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INEQUALITIES, ASYMPTOTIC EXPANSIONS AND COMPLETELY
MONOTONIC FUNCTIONS RELATED TO THE GAMMA FUNCTION

CHAO-PING CHEN* AND RICHARD B PARIS

ABSTRACT. In this paper, we present some completely monotonic functions and asymptotic
expansions related to the gamma function. Based on the obtained expansions, we provide new
bounds for I'(z + 1)/T'(z + %) and I (z + %)

1. INTRODUCTION

A function f is said to be completely monotonic on an interval I if it has derivatives of all
orders on I and satisfies the following inequality:

(~1)"f™(@) >0 (zel; neNy:=NU{0}, N:={1,2,3,...}). (1.1)

Dubourdieu [13, p. 98] pointed out that, if a non-constant function f is completely monotonic
on I = (a,00), then strict inequality holds true in (1.1). See also [16] for a simpler proof of this
result. It is known (Bernstein’s Theorem) that f is completely monotonic on (0, co) if and only
if

f(a) = / e (o),

where p is a nonnegative measure on [0,00) such that the integral converges for all z > 0 (see
[48, p. 161]). The main properties of completely monotonic functions are given in [48, Chapter
IV]. We also refer to [4], where a extensive list of references on completely monotonic functions
can be found.

Euler’s gamma function:

I(z) = / t"te~tdt, x>0
0

is one of the most important functions in mathematical analysis and its applications in various
diverse areas. The logarithmic derivative of the gamma function:

I(z)
is known as the psi (or digamma) function. The derivatives of the psi function ¢ (z):
d’n.
P (@) = @}, neN

are called the polygamma functions.
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In this paper, we present some completely monotonic functions and asymptotic expansions
related to the gamma function. Based on the obtained expansions, we provide new bounds for
L(z+1)/T(z+3) and T (z + 1).

The numerical values given in this paper have been calculated via the computer program
MAPLE 13.

2. LEMMAS

The Bernoulli polynomials By, (z) and Euler polynomials E,,(x) are defined by the generating
functions

te®t e n 9ext & n
= ;Bn(x)a and  ——— = gEn(x)H.

The rational numbers B,, = B, (0) and integers F,, = 2" E,,(1/2) are called Bernoulli and Euler
numbers, respectively.
It follows from Problem 154 in Part I, Chapter 4, of [39] that

2m—+1
B2J 23 t B2J +2i
§ (2j)tj 1~ 1+3 <§ J (2.1)
=1

for ¢ > 0 and m € Ny. The inequality (2.1) can be also found in [17, 40].
Lemma 1 presents an analogous result to (2.1).

Lemma 1. Forxz >0 and m € N,

2m+1 2j 2j—1 2m 2j 2j—1

1—2%9)By; J 2 1—2%7)By; J

( ' ) 23 I' ' < — — 14+ z < Z ( . ) 2 x. T (22)
= J (27 —1)! " er+4+1 2 = J (25 — 1!

where By, (n € Ng) are the Bernoulli numbers.

Proof. The noted Boole’s summation formula (see [45, p. 17]) states for k € N that

k—1 ) ) ) 1
£ = %; B (100 +190) + 5t [ 19080

which can be written for m € N as

1) = 10 = > 2 () 4 o) 4+ b [ e O E 0ar

1 (27 — 1! 2m — 1)!
(2.3)
Applying formula (2.3) to f(t) = e**, we obtain
2 T = Eya(l) o5 r Pl /1
- 1-s=) o ——— o [ " By (t)dt.
ar1 T3 ]22(21'_1);9” teriemon ), ¢ 1(1) (2.4)

It is well known (see [1, p. 804]) that
Eomi1(1 = t) = —Fam41(t) and  Eapia(3) =0.
Noting that
Eym—1(t) >0, Egpt1(t) <0 for 0<t<1/2, m=12,...,
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we imply for > 0 that

1 1/2
/ e””tE4m_1(t)dt = / (ewt — ew(l_t))E4m_1(t)dt <0
0 0

and

1 1/2
/ e””tE4m+1(t)dt = / (emt - 61(1_t))E4m+1(t)dt > 0.
0 0

Combining these with (2.4), we immediately obtain that for > 0 and m € N,
2m—+1

EZJ 1 2‘]71 2 E2J 1 2251
- -1 < — I )
JZQ (25 — 1 r4+1 + Z (25 — 1 (2:5)

Noting that

2(2n+1 _ 1)
E.,(1)= ——*B,1, N,
(1) n+1 + ne
the inequality (2.5) can be written as (2.2). The proof of Theorem 1 is complete. O

The inequality (2.2) can be written for x > 0 and m € Ny as

2m—+1 : - 2m : i
i A=2By o7 2 5 (=298 i (2.6)
P j (25 —1)! " er+1 = j (25 — 1) '
i.e.,
2 (1 —2%)By; 2%}
S LA —— J 0. 2.7
S e, ; RO ED @7

