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Microtubule (MT) experience an effect called ‘catastrophe’, which is the transition from the MT growth to
a sudden dramatic shrinkage in length. The straight GTP-tubulin cap at the filament tip, and the intrinsic
curvature of GDP-tubulins are known to be the key thermodynamic factors that determine MT catastrophe,
while the hydrolysis of this GTP-cap acts as the kinetic control of the process. Although several theoretical
models have been developed, assuming the catastrophe occurs when the GTP-cap shrinks to a minimal
stabilizing size, the structural effect of the GTP-cap and GDP-curvature was not explicitly included, thus
their influence on catastrophe kinetics remains less understood. To investigate this structural effect, we apply
a single-protofilament model with one GTP-cap while assuming a random hydrolysis mechanism, and take the
occurrence of a crack in the lateral bonds between neighboring protofilaments as the onset of the catastrophe.
Therein, we find the effective potential of the tip along the peel-off direction, and formulate the catastrophe
kinetics as a mean first-passage time problem, subject to thermal fluctuations. We consider cases with and
without a compressive force on the MT tip, both of which give a quadratic effective potential, making MT
catastrophe an Ornstein-Uhlenbeck process in our formalism. In the free-standing case, the mean catastrophe
time has a sensitive tubulin-concentration dependence, similar to a double-exponential function, and agrees
well with experiment. For a compressed MT, we find a modified exponential function of force that shortens
the catastrophe time.

1. INTRODUCTION

Microtubules (MT) are hollow cylindrical protein fil-
aments composed of 10 to 17 parallel laterally-bonded
protofilaments, the basic units of which are GTP-bound
tubulin dimers that can later hydrolyze into its GDP-
form1,2. They are one of the key structural elements
of the cell, and provide tracks for cargo transport with
kinesin motors. MTs in vivo show a charateristic re-
peated dynamic pattern of slow growth and rapid shrink-
age in length, a phenomenon termed as MT dynamic
instability3,4. In particular, the transition from the per-
sistent MT growth to a rapid shrinkage is termed the
MT ‘catastrophe’, while the reverse transition from the
shrinkage back to growth is called the ‘rescue’4–6,73. This
dynamical instability of MTs offers an efficient way for
re-organization of lonh filaments, e.g. at the onset of
mitosis7,8, and an important ‘search-and-find’ mecha-
nism to explore the cellular space and capture less dif-
fusible cargoes for subsequent transport3,9–11. It is there-
fore important to fully understand the underlying phys-
ical mechanisms behind this dynamic instability.

GTP-hydrolysis of tubulins is widely-accepted to be
the main cause for MT instability12–15, in the sense that
GDP-tubulins have an intrinsic curvature14,16–19, while
GTP-tubulins have a negligible curvature. Therefore,
the natural hydrolysis can alter the conformation of the
protofilament, which is initially rich in GTP-tubulins
and has a naturally straight, to a protofilament rich in
GDP-tubulins that has a naturally curled-up ‘horn-like’
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structure14,20–22, subsequently facilitating depolymeriza-
tion of MT by lateral debonding22–24. A few consecutive
GTP-tubulins (known as the GTP-cap) at the growing
MT tip are thought able to prevent the curling-up ten-
dency of protofilaments in the MT, and hence inhibit the
catastrophe12,15,23–25.

Accordingly, several theoretical models have been de-
veloped to investigate the dependence of MT catastrophe
on free tubulin concentration in solution, focusing on ki-
netic evolution of the GTP-cap length through hydrolysis
and tubulin-addition, and assuming that the catastro-
phe occurs when the cap shrinks below a certain min-
imal length required to maintain the MT stability26–32.
These cap-models produced simple analytical expressions
that could match with the MT catastrophe time, defined
as the period of the MT growth phase, at varied tubulin
concentrations in experiment. However, the length of this
minimal stabilizing cap was either obtained by fitting ex-
perimental data, or pre-assumed to be one tubulin dimer,
and hence was not justified from a microscopic view of
MT structure. Moreover, these models do not account
for the MT structural change induced by the change of
the cap length over the evolution towards the catastro-
phe; its possible effect on the catastrophe time remains
unclear, although the straight GTP-cap and the intrin-
sic curvature of GDP-tubulins have been known as a key
thermodynamic factor in the catastrophe14,20–22.

In this paper, we intend to explore this structural
effect on MT kinetics, and will not apply the pre-
assumption of a minimal stabilizing cap. We will fo-
cus on one protofilament of a whole MT, and assume
this protofilament is composed of only two distinct re-
gions: a GTP-tubulin cap (with zero intrinsic curvature),
and the rest of it made of GDP-tubulins with a specific
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FIG. 1. A cartoon of a cylindrical MT filament composed of
13 protofilaments. Upper left shows the GTP-cap size L(t),
and the crack depth x(t). Lower left: the lateral deflection
z(s) of the protofilament along the filament axis s. Right:
the view along the longitudinal MT direction, showing the
equilibrium position of the lateral effective-spring potential,
a, and the bond-breaking distance, c.

natural curvature16–19, as shown in Fig. 1. The GTP-
tubulins in the cap region randomly hydrolyze into its
GDP form33,34, causing the cap length L(t) to shrink,
and eventually vanish if there is no tubulin addition on
the tip.

Although random hydrolysis could produce GDP-
islands along the filament, we do not account for their
possible influence on dynamics of MT catastrophe, be-
cause these islands are considered more important in the
rescue event (shrinking MT reverting into the growing
state)35–37. Besides, the cap at the tip is usually the
longest stripe of consecutive GTP units. This is due to
the fact that tubulins farther away from the addition site
have spent longer in the assembly and are more likely to
hydrolyze38. The cap should therefore be the main con-
tribution to structural change of the MT protofilament,
and able to capture its effect on kinetics.

This one-protofilament model with one GTP-cap is un-
doubtedly a simplification of the real situation, where
dynamics of other protofilaments in the same MT as-
sembly may also contribute to the instability. Neverthe-
less, it produces acceptable theoretical results as shown
in many previous studies20,26,29,31,32, and may act as a
foundation to a more complicated model closer to the
real situations30. In this paper, we will stay in this
one-protofilament model, and will not further discuss the
multi-protofilament case.

In our model, the protofilament is confined by the
lateral bonds to neighboring protofilaments in its equi-
librium radial position (a), but is allowed to bend in-
ward and outward subject to thermal fluctuations, with
a chance to break the lateral bonds from the tip, if its ra-
dial position is stretched to a certain distance (c). When
a crack in the lateral bonds occurs, GTP-tubulin addition
to the free-hanging cap is much slowed, and the protofil-
ament is prone to quickly dissociate back into solution,
due to lack of energy stabilization from lateral bonds39,40.
Physically, this should initiate shrinkage of protofilament
length (as dissociation of tubulins takes place rapidly in
the peeled-off part, with only longitudinal bonds to be

broken).
However, we are aware that the role of the crack on

the MT catastrophe is still under debate in simulation
studies. Margolin et al. pointed out that the depth of
crack x(t) may be an important factor in the initial catas-
trophe. In the growing phase, a short crack may exist,
while an increase in crack may cause the catastrophe41,42.
Later, Li et al. showed in simulation that the onset of
catastrophe is determined by whether this crack reaches
the GDP-region of the protofilament (x(t) → L)43. A
more recent study further stated that the crack on itself
is not sufficient to generate the instability, as the crack
in a straight filament configuration is unstable and heals
quickly; the crack has to couple with curled protrusion
of protofilaments to cause the catastrophe22. Neverthe-
less, we want to point out that the molecular-dynamic
simulation has a real difficulty dealing with the concept
of mean first-passage time in stochastic processes (and
generally, ensemble averages), which is what our work is
about.

