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Abstract

The aim in this research note is to provide an extension of Saalschiitz’s summation the-
orem for the series r43Fr12(1) when r pairs of numeratorial and denominatorial parameters
differ by positive integers. The result is obtained by exploiting a generalization of an Euler-
type transformation recently derived by Miller and Paris [9].
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1. Introduction

The generalized hypergeometric function ,F,(z) may be defined for complex parameters and
argument by the series

a,ag,...,qa
F, ’ P
PR\ by by, ... b,

o~ (an)k(az)y - - (ap)
JJ):Z alkagk...apkx_. (1.1)
= (01)k(b2)s .- (bg)r k!
When ¢ = p this series converges for |z| < oo, but when ¢ = p — 1 convergence occurs when
|z| < 1. However, when only one of the numeratorial parameters a; is a negative integer or zero,
then the series always converges since it is simply a polynomial in z of degree —a;. In (1.1) the
Pochhammer symbol or ascending factorial (a),, is given by

M:{l (n=0)

(a)”: F(G,) a(a+1)...(a+n—1) (nEN),

where T' is the gamma function. The parametric excess s of the above series is defined by
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We shall adopt the convention of writing the finite sequence of parameters (as, ..., a,) simply by
(ap) and the product of p Pochhammer symbols by

((ap))k = (a1)k - - - (ap)k,

where an empty product p = 0 reduces to unity. It is evident that whenever generalized hyperge-
ometric functions of special argument reduce to Gamma functions the results are of considerable
importance in applications. Until 1990, only a few classical summation theorems for o Fy, 3F5 and
for higher order series were known. Subsequently, some progress has been made in generalizing
these classical summation theorems; see [1, 3, 4, 5, 7, 10, 13, 15].

In our present investigation we shall be concerned with the following summation theorem due
to Saalschiitz [14, p. 49]

_ (c—a)p(c—b)n
Q“@u@awx (12

where n is a nonnegative integer. Such a series is said to be Saalschiitzian since the parametric
excess s = 1. As shown in [14, p. 49], this follows from taking the well-known Euler transformation

x) :2F1<Ca’00b ‘x) (1.3)

and equating coefficients of 2™ on both sides of the equation. An extension of Saalschiitz’s theorem
has been considered recently by Rakha and Rathie in [13] who showed that

< -n, a, b, f+1 ’1>(Ca1)n(0b1)n (n+1)n
e 2tatbocon, f ~ (alc—a—b-1), (Mn

—-n,a,b
3F2(c,1+a+bcn

(1 aymear (%

where

(c—a—1)(c=b-1)f
ab+(c—a—-b—-1)f "~
As an application of this result these authors also established the quadratic transformation

a, b, f4+1 4x _ B 2a,a—b—%,w1—|—1, wo + 1 .
a+b+3, f |(@+x2) *? a+b+3, Wi, w2 ’
(1.4)

7’]:

(1+x)"2%3F, (

where 12
wip=ax[a®+(a+3)(at+bd-5)f/(0-f)] "
In [9], a generalization of the Euler transformation (1.3), when r pairs of numeratorial and
denominatorial parameters differ by positive integers (m,), was obtained in the form

r+2Fr+1 (a,@b’ (fr("ivf;;nr) ‘LC)

b —a—m,c—b—m, (gm+1)
—(1—g)eabm g T C » T ’x) 15
(1-2) caF . n V1) s

when |z| < 1. Here (n,,) are the nonvanishing zeros of the associated parametric polynomial
Qm(t) of degree m = myq + - - - + m, given by

m

Qum(t) = Bi(a)(b)i(t)sGm i (t) (1.6)

k=0



with
Br=(-D)r*Apc—a—m+E)mrlc—b—m+k)pm_s

and

Gm,k(t)EgFQ(_m+k,t+k,c—a_b_m 1)

c—a—m+k,c—b—m+k

For 0 < k < m, the function G,, x(t) is a polynomial in ¢ of degree m — k. The coefficients Ay,
are defined by

A = Zs§k>0m_j, Ao = (f)my - (f)mys Am =1, (1.7)

=k

where Sgk) is the Stirling number of the second kind and the coefficients o; (0 < j < m) are
generated by

(fl + x)m1 cee (fr + l‘)mr = Zam—jxj-
j=0

The case m; = -+ = m, = 1 in (1.5) has been given earlier in [8], and also in [6] using
different methods. When (m,.) is empty we define m = 0; in this case (1.5) reduces to the Euler
transformation (1.3). In Section 2, we shall employ the same approach described in [14, p. 49] to
the transformation formula (1.5) in our proof of the extension of Saalschiitz’s theorem to ,13F, 4o
series.

2. The extension of Saalschiitz’s theorem

The extension of Saalschiitz’s summation theorem is given by the following:

Theorem 1. Let (m,) be a set of positive integers and define m = mq + -+ +m,.. Let n be a
nonnegative integer. Then

( —n, a, b, (fr +mr) ’1> _ (C_ a_m)n(c_ b_m)n ((nm + 1))n
r+3Lr42 c,1+a+b—c+m—n, (fr) (C)nlc—a—b—m), ((ﬂm))n(2 ’1)

where (1) are the nonvanishing zeros of the associated parametric polynomial Q. (t) of degree
m defined in (1.6).