Lemma 2 ([10]). Let r # 0 be a given real number and £ > 0 be a given integer. The gamma
function has the following asymptotic expansion:

zt/r

T\?* = bj
Nz +1) ~V2rx (g) 1+ Zl s , x — 00, (2.8)
j=

where the coefficients b; = b;(¢,r) (j € N) are given by

pRithatetk; B, k1 Bs k2 BjJrl kj
-, phtkteth gy \B By R 2.
i(6r) = Z AT <1-2) (2-3> (J(]+1)> , (2

summed over all nonnegative integers k; satisfying the equation

(L4 0k + 2+ Oka + -+ + (j + Okj = j.

Lemma 3. Let r # 0 be a given real number and £ > 0 be a given integer. The gamma function
has the following asymptotic expansion:

zt/r

1 T\ N Cj
I‘(:v+§) ~ V21 (g) HZ;E .z — oo, (2.10)
o



4 C.-P. CHEN AND R.B. PARIS

where the coefficients ¢; = ¢;(¢,7) (j € N) are given by

e (L R (L P (=i

(2.11)
summed over all nonnegative integers k; satisfying the equation
A+0ki+B+0ko+--+ 25+ —1)k; =4
Proof. The following asymptotic expansion can be found [27, p. 32]
1 .
1nF<x+§> ~zlnr —z+1Inv2 —i—Z j_)l)x123, T — 00. (2.12)

It is well-known (see [1, p. 805]) that
B, (%) =—-(1-2"")B,, n € Ny,

and then the expansion (2.12) can be rewritten as

F(I—I—l) _ m _(1_21—2k)B X
VarGeler P (; T T +Rm(””)> ) T, (2.13)

where R, (x) = O(1/2?>™*1). Further, we have

2
r 1 r/z moo_ — 212k
(220 (8 12
Var (z)e) i 2k~ 1)

m . _ ol—2k . _ ol—2k 2
_ @/ T 1 (o2 0By Lol m2 )BT
u 2%(2k — 1)a2h+i1 2%(2k — 1)z2k i1
_ TR (z)/z*
B Z Z Z kl'kg
k1=0ko=0
L (—rl=27)B —r(1-2"3B,\"* (=1 —2172m)By, \ "™
1-2 3.4 (2m — 1)(2m)
1
X A0k TGOkt @mt =Tk, (2.14)
On the other hand, from (2.13) it follows that for any positive integer m,
I(z+3) v .-
— 2 O(1/z™*! 2.15
(Heote) - 13 % o) (2.15)
for some real numbers cq, ..., ¢p,.

Equating the coefficients by the equal powers of x in (2.14) and (2.15), we see that

I ((1 - 2_1)Bz)k1 ((1 - 2-3)34)’” . (<1_‘_21‘2j>§2j)kj :
kilka!- - Ky 1.2 3-4 (25 — 1)(24)
summed over all nonnegative integers k; satisfying the equation
A+0k+B+0ky+--- 4+ (25 +0—1)k; = J.
This completes the proof of Lemma 3. O




INEQUALITIES, ASYMPTOTIC EXPANSIONS AND COMPLETELY MONOTONIC FUNCTIONS 5

Lemma 4. Let r # 0 be a given real number and £ > 0 be a given integer. The following
asymptotic expansion holds:

zt/r

[z +1) o D)

—~ 1 = — 2.16

REES A G Db B s (2.16)
where the coefficients p; = p;(¢,r) (j € N) are given by

g (@B (RDBNT (@B T g

Pi= 2 gt 11 22 2.3. 94 i2j—1n2% ) 0\
summed over all nonnegative integers k; satisfying the equation

A+0k+B+0ky+--- 4+ (25 +0—1)k; = j.

Proof. From (3.7) we obtain the following asymptotic expansion:

L(z+1) s ( 1 > By;
T JTex - — ) — 2% | 2.18
F(x + %) \/— p ; 22j ](2] _ 1)x2j—1 ( )
Write (2.18) as
Tx+1) - 2% —1)Boy,
> Ron(z) ], , 2.1
Val@+ 1) 77 ( Rk~ Tyt + () v (2.19)

where Ry, (x) = (1/x2m+1). Further, we have

r/at 2k
L—Fl)l _ TRm(m)/m exp Z (2 — 1)ng
Val(z + 3) k(2k — 1)22kg2k+E-1
. 1+ r(22k - 1)B2k + l T(22k — 1)ng 2 n
j(2k — 1)22k 2601 ) T 91 \ (2% — 1)22k g2k 01

— erRm(w)/me H
S kz

k=1

k1= Okz 0
(T2 DBN® (@ - 1)B™ (@227~ 1By |\
1-1-22 2.3-24 m(2m — 1)22m
1
X OOk + GOkt @mt =1k ° (2.20)
On the other hand, from (2.19) it follows that for any positive integer m,
I(a+1) )T“ )
—_— 1+ o1 )zt 2.21
(ﬁF(ZE +1 Z (/2777 (2.21)
for some real numbers p1, ..., pm.