For the purpose of conveying a clear physical picture
of the interplay between the GTP-cap and the crack in
the catastrophe onset, we start form a simple model as-
suming that the occurrence of the crack does indicate an
MT catastrophe. We will focus on how the structural
change in protofilament induced by shrinkage of the cap
affects the kinetics of producing such a crack – a protofila-
ment with a short cap prefers to curl outward, and should
therefore accelerate the peel-off. The time evolution of
the cap length L(t) and the crack depth x(t) become the
key to investigating the MT dynamics in our model.

The paper is structured as follows: in Sec. 2.1, we ex-
plain the kinetic equations of the crack depth x(t) and
the cap length L(t), and their relation to the MT catas-
trophe. Sec. 2.2 introduces the method to calculate the
effective potential for the protofilament tip to peel off and
produce a crack in the lateral bonds. The tubulin unit
at the tip undergoes a stochastic thermal motion in this
potential, and we apply the MFPT method to estimate
the average peel-off rate and hence the mean catastrophe
time in Sec. 2.3. We fit the experimental data from the
literature in Sec. 3, by using the mean catastrophe time
we just obtained. Sec. 4 makes detailed comparisons with
the previous cap models, and specifically investigates the
effect of the intrinsic curvature. Finally, in Sec. 5, we ap-
ply the similar procedures to find the mean catastrophe
time when a compressive force is applied to the MT tip
(e.g. when the MT is forced into a ‘wall’), and extracting
the force effect on the kinetics as an exponential function
with a modification factor.

2. THEORY

2.1. MT dynamic instability

We assume that the cap length L(t) increases when a
GTP-tubulin (of length b) adds to the tip through a first-
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FIG. 2. An illustration of time evolution of the cap size L(t)
and the crack depth x(t) in MT dynamics, obtained by solving
Eqs. (1) with the dependence of 〈kc[L(t)]〉 from the later part
of the paper. The catastrophe begins when x ≥ b in our
present model. Ts is the time for the cap to reach its steady-
state size, while Tc is the catastrophe time.

order reaction, with a rate b(kaC), which is proportional
to the free tubulin concentration C in the solution. We
also assume a large reservoir, so C remains a constant
in the course of MT dynamics. L(t) decreases through
random hydrolysis of GTP along the cap, which occurs
with a probability density kh in time for each tubulin
dimer (kh is also known as the hydrolysis rate). To keep
the model tractable, we do not consider the effect of the
neighboring units on the hydrolysis rate31 nor the vecto-
rial hydrolysis induced at the interface between the cap
and the GDP-regime26. The average rate of cap shrink-
age in this process can be estimated by the first moment:

−
∑L/b
m=1mbkh = −L(b+ L)kh/2b. Another possible ki-

netic process to shrink the cap is the dissociation of a
GTP-tubulin at the tip, breaking the longitudinal and
lateral bonds at the same time. We think this process is
rare from the thermodynamic viewpoint, while a number
of experiments6,44,45 gave debatable results. For exam-
ple, Drechsel et al.44 extrapolated the experiment data
and obtained an extremely small dissociation rate com-
pared with the addition rate. On the other side of the
spectrum, Walker et al.6 obtained a noticeable dissoci-
ation rate (still lower than the addition rate ka). We
will write our evolution equation for the GTP-cap length
more generally, using the effective growth rate of the cap
which is defined as: bk̃g ≡ b(kaC−kTd), with kTd the rate
to dissociate one GTP-tubulin from the tip (by break-
ing both longitudinal and lateral bonds) during the MT
growth phase. This rate kTd is independent of the free
tubulin concentration C. When the crack appears (x > b,
i.e. one full tubulin unit peels off), the tubulin addition
stops and the cap grows no more.

On the other hand, the breaking of the lateral bonds,
and thus creating of a crack, is a stochastic process: it is
driven by thermal fluctuations and could occur at very
different times – in this paper we analyze the distribution
of these breaking times, or in other words, the mean first-
passage problem leading to an an average rate of peel-off

〈kc〉. We will calculate this average rate in Sec. 2.3. For
now, we only need to notice that 〈kc〉 depends on the
cap length L(t). We further assume random dissociation
of tubulin dimers along the peeled-off region (breaking
the longitudinal bonds only), with a rate kd for each
dimer. Similarly to the way we calculated the average
shrinkage rate of the cap, x(t) decreases with an average
rate: −x(b + x)kd/2b. Note that we do not include the
rescue events, as its mechanism is still not fully under-
stood and could possibly involve microtubule-associated
proteins46,47, which is beyond the topic of this paper.
Overall, two coupled kinetic equations for L(t) and x(t)
take the form:

dL(t)

dt
= b k̃gΘ[x− b]− L(L+ b)

2b
kh ;

dx(t)

dt
= b 〈kc[L(t)]〉 − x(x+ b)

2b
kd {1−Θ[x− b]} , (1)

where the effective growth rate is defined including the
possible tip-dissociation: bk̃g ≡ b(kaC−kTd), and Θ[x−b]
is a step function: Θ = 0 when x − b > 0, or Θ = 1
otherwise. We stress again: 〈kc〉 is the average rate of
peel-off, and is a function of the cap length L(t).

In Fig. 2 we illustrate the characteristic dynamics of
the growing and shrinking stages of MT, and also label
the important time-scales involved in MT kinetics before
catastrophe, through the numerical solutions for L(t) and
x(t) of simultaneous Eqs. (1). The characteristic time Ts
is required to reach the steady state of L, while 〈Tc〉 is
the average time for the catastrophe to occur. Figure 2
implies that the cap length in the MT has reached its
steady-state value first, i.e. Ts < 〈Tc〉. In order to es-
timate Ts, we may first ignore the stopping of tubulin-
addition due to the crack (Θ[x − b] is replaced with one
in the equations), and solve for L(t):

L(t) =
b

2

−1 +

√
1 + 8

k̃g
kh

(
1− 2

1 +A0 et/Ts

) , (2)

where A0 is a constant that needs to be determined from
the initial condition L(0) = L0. A0 and TS take the form:

A0 =
2

1− (L0

b + 1
2 )
√

kh
2k̃g+kh/4

− 1 ;

Ts =
1√

2kh(k̃g + kh/8)
. (3)

The first branch of the contracting cap length L(t) in
Fig. 2, before the notional catastrophe that starts at
x(t) = b, is exactly the Eq. (2). Note that to plot the
numerical solution of the kinetic equations (1) we use the
non-dimensional time axis scaled by Ts.

When t ≥ Ts, L(t) reaches the steady-state length Ls,
given by:

Ls =
b

2

−1 +

√
1 + 8

k̃g
kh

 . (4)
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At high tubulin concentration, Eq. (4) shows the square-

root scaling of Ls with the ratio of two rates, (k̃g/kh),
as indeed seen in the earlier cap models26,29,31, while at
zero tubulin concentration, Ls vanishes, meaning that no
steady cap remains.

