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Abstract: For all integers: > 1, let
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wherep, ¢ are complex parameters. The infinite prodidét, (p, ¢) includes the Wallis and Wilf formulas,

and also the infinite product definition of Weierstrass for the gamma function, as special cases. In this
paper, we present asymptotic expansion$iof(p, ¢) and R,,(p, q) asn — oo. In addition, we also
establish asymptotic expansions for the Wallis sequence.
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1 Introduction

The famous Wallis sequendg,,, defined by

n

4k?
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has the limiting value
o 4k? T

S WY ]
k=1

established by Wallis in 1655; se€ [5, p. 68]. Several elaargrproofs of this well-known result can
be found in[3,25,37]. An interesting geometric constrmctinat produces the above limiting value can
be found in[[30]. Many formulas exist for the representatibrr, and a collection of these formulas is
listed [33[34]. For more history of see[[2,4.5,14].

The following infinite product definition for the gamma fuiwst is due to Weierstrass (see, for exam-
ple, [1, p. 255, Entry (6.1.3)]):

Wee (1.2)

g = L () @9

n=1

where~y denotes the Euler—Mascheroni constant defined by

. 1
y:= lim (; i 1nn> = 0.5772156649 . . ..

In 1997, Wilf [39] posed the following elegant infinite proctdormula as a problem:

0 ) 1 1 71'/2+ —m/2
H {61“ (1 + - ﬁ)} = %a (1.4)
= i 2 me

which contains three of the most important mathematicabtonis, namelyr, e and~. Subsequently,
Choi and Seo[[12] proved (1.4), together with three otheillamproduct formulas, by making use of
well-known infinite product formulas for the circular andggybolic functions and the familiar Stirling
formula for the factorial function.

In 2003, Choket al.[11] presented the following two general infinite produetfmilas, which include
Wilf’s formula (I.4) and other similar formulas in [12] asespal cases:

H {el/j (1 " % n o? -31.-21/4>} _ 2(e™ + e <a €C; a# :I:%Z) (1.5)
j=1

(4a2 4 1)mwev

and

00 ) 2 B _ =B
11 {6—2/3 (1 T ; LB ;L 1)} _ 2;(52 :UWM (B € C\{0}; B+ =+i), (1.6)

j=1 J

wherei = /—1 andC denotes the set of complex numbers. In 2013, Chen and Chpi¢ggnted a more
general infinite product formula that included the formu&&) and[[T.6) as special cases:

ﬁ {ep/j (1 byt i)} N o (1.7)
j=1 Jj g2 F(l+%p+%A)1"(1+lp_lA)

2 2



and also another interesting infinite product formula:

0o ‘ 2=P re—PY/2
e—P/(25-1) (1 + 'p N q )} = , (1.8)
I1{ 251" -1 T T b BT - 1)

J=1

wherep, ¢ € CandA := /p? — 4q.
The formula[(ZI7) can be seen to include the formulas (1128} @s special cases. By settifggq) =
(0,—1/4) in (T.4), we have

o0

11 (1 - ﬁ) = % (1.9)

j=1

whose reciprocal becomes the Wallis prodlictl(1.2). Alstregy = 0 in (I.4), we obtain

ﬁ {ep/j <1 n ?)} - r(e];fl)' (1.10)

j=1

Noting thatl'(z + 1) = 2T'(z) and replacing by = in (I.I0) we recover the Weierstrass formilal(1.3).
Setting(p, q) = (1,1/2) in (T2) yields the Wilf formulal(1]4) and setting

(p,q) = (1,042 + i) and (p,q) = (2,ﬁ2 + 1) (1.11)

in (T.4) yields the formula$(1.5) and (IL.6), respectively.
With (p,q) = (—1,1/4) in (L.1), we obtain the beautiful infinite product formulgpeassed in terms

of the most important constants e and~, namely
00 ) 1 2 ~
IR GE (1 - —,) _— (1.12)
i 2j T

Also worthy of note are the infinite products that result freetting(p, ¢) = (—2,0) and(p, ¢) = (2,0)
in (1.9) to yield respectively

ﬁ {ez/@j—l) (1 ~ 2j2_ 1)} — 9 (1.13)

J=1

1 {ez/@jl) <1 L2 >} _ L (1.14)
ok 27 —1 2e7

Remark 1.1. The constant” is important in number theory and equals the following limiherep,, is
thenth prime number:

and

n

This restates the third of Mertens’ theorems ($eé [38]). itimerical value ot” is:

e’ =1.7810724179. ...