Equating the coefficients by the equal powers of x in (2.20) and (2.21), we see that

o Z ,r.k1+k2+"'+k?j (22 _ 1)32 k1 (24 _ 1)34 ko (223’ _ 1)ng kj
Pi= 2 gt gt \ 11 22 2.3 94 j(2j—1)2% )

summed over all nonnegative integers k; satisfying the equation

I+ 0k + B+ Ok + -+ (2j +£—1)k; = j.
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This completes the proof of Lemma 4. (I
Lemma 5. Fort #0,
1 . 1 7 2 31 4 127 6 cosht 1 L1 7 2 31 “
2t2 12 240 6048 172800 cosh(2t) — 1 2t2 12 240 6048
(2.22)

Proof. We only prove the second inequality in (2.22). The proof of the first inequality in (2.22)
is analogous. By using the power series expansion of cosht, we find that

oo

117 31 o
I R . ( h(2t) — 1) —cosht =3 — 2y
(2t2 T2 T 20" T 608 ) cosh(2¢) o8 ; (2n +2)!

with
0. — 92n—4 104 10513n+11117 o 1577 3 4303n4 31 5+E 6
" 3 1260 1890 1260 1890 63 189
—2(n+1)(2n+1)
1005649 1355243 382391
_ o2n—4 _ _4)2 —4)3
(339+ 260 "M+ Tgo0 A g0 M)
125897 155 62
-4t + — 4P+ —(n—-4)°%) -2 D2n+1
(0= 0 = 0+ T (n= 4)°) -2+ )2n + 1)
>227%.339 —2(n+1)(2n + 1)
>0 for n>4.
Hence, the second inequality in (2.22) holds. This completes the proof of Lemma 5. O

3. COMPLETELY MONOTONIC FUNCTIONS

It is known in [45 p. 64] that

t B
Z 2] t2J+ )22, (1), n>0, (3.1)

et —

where
o0

2
n(t) = .
va(t) ; @+ i)

It is easy to see that (3.1) implies (2.1).
The noted Binet’s first formula [44, p. 16] states that

1nF(a:)—<x——)1nx—x+ln\/_+/ooo< ! E)e—ztdt, x>0. (32)

et —1 2) t2
Combining (3.1) with (3.2), Xu and Han [46] educed in 2009 that for every m € Ny, the function

Rp(z) = (=1)™ |InT(z) — (:1: - —) Inz+z—Inv2r — Z #Qf)x%l (3.3)

is completely monotonic on (0, 00).
For m = 0, complete monotonicity property of R,,(x) was proved by Muldoon [38]. Alzer [2]
first proved in 1997 that R,,(z) is completely monotonic on (0,00). In 2006, Koumandos [17]
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proved double inequality (2.1), and then used (2.1) and (3.2) to give the proof of complete mono-
tonicity property of R,,(x). In 2009, Koumandos and Pedersen [18, Theorem 2.1] strengthened
this result.

Based on the inequality (2.2), in this section we prove that for every m € Ny, the function

m

Fon(z) = (-1)™ |In (%) - %lnx -3 (1 - 2%) ](21_3# (3.4)

1 =

is completely monotonic on (0,00). This result is similar to complete monotonicity property of

R, (x) in (3.3).

Theorem 1. For every m € Ny, the function F,,(x), defined by (3.4), is completely monotonic
n (0, 00).

Proof. The logarithm of the gamma function has the following integral representation (see [1, p.
258]):

oo -t _ ,—xt dt
InT(z) = / [(x —1)e "= % 7 x> 0. (3.5)
0 &

By using (3.5) and the following representations:

o] e—t _ e—LEt
Inz = / —dt, z >0
0 t

in [1, p. 230, 5.1.32] and

1 L/ t"le7®dt, x>0 and 7 >0
ar T(r) Jo

in [1, p. 255, 6.1.1], we find that

ml [ 1 1\ et
Fm(l') = (—1) [/0 (-m + 5) m dt
B Z ( > 2sz 5 /OO t2j—2e—wtdt‘|
(2j —
1 [ m e Tt
5 [ oS (3.6)
where
™ (1 9%) (1-29)By, 2j—1
m(t) = ° .
A () et/2+1 Z Jj(25 —1)! <2)
7j=1

By (2.7), we have (—1)™%1\,,(¢t) > 0 for t > 0 and m € Ny. From (3.6) we obtain that for every
m € Np,

1 oo
(-1)"F™(z) = 5/ (=)™ ()t e dt > 0
0
for x > 0 and n € Ny. The proof of Theorem 1 is complete. O

