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An alternative proof of the extended Saalschiitz summation
theorem for the ,,3F,o(1) series with applications

Y. S. Kim,* Arjun. K. Rathie’ and R. B. Paris*

Abstract

A simple proof is given of a new summation formula recently added in the litera-
ture for a terminating ,3F,42(1) hypergeometric series for the case when r pairs of
numeratorial and denominatorial parameters differ by positive integers. This formula
represents an extension of the well-known Saalschiitz summation formula for a 3 F>(1)
series. T'wo applications of this extended summation formula are discussed. The first
application extends two identities given by Ramanujan and the second, which also
employs a similar extension of the Vandermonde-Chu summation theorem for the
oF series, extends certain reduction formulas for the Kampé de Fériet function of
two variables given by Exton and Cvijovi¢ & Miller.

Mathematics Subject Classification: 33C15, 33C20

Keywords: Generalized hypergeometric series, Saalschiitz’s theorem, Vandermonde-
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1. Introduction

The generalized hypergeometric function ,F,(z) is defined for complex parameters and
argument by the series [16, p. 40]

ar,az,...,ap | ~= (a)k(a2)k - (ap)k 2
= [bi,bi,.. b 1 = 2 G- B 4

-5 0q

When ¢ > p this series converges for |z| < oo, but when ¢ = p — 1 convergence occurs
when |z] < 1. However, when only one of the numeratorial parameters a; is a negative
integer or zero, then the series always converges since it is simply a polynomial in z of
degree —a;. In (1.1) the Pochhammer symbol, or ascending factorial, (a), is given for
integer n by

_Tla+n) |1 (n=0)
(@)p = —=—~— = ala+1)...(a+n—1) (n>1),
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where I' is the gamma function. Throughout we shall adopt the convention of writ-
ing the finite sequence of parameters (a1, ...,ap) simply by (a,) and the product of p
Pochhammer symbols by

((ap))k = (a1)k - - - (ap)k;

where an empty product p = 0 is understood to be unity.

There exist several classical summation theorems for hypergeometric series of spe-
cialized argument. These are the theorems of Gauss, Kummer and Bailey for the oF}
series and Saalschiitz and Watson for the 3F» series; see, for example, [16, Appendix III].
Various contiguous extensions of these summations theorems have been obtained; see
[5, 14] and the references therein. Recent work has been concerned with the extension of
the above-mentioned summation theorems to higher-order hypergeometric series with r
pairs of numeratorial and denominatorial parameters differing by a set of positive integers
(m;). One of the first results of this type is the generalized Karlsson-Minton summation
theorem [11], which extends the first Gauss summation theorem, given by

L+ b (f) F(l1+b—a) (f)mi - (fr)m,
provided Re(—a) > m — 1, where m := m; + --- + m,. When b = —n, where n is a

non-negative integer, the series on the left-hand side terminates and (1.2) reduces to the
result originally obtained by Minton [12] when n > m. A generalization of (1.2) when
the series terminates (an extension of the Vandermonde-Chu summation formula for the
o Fy series) was derived by Miller [7] in the form

-n, a, (fr+mr) ;1‘| _ (C_a_m)n ((§m+1))n (1.3)

r2fr [ e (f) (©)n ()

for non-negative integer n when it is supposed that (¢ —a — m),, # 0 and a # f;
(1 < j <r), where m is as defined above. The (§,,) are the non-vanishing zeros of a
certain parametric polynomial Q,,(t) defined in (5.3). The summation theorems of Gauss
(second), Kummer, Bailey and Watson have been similarly extended in [15].

The summation theorem which we shall be concerned with in this paper is Saalschiitz’s
summation theorem given by [16, p. 49]

—n,a,b | (c—a)u(c—"D)y
3t [C’ —n—o 71‘| B ()n(c—a— b)n’

for non-negative integer n. An extension of this theorem to include r pairs of numerato-
rial and denominatorial parameters differing by positive integers (m, ) has recently been
obtained by the authors in [6] in the following form.

c=c—a—-b-1 (1.4)

Theorem 1. Let (m,) be a set of positive integers with m := my + -+ + m, and let n
denote a non-negative integer. Then, with 0 :==c—a —b— 1, we have

-n, a, b, (fr+mr)'1 _(c—a—m)p(c—b—m),
eccm—n—o, (fy) 7| (ulc—a—b—m),

T+3F7‘+2 an (15)

where
(i + 1))

((7m))n

The (nm) are the nonvanishing zeros of the associated parametric polynomial Qm(t) of
degree m defined in (2.1) and (2.2) below.