On the other side, 〈Tc〉 is solved by integrating the
growing crack from t = 0 to 〈Tc〉, in the regime x ≤ b
(without dissociation of tubulins, i.e. keeping Θ = 1):∫ 〈Tc〉
0
〈kc〉 dt = 1. This integral equation is generally

non-trivial, because 〈kc〉 is a function of L(t), and de-
pends on time and the choice of initial cap length L0.
Nevertheless, if 〈Tc〉 � Ts, it is plausible to remove such
time-dependence in 〈kc〉, by simply ignoring the small
contribution before t ≤ Ts in the crack kinetics, and
using the average peel-off rate 〈kcs〉 estimated with the
steady-state cap size Ls. Then the estimate is simple:

〈Tc〉 ≈
1

〈kcs〉
(5)

This estimate may no longer be valid at a very low rate
of tubulin addition kaC (i.e. k̃g becomes small), when
the time Ts becomes long, in which case only the numer-
ical estimate of 〈Tc〉 is possible. In this section, we have
linked the development of a crack in the lateral bonds
with the MT catastrophe, and identified the mean catas-
trophe time 〈Tc〉. However, this equation (5) requires the
explicit expression for 〈kc〉, and its dependence on L(t),
which is our focus in the next section. Later, we will show
that the MT kinetics is indeed in the regime 〈Tc〉 ≥ Ts by
comparing with experimental data on catastrophe times,
and therefore Eq. (5) is applicable.

2.2. Effective potential of tip curling

We formulate the peel-off process in two dimension as
depicted in Fig. 1, with the deflection in the radial di-
rection z(s) a function of position s along the filament
axis, ignoring any out-of-plane torsional effects. This
protofilament has the bending rigidity B, with a GTP-
cap of length L at the tip and the rest being homoge-
neously GDP-units. Following the established structural
rules, we assume that GDP-units have a natural curva-
ture κ, while GTP-units are straight. The lateral bonds
from neighboring protofilaments are treated as an effec-
tive spring potential, with the elastic constant per length
k, and the minimum at z = a. That is, a is the equilib-
rium radial position for the straight GTP-protofilament,
while choosing z = 0 in the center of the MT cylinder.
Altogether, the Hamiltonian for this protofilament is a
sum of curvature and bonding terms, in the two regions:

H =

∫ L

0

B

2

(
d2z

ds2

)2

+
k

2
(z − a)2 ds

+

∫ ∞
L

B

2

(
d2z

ds2
− κ
)2

+
k

2
(z − a)2 ds . (6)
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FIG. 3. Illustration of the MFPT problem in the quadratic
effective potential V , a function of the cap size L. For a long
cap size L = 10 (tubulin units), the potential minimum is
almost at z0 = a, while without the cap L = 0, this minimum
is shifted to (a+m), approaching the bond-breaking distance
c (i.e. the adsorbing boundary in our model). The tip, shown
as the red circle, initially starts at the potential minimum, and
has a chance to reach z0 = c, subject to thermal fluctuations.

The first line is for the GTP-cap, and the second is for
the long GDP part of the protofilament.

To find the average peeling rate 〈kc〉, we need to deter-
mine the effective potential for the unit at the filament
tip, along the coordinate z(s = 0). In fact, the search for
this potential has been carried out by Jánosi et al.20 Yet,
they offered only the qualitative discussion of the struc-
tural role of the GTP-cap in the MT catastrophe, and
did not investigate how hydrolysis and tubulin-addition
rate would involve in this kinetic process. We will use
the effective potential found in Ref.20 to calculate 〈kc〉
using the MFPT method, and combine it with Eq. (5).
We briefly review their method below.

The idea is to find the static configuration for z(s) with
the tip held at position z(0) = z0, along with some other
boundary conditions to be specified, and then insert this
static solution back into the Hamiltonian functional of
Eq. (6), obtaining H as a function of z0. The static
equation for z(s) in the Hamiltonian functional of Eq. (6)
has the same form for both the cap and the GDP-part:

B
d4z

ds4
+ k(z − a) = 0 . (7)

In principle, the exact static solution for z(s) is a piece-
wise function connected at the interface s = L, satisfying
two boundary conditions at each end and four more at
the interface. However, this exact method results in an
undesirable expression for the solution, and the effective
potential subsequently obtained is complicated, prevent-
ing clear interpretation for the key physical factors un-
derlying the peel-off process.

This complexity may be avoided by using the Rayleigh-
Ritz method48, if we are to approach an approximation
for the static shape and then for its energy – propos-
ing an ansatz for the static solution, with one parame-
ter to be determined by minimizing the Hamiltonian (6)
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when inserted back into this equation. Respecting lo-
cal force balance along the protofilament, it is natural to
choose this ansatz to be the general solution of Eq. (7)
that meets boundary conditions at both ends z(0) = z0,
d2z/ds2|s=0 = 0, z(∞) = a and dz/ds|s=∞ = 0, while
ignoring the small deviation that would be produced at
interface s = L:

z(s) =a+
[
(z0 − a) cos

( s
λ

)
+A sin

( s
λ

)]
e−s/λ , (8)

where λ = (4B/k)1/4, and the amplitude A is a parame-
ter determined through energy minimization dH/dA = 0,
giving:

A = −κ
√

2B

k
cos

(
bL

λ
+
π

4

)
e−bL/λ . (9)

The static protofilament shape is, in essence, an oscillat-
ing exponential decay function of the filament coordinate
s. The decay length λ entails a stronger curling-up ef-
fect in a more rigid protofilament (higher B), while the
strength of lateral bonds k plays the reverse role, trying
to hold the protofilament onto the straight configuration.

Inserting the solution of Eqs. (8) and (9) back into the
energy functional (6), we obtain the effective potential V
as a function of the tip height z0:

V (z0) =
B

1
4 k

3
4

2
√

2
(z0 − a−m)

2
, (10)

with m(t) =κ

√
2B

k
cos

(
L

λ
− π

4

)
e−L/λ .

Equation (10) in the form of a quadratic potential is the
key result in Jánosi et al.20. As the cap length L de-
creases with time, the natural curvature κ of GDP units
shifts this minimum to a larger value, (a + m), with m

increasing and eventually reaching m = κ
√
B/k for zero

GTP-cap. On the other hand, m vanishes when the GTP
cap is long, recovering the straight protofilament. It is
interesting to notice that κ has no effect on the restoring
force, which is only determined by the bending rigidity
of the protofilament and the neighboring lateral bonds.

The change in the natural curvature κ may shift the
potential well z0 = a in a totally different trend, depend-
ing on the L-value (making cosine-function positive or
negative). For a small cap length L, the potential mini-
mum is gradually shifted outward as κ increases (due to
a positive m), while a longer cap size has the opposite
effect. The cross-over can be readily obtained by solving
the condition to make the cosine-function in m negative:
L∗/λ − π/4 = π/2, giving L∗ = 3λ/4π. We will explore
how this somehow unintuitive phenomenon will affect the
catastrophe time in Sec. 4 below. With this effective po-
tential, we are now able to solve the stochastic problem
and find 〈Tc〉 in the next section.

2.3. MFPT of the tip peeling off

In our model, when the tip tubulin unit is stretched
to z0 = c in the course of its thermal fluctuations, the
lateral bonds break off, producing a crack and initiat-
ing the MT catastrophe. We cast this kinetic process
of escaping from a quadratic potential (also known as
the Ornstein–Uhlenbeck process) into a standard one-
dimensional MFPT problem49,50, with the adsorbing
boundary condition at z0 = c, and a reflective condition
at z0 = −a where the protofilament hits the opposite
wall of the MT cylinder. We let the tip initially start
from the potential well z0 = (a + m), instead of using
an equilibrated probability, respecting the fact that the
restoring constant of this potential is strong in the MT
case, and the tip stays at the bottom of this well most of
the time (thus a good approximation). The illustration
for this process is plotted in Fig. 3, using the parameter
values we will find in the later Sec. 3.