Under the inequality (—1)"F7(nn) (x) > 0 for z > 0 and m,n € Ny, we obtain the following
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Corollary 1. (i) Let m € Ng. Then for x > 0,

2m
1 Bo; F(z+1)
E 1-— . <
\/EGXP ( 22J) ](2,] _ 1)172371 F(I + %)

j=1

< VIexp 2§1 -y By (3.7)
227 ) j(2j =% ) |

Jj=1

(ii) Let m,n € N. Then for x >0,
i L 1\ 2By (2j +n—2)!
Z C 227 ) (24)! p2itnl

- < (=1 <¢<"—1>(x +1) — b (:c + %)) L )

2™

2m—1 .
1 2By, (2]+n—2)!
< E (1 — QTJ) 2] a2 . (3.8)
Jj=1

By using the obtained results above, we here present inequalities and integral representations
for the constant .

The problem of finding new and sharp inequalities for the gamma function I and in particular
about the Wallis ratio

I'(n+1) 1 (2n)!!
Fntd)  vr @n-pr "N (39

has attracted the attention of many researchers (see [11, 19, 20, 33] and references therein). Some
inequalities for 7 can be found (see, for example, [15, 21, 34, 35]). Here, we employ the special
double factorial notation as follows:

2n)=2-4-6---(2n) = 2"nl,
@n—1N=1-3-5---2n—1)=7"22"T(n+ 1),
ol =1, (-nit=1

(see [1, p. 258]). Very recently, Lin [21, Theorem 2.4] proved that for all n € N,

(2n)! Qle SR SR S (|
@n—D) 7P\ " 40 T 96n% 32005 ' 71687 92161

@)t \?1 1 1 1 17
) = - = - . 3.10
=TS ((2n “n) 2P\ T 1 T 96n7 32007 T 716807 (3.10)

Setting = n in (3.7), we obtain estimate for the constant 7:

j=1
ey uciin L, —% T R (3.11)
" 2n—1") n P =~ 227 ) §(25 — 1)n2-1 |~ ‘

Obviously, (3.11) is a generalization of (3.10).
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Formula (3.6) gives the following integral representation:
[(z+1) 1 u 1 Bs;
In{—= ) —=lnz— 11— =) ——F—
! (F(x-l— §>> 2 " ; ( 22]) J(2j = D2t

m

1 o] 1 _ 22] BQJ 2j-1 efzt
=—— - —dt 3.12
2 /0 et/2 +1 le J(25 = 1)! <2> t ’ (312)

which implies

1 1 & 1\ Ba;
w(x+1)—¢(x+§>—%+z<l—ﬁ> jx;j

J=1

m

1 e} 1 _ 22] BQJ 2j-1 ot
2 /0 et/2 +1 Z (25 —1)! (5) e dt (3.13)

Jj=1

for x > 0 and m € Ny. Formulas (3.12) and (3.13) can provide integral representations for the
constant m. For example, setting (z,m) = (1/2,0) in (3.12) yields

/ooo <1‘eu2+1>%d“—ln(g)- (3.14)

Setting (xz,m) = (1/4,1) in (3.13) yields

> 2 U
—1+=)e™?du=4—n. 3.15
/0 (e“—l—l +2)e U T ( )

Many formulas exist for the representation of 7, and a collection of these formulas is listed [42, 43].
For more history of 7 see [6, 7, 14].

Very recently, Mortici et al. [36] proved some completely monotonic functions and inequalities
associated with the ratio of gamma functions.

4. ASYMPTOTIC EXPANSIONS

Stirling’s formula
n! ~ V2 (ﬁ) . neN:={1,2,.} (4.1)
e
has many applications in statistical physics, probability theory and number theory. Actually, it
was first discovered in 1733 by the French mathematician Abraham de Moivre (1667-1754) in
the form

n! ~ constant - /n(n/e)"

when he was studying the Gaussian distribution and the central limit theorem. Afterwards, the
Scottish mathematician James Stirling (1692-1770) found the missing constant /27 when he
was trying to give the normal approximation of the binomial distribution.

Stirling’s series for the gamma function is given (see [1, p. 257, Eq. (6.1.40)]) by

T(x+1) ~V27mz (g)m exp (Z_l 2m(2menf)x2m—1> (4.2)

N 1 1 1 1
Vo (2) e (S - B
) P (12;« 36023 126025 168027 )




10 C.-P. CHEN AND R.B. PARIS

as x — 00, where B,, (n € Ny) are the Bernoulli numbers. The following asymptotic formula is
due to Laplace:

e 1 1 139 571
r D)~ V3 (_) 14— _ _ 4.3
(+1) T\ ( T l2r T 28327 T 518402°  2488320a% ) (4.3)

as ¢ — oo (see [1, p. 257, Eq. (6.1.37)]). The expression (4.3) is sometimes incorrectly called
Stirling’s series (see [12, pp. 2-3]). Stirling’s formula is in fact the first approximation to the
asymptotic formula (4.3). Stirling’s formula has attracted much interest of many mathematicians
and have motivated a large number of research papers concerning various generalizations and
improvements (see, for example, [8, 9, 22, 23, 24, 25, 26, 29, 30, 31, 32, 37] and the references
cited therein). See also an overview at [28].

