

Stationary continuous turning is an unperturbed motion (f (1) =&jo = const,nj =njp = const),
for which the parameters of the removing layer thickness are determined by the following
relationships:

Nyo = T2/P—$10 +$20 T Hnyg =71/p—$20 +$10 — H
j =Tl — T ,Sjo = K} I] =1,
Jjo jo ‘L‘*‘ﬂ,o Jjo Jjo

Equations in variations near the unperturbed motion (8) for equations (7) have the form



{55{ + 41¢SE, + 4m?8E, = Am’kp, (—6&(7) + 6&,(t — 12)),
8&, + 4mg6é, + 4 28, = 4n2Kp2(—6§2(1) + 68 (t — 1))

)

olIl; 21-17)
! g T =12

p, =
' anj nj=njo (m +n,-0)

The characteristic equation is obtained from (9) by substituting the solution in the form of
8¢ = exp(A1)(;:

P(A¢,p,1) = -
= [A%2 + 4pgA + 4m2(1 + kpy)][pA? + 4mgA + 42 (1 + xpy)] — -

..— 16m*K2p, prexp(—Ap) = 0. (10)

On the boundaries of the motion stability regions (8), the characteristic value 4 is equal to the purely

imaginary value A = 2mis, s € R. From equation (10) the boundaries {k(s), p(s)} can be found in para-
metric form (figure 3):

T = {x(s), p(s)| Re(P(is; ¢, p,x)) = 0,Im(P(is; 5, p,x)) = 0,5 € (0,0)} (11)
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Figure 3 — Different representations of the stability diagram:
a: {tr;/1, =2,H=0,n, =0.1,¢ = 0.057r =055}, b: {r;/1, =1,H=05m, =0.1,¢ = 0.05,7 = 0.55}
It should be noted that the quantities K, appear in Ommnodka! McTouHuK cChbUIKHM He HaliieH. both
explicitly and indirectly via PiMjor ¢jo- That is, the equations {Ommbka! MCTOYHUK CCHLIKH He HAM/IeH.

-Omuodka! UcTtounuk cchliikM He HaiigeH.} are to be solved together when calculating the stability
boundaries Omuoka! UcTOYHMK CCHUIKU He Hal/IeH..



Intermittent cutting numerical modelling. The complete system of equations of dynamics (6) is a
system of differential-algebraic equations with retarded argument. For numerical integration, it is
transformed into a system of differential equations with retarded argument: ddae— dde [17].

SAJ:(‘L') = 4;(1) + Aj(r - Tj) + nj(‘r)
& = —4ncE; — 4n?E; + 4m*Il;,j = 1,2,] = mod(j — 2,2) + 1
(12)
{ Ai(t) =t/p—¢;(1) —Aj(r - Tj) +A—- (G —1H
n; (@ = max (0,4;(®); 1y =n, (n, +m,) /n, +n,

Consider the cutting process, corresponding to the working point {k = 0.5,p = 0.5} in the diagrams
in figure 3.
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Figure 4 — Cutters oscillations (a), synchronization of two cutters oscillations (b)

Figure 4 shows the evolution of the cutter’s oscillations to steady regime in the case of an angular
shift of the cutters by 240°(t; /7, = 2). Vibration stabilizes in about 15 workpiece rotations. Then the
oscillations syncroniz (figure 4,b).

Figure 5 shows the evolution of the chips under the same conditions. One can see that the cutters
work differently. Angle shift of the cutters allows controlling the work of the cutting edges.
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Figure 5 — The chips thickness (a) and the cross-sectional shape of the chips changing (b)

Conclusions. The considered model of two-cutter turning taking into account the compliance of the
cutting tool fixation allows one:

- To investigate parametrically the stability of continuous stationary turning.

- To study the effect of axial and angular relative disposition of the cutters on the stability and the
process of chips formation.

- Using the reduction of algebraic evolution equations to singular differential equations allows using
standard procedures for integrating systems of differential equations with retarded argument (dde23 in
MATLAB)
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KOII KECKIII KECY JTMHAMUKACBIHBIH EPEKIITEJIKTEPI

AnHoTanus. JKyMbIcTa Ken KeCKIIITI Kalpay Ke3iHJe Y3IIKCi3 Kecy YPHICiHIH AMHAMHKACHIHBIH CpEKIIeITiK-
Tepi KOHE MaTEeMaTHKaJIBIK MOJEIICY/IH HOTHXKeepl TankpuiaHaapl. COo3blIFaH HWJIMHIPIIK OOJIIIEKTIH KOI Kec-
Killl HYKTECIH/IC OHJICY MapaMeTpIIePiHiH MIPUIIiH KO3ybIHa acepi 3eprreneni. KeckimrepaiH OEKIiTUTYy KaTThUIBIFRIHA
JKOHE OJIapJblH e3apa OpHajacyblHa OalJIaHBICTBI KECKIIUTIH JKOHE TY3UISTIH >KOHKaHBIH TepOeliciHIH opTypii
(bopmManapsl TajaaHaIbl.