Note that the cap size L is evolving with time, due to
tubulin-addition at the front, and GTP-hydrolysis at the
back of the cap, as shown in Eq. (2), essentially mak-
ing the effective potential V (L) also time-dependent. If
the time-scale for this potential to reach its steady state
is much shorter than the average peel-off time, namely,
〈Tc〉 � Ts, one can safely adopt the time-independent
steady-state potential to formulate the MFPT problem.
In our case, it means substituting Ls of Eq. (4) for L
in Eq. (10). The MFPT for such a time-independent
potential, with adsorbing and reflective boundaries at
z0 = c and −a, respectively, is a well-known integral
expression51,52:

〈τ〉 =
1

D

∫ c

a+m

eβV (z0)

(∫ z0

−a
e−βV (y)dy

)
dz0 , (11)

where D is the diffusion coefficient for the radial fluctu-
ations of the tubulin dimer at the tip, and β = 1/kBT is
the inverse thermal energy.

On the other hand, if the cap changes slowly with
time, the time-dependence in V though L(t) cannot be
ignored, making Eq. (11) inapplicable (the time trans-
lational invariance used in deriving this integral expres-
sion is broken in this case, and the backward diffusion
operator becomes non-trivial52). A possible strategy to
tackle MFPT problems (or Kramer kinetics theory) with
a time-dependent potential was proposed in the context
of non-equilibrium single molecule pulling experiments53.

However, in MT catastrophe, a most probable (steady-
state) cap size larger than one tubulin unit is frequently
observed54–56, so it is not unreasonable to assume the
steady-state effective potential, in order to find out 〈τ〉,
then use this result to fit experiment data, and then re-
turn to justify the assumption 〈τ〉 � Ts. Under this sce-
nario, Eq. (5) gives 〈Tc〉 = 〈τ〉, by noticing 〈kcs〉 = 1/ 〈τ〉.

Assuming a strong restoring constant for the harmonic
potential, and staying in the regime where the position
of the potential minimum never passes beyond the bond-
breaking distance c, we combine Eqs. (10) and (11) to
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obtain57:

〈Tc〉 =

4
√

32π2 Exp
[
B1/4k3/4

2
√
2

β(c− a−ms)
2
]

D β3/2B3/8k9/8 (c− a−ms)
, (12)

where ms is the shift due to interplay between the
steady-state cap and the natural curvature κ of GDP-
units, and is given in Eq. (10) with L(t) replaced by the
concentration-dependent steady value Ls of Eq. (4) there:

ms = κ

√
2B

k
cos

 b

2λ

−1 +

√
8
k̃g
kh

+ 1

− π

4


×Exp

−b
2λ

−1 +

√
8
k̃g
kh

+ 1

 . (13)

The length scale λ = (4B/k)1/4, is the same as given be-
low Eq. (8). As tubulin concentration C decreases, the
cap is shrinking due to a decreased effective grwoth rate
k̃g, causing ms to approach the value κ(2B/k)1/2; with
this, the catastrophe time gradually reduces to the case of
a fully-curved protofilament (composed of all GDP-units
at zero tubulin concentration in solution). At high tubu-
lin concentration C, it is expected that the cap length is
long, and hence the catastrophe time should eventually
resemble the case of a fully-straight protofilament. This
can be examined by noticing ms ≈ 0 at large C.

The influence of the natural curvature κ is manifested
in the exponent of Eq. (12) through ms (and also as a
minor factor in the denominator), implying that catas-
trophe time should be sensitive to the change in intrin-
sic curvature. And this curvature-dependence should be-
come more pronounced as C decreases, as can be seen
from the expression for ms of Eq. (13) (the coefficient

after κ decays fast as C increases and k̃g accordingly be-
comes larger). However, in practice, one has to assume
the natural curvature of the GDP-tubulin is a fixed value
determined by structural analysis. We now proceed to
find reasonable values for parameters used in the mean
catastrophe time 〈Tc〉 of Eq. (12).

3. CATASTROPHE OF A FREE-STANDING MT

The frequency of MT catastrophes is the commonly-
measured quantity in experiment; in our model it is de-
fined as the inverse of the peel-off time, 1/ 〈Tc〉, because
catastrophe is assumed to occur when the actual crack
in lateral bonds first appears (x ≥ b in Fig. 2). We can
now test the validity of Eq. (12) by fitting the catas-
trophe frequency with the data from Drechsel et al.44,
at varied growth rates k̃g. Parameters are specified as
follows: the bond-breaking distance (a − c) is 8 nm
(roughly the length of one tubulin unit), as suggested
by nano-indentation experiments on MT filament58,59.
Each GDP-unit roughly curls up to 0.21 radian14,60,61,
giving the curvature κ = 0.21/8 ∼ 0.026 nm−1. The

value of bending rigidity B of a single protofilament is
still under debate, varying form 1500 to 13000 pN·nm2

in different reports (corresponding to a straightening en-
ergy of a GDP-unit between 3.7 and 32 kBT at room
temperature)62–65. Here, we choose a soft rigidity limit
that gives the persistence length of 50 tubulin units at
room temperature (equally, B ∼ 1645.6 pN·nm2).

The diffusion coefficient D of a tubulin dimer is con-
strained between the measurements of 0.6·10−11, in vivo,
and 5.5·10−11m2/sec, in vitro66,67. The rate of hydrolysis
kh was reported to have values below 1 tubulin/sec29,68,
however, we keep kh and the elastic constant k are our
fitting parameters. Figure 4 shows the plot of mean
catastrophe frequency 1/ 〈Tc〉 from Eq. (12), with the
points being the experimental data from Drechsel et al.44,
for the increasing effective growth rate of the GTP-cap
k̃g (or simply put, the increasing rate of tubulin addi-
tion). The result of fitting gives: kh = 0.1536 sec−1,
D = 0.64 · 10−11m2/sec: a smaller diffusive mobility,
as, in fact, expected because the experiment was con-
ducted in vivo, and k = 5.32·105 N/m3, corresponding to
33.16 kBT at room temperature to break the neighboring
lateral bonds, estimated from the expression kb(c−a)2/2.
This k-value is consistent with the estimated dissocia-
tion energy for one lateral bond in a number of previous
studies21,59,63,64,69, which ranged from 3 to 15 kBT, cor-
responding to 6 to 30 kBT in our model (as there are
actually two neighboring protofilaments, thus two lat-
eral bonds to break). Note that the lower estimated lat-
eral bond energy is obtained through interpolating ki-
netic equations; it will undoubtedly also depend on how
well the proposed kinetic model connects with the real re-
action mechanism, while direct indentation experiments
favors a larger value, which our fitted k also does. By
using Eq. (4) with the fitted hydrolysis rate constant
kh = 0.154 sec−1 inserted, the steady-state cap size Ls is
estimated to increase from 2 to 5 tubulins, when the effec-
tive growth rate k̃g varies from 0.46 to 2.3 tubulins/sec,
covering the experiment range of Drescher et al.44 (red
solid circles in Fig. 4). The cap size at the medium and
low concentration regimes indeed remains small.