Windschitl (see [5, p. 128] and [49]) had noted that for x > 8, the approximation

Tz +1)~V2 (‘T)E gonle 1) (4.4)
T ~ mr | — X simn — _— .
e xz  810x6

gives at least eight decimal places of the gamma function. The formula (4.4) derives

T(z+1)=V2rz (g)w (xsinh i)m <1 +0 <x—15)> .z oo (4.5)

Inspired by (4.4) and (4.5), Alzer [3] proved in 2009 that for all z > 0,

I\ 1 z/2 o I\ 1 z/2 38
2rx (—) xsinh — (l—l— —) <TI(z+1) < V2rzx (—) xsinh — 1+ —
e x x5 e x x®
(4.6)
with the best possible constants o = 0 and 5 = 1/1620.
In 2014, Lu et al. [24] extended Windschitl’s formula as follows:
T(n+1) ~ 2 (”)" inh (24 97 4 90 o " (4.7)
n (= nsinh | =4 % + =5+~ , .
where
1 67 19
= — = —-— — T T Ty e e e 4'8
T80 T Tases MM T 85057 (4.8)

However, the authors did not give the general formula for the coefficients a; (j > 7) in (4.7).
Subsequently, Chen [9] gave a recurrence relation formula for determining the coefficient of n=7
(j € N)in (4.7). Also in [9], Chen developed Windschitl’s approximation formula to a new
asymptotic expansion:

1 z/2+3°72, rjzd
) , T — 00, (4.9)

Dz +1) ~V2rz (g)x (:vsinh .

and provided a recurrence relation for determining the coefficients r; in (4.9).
Smith [41, Eq. (43)] presented the following analogous result to (4.5):

r (x+ %) = V2r (g)x (2:Ctanh %)m (1 o) (%)) . o . (4.10)



INEQUALITIES, ASYMPTOTIC EXPANSIONS AND COMPLETELY MONOTONIC FUNCTIONS 11

Let 7 # 0 be a given real number and ¢ > 0 be a given integer. We here determine the
coefficients a; = a;(¢,r) and d; = d;(¢,r) (for j € N) such that

zt/r
T\T . 1 > a;
T(x+1) ~V2rz (E) xsmh;—l—;x—j
and
o 2 Jr
I‘(:C—l—%)fv\/%(g)x 2xtanh%+;%
as r — 00.

Theorem 2. Let r # 0 be a given real number and € > 0 be a given integer. The gamma function
has the following asymptotic expansion:

zt/r
Dz +1) ~V2rz (E)x xsinhl—i—ia—j xr — 00 (4.11)
e T = xd ’ ’
with the coefficients a; = a;(¢,r) (j € N) given by
1

CL2j71 = bgjfl(é, T), CLQj = ij(é, T) — m, (412)
where b;(£,7) (j € N) can be calculated using (2.9).
Proof. The Maclaurin expansion of sinh¢ with ¢t = 1/z gives

sinh ! 1+ i ! #0 (4.13)
xsinh — = —_— x . .
x = (27 + 1)la2’
In view of (2.8) and (4.13), we can let
F( + 1) r/ze 1 0o
x a;
_— — xsinh — ~ =, T — 00, 4.14

(\/27Tx(a:/e)””) x ; xd (4.14)
where a; (j € N) are real numbers to be determined. It follows that

= bj i 1 = aj

152
= J = (27 + 1)!a2d = zJ

where b; = b;(¢,r) (j € N) are given in (2.9). Equating coeflicients of equal powers of z in (4.15)
yields (4.12). The proof of Theorem 2 is complete. O

Remark 1. Setting (r,¢) = (2,1) in (4.11) yields full asymptotic expansion of Windschitl’s
formula (4.4):

z/2
e 11 163 1019
r 1)~ /3 (_) b = _ — . 4.1
(z+1) T\ (wn = T 81025 17010025 ' 680400210 ) (416)

as r — Q.
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Theorem 3. Let r # 0 be a given real number and € > 0 be a given integer. The gamma function
has the following asymptotic expansion:

