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Abstract. Intuitionistic preference relations are becoming increasingly
important in the field of group decision making since they present a flex-
ible and simple way to the experts to provide their preference relations,
while at the same time allowing them to accommodate a certain degree of
hesitation inherent to all decision making processes. In this contribution,
we prove the mathematical equivalence between the set of asymmetric
fuzzy preference relations and the set of reciprocal intuitionistic fuzzy
preference relations. This result is exploited to tackle the presence of
incomplete reciprocal intuitionistic fuzzy preference relation in decision
making by developing a consistency driven estimation procedure via the
corresponding equivalent incomplete asymmetric fuzzy preference rela-
tion.

Keywords: Intuitionistic preference relation, asymmetric fuzzy prefer-
ence relation, consistency, uninorm, incomplete information.

1 Introduction

Much research has been carried out in decision making with preferences modelled
using fuzzy preference relations in comparison to using intuitionistic fuzzy prefer-
ence relations. This is mainly to the longer existence of the former representation
format of preferences but also to the increase computational complexity associ-
ated to the use of membership degree, non-membership degree and hesitation
degree to model experts’ subjective preferences with the latter representation
format. Notice that in decision making, intuitionistic fuzzy preference relations
are usually assumed to be reciprocal (Section 2).

In this paper the set of reciprocal intuitionistic fuzzy preference relations
and the set of asymmetric fuzzy preference relations are proved to be mathe-
matically isomorphic. The importance of this result resides in that it can be
exploited to use methodologies developed for fuzzy preference relations to the
case of intuitionistic fuzzy preference relations and, ultimately, to overcome the
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computation complexity mentioned above and to extend the use of reciprocal in-
tuitionistic fuzzy preference relations in decision making. Indeed, this result will
allow us to take advantage of mature and well defined methodologies developed
for fuzzy preference relations in an intuitionistic context while at the same time
taking advantage of the flexibility of reciprocal intuitionistic fuzzy preference re-
lations to model vagueness/uncertainty. In particular, in this paper we illustrate
how this isomorphic equivalence is used to address the presence of incomplete
reciprocal intuitionistic fuzzy preference relations in decision making.

Incomplete information, as a result from the incapability of experts to provide
complete information about their preferences, may happens more frequently than
expected because experts do not have a precise or sufficient level of knowledge of
part of the problem, lack of time, difficulty to distinguish up to which degree one
preference is better than other, or due to the presence of conflicting alternatives,
among others [2, 9]. In the literature, different approaches to deal with missing
or incomplete information for the case of using fuzzy preference relations as the
representation format of preferences have been extensively studied [24]. Most
of the existing approaches are based on a methodology that ‘builds’ the matrix
driven by the concept of consistency of information [1–5, 10, 12–14, 16, 17, 25].

The case of incomplete intuitionistic fuzzy preference relations has also been
addressed in literature in [26, 25]. In both cases, a methodology driven by consis-
tency was also adopted, although the way consistency of reciprocal intuitionistic
fuzzy preference relations was modelled was different. On the one hand, in [26]
a straight forward transposition of the multiplicative consistency property for
fuzzy preference relations was proposed for the case of reciprocal intuitionistic
fuzzy preference relations, which later was proved to be incorrect [25] and pub-
licly acknowledged by the authors that proposed it [27]. On the other hand, in
[25] the concept of multiplicative consistency for reciprocal intuitionistic fuzzy
preference relations was derived by formally extending the fuzzy preference rela-
tion multiplicative transitivity property via the use of both the extension prin-
ciple [29] and representation theorem of fuzzy sets [28]. In this contribution,
though, a different approach to incomplete reciprocal intuitionistic fuzzy pref-
erence relations is presented based on the aforementioned isomorphic mapping
between the set of reciprocal intuitionistic fuzzy preference relations and the set
of asymmetric fuzzy preference relations.