Monenbaeyaid Heri3iHe KO3Fallbic TeHACYJIEpi, OONIIeKTIK-paoHaIAbl GYHKINS TYPIHIETI Kecy 3aHbl )KOHE
OipHemre kemiryi 6ap nuddepeHIanab-anreOpanblK TeHACYIep Kyieci O0IbII TaOBIIATHIH JKaHa OSTTEepaiH TY31lry
TeHZCYJIepi allbIHFaH JKoHe 13 GOMBIHIIA KON KeCKIIl HYKTeHIH JUHAMHUKACHIH CUMATTaiabl. by Tenneynep xyieneri
TepOenmicTepal KO3yAbIH PereHepaTuBTI MEXaHU3MIH eCKepyre MyMKiHAiK Oepexi. JKyMpicTa KecKimTepAiH OypbImI-
TBIK KBIDKYBI Ke3iHIe TYPaKThl TepOeNicKe MIBIFYBIHBIH YBOJIIOLMACH KOPCETUIIeH, )KOHKAHbIH 3BOJIIONUACH Kopce-
TiATeH, KeCKIMTEepAiH OYPHIITHIK BIFBICYBl KECKIII KHUEKTEPiHIH KYMBICHIH OacKapyFa MYMKIHAIK OepeTiH KecKim-
TEpAIH YXYMBICHIHBIH MBICAJIBI KENTipiireH. JKyYMBICTa OPHBIKTBUIBIKTBI JKOFAJITY JKOHE aBTOTEpOENicCTepliH KO3y
cebenrepi aran etinai. AnddepeHunannbplk TeHaeyIep KYHeciH KemKTIpeTiH apryMeHTIIeH WHTerpajiiay mpole-
Jypachl KOPCETUIreH, KeCKIITep iy OeKITITyIH ecKepe OTBIPBII, €Ki KeCKilll HYKTeHIH MOJIeli KapacThIPbUIFaH.

TexXHOIOTHANBIK JKYHe apaMeTpIepiHiH Y3UIici3 Kecy pesKMMIiHIH TYPaKThUIBIFbIHA SCEPi TaJlaHa bl

Tyiiin ce3aep: Kenm KeckiluTi Kaiipay, AMHaAMUKa, MOJAENbICY, Y31Iici3 Kecy, aBToTepOesicTep, TYpPaKThUIBIK,
KeMriry.
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OCOBEHHOCTHU JTUHAMMWKHU MHOI'OPE31IOBOI'O PE3AHUA



Annotauusi. B paGore 06Cy)mar0Tcsi 0COOCHHOCTH IMHAMUKH [IPOLECCa HEMPEPHIBHOIO PE3aHMs IIPU MHOTO-
PE3L0BOM TOYCHHH M PE3yJIBTAThl MaTEMaTHIECKOr0 MOAeIMpoBanust. Mcciemayercs BAnsIHIE TapaMeTpoB o0pabor-
K{ Ha BO30YKICHHE BHOpAIMH IPH MHOTOPE3II0BOM TOYCHHH IPOTSHKCHHOW IMIMHIPUYECKOH aetanu. B 3aBucu-
MOCTH OT JKECTKOCTH KPEIUICHHUSI PE3LOB U HX B3aHMHOI'O PACIIOJIOKCHHS aHATN3HPYIOTCS pa3indHbie (OPMBI KOJIe-
OaHUit pesra u 00pa3yIoIEeHCs CTPYKKH.

B 0CHOBY MOAETMPOBaHMUsI MMOJOKEHBI yPABHEHUsI JBIKCHUS, 3aKOH PE3aHMs B BHAE APOOHO-PALMOHAIBHON
(yHKIMM ¥ ypaBHEHHs 00pa30BaHMsI HOBBIX ITOBEPXHOCTEH, KOTOpBIE MPEACTABISIOT cO00il cucteMy anddepen-
[HATFHO-AITeOpanueCKUX YPABHCHUH C HECKONBKUMH 3aIa3/bIBAHUSAMH M OMHCHIBAIOT JMHAMHKY MHOTOPE3I[0BOTO
TOYCHHMS 0 CIIeqy. DTH ypaBHEHHS MO3BOJISIOT YUUTHIBATh PETCHEPATHBHBIA MEXaHH3M BO30YXKICHUsI KoeOaHuit B
cucteMe. B paboTe moka3aHa SBONIOIMS BHIXO/IAa PE3LOB HA CTALMOHAPHBIC KOJICOaHUs MPH YIIIOBOM CIIBHIE PE3LOB,
MOKa3aHa BOJIOLHMS CTPYIKKH, IPUBOJUTCS MPUMEP pabOThI PE3LIOB, YIIIOBOI CABUT KOTOPBIX MO3BOJISIET YIPABIATH
paboToil pexyIHx KPOMOK. B paboTe 0TMEUeHBI MPUYUHBI IOTEPH YCTOHYMBOCTH U BO3OYKICHHS aBTOKOJICOAHUI.
IMokazana mpoueaypa WHTETPUPOBAHUS CHCTEM Iu((epeHINANBHBIX YPABHEHUH C 3amMa3IbIBaOIM apryMEHTOM,
paccMOTpeHa MOJIEIb ABYXPE3IOBOr0 TOUCHHS C YUETOM IIOJATIMBOCTH KPEIUICHHUS PE3LIOB.

AHAITM3UPYETCsl BIMSIHUE apaMeTPOB TEXHOIOTHYECKOM CHCTEMBI Ha YCTOWYHMBOCTD HEIPEPHIBHOTO PEKHMA
pe3aHus.

KiioueBble ciioBa: MHOTOPE3LOBOE TOUYCHUE, TUHAMUKA, MOACIHPOBAHNE, HEIPEPHIBHOE PE3aHHE, aBTOKOJIC-
OaHWsI, YCTOMYINBOCTb, 3aMa3AbIBaHIC.
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