zt/r

1 @ 1 d;
I'lx+ = N\/27r(£) 2xtanh—+Z—J, , T — 00, (4.17)
2 e 2x o xd

with the coefficients d; = d;(¢,r) (j € N) given by
4(2%+2 — 1)Byjs

doj_1 =c95-1(¢ doj = coi (€, 1) — 4.18
2j—1 CQJ 1( 7T)7 2j CQJ( aT) (2]+2)' ) ( )
where ¢;(¢,7) (j € N) can be calculated using (2.11).
Proof. The power series expansion of tanht with ¢ = 1/(2z) gives
422 — 1)By; 1 1
2xtanh— =1+ Z I o] > —. (4.19)
In view of (2.10) and (4.19), we can let
T +1) \"7* 1 &
(&) — 2z tanh — ~ Z — T — 00, (4.20)
V2m(x/e)® 20 L~ ai
where d; (j € N) are real numbers to be determined. It follows that
Cj 22J+2 —1 BQJ+2 1 > dj
Zx_a Z 2jr2)0 % lev_ﬂ v oo (4.21)
: = J:
where ¢; = ¢; (¥, T) (j € N) are given in (2.11). Equating coefficients of equal powers of = in (4.21)
yields (4.18). The proof of Theorem 3 is complete. O

Remark 2. Setting (r,£) = (2,1) in (4.17) yields the following full asymptotic expansion:

z/2
1 Z\® 1 31 6829
r 2) ~ V2 (—) 9 tanh — — — 4.22
(I+ 2) \e ( P T 2592046 | 544320049 ) (422)

as T — o0.
From (4.5) and (4.10), we derive
T(z+1) 1\" 1
— ~ h — 1+0 | — .
rery () (o(m)) oo
This fact motivated us to observe the following

Theorem 4. Let r # 0 be a given real number and £ > 0 be a given integer. The following
asymptotic expansion holds:

zt/r
Iz +1) a4
— ~ h— 4.23
ey vz | cos 2x+ o , T — 00, (4.23)
j=1
with the coefficients ¢; = q;(¢,7) (j € N) given by
1
a2j—1 = p2j—1(4,7),  q2j = pa;(L,1) — CETEIA (4.24)

where p;(¢,r) (j € N) can be calculated using (2.17).
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Proof. The Maclaurin expansion of cosht with ¢t = 1/(2x) gives

cosh =1+ Z 22] I :v27 || # 0. (4.25)

In view of (2.16) and (4.25), we can let

£
P(z+1) )T/m 1 g
—_ —cosh— ~ ) =L T — 00, (4.26)
(ﬁF(:z: + 1) 2x ; xd
where ¢; (j € N) are real numbers to be determined. It follows that
oo ;i oo qj
i Z 223 ) x2g Z T =0 (4.27)
J=1 J=
where p; = p;(¢,7)(j € N) are given in (2.17). Equating coefficients of equal powers of = in
(4.27) yields (4.24). The proof of Theorem 3 is complete. O
Remark 3. Setting (r,£) = (1,1) in (4.23) yields the following full asymptotic expansion:
I(z+1) 7 65 @
—s h — — e . 4.28
T (x+1) f(“’s v 576020  645122° | ) b (4.28)

5. INEQUALITIES

Theorem 5. Forx > 0,

1\” 01 L(z+1) ( )x < 02 >
h — 1+ =)< < h— 1+ —= 5.1
ﬁ(cos 290) ( ) e +%) V| cos (5.1)
with the best possible constants

7

0, =0 d 0 5.2
! e = 560" (5:2)
Proof. We first prove the inequality (5.1) with 6, =0 and 6, = 5760 That is
1\" T(z+1) v 7
h — h — 1 0. 5.3
ﬁ(cos 2:5) <I‘(:z:+ iy <\/—<c0s ) ( +5760x5>’ x> (5.3)
Lambert’s continued fraction [47, p. 349]
z
tanh(z) = ———
(=) 14 —2—
3+ 5
5+ 7j,
is valid for all values of z. Hence for z > 0,
6z 1/(27) 1 1/(2x) 6022 + 1
2241 14 Q2aE e S T /R T 120(1022 + 1) (5.4)

z))2
34 (/Ce))

The proof of the inequality (5.3) make use of the inequality (5.4).
The lower bound in (5.3) is obtained by considering the function f(z) defined for z > 0 by

1 1 1
f(@)=InT(z+1)—InT (:v—i— 5) - §1nac—:v1n (cosh%).
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Differentiation yields

1 1 1 1 1
4 f— J— — _— — _ _ _
flle)=y@+1)—4¢ (:C + 2) 5o In <cosh 2$> + 5 tanh 5 (5.5)
and
1 1 1 1 1)°
" ! 1) — o/ - e h—
flla)=¢e+1) -y (I+ 2) + 222 4a3 + 43 <tan 290)
1 1 1 1 6\’
! 1 —_ / —_ _— _— _— =
>+l -y (‘T“L 2) T T T s <12x2+1> 9(),
by applying the left-hand inequality of (5.4). By using the recurrence formula
1
we find that
h(z)
_ 1) =
9@) = 9@+ ) = T T 1 T 1P e + 12(122 + 240 1 13)2
with