The rest of the paper is set out as follows: The first part presents the two
mathematical frameworks for representing preferences (Section 2) and the basics
concepts needed throughout the rest of paper (Section 3). The second part of the
paper demonstrates the isomorphism between the set of reciprocal intuitionistic
fuzzy preference relations and the set of asymmetric fuzzy preference relations
(Section 4) and its use to present a methodology to estimate missing values of
reciprocal intuitionistic fuzzy preference relations (Section 5). The final part of
the paper includes conclusions drawn form the results obtained (Section 6).
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2 Preference relations in decision making

The comparison of two elements of a set of feasible alternatives (X) by an ex-
pert can lead to the preference of one alternative to the other or to a state of
indifference between them. Obviously, there is the possibility of an expert being
unable to compare them. Two main mathematical models based on the concept
of preference relation can be used in this context. In the first one, a preference
relation is defined for each one of the above three possible preference states
(preference, indifference, incomparability) [11], which is usually referred to as a
preference structure on the set of alternatives [20]. The second one integrates
the three possible preference states into a single preference relation [7]. In this
paper, we focus on the second one as per the following definition:

Definition 1 (Preference Relation). A preference relation P on a set X is
a binary relation µP : X ×X −→ D, where D is the domain of representation of
preference degrees provided by the decision maker.

For a set X of finite cardinality (#X = n) the following matrix representa-
tion of a preference relation P is used: P = (pij), with pij = µP (xi, xj) being
interpreted as the degree or intensity of preference of alternative xi over xj
(i, j ∈ {1, 2, . . . , n}). The elements of P can be of a numeric or linguistic nature,
i.e., could represent numeric or linguistic preferences, respectively [19]. The main
types of numeric preference relations used in decision making are: crisp prefer-
ence relations, additive preference relations, multiplicative preference relations,
interval-valued preference relations and intuitionistic preference relations. In this
contribution we focus on reciprocal intuitionistic fuzzy preference relations and
their equivalence to a subclass of fuzzy preference relations, the asymmetric
fuzzy preference relations.

2.1 Fuzzy preference relation

Recall that given a universal set U , with a generic element denoted by x, a fuzzy
set X in U is a defined as a set of ordered pairs:

X =
{

(x, µX(x))|x ∈ U
}

where µX : U → [0, 1] is called the membership function of A and µX(x) rep-
resents the degree of membership of the element x in X. In this context, the
degree of non-membership of the element x in X is normally defined as νX(x) =
1−µX(x), and as a consequence the following reciprocity property holds: µX(x)+
νX(x) = 1. The reciprocal relationship between membership and non-membership
makes the latter one unnecessary in the formulation as it can be derived from
the former.

Definition 2 (Fuzzy Preference Relation). A fuzzy preference relation R =
(rij) on a finite set of alternatives X is a relation in X×X that is characterised
by a membership function µR : X ×X −→ [0, 1].
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The following interpretation is assumed:

– rij = 1 indicates the maximum degree of preference for xi over xj
– rij ∈]0.5, 1[ indicates a definite preference for xi over xj
– rij = 1/2 indicates indifference between xi and xj

When rij + rji = 1 (∀i, j ∈ {1, . . . , n}) is imposed we have a reciprocal fuzzy
preference relation.

2.2 Intuitionistic fuzzy preference relation

An intuitionistic fuzzy set X over a universe of discourse U is represented as [6]

X =
{(
x, 〈µX(x), νX(x)〉

)∣∣x ∈ U}
where µX : U −→ [0, 1] and νX : U −→ [0, 1] verify

0 ≤ µX(x) + νX(x) ≤ 1 ∀x ∈ U.

In this context, µX(x) and νX(x) are known as the degree of membership and de-
gree of non-membership of x to X. Obviously, an intuitionistic fuzzy set becomes
a fuzzy set when µX(x) = 1−νX(x) ∀x ∈ U . However, when there exists at least
a value x ∈ U for which µX(x) < 1−νX(x), an extra parameter known as the hes-
itancy degree is defined with intuitionistic fuzzy sets, τX(x) = 1−µX(x)−νX(x),
representing the amount of lacking information in determining the membership
of x to X.

In [22], Szmidt and Kacprzyk defined the intuitionistic fuzzy preference re-
lation as a generalisation of the concept of fuzzy preference relation.