Proof: From (1.5) we have

c—a—m,c—b—m, (N, +1) ‘J:)

m+2Fm+l ( c, (nm)

= (1= ( a7c,b | (fr(%nr) ‘ x> '

The coefficient of ™ on the left-hand side is

(C —a— m)n(c —b— m)n ((nm + 1))n
(¢)nn! ((7m))n

and this must equal the coefficient of ™ on the right-hand side. With

Dy, = (-1)* <m—|—a];|—b—c)’




this latter coeflicient is given by

- (@)r(®)r ((fr +mp))k
D C M (1))

i (D" * T +a+b=ct+m) (@) ((fr+m))
(n—k)!T(1+a+b—c+m—n+k) (c)k! ((fr)k

k=0
_ (c—a—b—m), zn: (=n)k (@)k(b)k ((fr +mr))i
n! = B (or(Q+a+b—c+m—n)y  ((fr))k
_ (c—a—b—m)n —-n, a, ba (fr+mr)
o n! T+3Fr+2<c,1+a—|—b—c—|—m—n, (fr) ‘1>’

where we have used the identities

—1)kn! -«
(=) = En 17) k):’ F(I;(l o )n) = (=1 (@)n.

Equating this coefficient to that in (2.2) we then obtain the desired summation (2.1) O

3. Examples

In the case r = 1 and m; = m = 1 we have from (2.1)

-n, a, b, f+1 C(e—a—1)pc—=b—=1), (n+ 1)y
4F3(c,2+a+b—c—n, f ‘1> (Onlc—a—b—1), (Dn (3.1)

where 7 is the zero of the first-degree parametric polynomial obtained from (1.6)

Qi1(t)=—{flc—a—-b—-1)+ab}t+(c—a—1)(c—b—-1)f,

whence
(c—a—1D(c=b-1)f
ab+(c—a—-b—-1)f "~
This result was derived in [13] using a different approach.
A special case of (3.1), which may be of some interest, is obtained when ¢ = 1+ a — b, so that

n=(a—2b)f/(2f —a), to yield

-n, a, b, f+1 (@ —=2b)p(=b), n(2f — a)
4F3(1+ab,1+2bn, f ’1>_(1+ab)n(2b)n {1+(a2b)f}’

where we have used the fact that (n+1),/(n)n = (7 +n)/n. This result was obtained earlier by
Kim, Rathie and Paris by other means who used it to obtain a reduction formula for the Kampé
de Fériet function [2]. In the above result, if we let f = 1a we obtain

4F3 ( -n, a, b7 1+ %a 1) _ ( (a—2b)n(—b)n

¢, 1+2b—n, ia 1+a—b),(—2b),

’]’]:

(a #2b),

which is a known summation; see [14, Appendix III, Eq. (17)].



Also, in the case r = 1 with m = 2, we find from (1.7) that Ag = f(1+ f), A1 =2(1+ f) and
Ay = 1. Introducing the abbreviated notation

A=c—a—-2, N=c—-b—-2, o=c—a—b—2,

we obtain from (1.6) the quadratic parametric polynomial (with zeros n; and 79) given by

Q2(t) = Ao(N)2(N)2 {1 - % + M} — Ajabt(A + 1)(N 4 1) {1 - ()\j(ll)%}

+Az(a)2(b)2t(1 4+ 1)
2Bt Ct(1+1)
= Ag(\)a(N)2< 1 — —
o0 {1 55+ G |-
where ) ouh (@) (b)
a aoo a)o 2
B=o+ —, C=(o
7 2T,
Then, from (2.1),
F -n, a, b, f+2 1 :(C_G_Q)n(c_b_2)n (m +1n (n2+ 1)y (3.2)
Y3\ e 3+a+b—c—mn, f (On(c—a—b—-2),  (m)n (20 '
For example, if a = %, b=2,c= g and f =1 we find
Qa(t) = e {1+ 5ot — st (1 + 1)},
which has the zeros n; = —% and 1o = %.
Finally, we consider the case r = 2 with m; = mg = 1 (so that m = 2). If we take a = 3,

b= %, c=1, f1 = i and fo = 2, we find the parametric polynomial

Qa(t) = {12+ Ft + L1+ 1)}

which has the zeros 7 = —2 and 7 = —%2. Then from (2.1) we obtain
F -n,a, ba %7 3 1) = (C—a—2)n(C—b_2)n (%)n (_%)n
e 3+atb—c—n, 5,27 ) (Oulc—a-b-2), (=2),(-2),

Similarly, other results can also be obtained.

Remark. Two other quadratic transformations, different from that in (1.4), have been presented
by Miller and Paris [9, Section 6] in the form

—2a a’aa+%7f+1 a? _ 2a7c_%7§1+17£2+1 _
ey ton (T ) = (PR S ol | ) e

provided ¢ # 3, where
§12=2f = 3 £(2f - 3)" —4e = DAY
and

- +1 41 4z 2a, 2a—c+1, m+1, na+1
) 2aF a, a 55 - F y ’ ’ 3.4
oy ar (00 I g ) = (2 mo o |7) Y




provided ¢ # 2a + 1, where

M2 =ax [a2 —(2a—c+ 1)f}1/2.

In the same paper, the authors also derived the extension of both these quadratic transformations
in the more general case of r pairs of numeratorial and denominatorial parameters differing by
positive integers. It should be pointed out that the results in (3.3) and (3.4) were also obtained

n[1

1] and [12], repectively, following different methods.
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