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Abstract— In order to perform fuzzy inferencing, it is normal
practice to discretise fuzzy sets. For type-1 fuzzy sets there is
only one method of discretisation, but type-2 fuzzy sets may be
discretised in more than one way. This paper introduces the grid
method of type-2 discretisation — a simpler, more convenient
alternative to the established technique.

I. INTRODUCTION

Conventionally, discretisation is the first step in creating
a computer representation of a fuzzy set (of any type). It is
the process by which a continuous set is converted into a
discrete set through a process of slicing. The rationale for
discretisation is that a computer can process a finite number
of slices, whilst it is unable to process the continuous fuzzy
sets from which the slices are taken. For the ordinary type-1
fuzzy sets, there is only one dimension to be discretised, and
hence only one method of discretisation. For type-2 fuzzy
sets (T2FSs) a technique has become established which we
term the standard method of type-2 discretisation. This paper
presents the grid method of type-2 discretisation, which is
an alternative to the standard method.

The paper is structured as follows: The remainder of the
introduction describes fuzzy sets, concentrating on the type-
2 fuzzy set. The next section concerns their application in
fuzzy inferencing systems. Finally Section III focusses on
the standard and grid methods of discretisation, the two main
discretisation options for type-2 fuzzy sets.

A. Fuzzy Set Theory

Fuzzy set theory was originated in the 1960s by Lotfi
Zadeh [9]. A fuzzy set is a set that does not have sharp
boundaries, so allowing for degree of truth. Truth-values
form a continuum on a scale from 0 to 1, with 0 representing
false, and 1 representing true. Every fuzzy set is associated
with a membership function; it is through its membership
function that a fuzzy set is defined. The membership func-
tion maps each element of the domain onto its degree of
membership, i.e. its truth-value. These are the ‘ordinary’ or
type-1 fuzzy sets, an example of which is depicted in Figure
1.

Definition 1 (Type-1 Fuzzy Set): Let X be a universe of
discourse. A type-1 fuzzy set A on X is characterised by a
membership function p4 : X — [0, 1] and can be formulated
as follows [9]:

A= {(z,pa(@)| pale) € 0,1]Va € X} ()
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Fig. 1. Membership function for the type-1 fuzzy set rall.

1) Type-2 Fuzzy Sets: Type-2 fuzzy sets have elements
whose membership grades are themselves fuzzy sets (of type-
1). The graph of a type-2 fuzzy set is 3-dimensional; a typical
such set is depicted in Figure 2. With no loss of generality it
is assumed in the discussion which follows, that the type-2
fuzzy set is a surface represented by (x,u,z) co-ordinates
contained within a unit cube (Figure 2').
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Fig. 2. A type-2 fuzzy set, produced by the aggregation stage of an FIS.

Let U = [0,1]; let P(U) be the set of fuzzy sets in U. A
type-2 fuzzy set Ain X is a fuzzy set whose membership
grades are themselves fuzzy [10], [11], [12]. This implies that
p;(x) is a fuzzy set in U for all z, ie. p; : X — P(U)

IThe ’plateau’ effect evident in this figure derives from the truncation of
secondary membership functions during inferencing.



and
A={(z,p;(2))| pi(z) € PU)Vz € X} ()

It follows that Vo € X 3J, C U such that p ;(z) : J, = U.
Applying (1), we have:

pa(w) = {(u pz (@) ()] pi(e)(w) € UVu e J, CUY.
3)

X is called the primary domain and J, the primary mem-
bership of x while U is known as the secondary domain and
p 5 () the secondary membership of .

Putting (2) and (3) together we obtain the mathematical
definition of a type-2 fuzzy set:

Definition 2 (Type-2 Fuzzy Set):

A= {(x, (u, p3 (@) ()| px(2) (w) € U,Ve € XAVu € J, € U},

(C))
Some concepts associated with type-2 fuzzy sets are:
Definition 3 (Footprint Of Uncertainty): The  Footprint
Of Uncertainty (FOU) of a type-2 fuzzy set is the projection
of the set onto the « — u plane.

0.8
£
@
E o6
©
>
@
e}
c
3
g o4
0.2
|
|
A A A
LU i
0 0.2 0.4 0.6 0.8 1
primary domain
Fig. 3. The FOU of the type-2 fuzzy set depicted in Figure 2, i.e. the set

in Figure 2 at a secondary membership level of 0.

Definition 4 (Lower Membership Function): The Lower
Membership Function (LMF) of a type-2 fuzzy set is the
type-1 membership function associated with the lower bound
of the FOU.

Definition 5 (Upper Membership Function): The Upper

Membership Function (UMF) of a type-2 fuzzy set is the
type-1 membership function associated with the upper bound
of the FOU.
Figure 4 depicts an FOU formed by blurring a type-1 fuzzy
set, showing two vertical slices (Definition 7) at domain
values z1 and xo. Figures 5 and 6 show triangular secondary
membership functions at the vertical slices 1 and x».
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Fig. 4. Footprint of uncertainty with two vertical slices at 1 and z2. Jz;
and J, are represented by the bold sections of the corresponding vertical
slices.
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Fig. 5. Triangular secondary membership function at the vertical slice
(Figure 4).
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Fig. 6. Triangular secondary membership function of the vertical slice z2
(Figure 4).




II. Fuzzy INFERENCING SYSTEMS

The main employment of fuzzy sets is within a FIS.
Starting with a crisp number, a Mamdani FIS? (of any type)
passes through three stages: fuzzification, inferencing, and
finally defuzzification:

Fuzzification is the process by which the degree of mem-
bership of a fuzzy set is determined, based on the
crisp input value and the membership function of
the fuzzy set.