Definition 3 (Intuitionistic Fuzzy Preference Relation). An intuitionis-
tic fuzzy preference relation B on a finite set of alternatives X = {x1, . . . , xn}
is characterised by a membership function µB : X × X → [0, 1] and a non-
membership function νB : X ×X → [0, 1] such that

0 ≤ µB(xi, xj) + νB(xi, xj) ≤ 1 ∀(xi, xj) ∈ X ×X.

The value µB(xi, xj) = µij is interpreted as the certainty degree up to which xi
is preferred to xj , while νB(xi, xj) = νij is interpreted as the certainty degree
up to which xi is non-preferred to xj .

As with a fuzzy preference relation, an intuitionistic fuzzy preference relation
is represented by a matrix B = (bij) with bij = 〈µij , νij〉 ∀i, j = 1, 2, . . . , n. Obvi-
ously, when the hesitancy function is the null function we have that µij + νij =
1 (∀i, j) and the intuitionistic fuzzy preference relation B = (bij) is mathe-
matically equivalent to the reciprocal fuzzy preference relation R = (rij), with
rij = µij .

An intuitionistic fuzzy preference relation is referred to as reciprocal when
the following additional conditions are imposed:

– µii = νii = 0.5 ∀i ∈ {1, . . . , n}.
– µji = νij∀i, j ∈ {1, . . . , n}.
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3 Consistency of fuzzy preferences

Consistency of fuzzy preference relations has been modelled using the notion
of transitivity in the pairwise comparison among any three alternatives. If xi
is preferred to xj (xi � xj) and this one to xk (xj � xk) then alternative
xi should be preferred to xk (xi � xk), which is normally referred to as weak
stochastic transitivity [18]. Any property that guarantees the transitivity of the
preferences is called a consistency property [8].

Different properties or conditions have been suggested as rational to be veri-
fied by a consistent fuzzy preference relation [8, 15]: triangle condition, weak tran-
sitivity, max-min transitivity, max-max transitivity, restricted max-min transi-
tivity, restricted max-max transitivity, additive transitivity, and multiplicative
transitivity. The last two properties, proposed by Tanino in [23], are the most
widely used in the context of incomplete information [8].

Definition 4 (Additive transitivity). A fuzzy preference relation R = (rij)
on a finite set of alternatives X is additive transitive if and only if

(rij − 0.5) + (rjk − 0.5) = rik − 0.5 ∀i, j, k = 1, 2, · · · , n

Additive transitivity for fuzzy preference relations is equivalent to Saaty’s
consistency property [21] for multiplicative preference relations [15]. However,
it is also a fact that additive transitivity is in conflict with the [0, 1] scale used
for providing the preference values and therefore it is not appropriate to model
consistency of fuzzy preference relations [8]. An alternative transitivity property
for fuzzy preference relations to additive transitivity was also proposed by Tanino
[23]:

Definition 5 (Multiplicative transitivity). A fuzzy preference relation R =
(rij) on a finite set of alternatives X is multiplicative transitive if and only if

rij · rjk · rki = rik · rkj · rji ∀i, k, j ∈ {1, 2, . . . n} (1)

Multiplicative transitivity extends weak stochastic transitivity, and therefore
extends the classical transitivity property of crisp preference relations.

The modelling of cardinal consistency of reciprocal fuzzy preference relations
via a functional equation was proposed in [8], and it was proved that when such
a function is almost continuous and monotonic (increasing) then it must be a
representable uninorm. Furthermore, cardinal consistency with the conjunctive
representable cross ratio uninorm

U(x, y) =

{
0, (x, y) ∈ {(0, 1), (1, 0)}

xy

xy + (1− x)(1− y)
, otherwise (2)

is equivalent to Tanino’s multiplicative transitivity property as per Definition 5.
As any two representable uninorms are order isomorphic, it was concluded that
multiplicative transitivity is the most appropriate property to model consistency
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of reciprocal fuzzy preference relations. This property is referred though as the
multiplicative consistency property.