There is the curious radical representation
o\ /2 / 92 1/3 93 .4 1/4 oh . 44 1/5
e’ == — —_— e (1.15)
1 1-3 1-33 1-36.5

where thenth factor is
n 1/(n+1)
(H(k—i—l)(_l)kﬂ(z)) .

k=0
The produciT.I3) first discovered in 1926 by Sér[32], was rediscovered in[BE 36].

Recently, Chen and Paris| [9] generalized the formluld (hh¢ludem parameterspy, ..., pm).
Subsequently, Chen and Pafis][10] considered the asymtxpansion of products related to general-
ization of the Wilf problem. However, these authors did nweg general formula for the coefficients in
their expansions.

Forn € N, let

Wa(p. q) —j]i{ep/j <1+§+j%)} (1.16)

and

ﬁ{e e <1+2y—1+(2jz1)2)}’ (1.17)

wherep andq are complex parameters. In this paper, we present asymptqiansions ofV,, (p, ¢) and
R, (p,q) asn — oo, including recurrence relations for the coefficients irsthexpansions. Furthermore,
we establish asymptotic expansions for the Wallis sequéngce

2 Asymptotic expansions ofV,,(p, ¢) and R,,(r, s)

It was established by Chen and CHdi [7] that the finite praglUét(p, ) and R,,(p, ¢) defined in [1.16)
and [1.1F) can be expressed in the following closed form

e P (n+1)+9)T (n+1+ %p + %A) L(n+1+ %p — %A)

(C(n+1))°T (1+ ip+ 2A)T (1 + 1p— 1A)
and
B et JURE T T V) YRS B VR YV LS
)= T IN2 (L iy L LAV (L4 1y 1A ’ '
(C(n+3) T (5+ 30+ 38)T (5+ 30— 74)

wherey (z) denotes the psi (or digamma) function, defined by

d I'(2)
¥(z) = g lnL(2)} = T

We observe that allowing — oo in (2.1) and[[Z.R), respectively, yields (IL.7) ahd1.8).



Define the functiory (z) by

e MEOT (4 )T (z+v
1) = AdUARA LN 2:3)
(I'(2))
where )\, u, v € C. Itis well known that the logarithm of the gamma function lhs asymptotic
expansion (se€[22, p. 32]):

"1 Buga(a) 1

n(n+1) (2.4)

1 1 = (=
InT(z+4a)~ (z—i—a— 5) 1DZ—Z+§1D(27T)+7;
for z — oo in |arg z| < 7, whereB,,(¢) denote the Bernoulli polynomials defined by the following

generating function:
Zetz e on
ez _ 1 = ZOBn(t)F
n—

Note that the Bernoulli numbers,, (n € Ny := NU {0}) are defined byB,, := B, (0). The psi function
has the asymptotic expansion (se€ [22, p. 33]):

w(z)wlnz—%—;% (z = o0; |argz| < 7). (2.5)
Using [2.4) and(2]5), we then find that

lnf(z)w(,u—l—u—/\)lnz—i—zg

J=1
or

f(z) ~ 2" A exp (i Z—j) (2.6)

Jj=1

for z — oo in |arg z| < m, where the coefficienis; = a;(\, i, v) are given by

A+ Bo(p) + Ba(v) — 2B " A\B; (=1)7*t (BjJrl(N) + Bjt1(v) — 2Bj+l)

aq s = —+ — 7 >2).
2 T JjG+1) ( )
(2.7)
The choice . . . .
()‘7/1’71/) = ( 9 §p+ §A7 5]9_ §A> 9
wherey + v — X = 0, leads to the first few coefficients (p, ¢) given by:
1
a1(p,q) = 5292 - q,
1401 1, 1
az(p,q) = Gl tgpat Pt - 54
1, 1 1 1 1