H, =



The derivation of (1.5) in [6] relied on an Euler-type transformation for the generalized
hypergeometric function

r2Frqn [a’:’ (fr(—;rgnr) ;Z]

obtained in [8, 9] and so depended on a special property of such high-order hypergeometric
functions. It is the purpose of the present investigation to provide an alternative and more
elementary proof of the extended Saalschiitz summation theorem (1.5) that does not rely
on the above-mentioned Euler-type transformation. We also provide some illustrative
examples of Theorem 1. Two applications are discussed involving hypergeometric series
when 7 pairs of numeratorial and denominatorial parameters differ by positive integers
(m;). The first extends two transformations originally obtained by Ramanujan [1] and
the second extends two reduction formulas for the Kampé de Fériet function given by
Exton [4] and Cvijovi¢ & Miller [3].

2. Alternative proof of the extension of Saalschiitz’s formula (1.5)

Before giving our alternative proof of Theorem 1, we first present below the definition of
the associated parametric polynomial @,,(¢) appearing therein. For the set of positive
integers (m,) define the integer m by

m;:m1+...+mr_

Let the quantities (7,,) be the non-vanishing zeros of the polynomial Qm(t) of degree m
given by

m k
1)"Crr(a)r (0)k (8)k
Gt 2.1
kE:O (c—a—m)p(c—b—m) +(t) (2.1)
where
-m+kt+kc—a—b—m

Gma(t) = 5% c—a—m—i—k,c—b—m—i—k;l ’ (2:2)

The coefficients C,- (0 < k < m) are defined by!
1 & k
Ck,r: thjsg )7 A= (fl)ml"‘(fT)mM (23)
=k

where Cy, =1, Cp,, = 1/A. Here, S;k) are the Stirling numbers of the second kind and
the coefficients h; (0 < j < m) are generated by

(fr+@)my o (fr + 2)m Z hjal. (2.4)

We observe that the polynomial Q,,(t) has been normalized so that Q,,(0) = 1 and, for
0 < k < m, the function Gy, x(t) is a polynomial in ¢t of degree m — k.
In the statement of Theorem 1, the quantity H,, is defined by

I, — (1 +1))n _ (n A1) ... (4 1n) (2.5)

((7m))n m...Mm

! An alternative representation of the coefficients Cp,r is given as a terminating ,y2 Fr+1 hypergeometric
series of unit argument in [10].



We observe that to evaluate H, it is not necessary to evaluate the zeros (n,,) of the poly-
nomial Q,, (t). Since Qun(t) = (—1)™(t—m1) ... (t—=10m) /(M1 - . . ), it follows immediately
from (2.5) that R

H, = Qm(_n)7

where, since (—n),, = 0 for m > n,

A min{m.n} 1)*Cy - (a)r(b n
3 (=1)"Clr(a)i(b)e(—n)k

Q1) = R () (2.)

k=0

Hence, to evaluate H,, it suffices to determine only the associated parametric polynomial
Qm(t) and set t = —n.

We now begin our proof of the summation formula (1.5). We express the ,13F;12(1)
in its series form for non-negative integer n as

-n, a, b, (fr + mr) . . - (—n)s(a)s(b)s ((fr +m))s
e,m—n—o, (f) 1 _;:%(c)s(m—n—o)ss! ((fr)s

F= r+3Fr+2

Making use of the fact that for non-negative integer s

(fr +my)s _ (fr + 8)m,
(fr)s (f?")mr‘ ’

we find using the definition of the coefficients h; in (2.4) and m = m + - -- + m,. that

> \

((fr +ms))s _ i s s &
O A+ )y - (54 fo)m, = ;

1y I
= X; g s(s=1)...(s—k+1)

= l—i—ZCk,rs(s—l)...(s—k—l—l),
k=1

where the coefficients C},, and the quantity A are defined in (2.3).

Then, since (—n),, = 0 for m > n and Cp, = 1, we have

(b>s min{m,n} Ch.r min{m,n}

Z (S _7k>! _ Z C Z s+k )s+k(b>s+k

2 err(m —n - 0)g148

FZ”

—n—0)s

upon reversing the order of summation. Employing the result

(a)str = (a)p(a+k)s, (2.7)
we obtain
min{m,n}
Crr (=1)k(a)k (D) etk atk btk
re ) E o 1] 2.
2 (Oemon—o ek mtk-n—o’ (238)



We now employ the contiguous Saalschiitz summation formula, which can be obtained
from [13, p. 539, Eq. (85)], in the form

—-D, —n,c—a—b—p.