Multiplicative consistency property (1) allows to estimate the (fuzzy) pref-
erence value between a pair of alternatives (xi, xj) with (i < j) using a different
intermediate alternative xk (k 6= i, j), mrkij , as

mrkij =
rik · rkj · rji
rjk · rki

(3)

so long as the denominator is not zero. The value mrkij is known as the partially
multiplicative transitivity based estimated fuzzy preference value of the pair of
alternatives (xi, xj) obtained using the intermediate alternative xk.

The following points are noted:

– Expression (1) is always true when two of the three subindexes in {i, j, k}
are equal.

– When k = i and rji 6= 0 then mriij = rij , while when rij 6= 0 then mriji = rji.
Because rji = 1− rij , then we have that: rji 6= 0 if and only if rji 6= 1. Thus,
if k = i and (rij , rji) /∈ {(1, 0), (0, 1)} we have mriij = rij and mriji = rji.

– A similar reasoning and conclusion is obtained when k = j.
– Although it is possible to obtain the multiplicative transitivity based esti-

mated fuzzy preference value of the pair of alternatives (xi, xj) when k ∈
{i, j} and (rij , rji) /∈ {(1, 0), (0, 1)}, it is also true that there is no indirect
estimation process as described above.

– When the fuzzy preference value rij is unknown its estimation will automat-
ically require that k /∈ {i, j}.

– Finally, when i = j we have by definition that rii = 0.5 and we would have
mrkii = rii whenever rik /∈ {(0, 1), (1, 0)}. Thus, this case will not be relevant
when having incomplete information.

Thus, the global multiplicative transitivity based estimated value of the fuzzy
preference value of the pair of alternatives (xi, xj) is defined as the following
average of partially multiplicative transitivity based estimated values

mrij =

∑
k∈R01

ij

mrkij

#R01
ij

;

where R01
ij = {k 6= i, j|(rik, rkj) /∈ R01}, R01 = {(1, 0), (0, 1)}, and #R01

ij is the

cardinality of R01
ij .

Given a fuzzy preference relation, R = (rij), its multiplicative transitivity
based fuzzy preference relation, MR = (mrij), can be constructed. If R is mul-
tiplicative transitive then (1) holds ∀i, j, k, and we have

rij =
rik · rkj · rji
rjk · rki

;

whenever k ∈ R01
ij . Consequently, mrkij = rij ∀i, j, k ∈ R01

ij and therefore it is
rij = mrij ∀i, j. The following alternative definition of multiplicative transitivity
for fuzzy preference relations is justified.
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Definition 6 (Multiplicative Consistency). A fuzzy preference relation R =
(rij) is multiplicative consistent if and only if R = MR.

The similarity value between the fuzzy preference relation, R, and its its mul-
tiplicative transitivity based fuzzy preference relation, MR is defined as follows:

CL =

n∑
i,j=1; i 6=j

CLij

n · (n− 1)
.

where CLij = 1 − d(rij ,mrij) ∀i, j, and d(rij ,mrij) represents the distance
between the values rij and mrij . We have the following:

– If R is multiplicative consistent then it is rij = mrij ∀i, j. Consequently,
d(rij ,mrij) = 0 ∀i, j, i.e. CL = 1.

– If CL = 1 then 2 ·
∑n

i,j=1; i<j CLij = n · (n−1). Commutativity of d implies

that CLij = CLji ∀i, j. Therefore it is
∑n

i,j=1,i6=j CLij = n × (n − 1), and
because CLij ∈ [0, 1] then CLij = 1∀i 6= j, i.e. rij = mrij ∀i 6= j. Finally,
when i = j we have mrkii = rii = 0.5 whenever rik /∈ {(0, 1), (1, 0)}, and
therefore mrii = 0.5 ∀i. Thus, we have rij = mrij ∀i, j, i.e. R = MR, and
R is multiplicative consistent.

This proves that a fuzzy preference relation R is multiplicative consistent if
and only if CL = 1, and therefore provides a characterisation of multiplicative
consistency of a fuzzy preference relation based on its similarity value to its
multiplicative transitivity based fuzzy preference relation.