h(z) = 1540909 + 8983929(x — 1) + 22585735(x — 1)? + 32006952 (x — 1)?
+ 27981444 (x — 1)* + 15459984(z — 1)° + 5274000(x — 1)°
+1016064(2z — 1)7 + 84672(x — 1)8.
Hence, for x > 1,
g(z) >g(x+1) and g(z) > g(z+n).
Therefore, for z > 1,
g(x) > nl;ngo glz+n)=0 and [f"(z)>0.
We then obtain that
(z) < Jim f#)=0 for z>1. (5.7)
We now show that (5.7) is also valid for 0 < z < 1. It follows from (5.5) that
—f'(x) = y1(2) + y2()
with

and

1 1
ya(x) = =(z+ 1) + ¢ (:v—i— 5) +o
Differentiation yields
_ 1
48 (cosh 21—1)2

Using the following representations:

s [ (5

vy (x) >0
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in [1, p. 259, 6.3.21] and

1 o
- = / e %tdt,
T 0

we conclude that

< 1 1 .
- S~ e otar
Yya() /0 (2 ot/ + 1> €

1 1
! = — _ —xt
ya(z) = /0 (2 et/2+1>te dt < 0.

Let 0 <r <z <s<1. Since y1(x) is increasing and yo(z) is decreasing, we obtain
—f'(x) > y1(r) + y2(s) =: o1 (7, 5).
We divide the interval [0, 1] into 100 subintervals:

and

99
[0,1] :kL:JO {%%} >0 for k=0,1,2,...,99.
By direct computation we get
o1 (%,%) >0 for £=0,1,2,...,99.
Hence,
kE k+1

—f! 0 f R
f(z) > or xe[loo, 100

] and k£=0,1,2,...,99.

This implies that f’(z) is negative on (0, 1].
We then obtain that for all z > 0,

fl@) > Jim f(1) = 0.

This means that the first inequality in (5.3) holds for z > 0.
The upper bound in (5.3) is obtained by considering the function u(z) defined for > 0 by

1 1 1
u(z) =InT(z+1)—Inl (:ZT—I— §> - glnx—xln (cosh%> —In <1+ —57670955) :

Differentiation yields

) — N 1y 1 Ay, a1
u'(z) =Yz +1) 1/1<:C+2 5 In cosh217 +2Itanh2x+

35
(576025 + 7)
(5.8)
and

2 5
1 1 1 (tanh%) 35(34560x° + 7)

T  22(576025 + 7)2

" / / 1
u(:c):w(x—i—l)—z/} (ZC-FQ)"F@—@ 13

1 1 1
!/ 1 _ / - -
<¢'(z+1) 1/1<:1:+2)+2$2 e

(60?41 \P35(345600° 4 7) @
423 \ 122(1022 + 1) 22(576025 +7)2 ’
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by applying the right-hand inequality of (5.4). By using the recurrence formula (5.6), we find
that

_ w1 (I)
576w (x)

v(z) —v(x+1) =
with
wi (x) = 868270269104794924464036897 + 18765499992969382192107571641(x — 1)
+ - -+ + 14820540300656640000000(x — 1)3°
has all coefficients positive, and
wa(r) = 2°(102% + 1)3(57602° + 7)*(z + 1)°(2x + 1)%(102? + 20z + 11)?
x (57602° + 28800x* + 576002° + 5760022 + 28800z + 5767).
Hence, for x > 1,
v(z) <v(x+1) and v(z) <v(z+n).
Therefore, for x > 1,
v(z) < nhﬂngo v(r+n)=0 and u”(z)<0.
We then obtain that
u'(z) > Jim W'(t)=0 for x>1. (5.9)
We now show that (5.9) is also valid for 0 < z < 1. It follows from (5.8) that
W (@) = ys(@) + ya (@),
where y3(x) = —ya(z) and
35

1 1 1
=1 h— ) +—tanh — + ———0
paw) = —In (COS ) t o P ot (576025 £ 1)

2x 2x
Differentiation yields
1 35(34560x5 + 7)

Wz)=— - <0.
va(®) 423 ( cosh %)2 x2(5760x5 4 7)2

Let 0 <r <a < s < 1. Since y3(z) is increasing and y4(z) is decreasing, we obtain
u'(x) > y3(r) +yals) =: o2(r, s).

The same as above, we divide the interval [0, 1] into 100 subintervals. By direct computation we

get
E k+1
Ug(m,m)>0 for k—071,2,...,99.
Hence,
k k+1
/ _—, =
u'(z) >0 for xELOO, 100} and k£=0,1,2,...,99.

This implies that u’(z) is positive on (0, 1].
We then obtain that for all z > 0,

u(z) < tli)rgo u(t) = 0.

This means that the second inequality in (5.3) holds for z > 0.
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The inequality (5.1) can be written as
I(z+1)
Val (z + 3) (cosh 5=

91<x5l )x—11<92, z > 0.