Inferencing is the main stage of the FIS and may be
broken down into three further stages: 1) antecedent
computation, 2) implication, and 3) aggregation.
The output of inferencing is a fuzzy set known as
the aggregated set.

Defuzzification: During this stage the aggregated set is
converted into another crisp number, the final result
of the processing of the FIS.

a) Type-2 Mamdani FISs: Figure 7 provides a repre-
sentation of a rype-2 Mamdani-style FIS, showing the de-
fuzzification stage as consisting of two parts, type-reduction
and defuzzification proper. Type-reduction is the procedure
by which a type-2 fuzzy set is converted to a type-1 fuzzy
set known as the Type-Reduced Set (TRS). This set is then
defuzzified to give a crisp number. The additional stage of
type-reduction distinguishes the type-2 FIS from its type-1
counterpart.
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Fig. 7. Type-2 FIS (from Mendel [7]).

III. DISCRETISATION OF TYPE-2 FuzzY SETS

Before discussing the topic of discretisation of type-2
fuzzy sets, we present some relevant definitions.

Definition 6 (Slice): A slice of a type-2 fuzzy set is a
plane either

1) through the z-axis, parallel to the u — z plane, or

2) through the w-axis, parallel to the x — z plane.

Definition 7 (Vertical Slice [8]): A vertical slice of a
type-2 fuzzy set is a plane through the z-axis, parallel to
the u — 2 plane.

Definition 8 (Degree of Discretisation): The
discretisation is the separation of the slices.

degree of

2This paper concentrates on the Mamdani type-2 FIS, though the ob-
servations regarding discretisation would apply equally to the alternative
Takagi-Sugeno-Kang FIS.

The two strategies available for the discretisation of type-2
fuzzy sets are the standard method and the grid method.

A. Standard Method of Discretisation

In this discretisation technique (Figure 8) the primary
domain of the type-2 fuzzy set is sliced vertically at even in-
tervals. Each of the slices generated intersects the FOU; each
line of intersection (within the FOU) is itself sliced at even
intervals parallel to the x — z plane. This results in different
secondary domain degrees of discretisation according to the
vertical slice [6]. The primary degree of discretisation and the
number of horizontal slices are arbitrary, context dependent
parameters, chosen by the developer after considering factors
such as the power of the computer. Algorithm 1 shows the
calculations involved in creating the computer representation
of a T2FS by the standard method.
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Fig. 8. x — u plane under the standard method of discretisation. Primary
domain degree of discretisation = 0.1.

Input: the parameters relating to a generalised T2FS
Output: a T2FS discretised using the standard method

calculate the primary domain of the T2FS;
vertically slice the primary domain at even intervals;
determine the number of horizontal slices required;
forall the vertical slices do
calculate the secondary domain of the vertical slice;
slice the secondary domain evenly;
calculate the secondary grade for each intersection
point (z,u);
8 end
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Algorithm 1: Creation of a discretised T2FS by means
of the standard method of discretisation.



B. Grid Method of Discretisation

An original, alternative method valid for all type-2 fuzzy
sets is the grid method of discretisation (Figure 9). Since
its first use in 2005 [5], this method has been employed on
several more occasions [4], [2], [3]. In this approach the
x —u plane, [0, 1]?, is evenly divided into a rectangular grid,
as determined by the degrees of discretisation of the = and
u-axes’. The fuzzy set surface, consisting of the secondary
membership grades corresponding to each grid point (x, u) in
the FOU, may be represented by a matrix of the secondary
grades, in which the x and u co-ordinates are implied by
the secondary grade’s position within the matrix [1]. For
grid points outside the FOU, a value of O is stored in the
matrix. Figure 10 show a type-2 fuzzy set constructed with
both LMF and UMF based on the S-curve. Figures 11 to
13 depict aggregated type-2 fuzzy sets created during the
inferencing stage of FISs operating under the grid method
of discretisation. Each fuzzy set is shown with its FOU and
associated matrix. (Note that the orientation of the FOU is
inverted relative to the matrix.)
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Fig. 9. x—wu plane under the grid method of discretisation. Primary domain
and secondary domain degrees of discretisation are 0.1.

C. Critique of the Standard and Grid Methods

The grid method has certain advantages over the standard
method:

1) Conceptually, the grid approach is very straightforward
and easy to understand.

2) The grid approach confers a data structure on the type-2
fuzzy set. The set is represented by a rectangular matrix,
which encapsulates the surface of the set (Figures 10(c),
11(c), 12(c) and 13(c)). Therefore the set does not need
to be constructed from its membership functions as with
the standard method.

3The degrees of discretisation of the axes are not necessarily the same.

3) The grid method involves a 2-D data structure, whereas
the standard method deals with unstructured 3-D data.

4) The grid method is more general than the standard
method in that it is applied to the whole theoretical
domains X and U, i.e. it is not necessary to identify
the actual domains of the membership function 1 5 and
the secondary membership functions g ;(x) prior to
discretisation.

5) Processing is simple using the grid method compared
with the computationally complex standard method (Al-
gorithm 1).

6) By employing the grid method, join and meet operations
may be optimised [4].

However, a drawback of the grid method is that if the FOU
has a narrow section, the discretisation has to be made finer
in order to represent the type-2 fuzzy set adequately.

Summary

In this paper we have looked at the computer representa-
tion of T2FSs in the context of the FIS. The standard and
grid methods of type-2 discretisation have been explored, and
the grid method shown to have several advantages over the
standard method, offset by only one disadvantage.

Further Work: Practical comparison of the standard and
grid methods for accuracy and efficiency would be valuable.
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