Our proposed formula for 〈Tc〉, Eq. (12), is clearly
compatible with experimental data. Due to the cosine-
function embedded in ms, the expression for 〈Tc〉 shows
a characteristic non-monotonic change at the medium ef-
fective growth rate. As the cap growth rate increases,
〈Tc〉 eventually reaches the steady-state limit of a long
GTP-cap (the straight protofilament case), where ms in
〈Tc〉 of Eq. (12) becomes zero. This asymptotic plateau is
shown as the grey dashed line in Fig. 4. We will discuss
this plateau at high tubulin concentration in the next
section.

With the fitted hydrolysis rate, we are now able to ex-
amine the assumption 〈Tc〉 � Ts, which we have adopted

in the derivation. At zero growth rate k̃g = 0, we obtain
Ts ≈ 13 sec. As the growth rate increases, Ts gradually
decreases roughly with the scaling (k̃g)

−1/2, eventually
intercepting the increasing curve for 〈Tc〉; this crossover
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FIG. 4. Catastrophe frequency at varied effective growth rate
of the GTP-cap (which grows with the free tubulin concentra-

tion: k̃g = b(kaC−kTd)). The solid black line is plotted using
Eq. (12), with the parameter values obtained by fitting the
data from Drescher et al.44 (red solid circles). The asymp-
totic plateau at high growth rate is obtained by by letting
ms = 0 in Eq. (12), and is the peel-off rate at the tip for a
fully-straight protofilament. The blue dashed line accounts
for the effect of crack-healing, with the parameters values
obtained by re-fitting the same data (the resultant param-
eter values are slightly different from the black solid curve).
Gray diamonds73, purple squares70 and red open circles6 show
the catastrophe frequency at different growth rates in various
other experiments.

occurs around k̃g = 0.2 (tubulin/sec), using the same pa-
rameter values as determined above. Note that the low-
est experimental rate in Fig. 4 is k̃g ≈ 0.52. Therefore,

the predicted value of k̃g at intersection is far below the
practical experiment range. The assumption 〈Tc〉 � Ts,
and the Eq. (5), which we have used to find Eq. (12) are
therefore valid.

4. CRITICAL COMPARISON OF CAP MODELS

Our main result, Eq. (12) for 〈Tc〉, has several features
that were already observed in the previous studies. First,
our formulation of 〈Tc〉 does not consider the fluctuation
of the cap length, since we use the average cap length
L(t), unlike the classical work by Flyvbjerg et al.26, and
some other similar cap-loss or shrinkage models27,29,31

which all assume that MT catastrophe is induced by
cap length fluctuation (to a small cap size). Instead,
we regard the occurrence of catastrophe as a thermally-
induced escape problem along the radial direction, from
a quadratic effective potential, allowing us to capture the
structural effect of the average cap length (which is pro-
portional to C−1/2 when the dissociation rate kTd is neg-
ligible), and the intrinsic curvature κ. This results in
an exponential function with the exponent C−1/2 in the
potential, hence contributing to a something like a dou-
ble exponential dependence on tubulin concentration in
〈Tc〉. In contrast, Tc in previous cap models appears as

a algebraic fraction of concentration:

〈Tc〉 ∼



2 (kaC − kv)
kh (kaC + kv)

[26]

7k2h + 12khkaC + 3k2aC
2

3k2h (2kh + 3kaC)
[27][

kTd

(
1− kaC − q(kTd + kh)

kaC − q kTd
q

)
+ kh

]−1
[29],

where kv and kTd are the vectorial hydrolysis rate (the
rate at which the interface between the GTP-cap and
GDP-part moves toward the GTP-tip), and the longitu-
dinal dissociation rate of one GTP-tubulin dimer during
the MT growing phase as defined earlier in Eq. (1), re-
spectively. q is the probability of having a GTP-tubulin
at the tip. q is, in fact, a function of tubulin concen-
tration and other rate constants involved in this mecha-
nism, yet no direct analytical expression of q was given by
Ranjith et al.29 (only a set of kinetic equations required
to solve q). As a result, the concentration dependence
becomes somehow unstraightforward to grasp (but phys-
ically speaking, q ≈ 0 and ≈ 1 at very low and high
tubulin concentrations, respectively, as stated in their
supporting material). Note that Flyvbjerg’s result26 was
obtained by assuming the minimum stabilizing cap size
being one unit, while Brun et al.27 obtained this size as
two units by fitting experimental data. Ranjith’s work29

was not limited to the stabilizing cap size of unity, and
numerically extended to any cap size; here we listed only
the analytical result corresponding to the case of the cap
of one tubulin. This also highlights the issue, which was
also pointed out in Ranjith’s work29, that if the minimum
stabilizing cap size is equal to one, then the catastrophe
frequency saturates at a constatnt level at high tubulin
concentrations: one must have this minumum size greater
than one, as indeed in Brun et al.27.

As tubulin concentration decreases, 〈Tc〉 in Flyvbjerg’s
model decreases, and becomes zero at kaC = kv, while
〈Tc〉 reduces to 1/(kTd + kh) in Ranjith’s, and to 7/6kh
in Brun’s models, respectively. Although our 〈Tc〉 cannot
be taken to very low concentration (because we require
〈Tc〉 ≥ Ts to use the time-independent potential), the
MFPT method we use will not give a zero 〈Tc〉 (diverging
rate) either. It is because at zero concentration the most
probable cap size Ls should be zero, while any non-zero
cap size L(t), in the progress towards the steady-state
Ls = 0, should give a longer catastrophe time. Therefore
〈Tc〉 is bound by the shortest possible catastrophe time at

k̃g = 0, and hence ms = κ(2B/k)1/2 in Eq. (12), in this
low concentration limit. Note that the loss of the depen-
dence of the hydrolysis rate kh in this zero concentration
limit arises from the application of our ensemble-averaged
cap size Ls, which is the only quantity that kh appears in
our model. If one wishes to investigate the catastrophe
time in one single MT filament in this low-concentration
limit (instead of pursuing the ensemble behavior), the cap
size Ls may be set to one unit: the minimum cap size in
the MT growth phase, in Eq. (12). As for Rangith’s29
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and Brun’s27 results, their (1/kh) dependence at C → 0
results from the limitations of the method – they assume
that the peel-off of protofilaments occurs fast after being
fully hydrolyzed, and the longitudinal dissociation imme-
diately follows, so the limiting catastrophe time will be
solely proportional to the time required to hydrolyze that
last GTP-unit.

At high concentration, our model will eventually reach
a plateau frequency of catastrophe, similar to Flyvbjerg
and Ranjith models with minimum cap size of one, with
their asymptotic Tc being 2/kh and 1/kh, respectively.
Nevertheless, the physical meanings of this plateau are
quite different: our asymptotic expression represents the
peel-off time at the tip of a fully-straight protofilament,
with the hydrolysis having no effect in this limit. In con-
trast, the kh factor in these two models arises from the
assumption that the catastrophe occurs when one GTP-
tubulin at the very tip is removed through hydrolysis
(with the rate kh). Note that the dissociation rate kTd
depends on the experiment setting6,44,45, and can be al-
most zero44. With zero kTd, Ranjith’s asymptotes (for
the minimum Ls = b) at high and low concentrations give
the same expression (1/kh), which seems troublesome as
one expects the catastrophe time to be far shorter at
very low tubulin concentration. Indeed, Ranjith’s work29

showed that taking the minimum stabilizing cap size to
be two fitted the experiment data from Drechsel et al.44

better. On the other side, Brun’s expression for catastro-
phe rate diverges at high concentration (Tc ≈ kaC/3k2h),
reflecting the competition between hydrolysis and addi-
tion, when there are two GTP-units at the tip. When
one GTP-tubulin has been hydrolyzed, the catastrophe
will not yet occur, and an addition of a new GTP-unit
to the tip will again make two-unit cap.