- - n _b_ n
(c=a—pale ) 1| p=0,1,2,...
c—a—p,c—b—p

= Onle—a—b—pn

for non-negative integer n and ¢ :=c—a —b — 1. Then, with p=m —k, n - n —k,
a—a+k,b—b+k c—c+kand o — o—k, we find that the term with index k in
(2.8) becomes

Ckﬂa (—n)k(a k b)k (C —a—m+ k)n—k(c —b—m+ k)n—k
(C)k(m -—n- O)k (c + k)n—k(c —a—b- m)n—k

-m+k, —n+k,c—a—-b—m

x3Fy c—a—m+tk,c—b—m+k ’

_(e—a—m)p(c—b—m)y (=1)FChy (=n)r(a)i(b)s
(Oplc—a—b—m), (c—a—m)(c—b—m)g

m,k(_n>7
where we have made use of the identities (2.7) (with s + k — n) and
(m_n_a)k(c_a_b_wwnfk = (_l)k(c_a_b_m)n

and the definition of the polynomial Gy, i (t) in (2.2).
Hence it follows that

(c—a—m)p(c—b—m)y, min{m,n} (—Uka;,r (—n)r(a)k(b)k
(c—a—m)(c—b—m)

F= Gm k(_n)

()n(c—a—b—m)y, = '

_(c—a—m)p(c—b—m)
(¢)n(c—a—b—m),

by (2.6). Since, from (2.5), Qum(—1) = ((m + 1))n/((m))n, this completes the proof of
the summation formula in (1.5). O

= Qm(_n)

3. Examples

In the case r = 1 and m; = m =1, fi = f, the summation theorem (1.5) takes the form

-n,a, b, f+1 (c—a—l)n(c—b—l)n( n)
F: R (1| = 14+ — 1
e 1l—n—0, f ()plc—a—b—1), +77 (3:-1)
for non-negative integer values of n, where 0 =c—a — b — 1 and
(c—a—=1)(c=b—-1)f (3.2)

= ab+(c—a—-b—-1)f
is the non-vanishing zero of the first-degree parametric polynomial

A _, {le—a-b-1)f +ab}t
@) =1 (c—a—1)(c=b-1)f °

5



Remark 1. When ¢ =1+ a — b, we have from (3.2)

n= W (3.3)

If, in addition, f = a (a # 2b), we obtain from (3.1)

-n,a, b, 1+ %a (@ —2b),(=b)n
4F3 1 |1 =
l+a—b1+2b—n,5a (I14+a—"0),(—2b),

which is a known result [16, Appendix III, Eq. (17)].
In the case r =1, m; =2, fi = f, where Cy, =1, C1, =2/f and Ca, = 1/(f)2, we

have the quadratic parametric polynomial (with zeros n; and 73) given by [9]

s 2Bt Ct(1+1)
@(t) =1 (c—a-2)(c—b-2)  (c—a—2plc_b_2)y

where

e oo 20 | (@b
B:= 1+f7 C:=( 1)<+ >+

with o as above. Hence we obtain

-n,a, b, f4+2
¢,2—n—o, f

4F3 1

e () (e

(c—a—=2)(c—b—-2), 2Bn Cn(n—1)
(Onlc—a—b-2), {1+(c—a—2)(c—b—2)+(c—a—2)2(0—6—2)2}

for nonegative integer values of n.

4. The extension of two transformation formulas of Ramanujan

For our first application of the extension of the Saalschiitz summation theorem in (1.5)
we obtain two transformation formulas involving 7n+2F71+1(aU2) series, when r pairs of
numeratorial and denominatorial parameters differ by positive integers, that generalize
results originally given by Ramanujan [1] in the case r = 0. Our results are given by the
following theorem.

Theorem 2. Let (m,) be a set of positive integers with m := my + - -+ + m,. Then, for
n arbitrary (not necessarily an integer),

D=

(1-2%)"

1 1
—-n + 5P, M + 9V r + m
r2Fri 2P P> (f r) ;$2]

p+%—|—m, (fr)

stap—n g+gptn, (m+1) o

= F, 4.1
m+2L'm+1 p‘i‘%“‘m, (nm) L ( )

when |x| < 1, where p = 0, 1. The (nm) are the non-vanishing zeros of the parametric
polynomial Q. (t) of degree m defined in (2.1) and (2.2).



