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1. Introduction

We consider the n-dimensional integral

(e ¢] o0
In(z) = )fn J\ ---J\ Xil_l ...X::”_]'e_f(xlﬁ""xn;z) dxl-..dxn, (1)
0 0
where
n n
f(xli---,xn;z):ZX;h—ZXTl...XT”, An: ‘U,], (2)
j=1 j=1

and the factor A, has been added for later convenience. We suppose that the exponents (not
necessarily integers) satisfy u; > m; > 0, Re(v;) > 0 (1 < j < n) and that z denotes a complex
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variable. For convergence of I,,(z) we require that u; and m; be further restricted so that the
parameter k, defined by
n m]
KkK=1-— —, 3)
i3 M
should satisfy 0 < k < 1. The geometrical interpretation of this condition results from consid-
eration of the Newton diagram associated with the phase function f. In the two-dimensional
case n = 2, the Newton diagram is given by the boundary of the convex hull formed by the
point (m;,m,) and the points (u;,0) and (0O, u,) situated on the coordinate axes, with the
line joining these last two points being termed the back face. Extension to n > 3 dimensions
is straightforward with the back face being a hyperplane in n dimensions passing through the
points u; (1 < j < n) on the coordinate axes. The condition 0 < k < 1 then corresponds to
the internal point (m, ..., m,) being situated in front of the back face of the Newton diagram.
In the case n = 1, we have (dropping the subscript 1 on the parameters)

[ee]

o0
11(2) =u f xV—le—x“+medx — J T(V/M)_le_T+ZTm/udT’
0 0

where k = 1—(m/u) < 1. This integral can be expressed as Fi(m/u,v /u;z), where Fi denotes
Faxén’s integral defined by [9, p. 332]

e e}

Fi(a, b;2) = f tb=le= ™™gt (0 <Re(a) <1, Re(b) > 0).
0

Consequently, (1) can be considered as an n-dimensional extension of Faxén’s integral. A dif-
ferent extension of Faxén’s integral as a one-dimensional integral with more than one internal
point in the phase function f has been considered in [7]. Another integral that is related to
(1), but with different domains of integration, is

o0 o
J.(2) =2, f f x{l_l X e (e gy L d iy, 4
-0 —00

in which the u; are now all restricted to be positive even integers. When the exponents v; are
nonintegers, the integral J,,(z) is specified by taking the integration paths along the negative
x;-axes to be along the upper side of the branch cuts on these axes. Variants of the integral
J,(2) can also be considered in which p < n of the integrals in (4) are evaluated over the
interval (—o0, 00), with the remainder over the interval [0, 00).

Special cases of the integral I,,(z) when n = 1 and v = 1 were first studied asymptoti-
cally in [4, 5], and more generally in [1], using the method of steepest descents. In [13]
the asymptotic expansion of I,,(z) for large complex z was obtained by application of the
asymptotic theory of the generalised hypergeometric, or Wright, function ,¥,(z) defined in
(5). The expansion was found to consist of an exponential expansion, which is dominant in
the sector |arg z| < %ﬂIK, together with an algebraic expansion dominant in the rest of the z-

plane. An application of the integral I,(z) in the particular case n = 2 has been given in [8] in
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the discussion of two-dimensional Laplace integrals with more general phase and amplitude
functions.

More recently, Breen and Wood [3] have discussed an application of I,,(z) as a representa-
tion of the solutions of certain high-order linear differential equations. One of these equations
has the form

p
yP@) - asy@=0  (n>p>0),

where the a, are arbitrary coefficients. This equation has a basis of solutions given by

y(z; s)—f f Vl_l.. P_lexp{sle...xp—(x{l+...+x;)/n}dx1...dxp,

where s" = v, and the exponents v, are related to the coefficients a, in a manner that we do
not specify here This integral is clearly related to I,,(sz) in (1) with the parameters u; = n and
m; =1 (1 < j < p). The integral representation of solutions of the above differential equation
when there are two lower-order derivatives (p = 2) was first given by Spitzer [18], with the
general case of p < n lower-order derivatives being considered in [16]. These results are
described in [14, pp. 130-133]. In [3] the asymptotics of the solutions y(z;s) were obtained
using the theory developed in [13].

In this paper, we review the asymptotic expansion of the integral I,(z) in (1) using the
asymptotic theory of the Wright function. A recent account of the asymptotic theory of the lat-
ter function has been presented in [11] and a discussion of the properties of (W, (2) (the gen-
eralised Bessel function), together with its application to the solution of fractional diffusion-
wave equations, can be found in [6]. It is shown how the expansion of I,,(z) may be employed
to determine the asymptotic structure of the integral J,(z) and its variants when some of the
integrals in (4) are taken over [0, 00).