— =0’ + opa+ —pP — =g

1 4 1 2
az(p, q) P Patsdt =g 5 B G

12 3 6
From [Z.1) and(Z]6), we obtain the following



Theorem 2.1. Asn — oo, we have

e o 4(P,9)
Wl d) ~ T LT I T (1 I = 14) ™ (Z o+ 1).7') ! (2:8)

where the coefficients;(p, ¢) are given by
1
ai(p,q) = 5p* —¢ and

2
pB, (1P (Bjﬂ(%p +3A) + B (5p — 34) - 23j+1)

J .
aj(p,q) = — + — 7 >2). 2.9
Thus we have the expansion
W ( ) e Pv
n\P,q) ~
F(1+ip+iA)T(1+1p-1A)
1 1 1 1 1
< oxp §p2—qjL —gP° + 3pa+ 3p° — 54
n+1 (n+1)2
P! — 570+ 54" — §p° + 3pa + 190" — 54
+ NP (2.10)
(n+1)3
asn — oo.
Remark 2.1 Note that sincéV,, = 1/W,,(0, —1), it follows by setting(p, ¢) = (0, —1) in (Z10) that
T 1 1 5
Wy ~ = - - - — 2.11
2 eXp< An+1) 8m+1)2 96(n+1)3 ) (2.11)
asn — .
The same procedure with the choice
1 1 1 1 1
in (Z.2) and[(Z.6) leads to the following
Theorem 2.2. Asn — oo, we have
R ( ) 2= Pre—PV/2 o Z bj (p7 Q) (2 12)
n\D,q) ~ XPp R ) .
C(z+ap+38)T(+p—38)  \Z (n+3)
where the coefficients(p, ¢) are given by
1 1
bi(r,s) = §P2 -4 and
_ —1)j+1(B- LCp+IA) + By (tp— LA) — 2B,
pB; ( J+1\g 1 J+1\g 1 J+ .
bi(r,s) = —> + — Jj=2). (2.13)



Thus we have the expansion

Q= Pre—PV/2

Rn(paq)N 1 1 1
r(l+ip+ A) (3+3p—18)
% —zq @p3+%pQ+1—16 " - 54
X exp 12
(n+3)
1.4 34 1 Lp?— L
L pq+96q — 350’ + 5500+ 51 ‘ﬂ‘u.--) (2.14)
(n+%)3

asn — o0.

The first two terms in the expansiofis (2.10) dnd (2.14) carhbes to agree with the expansions in
inverse powers of obtained in[[10, Egs. (4.3), (4.4)].

3 Asymptotic series expansions of the Wallis sequence

Some inequalities and asymptotic formulas associated taghwallis sequencé/,, can be found in

[6L[13 15[ 1V=21,24-20,B1]. For example, Elezasti@l. [15] showed that the following asymptotic
expansion holds:

3 3 51 75 2253
5 5
256 2048 16384 65536 4 1048576 4. ) (31)

1
anﬁ(l— 45 513 5\4 5\5 56 5y7
2 7’L+§ (7’L+§) (TL+§) (TL+§) (7’L+§) (7’L+§)

asn — co. Denget al.[13] proved that for alh € N,

T 1 us 1
Z (1= W,<=[(1- 3.2
2( 4n+a>< _2< 4n+5) (3.2

with the best possible constants

a:§ and ﬂ:32—97r
3T —8

= 2.614909986. . ..

In fact, Elezovicet al. [15] have previously shown th%tis the best possible constant for a lower bound

of W, of the type3 ( m) Moreover, the authors pointed out that

us 1 1

Here, we will establish two more accurate asymptotic exioassor IV, (see Theorenis 3.1 ahdB.2)
by making use of the fact that

W, =

1 [F(n—i—l) ? T(n+1)? 3.3)

™ e
2 n+l P(n—i—%)} T2 T(n+Hrn+3)

The following lemma is required in our present investigatio



Lemma 3.1(see([8]) Let
A(z) ~ Z apx” " (x — 00)
n=1

be a given asymptotical expansion. Then the compositipA(z)) has asymptotic expansion of the
following form

exp(A(x)) ~ Z bpa™" (x — 00), (3.4)
n=0
where
bo=1, b, = 1 > kagbp-r  (n>1). (3.5)
n
k=1