It is perhaps more intuitive to think that high tubu-
lin concentration will result in persistent growth of MT,
see the experiment data from Gardner et al. (purple
squares)70 and Walker et al. (red open circles)6 in Fig. 4,
which appear to approach zero or a small value at high
k̃g. Then in theoretical expression, the catastrophe fre-
quency should go towards zero (like in Brun’s result),
or at least a small value (like in Flyvbjerg’s and Ran-
jith’s expressions, although it is hard to understand how
one single GDP-unit at the tip, followed by consecutive
straight GTP-units at high tubulin concentration, could
reproduce the experimentally observed horn-like shape
of peeled MT protofilaments). Or the catastrophe fre-
quency could have a cut-off point beyond which catas-
trophe does not occur. Our result presented in Fig. 4
seems not to produce this expected trend: the catas-
trophe frequency at high concentration is even slightly
larger than in the medium range. Nevertheless, we must
understand that our model is a minimal model empha-
sizing the structural effect of the tubulin concentration-
related cap on the crack-producing of lateral bonds (and
then the catastrophe kinetics). Some other possible ki-
netic processes may become important and suppress the
catastrophe at very high concentrations.

For example, MD simulation of Zakharov et al.22

pointed out that healing of the crack is fast for a fila-
ment in somewhat straight shape, and a curled protru-
sion of protofilaments is required to initiate the catastro-
phe. This may imply that healing of the crack may also
be an important factor to fully describe the MT catas-
trophe dynamics in the high concentration regime, where
crack-healing could be fast, due to a longer average GTP-
cap (causing a more straight configuration). This healing
rate of a crack should also be a function of tubulin con-
centration (through varying GTP-cap, and the resultant
protofilament structure) and the peeled-off length.

We attempted to capture this crack-healing effect
by imposing a correction factor in front of the crack-
producing rate 〈kc〉. This factor may be estimated by the
equilibrated probability for the laterally-debonded tubu-
lin to stay away from the bond-breaking distance c in
the outward lateral direction, i.e. calculating the nor-
malized partition function of the bending energy penalty
to overcome in this case. Then, we used this modified
cracking rate to re-fit the experiment data from Drech-
sel et al.44, producing the blue dashed curve in Fig. 4.
Although this blue curve gives the ‘expected’ physical
result, that 1/ 〈Tc〉 approaches zero in the large-k̃g limit,
its decay rate with increasing tubulin concentration (or

equally, increasing k̃g) drops to zero at a far too low con-
centration, inconsistently with the decaying trend given
by experiment data presented in Fig. 4.

Alternatively, we may consider another possible ki-
netic mechanism: once the crack occurs, the removal
of laterally-debonded tubulin immediately follows, faster
than the rate of re-attaching back to heal the crack. Un-
der this scenario, the healing effect may be ignored, and
the catastrophe frequency will have the trend as Eq. (12)
(the black solid curve in Fig. 4) at low and medium

growth rates k̃g. Yet, at high growth rates, rescue events,
where free GTP-tubulins add on to GTP-tubulin islands
from the tip to stop further shrinkage of protofilament
length35–37, should become more frequent. In this sense,
the rapid rescue at high growth rates (giving a very short
shrinkage episodes) causes MTs to seemingly grow almost
persistently – the shrinkage due to the crack-dissociation
process is indistinguishable with the stochastic fluctua-
tion in the MT length. So the experimental observation
that the catastrophe frequency (slowly) goes to zero in
this limit may not be incompatible with the plateau pre-
dicted byEq. (12).

We also notice that when kh = 0, the catastrophe time
in Eq. (12) is non-zero, which is against many experiment
reports12,23,71. However, this is a more or less similar is-
sue we have discussed at high growth rates k̃g. As kh
decreases, it is expected that the GTP-islands along the
protofilament become larger and longer, facilitating MT
rescue events. Without hydrolysis (kh = 0), each time
adding one tubulin to the protofilament tip, it success-
fully attaches to GTP-islands, and hence rescue occurs.
Consequently, even though the crack appears and dissoci-
ation of one debonded tubulin does occur, MT protofila-
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FIG. 5. Catastrophe frequency 1/ 〈Tc〉 plotted against (A) effective growth rate of the GTP-cap k̃g, with intrinsic curvature

κ = 0.0125, 0.026, 0.05 and 0.1 nm−1, increased along the arrow. (B) intrinsic curvature κ, with k̃g = 0.5, 0.6, 0.7, 0.98 and 1.5
tubulins/sec, increased along the arrow. C∗, shown by dashed lines in both plots, is the characteristic tubulin concentration,
at which κ has no effect on Tc, and C∗ separates out two regimes with opposite κ effects on Tc.

ments are immediately ’rescued’, resulting in an appear-
ance of persistent growth (as in the case with high k̃g
above). Our model here only focuses on catastrophe
events, and does not explore the relation between MT
rescue frequency and tubulin concentration or hydrolysis
rate. Therefore, the theory presented here is yet incom-
plete to fully describe the MT dynamics, but serves as a
starting point to investigate MT dynamics from a struc-
tural (mechanical) and thermodynamic viewpoint.

Our model explicitly and quantitatively addresses the
effect of natural curvature κ on the MT catastrophe time
through Eq. (12), which previous theories did not ex-
plore. We plot the catastrophe frequency against effec-
tive growth rate k̃g for varied intrinsic curvature κ in
Fig. 5(A), with all other parameter values the same as
used in producing the black solid line of Fig. 4, see also
the descriptions on fitted parameters in Sec. 3. The ef-
fect of natural curvature κ on the mean catastrophe time
〈Tc〉 is very different in the two concentration regimes
separated by a characteristic cap size L∗ and hence a
concentration C∗ where ms changes signs from positive
to negative (due to its cosine-function) in Eq. (13):

L∗ =
3λ

4
; C∗=

1

ka

[
kTd +

3πkhλ
(
2
√

2 b+ 3πλ
)

16 b2

]
. (14)

Below C∗, a stronger intrinsic curvature κ shortens the
catastrophe time 〈Tc〉, by increasing the positive ms-
value, shifting the potential minimum and causing a
lower energy barrier for lateral dissociation, while this ef-
fect is reversed above C∗ with ms turning negative. Fig-
ure 5(B) shows the frequency 1/ 〈Tc〉 against κ at varied
concentrations (other parameters remain the same) to il-
lustrate this phenomenon, with the estimated L∗ ≈ 3
(tubulin units) and kaC

∗ ≈ 0.98 (tubulins/sec) from
Eq. (14).

The crossover L∗ may thus be defined as the minimum
cap size to stabilize MT protofilament, as it cancels out
the structural effect induced by the GDP-part to accel-

erate catastrophe. Note that it has a different physical
meaning from other cap models, where their minimum
stabilizing cap is the boundary for the all-or-none catas-
trophe events. In contrast, even if the average GTP-cap
in our model shrinks to this minimum size, the stochas-
tic event of a catastrophe does not occur suddenly, and
the protofilament still needs time to develop the crack to
initiate catastrophe. The fact that the natural curvature
κ of GDP-units does not always facilitate catastrophe
(it actually depends on the GTP-cap size) has not been
stressed before.