2. The Expansion of the Wright Function ,¥ (z) for |z| — oo

The asymptotic expansion of the integrals I,,(z) and J,(z) will be obtained by utilising the
asymptotic theory of the Wright (or generalised hypergeometric) function which we present
in this section. The Wright function ,¥,(z) is defined by

(a1,a1),...,(a,,a,) > zk 5:1 I'(a,k+a,)
Yy(2) =,V ( PPy se =) gk~ glk):= ,
pa PRE By, b1),-.., (By, by) ,; k! 1_ T(Bk+b,)
(5)
where p and q are nonnegative integers, the parameters a, and (3, are real and positive and

a, and b, are arbitrary complex numbers. In addition, it is assumed that the «a, and a, are
subject to the restriction

a,k+a.#0,—-1,-2,... (k=0,1,2,... ; 1<r<p) (6)

so that no gamma function in the numerator of (5) is singular. In the special case
a, = B, = 1, the function ,¥,(z) reduces to a multiple of the generalised hypergeometric
function ,F,((a,); (by); 2); see, for example, [17, p. 40].
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We summarise the asymptotic expansion of the Wright function ,¥,(z) for |z| — oo given
in Wright [20, 21] and Braaksma [2]; for a summary, see also [12, §2.3] and [11]. We first
introduce the parameters associated with g(k) given by

q p p q
K:1+Zﬁr_2ar’ h:l_i[a(rzrl_i[ﬁr_ﬂr’
r= r=

r=1 r=1
p q
=Y a,—-> b+iq-p), ¥=1-9 7)
1 r 1 r 2 5 5
r= r=

where, as usual, an empty product has unit value. If it is supposed that a, and f3, are such
that k > 0, then ,¥,(z) is uniformly and absolutely convergent for all finite z. It is clear that
p¥4(2) is an entire function of z in this case. If k = 0, the sum in (1) has a finite radius of
convergence equal to h™!, whereas for k < 0 the sum is divergent for all nonzero values of
z. The parameter k will be found to play a critical role in the asymptotic theory of ,¥,(2)
by determining the sectors in the z-plane in which its behaviour is either exponentially large,
algebraic or exponentially small in character as |z| — co.
The exponential expansion E, ,(z) is given by the formal asymptotic sum

o0
Epo(2)=2%">"A277,  Z=x(ha)'/", (8)
j=0

where the coefficients A; are those appearing in the inverse factorial expansion of g(s)/s! in
the form

gls) (&S A 0(1)
r(s+1)_K(hK ){; r(xs+ﬂ’+j)+r(;<s+ﬁ’+M)} ©)

for |s| — oo uniformly in |arg s| < m — €, € > 0 and arbitrary positive integer M. The leading
coefficient A, is specified by

P 194 1y
Ay =m0 [ Ta 2 [ [ 87 (10)
r=1 r=1

The coefficients A; are independent of s and depend only on the parameters p, g, a,, f3,, a,
and b,. An algorithm for their evaluation in specific cases when a, > 0, 3, > 0 is described
in Appendix A.

The algebraic expansion H, ;(z) follows from the Mellin-Barnes integral representation
[12, §2.3]

p¥q(2) = % J I'(s)g(—s)(zeT™) ™ ds, |arg(—2z)| < %7’[(2 - K), 1n

—o01

where the upper or lower sign is chosen according as arg z > 0 or arg z < 0, respectively. The
path of integration in (11) is indented near s = O to separate™ the poles of I'(s) situated at

*This is always possible when the condition (6) is satisfied.
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s=0,—1,-2,... from those of g(—s) at
s =(a,+k)/a,, k=0,1,2,... 1<r<p). (12)

In general there will be p such sequences of simple poles though, depending on the values of
a, and a,, some of these poles could be multiple poles or even ordinary points if any of the
['(B,s + b,) are singular there. Displacement of the integration contour in (11) to the right
over the poles of g(—s) followed by evaluation of the residues then generates the algebraic
expansion of ,¥,(z) valid as |z| — oo in the sector in (11).