From [2.34), we find ag — oo

™ vy

—

J:
where the coefficients; are given by

(—1)7+! (23j+1 —Bj1(3) - Bj+1(%))
JG+1)

(G >1). (3.7)

vy =
Noting that (se€[1, pp. 805-804])
B,(1—z)=(-1)"B,(z), (=1)"Bp(—z)= B,(x)+nz"""! (n € Nyp)
and
Bu(3)=~(1-2"")B,  (n€Ny),
we find that[[3.)7) can be written as

(17 ((4=2"9)Bjay — (i +1) - 277)

T (G =>1). (3.8)

Vi =

Thus, we obtain the expansion

WL, L5 1 1 1%
PP T 4 T 82 T 96n® T 64nt 320m5 | 384n6 716807

n 1 n 29 n 1 695 n (3.9)
2048n8 © 9216n° © 10240n10  90112n!! ' '




By Lemmd3.1L, we then obtain from (3.6)

T — i
r L}

Ware 5D 05

7=0
where the coefficientg; are given by the recurrence relation
1J
po =1, p; = jszkﬂjfk (j=1).
k=1

and they; are given in[(3.B). This produces the expansion in inverseepoofn given by

W (4 1 n 5 11 " 83 143 n 625 1843
) dn © 32n%  128n3  2048n*  8192n°  65536n6  262144n7
24323 n 61477 14165 _ 8084893 n
8388608n% = 33554432n°  268435456n10  1073741824n!!
asn — oo.

Theorem 3.1. The Wallis sequence has the following asymptotic expansion

7T > (67

wherea, and 3, are given by the pair of recurrence relations

— 20— 2
Qy = H2¢—1 — Zakﬂif—Qk <2€ _ 2k> (é > 2)
k=1

and o
1 - 20— 2k+1 20 -1
_ >
o= Doy {“Wr;a’“ﬁk 20 — 2k + 1 (£=22),
with oy = — and 8, = 2. Herey; are given by the recurrence relatiq@.11)
Proof. Let

m > (67

wherea, andg, are real numbers to be determined. This can be written as

2 e} ; ﬁ] —25+1
WY (1—1—; |
=

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



Direct computation yields

j=1
oS

Jj=1
which can be written as

LJ+1

S (10%) S

Jj=1 j=1 k=1

It then follows from [3.16) and(3.17) that

L5

2 > . .
_Wn ~1 J—2k+1 -1 j—1
. +Z{ DIEE

—25+1 %)
Z ﬁj 3
n2] 1 n2i—

00
1 (
k=0

NZ 2J1k0 )(

oo j—1
_ ,1 —k—1 j+/€—1 1
PO BT (1Y <3—k—1)—n47’+’“’
k=0

~2j+1\ B}
k nk
. k
k+2j-2Y) 5
k nk

i 1)47'—1(

On the other hand, we have from(3.10) that

2 1
W, ~1 =
- 2

Jj=1

i—1 L1
j—2k+1) (i

Jj—1 1
j=2k+1)(ni

Equating coefficients af 7 on the right-hand sides df(3]18) afd (3.19), we obtain

')

R j—2k+1 j—1
,Uf]_zaﬁ ( 1) (j—2k—|—1

Lj+1

k=1

Settingj = 2¢ — 1 andj = 2/ in (3:20), respectively, we find

20—-2
M?f 1= ZOUCBQZ 2k (26—2145

and

p2e = Za e

For¢ = 1, we obtain from[(3.21) anﬂB:lZZ)

2k+1 (

10

20—-1

)

)

(j € N).