We find that

. I(z+1)
6, < lim z° 1| =0
b= zg&x [\/EF (x—l— %) (Cosh %) ]

and

. I'(z+1) 7
lim «° — 1| = —=— <6,
o [\/EF(H%)(COS}@%)I ] 5760 =

Hence, inequality (5.1) holds with the best possible constants given in equation (5.2). The proof
of Theorem 5 is complete. O

Remark 4. From (5.3), we derive new inequality for the constant m:

(ﬁ(COSh%)n (1 + s75075) (2n—1)!!> =TS <\/ﬁ(cosh%)n (2n—1)!!> (5.10)
forn e N.

Theorem 6. Forxz > 1,

var (2)" (2 PRE I R L WP P DAY (2)" (2vtanh 1)
(= x tanh — - T+ = (= x tanh —
e 2x 51840x° 2 e 2x
(5.11)
Proof. From the well-known continued fraction for ¢’ (see [47, p. 373])
1 1
!/
S 0
P (:v+2) TR z >0,
I+1_+
where
4
p

a = 3 = 172, )

P a2p-1p+1)y P
we find that x > 0,

20x (8422 + 71) 1 , 1 1 4(1522 + 4)
3(56027 + 52027 +27) .. _ <vi\rtg) < L& 32022+ 7)
g 5 T
o+ 140 ¢
(5.12)

The proof of the inequality (5.11) make use of the inequalities (2.22) and (5.12).
The upper bound in (5.11) is obtained by considering the function U(x) defined for z > 1 by

1 1

U(zx) =InT <:c + 5) —In(v2r) —azlnz+2x — g In(2x) — gln <tanh %)
Differentiation yields

1 3 1 1

1 1
! . - _ =z _ - _ = _ = .
U(x)_1/)<x+2> 21n:1: 5 21n2 21n(tanh2x>+

1
2x sinh % ’
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Differentiating U’(x) and applying the inequalities (2.22) and (5.12) yield

1 cosh + 3

U _ + _> Rt

(@) =¥ <x 2 z3(cosh2 —1) 2z
41522 +4) 1 1 7 31 3

3¢(2022 +7) ' 2z ' 1223 240a° t 6048 2

_ 30742 — 1085 0 for 251
©3024027(2022 + 7) -

We then obtain that for z > 1,

Ulz) > lim U'(t) =0=U(z) < Jim U(t) =0.
—00

t—o0

This means that the second inequality in (5.11) holds for 2 > 1.
The lower bound in (5.11) is obtained by considering the function F(z) defined for > 1 by

1
F(z) =InT (ac—i— 5) —In(v27) —zlnz + 2 — gln(%)
T 1 31

Differentiation yields

2 2
n 1 _ 155
2zsinh 1 2(518402° — 31)

L 1 3 11 1 1
F(x)-d)(:r—l— Inx 5 21112 2111 tanth

Differentiating F’(z) and applying the inequalities (2.22) and (5.12) yield

. , 1 cosh %
Fiw) =v (:v—i— 5) * z3(cosh 2 — 1)
806215680021 — 9642240025 — 964224025 + 28832 + 9610
a 222(5184025 — 31)2
20x(8422 + 71) LR S S S
3(560x% + 52022 +27) ' 2z 1223 2402°  6048z7 172800z
806215680021 — 9642240025 — 964224025 + 28832 + 9610
a 242(5184025 — 31)2
G(x)
~ 120960029(5602* + 52022 + 27) (5184025 — 31)2’
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where

G(z) =35836321468874877 + 500332411677183040(x — 1)
+ 3243650443203650720(z — 1)* + 12942574029209436800(x — 1)*
+ 35510225676993688800(x — 1)* + 70870406789351495040(2 — 1)°
+106102603246810676800(z — 1)® + 121054817642726534400(x — 1)”
+ 105767748316645632000(x — 1)® 4 70425167657151744000(x — 1)°
+ 35177843816429875200(z — 1)'° + 12782474258840064000(z — 1)
+ 3194045448118272000(x — 1)'? + 491271286947840000(x — 1)**
+ 35090806210560000(x — 1)*4.

Hence, F"(x) > 0 for z > 1. We then obtain that for z > 1,
/ . / _ : _
F'(z) <t1groloF(t)—0:>F(x) >tlir£10F(t)—O.

This means that the first inequality in (5.11) holds for > 1. The proof of Theorem 6 is
complete. ([l

Remark 5. Some computer experiments indicate that for x > 0,

Var (EY (2xt hiz/21 1
71-(e) rtan 2x s

<T (w—i— %) <V2r (g)m (2:vtanh %)m (1 - %) (5.13)

with the best possible constants ¥, = % and 99 = 0.
Although the double inequality (5.11) is given only for x > 1, its main utility is in the evaluation
of T (33 + %) for large values of the argument.
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