4 Reciprocal intuitionistic fuzzy preference relations and
asymmetric fuzzy preference relations

Let denote with B the set of reciprocal intuitionistic fuzzy preference relations:

B =
{
B = (bij)|∀ij : bij = 〈µij , νij〉, µij , νij ∈ [0, 1],

µii = νii = 0.5µij = νji, 0 ≤ µij + νij ≤ 1
} (4)

and with R the set of fuzzy preference relations

R =
{
R = (rij)|∀ij : rij ∈ [0, 1]

}
Let f : [0, 1] × [0, 1] −→ [0, 1] be the following function f(x1, x2) = x1. We can
define the following mapping, F : B −→ R, between the set of reciprocal intu-
itionistic fuzzy preference relations, B, and the set of fuzzy preference relations,
R,

R = F (B) = (f(bij)) = (µij).

We have:
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– Function F is well defined, i.e. given B ∈ B it is true that f(B) ∈ R.
– Function F is an injection. Indeed, let B1 = (b1ij) and B2 = (b2ij) two re-

ciprocal intuitionistic fuzzy preference relation such that F (B1) = F (B2).
Then we have that

f(b1ij) = f(b2ij)⇔ µ1
ij = µ2

ij ∀i, j.
Because µ1

ij = ν1ji and µ2
ij = ν2ji then it is obvious that

ν1ij = ν2ij ∀i, j.
Therefore we have that

b1ij = 〈µ1
ij , ν

1
ij〉 = 〈µ2

ij , ν
2
ij〉 = b2ij ∀i, j.

Consequently, it is concluded that

B1 = B2.

– Function F is not a surjection as not all fuzzy preference relations R ∈ R
verify 0 ≤ rij + rji ≤ 1. Thus the range of function function f is the set of
asymmetric fuzzy preference relations.

Summarising:
The set of reciprocal intuitionistic fuzzy preference relations is isomorphic to the
set of asymmetric fuzzy preference relations.

5 Estimating unknown values in incomplete reciprocal
intuitionistic fuzzy preference relations

It is assumed that for incomplete reciprocal intuitionistic fuzzy preference re-
lations, given a pair of alternatives (xi, xj) for which bij is not known, both
membership and non-memberships will be unknown. Due to reciprocity, we have
that if bij is not known then bji is also not known.

If B is an incomplete reciprocal intuitionistic fuzzy preference relation, then
R = F (B) will be an incomplete asymmetric fuzzy preference relation. However,
the missing preference value rij (i 6= j) cannot be partially estimated, using an
intermediate alternative xk, via expression (1) because rij is also unknown. In
these cases we use expression (2). Thus the missing preference value rij(i 6= j)
can be partially estimated, using an intermediate alternative xk, with the value:

crkij =

{
0, (rik, rkj) ∈ {(0, 1), (1, 0)}

rik · rkj
rik · rkj + (1− rik) · (1− rkj)

, Otherwise. (5)

The global multiplicative transitivity based estimated value, crij , is defined as:

crij =

∑
k∈R01

ij

crkij

#R01
ij
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where H01
ij = {k ∈ R01

ij |(i, j) ∈ MV & (i, k), (k, j) ∈ EV }; MV is the set of
pairs of different alternatives for which the fuzzy preference degree is unknown
or missing; EV is the set of pairs of different alternatives with known fuzzy
preference values.

The iterative procedure to complete reciprocal fuzzy preference relations de-
veloped in [14] can be applied to complete R and, consequently, to complete B
as the following example illustrates.

Example 1. Let X = {x1, x2, x3, x4} be a set of alternatives evaluated by a
decision maker against a particular criterion using the following incomplete re-
ciprocal intuitionistic fuzzy preference relation [25]:

B =


〈0.50, 0.50〉 〈0.40, 0.30〉 x x
〈0.30, 0.40〉 〈0.50, 0.50〉 〈0.50, 0.40〉 x

x 〈0.40, 0.50〉 〈0.50, 0.50〉 〈0.30, 0.40〉
x x 〈0.40, 0.30〉 〈0.50, 0.50〉


The associated incomplete asymmetric fuzzy preference relation is:

R =


0.5 0.4 − −
0.3 0.5 0.5 −
− 0.4 0.5 0.3
− − 0.4 0.5


Step 1: The set of elements that can be estimated at this stage are:

EMV1 = {(1, 3), (2, 4), (3, 1), (4, 2)} .