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



and for? > 2 we have
-1
_ 20— 2
Por—1 = ;akﬁg 2k (25_%) + oy
and

— 20— 1
H2e = — Z O‘k52572k+1 (2[ — 92k + 1) - (2€ - 1)alﬂl-
k=1
We then obtain the recurrence relatidns (B.14) &nd13.1%.proof of Theoren 311 is complete. O

We now give explicit numerical values of the first few and 5, by using the recurrence relations
(3132) and[(3.75). This demonstrates the ease with whictdhstantsy, and3, in (@) can be determined.
We find

1 5
041__11 ﬁl_ga

2 11 1 5 2 3
az=m—afi =555 = (=7 )(3) ~ 356

g it S+ (D@7
? 30 3 (25) 12’

Gt — 831N B\ (TN 53
a3 = s — a1 B — 65 3192 ( 4) (8) 6 YT B TR
gy — Mot onf+10008) g + (=) (3)° +10- () - ()" _ 2113
’ das 5-(—122) 3816

Continuation of this procedure then enables the followiogfficients to be derived:

- 224573 22119189899
4793782016 ' T 41134587264

N 596297240983745796931 8 38909478384301921254232134966821
5 — 5 —

 176651089583152098705408 73585322683584986068354328660352°
We then obtain the following explicit asymptotic expansion

- 1 3 53
Wnr~g (1 B n—T— 5T (n 42-561)3 " (n Jlr632—81%3)5
8 12 3816
224573 596297240983745796931
93782016 _ 176651089583152098705408 + (3 23)
(TL 4 22119189899)7 (TL 4 38909478384301921254232134966821 )9 .
41134587264 73585322683584986068354328660352

Thus, we would appear to obtain an alternating odd-type psytia expansion foil,,. From a compu-
tational viewpoint,[(3.23) is an improvement on the fornsu&.12) and(311).

Theorem 3.2. The Wallis sequence has the following asymptotic expansion

o0

Wi ~ gexp (Z L) (n = 00) (3.24)

T\or—
o (n+ 1)1

11



with the coefficients, given by the recurrence relation

£—1 20—2k
1 1 20—-2
wp = _Z and Wy = Vop—1 — ]}_1 W (5) (26 _ 2]{3) (f > 2), (325)

where they; are given in(3.8).

Proof. Let

o0

m Wy
Wn~§exp(27(n+%)Ml> (n — o0),

=1
wherew, are real numbers to be determined. This can be written as

2 0 w; 1 —254+1

j=1

The choices; = 3 in (317), witha; replaced byv;, yields
o —2j+1 oo [LEE] j—2k+1 .
i S 1 NI A 1
San(rn) X)) v (el e

We then obtain

oo (L) j—2k+1 .
() AT () e () e

J=1

On the other hand, we have from (3.6) that

ni’

In (ng> ~N U (3.27)
T =1

Equating coefficients af —7 on the right-hand sides df(3126) afd (3.27), we obtain

L5

vj = kz;z o (%)j%ﬂ (—1)71 <j _32_]{14_ 1> (j €N). (3.28)

Settingj = 2¢ — 1 in (3.28), we find

14 202k
1 20— 2

Var_1 :;wk (5) <2€_2k>. (3.29)

Substitution oft = 1 in (3:29) yieldsu; = 11 = —%, and for¢ > 2 we have
-1 202k
1 20—2
V2é—1:;wk (5) (26—21@) + we.

We then obtain the recurrence relatibn (3.25). The proofrefofenti 3.2 is complete. O

12



Remark 3.1. Settingj = 2/ in (3.28), we find
4 20—2k+1
1 20— 1
For ¢ = 1 in (3:30)this yieldsw; = —2v5 = —%, and for¢ > 2 we have
0—1 20—2k+1
1 20— 1 1
Vze:—kgilwk (5) <2£_2k+1)—(€—§)wg.

We then obtain the alternative recurrence relation for tleeféicientsy; in (3.24)in terms of the even
coefficients;:

1 9 —1 1 20—2k+1 201
w1:_1 and W£:_m {V2€+I;wk (5) (26—2]€+1>} (822) (331)

Hence, from[(3.24), we obtain the following explicit asymiit expansion:

1 1 1 17 31
. 1 1 1 7 31
W, ~ —ex S S 96 _ 320 4 768 _ 9216 . .. ) 3.32

2 p( n+3 (43?7 (+3)° (+3)7 (+3)° (3:32)

This would appear to be an alternating odd-type expansiomifp. From a computational viewpoint,
(332) is an improvement on the formul&s(2.11) andl(3.9).
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