Proof: We consider the case p = 0 and define

n, (fr +mr) ‘5132

F = (=l | s+m, (f) 7
_ 52 (25 a5 o= Cr(r((fr )k o
= 2 L (e

_ ii (%) ( ) ( )(’z((fr_'_mT) k$2]+2k (‘x’ < 1)

=0 k=0 (% +m) I ))k’]'k' ’

where we have expressed the Cauchy product as a double sum. Changing the double sum
by rows to diagonal summation (see [16, p. 58]) by putting j — j — k (0 < k < j), we
find

© b p(=n)k(n m j
to Jzokao (2<)§_+k(m>k)<k<§$§§£(<§r—+ =
R R G
— i(%!jx% r4+3Fr42 _g,*_]il :Jr({; —E}f{) L)
where we have made use of the identities

If we now identify the parameters a, b and ¢ in (1.5) with n, —n and %—i—m respectively,
then we can apply the extension of Saalschiitz’s summation formula in Theorem 1 to
obtain

F:i (3 )](%—4—7(1) ((nm+1))3x2] _

1_ 1
(1+ ) ( )) 3 —m+2Fm+1[2 n72+n7 (nm+1);x2‘|’
j=0 2 TM)i\\Nm))jJ:

% +m, (m)

thereby establishing the result when p = 0. The proof of the case with p = 1 is similar
and consequently will be omitted. O

In the case r =0 (m = 0), (4.1) reduces to the two identities for n arbitrary

1 1
— 5—MN,5+n
(1—22)72,F, [ T ;x2] =R l2 2 ;mQ] (4.3)
2 2
and ) .
L, 1 1—-n,1+n
(1—.%2)7% o FY [2 n%2+n;$2] :2F1[ 3 ;$2] (44)
2 2

obtained by Ramanujan [1, p. 99, 35(iii)].
When r =1, m; =m =1, fi = f, we obtain from (4.1) with p =0

—n,n, f+1 L n tqon,n+1
(1 — 1‘2)_% 3F2 f ;ZL‘Q = 3F2 2 2 " ;J}Q 5 (45)
5 3



where, from (3.2),

and when p =1

1 1
1 s—n,s+n, f+1 l—n,14n,n+1
(1—2%)"23F|? 25 ,le =3k l 5 22|, (4.6)
2 f 2 n
where, from (3.2),
(2= 1)f

T 1

n? — 5 1
both for n arbitrary. When f = § and f = , we remark that (4.5) and (4.6) correctly

reduce to (4.3) and (4.4), respectively. The results in (4.5) and (4.6) have been obtained
recently by different means in [2].

5. Two reduction formulas for the Kampé de Fériet function
The Kampé de Fériet function is a hypergeometric function of two variables defined by
- : ; (bs) n ((@r)m((bs))n z™y"
FPZT.,S (ap) ((17»), ( S , 5.1
it [ (B) : (c0)s () |” mZOZO o (@) mlm” OV

where p, q, r, s, t, u are nonnegative integers that correspond to the number of elements
in the parameter sets (o), (8y), (ar), (bs), (¢t) and (d,), respectively; for an introduction
to this function, see [18, pp. 63—-64]. We also have the easily established result [4, Eq. (6)]

_ i ((ap))n((bs))n y" \F —n, (ar), (1 —du—n) (_1)s—u+1f

— d))p ! T (o), 1 —bs—m) y
(5.2)
Reduction formulas represent the Kampé de Fériet function as a generalized hyper-
geometric function of lower order and of a single variable. The identification of such
reductions is of considerable utility in the application of these functions; a compilation
can be found in [17, pp. 28-32]. In this section we shall be concerned with reduction
formulas for the Kampé de Fériet function when one set of numeratorial and denomina-
torial parameters differs by positive integers (m,). One of the first results of this type

was obtained by Miller [7] in the form?

q))n

, » Ur 41 )i — b—a—m, (§n+1
g e B A

where the horizontal line indicates an empty parameter sequence. The (&) are the
nonvanishing zeros of the associated parametric polynomial of degree m = m1+---+m,
given by

m

Qm Z )k Crer ( — m—k (5.3)

In [7], Miller gave the case (m,) = 1 but his arguments are easily extended to the case of positive
integers (m;).



which is normalized so that Q,,(0) = 1, where A := b —a — m and the coefficients C, ,
are defined in (2.3). In the case r =1, m; =m =1, fi = f, we have

_ (b—f)t
Ql(t) =1+ (C—b—l)f’
with the nonvanishing zero £ = £ (provided ¢ — b — 1 # 0) given by
_(e=b-1)f
= (5.4)

Here we shall exploit the result in (1.5) and the extension of the Vandermonde-Chu
summation formula in (1.3) to obtain two new reduction formulas.