5. MT DYNAMICS UNDER COMPRESSIVE FORCE

In vivo, MTs are known to be regulated by the force
generated while it grows and pushes against barriers such
as the cell periphery, resulting in an increased catastro-
phe frequency observed in experiment72–74. Here, we
consider a constant compressive force p applied on the
protofilament tip with the cap size L. This force is as-
sumed to propagate throughout the protofilament, while
assumed not to cause the critical buckling of the whole
MT filament. Under this scenario, we do not have to
consider a more complicated case where z0-direction no
longer remains perpendicular to the filament axis before
buckling, and the formulation of the Hamiltonian needs
elaborate geometric discussion. Now the Hamiltonian for
the protofilament upon compression p, under the assump-
tion of small deflection48,75–77, takes the form:

Hp =

∫ L

0

B

2

(
d2z

ds2

)2

− p

2

(
dz

ds

)2

+
k

2
(z − a)2 ds

+

∫ ∞
L

B

2

(
d2z

ds2
− κ
)2

− p

2

(
dz

ds

)2

+
k

2
(z − a)2ds, (15)

where the factor −(dz/ds)2/2 is the shrinkage in the
length of the protofilament projected along the force-
direction, giving the mechanical work term. Following
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similar procedures (using the Rayleigh-Ritz method, and
ignoring the boundary conditions at the interface be-
tween the cap and the GDP-part) to find out the effective
potential as in Sec. 2.2, we first write down the force-
balance equation for a protofilament under compression
p, based on the Hamiltonian of Eq. (15):

B
d4z

ds4
− pd

2z

ds2
+ k(z − a) = 0 . (16)

The ansatz satisfying Eq. (16), with the key bound-
ary conditions at ends: z(0) = z0, z(∞) = 0, and
dz/ds|s=∞ = 0, is:

z = a+

[
(z0 − a) cos

(
s

λ1

)
+Ap sin

(
s

λ1

)]
e

−s
λ2 , (17)

with λ1 =
2√

2( kB )
1
2 + p

B

and λ2 =
2√

2( kB )
1
2 − p

B

.

Unlike free-standing case, where we only have one charac-
teristic length λ for both decay and trigonometric func-
tions in Eq. (8), the compressive force p separates out

these length scales, decreasing the wavelength λ1, while
increasing the decay length λ2. Mathematically, in the
standard way of solving this linear homogeneous equa-
tion, we assume the solution eqs, with q being a com-
plex number, and insert it back into Eq. (16) to obtain
a quartic equation: Bq4 + pq2 + k = 0. At p = 0, the
argument of the solution q in the complex plane sits ex-
actly at the angle (2n + 1)π/4, where n is an integer.
These angles are irrelevant to the values of k or B, thus
only one length scale remaining when putting q solution
back into eqs. On the other hand, with a non-zero p, the
argument of the solution q in the complex plane is no
longer (2n + 1)π/4, causing two length-scales – one for
the real part of q (decay function in eqs) and the other for
the imaginary part (trigonometric function). Physically,
the decreased wavelength due to compression is to have
as many wrinkles as possible along the protofilament, in
order to minimize the bending penalty: a phenomenon
similar to shortening of buckling wavelength with an in-
creased force48,78–80. As before, the amplitude Ap is de-
termined through energy minimization dHp/dAp = 0,
giving:

Ap =
−1√

4Bk − p2

{
p(z0 − a) + 2κB

[
cos
(
L
λ1

)
−
√

2
√
Bk−p√

2
√
Bk+p

sin
(
L
λ1

)]}
. (18)

Equation (18) can be easily checked to reduce to the
free-standing case of Eq. (9) at p = 0. Now we insert
the solution for the protofilament shape, Eq. (17) and
the optimized amplitude Ap, back into the Hamiltonian

functional of Eq. (19), and obtain the effective potential
as a function of z0. Once again, we obtain a quadratic
form:

Vp =
k1/2

(√
Bk − p

)
2

√
2
√
Bk − p

(z0 − a−msp)
2
, with msp =

κB e−L/λ2

√
Bk − p

cos

(
L

λ1

)
+

√
2
√
Bk − p

2
√
Bk + p

sin

(
L

λ1

) . (19)

As expected, when p = 0, the cosine- and sine-functions
inside msp can be merged to give a phase angle of (−π/4),
recovering Eq. (10) of the force-free case. The compres-
sive force p decreases the restoring coefficient, and even-
tually flattens out the potential at pc =

√
Bk, known as

the critical buckling force which initiates structural insta-
bility of the protofilament (we will not discuss the case
beyond this critical value). In contrast, κ has no effect
on this restoring constant, as also observed in the free-
standing case. It is noticeable that with the existence of
the natural curvature κ, the shift of the potential mini-
mum, msp, is increased as compression p grows, lowering
the energy barrier to break the lateral bonds. Yet, com-
pression p alone, without κ, cannot alter mps, and can
only modify the shape of the effective potential.

Assuming that the potential minimum is not shifted
past the bond-breaking distance (i. e. msp < c − a),
the mean peel-off time for the tip to escape from this
quadratic potential, known as the average catastrophe
time in our model, is expressed as:

〈Tcp〉 =

√
2π Exp

[
k1/2(

√
Bk−p)

2
√

2
√
Bk−p

β(c− a−msp)
2

]
Dβ3/2

(
k1/2(

√
Bk−p)√

2
√
Bk−p

)3/2

(c− a−msp)

. (20)

We plot in Fig. 6(A) the average catastrophe frequency,
1/ 〈Tcp〉, using Eq. (20) and Eq. (4) for the steady-state

L, against tubulin addition rate (k̃g-dependence is em-
bedded in msp through L) at several compressive forces
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FIG. 6. (A) Catastrophe frequency 1/ 〈Tcp〉 plotted against effective growth rate k̃g, using Eq. (20), with compression p = 0,
0.5, 1.0 and 1.5 pN, increased along the arrow. Grey vertical lines show the cap lengths Ls = 2, 3, 4 and 5 (tubulins), from left
to right. (B) Mean catastrophe time 〈Tcp〉 plotted against compression p, while increasing the cap length Ls from 0, 1, 2 to 3
(tubulins) along the arrow. The solid lines are plotted by the exact expression, Eq. (20), while the dashed lines are from the
approximation, Eq. (21).

p, with the same parameter values as defined in Fig. 4.
It can be clearly seen that compression p accelerates the
catastrophe process.

Equation (20) is still complicated enough to clearly
expose the effect of compression p in a more intuitive
way, with p appearing in the nontrivial function msp.
However, in the weak-compression regime, 〈Tcp〉 may be
approximated by a simple product of 〈Tc〉 and an expo-
nential function that extracts this p-factor out:

〈Tcp〉
〈Tc〉

≈
(
1 +

p√
Bk

)
Exp

[
−βk1/4 (c−a−ms)

2

2
√

2 B1/4
fg p

]
, (21)

with fg =
3c− 3a+ 5ms

4 (c− a−ms)
.

〈Tc〉 is the mean catastrophe time of the free-standing
case, given in Eq. (12) or, equally, putting p = 0 in
Eq. (20). ms is the shift of the potential minimum with-
out compression, obtained by letting p = 0 in Eq. (19),
and is a function of the steady-state cap size Ls.

The exponent in Eq. (21) highlights how the compres-
sive force p lowers the energy barrier to break the lat-
eral bonds; its form is similar to the force-work term in
the energy barrier for bond-breaking in the original po-
tential, namely, Vp|z0=c. There, we take the p-variable
as zero in the denominator and in msp of Eq. (19),
while keeping only p in the numerator as a crude es-
timation of force-induced energy decrease in this weak-
compression case. We will then obtain the force-related
term: −pk1/4(c − a − ms)

2/2
√

2B1/4. The correction
factor fg in Eq. (21) is to account for any possible p-
contributions from msp and the denominator in the orig-
inal exact Vp expression.