If it is assumed that the parameters are such that the poles in (12) are all simple, we
obtain the algebraic expansion given by H,, (ze™™), where

p
Hy ()= a;'z74/%8, (2 ) (13)
j=1

and S, ,(z; j) denotes the formal asymptotic sum

X (=) (k+a; P T r— Sk
Sp:q(ZQJ'):Z( )F( a]) Tk aSk’])Z_k/aJ, (14

k=0 k! aj ;1:1 r(br - ﬁrsk,j)

with the prime indicating the omission of the term corresponding to r = j in the product. This
expression consists of p expansions with the leading behaviour 2%/% (1 < j < p). When the
parameters a, and a, are such that some of the poles are of higher order, the expansion (13)
is invalid and the residues must then be evaluated according to the multiplicity of the poles
concerned; this will lead to terms involving log 2 in the algebraic expansion.
We present the asymptotic expansion of ,W,(z) for large |z| only in the case when

0 < k < 2, since the value of this parameter associated with the integrals (1) and (4) must
satisfy 0 < x < 1. A fuller list of expansion theorems is given in [2, 20, 21]; see also [11]. We
have the following theorems, where throughout we let € denote an arbitrarily small positive
quantity.

Theorem 1. If 0 < k < 2, then

E, (2)+H, (z¢7™) in |argz|<inmk
p¥q(2) N{ Hp’q( )xm' pal ) . |arg =] 2< 109 (15)
bq(ze™™) in |arg(—2)| < En( —K)—¢€
as |z| — oo. The upper or lower sign in Hp,q(zejF”i) is chosen according as z lies in the upper or
lower half-plane, respectively.

It is seen that the z-plane is divided into two sectors, with a common vertex at z = 0, by
the rays (the anti-Stokes lines) arg z = :I:%mc. In the sector |arg z| < %TL'K, the asymptotic
character of ,W,(z) is exponentially large, whereas in the complementary sector
|arg(—2)| < %7’[(2 — ), p¥4(2) is algebraic in character. The choice of signs in Hp,q(zejF”i)
results from the fact that the positive real axis arg z = 0 is a Stokes line, where the algebraic
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expansion is maximally subdominant. Since ,¥,(z) is an entire function of z, we may write
Y (2) =¥, (ze2™). Then, when 7 < arg z < 27 the algebraic expansion is (with the lower
sign) Hp,q(ze_zmem) = Hp,q(ze_”i), and so has the same form as when 0 < arg z < . Hence
the algebraic expansion associated with ,¥,(z) can be written alternatively as

Hp,q(ze_”i) ine<argz <2mw—e. (16)

The above theorem does not take into account the presence of an exponentially small
contribution beyond the sector |arg g| < %mc. This is covered by the more precise result in
the following theorem [2, p. 331], [20, 21].

Theorem 2. If % <k <2, then
p¥q(2) ~ Ep o(2) + Ep7q(zejF2m) + Hp7q(ze$m) (Jarg z| < 1) a7)
as |zg] — o0o. When 0 <k < %, we have

E,4(2) +Hp7q(ze”i) in |argz| < %mc —€

7 ~ . ) 18
p¥e(2) { H, ,(ze™™) in %nK—Fe <l|argz| <m (18)

as |z| — oo. The upper or lower signs are chosen according as arg z > 0 or arg z < 0, respectively.

Since, when % < Kk <2, E, 4(2) is exponentially small in %ﬂIK < |arg z| < 7 then in the
sense of Poincaré the expansion E,, ,(z) can be neglected. Similarly, E (ze™2™) is exponentially
small compared to E, ;(z) in 0 < arg z < 7 and consequently there is no inconsistency be-
tween (17) and the second expansion in (15). However, in the neighbourhood of arg z = 7,
E,q(z) and E, 4 (zeT2™) are of comparable magnitude and, for real parameters, they combine
to generate a real result on arg z = 7. A similar remark applies to the expansion E(ze?™) in
—n<argz <0.

When « < %, E, 4(2) is exponentially small in the sectors %ﬂIK < |arg z| < %mc and the
behaviour of ,¥.(z) in the complementary sector %ﬂIK < |arg z| < 7 is then algebraic. An
even more precise result can be given by recognising that the rays arg z = £m« are also Stokes
lines, where E, ,(z) is maximally subdominant with respect to Hy, 4 (zeT™). This will result in
the expansion E,, ,(z) switching off (as | arg z| increases) across the Stokes lines arg z = £7k.
Thus, when 0 < k < 1, (17) and (18) can be replaced by

E,q(2) + Hp7q(ze$m) in |argz|<mKk—e€

p¥q(z) ~ { H, o (ze¥™) in nk+e<l|argz|<m (19

as |z| — oo. In Appendix B we present a numerical example for ,¥(z) which demonstrates
the truth of this assertion; a fuller discussion is given in [10]. Although the expansions in (15)
and (18) are valid asymptotic descriptions, more accurate evaluation will result from using
(19) which takes into account the Stokes phenomenon.” In the application to the integrals
I,,(2) and J,,(z) we shall employ the expansion of ,¥(z) in the form given in (19).