The computation of the estimated values cr13 and cr31 requires the intermediate
alternative k = 2, for which we have

cr213 =
r12 · r23

r12 · r23 + (1− r12) · (1− r23)
=

0.4 · 0.5
0.4 · 0.5 + 0.6 · 0.5

= 0.4,

and

cr231 =
r32 · r21

r32 · r21 + (1− r32) · (1− r21)
=

0.4 · 0.3
0.4 · 0.3 + 0.6 · 0.7

= 0.22.

The computation of the estimated values cr24 and cr42 is done using intermediate
alternative k = 3

cr324 =
r23 · r34

r23 · r34 + (1− r23) · (1− r34)
=

0.5 · 0.3
0.5 · 0.3 + 0.5 · 0.7

= 0.3,

and

cr342 =
r43 · r32

r43 · r32 + (1− r43) · (1− r32)
=

0.4 · 0.4
0.4 · 0.4 + 0.6 · 0.6

= 0.31.
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After the estimation process is applied, we have:

R =


0.5 0.4 0.4 −
0.3 0.5 0.5 0.3
0.22 0.4 0.5 0.3
− 0.31 0.4 0.5



Step 2: The remaining unknown elements can be estimated at this stage,
EMV2 = {(1, 4), (4, 1)} . The computation process of the estimated values are:

cr214 =
r12 · r24

r12 · c24 + (1− c12) · (1− c24)
=

0.4 · 0.3
0.4 · 0.3 + 0.6 · 0.7

= 0.22;

cr314 =
r13 · r34

r13 · r34 − (1− r13) · (1− r34)
=

0.4 · 0.3
0.4 · 0.3 + 0.6 · 0.7

= 0.22;

cr14 =
cr214 + cr314

2
= 0.22.

cr241 =
r42 · r21

r42 · c21 + (1− c42) · (1− c21)
=

0.31 · 0.3
0.31 · 0.3 + 0.69 · 0.7

= 0.16;

cr341 =
r43 · r31

r43 · r31 − (1− r43) · (1− r31)
=

0.4 · 0.22

0.4 · 0.22 + 0.6 · 0.78
= 0.16;

cr41 =
cr241 + cr341

2
= 0.16.

The following completed asymmetric fuzzy preference relation R is obtained:

R =


0.5 0.4 0.4 0.22
0.3 0.5 0.5 0.3

0.22 0.4 0.5 0.3
0.16 0.31 0.4 0.5


The complete reciprocal intuitionistic fuzzy preference relation is:

B = F−1(R) =


〈0.50, 0.50〉 〈0.40, 0.30〉 〈0.40,0.22〉 〈0.22,0.16〉
〈0.30, 0.40〉 〈0.50, 0.50〉 〈0.50, 0.40〉 〈0.30,0.31〉
〈0.22,0.40〉 〈0.40, 0.50〉 〈0.50, 0.50〉 〈0.30, 0.40〉
〈0.16,0.22〉 〈0.31,0.30〉 〈0.40, 0.30〉 〈0.50, 0.50〉


Notice that the completed reciprocal intuitionistic fuzzy preference relation ob-
tained coincides with the one in [25], where there was a typo in b41 (b14) that
appeared as 〈0.19, 0.22〉 (〈0.22, 0.19〉) instead of the correct one shown here.
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6 Conclusion

The set of asymmetric fuzzy preference relations is isomorphic to the set of
reciprocal intuitionistic fuzzy preference relations. This result is important be-
cause it allows to use methodologies developed for fuzzy preference relations to
the case of intuitionistic fuzzy preference relations and, ultimately, to overcome
their associated computation complexity and ultimately to extend the use of
reciprocal intuitionistic fuzzy preference relations in decision making. Indeed,
this result has been exploited here to address the issue of incomplete reciprocal
intuitionistic fuzzy preference relations in decision making.
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