5.1 First reduction formula

From (5.2), with y = x we obtain

Fp:T+2§1 (Oép) L a, b’ (fr+m7')7 c—a—b—m
q:r+1;0 (5(]) . c, (fr)§ _

x, x]

c,m—n—o, (f)

Sl emazimm, T e U
& (@) (c—a—m)alc—b=—m)p ((hn +1))n 2"
N ,;) ((Bg))n (©)n () 1

(o), c—a—m,c—b—m, (77m+1)‘$] (5.5)

= m F, m )
p+m+2Lqg4+m+1 [(5{])3 c, (nm)

upon application of (1.5), where we recall that o =c—a—b—1and the (nm) are the
nonvanishing zeros of the parametric polynomial @, (t) defined in (2.1).
In the case r =1, m; =m =1, f; = f we obtain the reduction formula

p: 3;
Fq: 2;

1| (ap):a, b, f+1l;c—a—-b—1
0 (5q): C’f; —_

where 7 is defined in (3.2).

Remark 2. 1If we take ¢ =14 a — b in (5.6), then 7 is given by (3.3). The special case
f= %a then corresponds to n = oo (a # 2b) and we obtain Exton’s reduction formula
[4, Eq. (11)]

i3l (o) @ a, b,1+%a; —2b
2:2;0 (Bg): 1+a—0, %a; _

o), a —2b, —b
o m] —vizfen [EBZ; 1+a—b ;“””]

5.2 Second reduction formula

We consider another reduction formula when p = ¢ = 1 for the function

r+2; L a, _d7 T Tad
rean = ez 6O B e



thereby generalizing a result obtained by Cvijovi¢ and Miller in [3] in the case r = 0.
Our derivation follows closely that given by these authors.
Making use of the identity (2.7) we find when |z| < 1

Je(B = d)i(d)n ((fr +m))i 2™+

_ )n+k
Fle.) = ZZ (B)ntk (O)k (fr))k  nlk!
_ i )r(@i(B = d)r ((fr + m))p 2* a+k d x]
= Bk (f))e  RZH| B+E 7|
Now applying Euler’s first transformation [16, p. 31]
21 la,cb ;4 =1 —z) "1} [a, CC_ ’ e i 1] ;
we obtain
F(z, z)
e @B (et m)) (@ etk f-dtk _a
B kzo B e =s) P l R 11
~ (-1 (= 1>’f< (@k(B =i ((fr+m )i (= \"F(a+k)u(B—d+ k),
-0 X%nZO ( Jik! ((fr))x (w - 1) (B+k)pn!
. o ﬁ Dok (D@l +m)) (o \"
- kz‘:)nz‘:) (B)ntk (©)r((fr))kn! K! <x—1>

valid when |z| < 1 and |z/(z — 1)| < 1; that is in the domain |z| < 1, R(z) < 1.
Making the change of summation index n — n — k, reversing the order of summation

and using the second identity in (4.2), we then find

RS — (2" " (=)@ + )
Fla,o) = (1 Z () D R (IA)Y
= 1 — x Z nn' ) (;E i 1) vioFri ; a, (fr(‘;T;nr) ;1]
= (1-2) % misFm2 [a, b= déjccj @ m (&(r%:;)l) = f 1 (5.7)

upon use of the extension of the Vandermonde-Chu summation theorem in (1.3), where
the (&,,) are the nonvanishing zeros of the associated parametric polynomial @, (t) de-
fined in (5.3).

When 7 = 0 (m = 0) we recover the Cvijovié-Miller result [3] given by

vt |aca, B—d; d
Fl:l;O B: c .
When r =1 mlzm:Lfl:
: —d, f
F :3;1 | & av/B )
505 e,

‘1‘, x] (1 —x) *3Fy [ 8. e

f, we have the reduction formula

“r, x‘|

(1—2)""Fy [

+1; d

5767 5

10

a, f—d,c—a

r—1

a,f—d,c—a—-1,+1

T

|

X

r—1

] , (5.8)



where, from (5.4) with b replaced by a,

(c—a—1)f
f—a
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