"The expansion in the neighbourhood of the Stokes lines arg z = 0 and arg z = 7k would necessitate a detailed
treatment of the Stokes phenomenon that we do not consider here.
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3. The Expansion of I,,(z) for |z]| — oo

The series representation of the integral I,,(z) can be obtained by use of the Maclaurin
expansion of the factor exp{zx;n '...xp"}in (1) followed by termwise integration to yield

o0 k n o0
I,(z) = A”Z%HJ x;"+m'k_1exp{—xﬁ'}dxr
e r oY Ve +mek 20
= >, - (20)

k=0 r=1 b

Comparison with (5) shows that the above series is a particular case of the Wright (or gener-
alised hypergeometric) function given by

aq,a1),...,(an,a
1(2) = ¥ ( (@ (@ an) ;z) = Wo(a), 50
where the parameters
m, v,
a,=—, a.=— (1<r<n) (22)
M K

and the dash denotes the omission of a parameter sequence.

The asymptotic expansion of I,,(z) for |z| — oo then follows from (19). With x defined in
(3) (which follows from the definition in (7)) we therefore have

Eno(2) +Hn,0(ze”i) in |argz|<7mKk—e€

I(2) { Hn,o(zﬁm) in mx+e<|argz| <, (23)

where the exponential expansion E,, ;(z) and the algebraic expansion Hn,o(zejF”i) are obtained
from (8), (13) and (14) with p =n, ¢ = 0, and the upper or lower signs are chosen according
as arg z > 0 or arg z < 0, respectively. The leading coefficient A, in E, (2) is, from (10),

given by
n m (’Vr/.ur)_%
Ay = (271:)”/21(%_171_[ (—r) . (24)
=1 \Mr

The large |z| behaviour of I, (2) is consequently exponentially large in the sector
|arg z| < %TL'K. Outside of this sector the behaviour is dominated by an algebraic expansion,
with a subdominant exponentially small contribution being present in the sectors
%ﬂIK < |arg z| < 7K.

We now give an example of the expansion of I,(z) when n = 3; other numerical examples
can be found in [13]. Consider the three-dimensional integral

o o
I3(z) = 36f f f (X3/X2)% exp{—(xf + xg + xg — Z(Xle)%X3)} dx;dxodxs,
o Jo Jo
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which is associated with the parameters pu; = uy = 3, Uz = 4, m; = my = %,
vi=1,vy= %, Vg = % From (21) we therefore have

ms = 1 and

11y /1 1y (1 3
(6305555

I3(z) = 3¥, ( ;z) =3¥(2). (25)

From (3), (7) and (24) we obtain the parameters

K= %, h=275/63"1/3 5= _g’ Ay = 4m3/235/851/8,

Then, from (8),

o0
Eso(s) =27%%" Y Az, =53, 26)
j=0

where, by use of the algorithm described in Appendix A, the first few normalised coefficients
c; =A;/A, are found to be

o = 67 _ 23785 _ 106119923 _ 181613304677 _ 102937183723339
17 144> *27 41472° "3 7 89579520 ° 4~ 51597803520 > O 7430083706880 ° " °

The poles in (12) are situated at
sk1 =246k, so=1+6k, sz3=32+4k (k=0,1,2,...)
and so are all simple poles. Hence, from (13) and (14), we find the algebraic expansion given

by
3

B m, .
H3o(2) = Z — 57 85033 1), 27
=M
where 5
()X k+v; (Ve — Mk
5370(2;1‘)=Z( ') . (Vu 1) [1r (r—r’”) —— 28)
= K mj r=1 Hr

with the prime denoting the omission of the gamma function factor corresponding to r = j.
Then, from (23) we obtain the expansion

Eqo(2) 4+ Hqo(zeT™) in |argz|<2m—e
Ig(Z)’V{ 3,0() 3,0( ) |arg z| P (29)

H3,0(ze¢”i) in %7’[4— e<l|argz|<m

as |z| — oo. It follows that I5(z) is exponentially large in the sector |arg z| < 2347: with the
dominant expansion being algebraic in the rest of the z-plane. In the sectors

1—5277: < |arg g| < 2347: the exponential expansion Ej (z) is subdominant and switches off (as

|arg z| increases) across the Stokes lines arg z = :I:%n. We show in Table 1 the values of the
absolute relative error in the computation of I;(z) as a function of 6 = arg z when |z| = 15
using the optimally truncated asymptotic expansions (that is, truncated at or near the least
term in modulus) in (29).
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Table 1: Values of the absolute relative error in the computation of I5(z) in (25) when |z| = 15
as a function of 8 = arg z using an optimal truncation of the expansions in (29).