We plot in Fig. 6(B) the approximation for 〈Tcp〉
against the compressive force p, using Eq. (21) with var-
ied cap lengths Ls, while other parameters remain the
same as in Fig. 4. The plot clearly shows the approxima-
tion (21) matches very well with the exact 〈Tcp〉 values,

even at medium-strong compression. But as k and B de-
crease, or κ increases, the deviation from the exact 〈Tcp〉
would become more obvious. Note that the critical buck-
ling force pc in this case is roughly 29.6 pN, estimated
from pc =

√
Bk. However, we do not take compression

p all the way to this value, because our 〈Tcp〉 expres-
sion is derived by assuming a + msp < c (namely, the
position of the potential minimum does not exceed the
bond-breaking point). Before p reaches pc, this assump-
tion already no longer holds. Besides, our model does
not account for the situation where the MT filament as
a whole buckles. This critical buckling force pMc for the
MT filament depends on its full length (in-vitro)75, or
on the bending rigidity and the elastic support from the
cytoplasm (in vivo)75,77, giving a few pN for the former
case, while larger than 100 pN for the latter. This will re-
sult in a further cut-off at p = pMc/N in Fig. 6, where N
is the number of the protofilaments in this MT filament,
and varies between 10 and 17.

The ka-constant embedded in k̃g may also depend on
the force p. Previous studies81–83 described this depen-
dence as k̃a = k0aExp(−βpb̃), where k0a is the addition

rate constant without compressive forces and b̃ is the ef-
fective tubulin size. From the thermodynamic view, b̃
for a straight protofilament should be equal to the real
tubulin size b, while for a curved protofilament, b̃ < b.
However, the experimentally-measured b̃-value was larger
than b, the reason of which still remains unclear81. Equa-
tions (19), (20) and (21) are, in fact, general expression.
To incorporate this p-effect on ka, we simply need to write
ka, which is embedded in k̃g and Ls, explicitly in its p-
relation. And it is expected that the compressive force p
will have a more pronounced effect than the case where
ka is assumed irrelevant to p, as the force now shrinks
the cap size qualitatively in an exponential way.
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6. DISCUSSION

We have explored the mean time for a microtubule to
undergo a catastrophe, with and without a compressive
force applied at the tip. Now we proceed to examine the
probability distribution function of the stochastic time of
individual catastrophe events. Many of the previous cap
models, assuming a single tubulin unit for their stabiliz-
ing cap, would obtain a simple exponential decay func-
tion for this probability distribution – namely, the catas-
trophe is most likely to happen at short time26–28,30).
This fails to explain the seemingly Gamma-like distri-
bution function obtained in experiment70,84,85 – catas-
trophe events are, in fact, rare at small times, and the
probability distribution should go to zero as the reac-
tion time is taken extremely small. As pointed out,
this discrepancy may originate from the assumption of
‘a single-step’ mechanism for the MT catastrophe (hy-
drolyzing one GTP-unit at the tip)30. Adopting a multi-
step mechanism for the catastrophe, such as hydrolyzing
more than two GTP-units in the cap27,29 or considering a
multi-protofilament case30, could resolve this problem of
non-zero catastrophe probability at very short time. Al-
though we also adopt a ‘single-step’ mechanism (once the
crack appears, the catastrophe takes place), our model
does not suffer from this problem.

Our model of the tip escaping from the quadratic effec-
tive potential is essentially the Ornstein-Uhlenbeck pro-
cess, of which the first-passage time distribution (FTPD)
has been widely discussed49,50. Although there is no sim-
ple analytical expression for this FTPD throughout the
entire time, the asymptotes for two extreme time-scales
have elegant forms, allowing us to understand the trend
of this distribution. We denote the probability distribu-
tion function for the catastrophe time as f(Tc). At large
times, f(Tc) has an exponential trend50:

f(Tc) =
1

〈Tc〉
Exp

(
−Tc
〈Tc〉

)
. (22)

This asymptote for Tc distribution is not a surprising re-
sult, indeed, it is the same as given in the single-step
catastrophe model26,27. At short times, f(t) has no ex-
plicit dependence on the mean first passage time 〈Tc〉,
and it scales like50:

f(Tc) ∝ βDB1/4k3/4Exp

[
−(c− a−ms)

2

2 D Tc

]
. (23)

When Tc is taken to zero, Eq. (23) would become zero.
Therefore, we do not have non-zero possibility for the
MT catastrophe at very short time.

7. CONCLUSION

In this paper, we take into account the structural effect
of the GTP-cap of length L, and the natural curvature
κ of the GDP-part. We formulate the occurrence of the

MT catastrophe as the peel-off at the tip to produce a
crack of one tubulin size in the lateral bonds, see Fig. 2.
The effective potential V for the tip along this peel-off
direction is obtained as a quadratic form of the tip height
z0, see Fig. 3, and is also a function of the cap size (which
is regulated by the tubulin concentration C). We then
apply the MFPT method to find the average rate for
this peeling-off process, and obtain the mean catastro-
phe time 〈Tc〉. The result, Eq. (12), exhibits roughly a
double-exponential dependence of C, and is comparable
with the experiment, see Fig. 4. In our model, we are also
able to explicitly investigate the κ-effect on 〈Tc〉 – κ does
not always facilitate the MT catastrophe, and there ex-
ists a cap size L∗ (and hence also a characteristic tubulin
concentration C∗) defining the boundary of the reverse
κ-effect, see Eq. (14) and Fig. 5. With the parameter val-
ues we find in Sec. 3, this characteristic size is estimated
to be roughly three tubulin units. We also give critical
comparisons with previous cap models for MT catastro-
phe, and discuss the plateau at high cap growth rates in
our model, and the possible solutions to this issue.

We also consider the case with a constant compres-
sive force p on the protofilament tip. Following the sim-
ilar procedures as in the free-standing case, the effec-
tive potential is also obtained as a quadratic function of
z0. The effect of the compressive force p on the mean
catastrophe time 〈Tcp〉 can approximately be extracted
as an exponential-decay factor, together with a ratio
(1 + p/

√
Bk) in the front, see Eq. (21). This result origi-

nates from the structural effect of p on the protofilament
as a whole, not simply due to the decrease in tubulin
addition rate by compressive forces81–83.

The real mechanism of MT catastrophe may be more
complicated than the crack mechanism we explore in this
paper. For example, the healing of the crack may be im-
portant at high tubulin concentrations22. Although, we
did try to capture this effect in this paper, the resultant
MT catastrophe curve decays too sharply with increasing
cap growth rate (or equivalently, free tubulin concentra-
tion in solution). The MT catastrophe kinetics incorpo-
rating healing-effect may need a more careful treatment;
MT catastrophe events are not simply governed by one
protofilament (instead, it should be a consequence of col-
lective dynamics of multiple protofilaments). We hope
our model could be a first step toward understanding,
in a more analytical way, the structural effect from the
well-known existence of the straight GTP-cap and the in-
trinsic curvature of GDP-units on the catastrophe time.
It is also very important for future studies to further
elucidate the role of the crack, such as more accurate de-
scriptions on the condition for MT catastrophe, in order
to develop a more real mechanical (structural) model on
the catastrophe kinetics.
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