0/ |Rel. Error| 0/n |Rel. Error|

0 5.816x107%|0.625 9.259 x 10~ 14
0.125 9.262x 1074 | 0.750 2.744x 107 %3
0.250 1.612x1073|0.875 9.841 x 10!
0.375 3.534x 1074 | 1.000 1.727x 107 %3
0.500 1.177 x 107 %3

4. The integral J,(2)

We can apply a similar treatment to the integral

o0 o0
Jo(z) = Anf f x{l_l...xr‘:ﬂ_le_f(xl""’x";z)dxl...dxn
—0o0 —0o0

© k1 00

_ ve+mpk—1

= ZE l_lj X exp{—xp b dx,
k=0 """ r=1J-00

where the phase function f and the factor A, are defined in (2) and it is supposed that the
parameters u; (1 < j < n) appearing in f are positive even integers. In the evaluation of the
above integrals when x, < 0, we shall write x, = |x,|e™.
We now introduce the notation e(x) for brevity in this section and define the quantities
B,.(k) by _
e(x):=e™, B.(k):=1—-e(v, +m,k). (30)

Then we find

o0 o0
U, f x;"+mrk_1 exp{—xtr}dx, = w,B.(k) f xf”rmrk—l exp{—xtr}dx,
0

—00
+m.k
= B, (k)T (ﬂ)
and hence that
o gk 2 v, +m.k
h@)= = [ [{8:0or (—— . 31)
k=0 """ r=1 M

4.1. The Representation of J,(z) in Terms of ,¥,(z) Functions

Expansion of the product of exponential factors ]_[::1 B, (k) in (31) can be achieved by
making use of the standard expansion

n n—-1 n
A-2)A-2)...(1—z)=1-> 7+ > > 57

i=1 i=1 j=i+1
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n—2 n—1 n
—Z Z Z 2iziZ t...+ (=)"5125... 2,
i=1 j=i+1k=j+1

Substitution of this expansion into (31) with z, = e(v, + m,k) then shows that J,(z) may be
expressed as a linear combination of ,¥(z) with rotated argument in the form

n n-1 n
Ju®) = aWo(z) = Y e(v)nPolze(m))+ > D e(v; +v;) Yolze(m; +m;))
i=1 i=1 j=i+1
n—-2 n—1 n ]
- Z Z Z e(vl-+1/]~+vk)n\110(ze(ml-+mj+mk))+...
i=1 j=i+1k=j+1
() eN) Wolze(M)), (32)

where we have defined
N:i=vi+...+v,, M:==m+...+m,. (33)

The parameters appearing in each , ¥, function are those given in (22).

The asymptotic expansion (19), or equivalently (23), can then be employed to deal with
each , ¥y (ze™ ) with argument rotated by w, it being remembered that ,¥(z) is an integral
function of z with arg gz evaluated modulo 27t. Rather than attempt to present a complicated
general result, we indicate how to proceed with the asymptotic expansion of J,,(z) as |z| — oo
in specific cases in Section 5.

4.2. The Algebraic Contribution to the Expansion of J,(z)

We consider the contribution to the asymptotic expansion of the integral J,,(z) as
|z| — oo that results from the algebraic expansions associated with each ,¥, function of
rotated argument in (32). It will be shown that this combination of algebraic expansions
cancels in the sector
e<argz<(2—M)m—e, (34)

where M is defined in (33), and that consequently the expansion of J,(2z) in this sector is
purely exponential in character.

We shall suppose in this section that all the poles s; ; in (12) are simple; a case when
there are multiple poles present is discussed in Appendix C. Then, the algebraic expansion of
Yo(2) associated with the parameters in (22) is, from (13), (14) and (16), given by

n i
Hyo(ze ™) = —hy(2)
, Lim.
=1 M
valid as |z| — oo in the sector € < arg g < 27 — €, where

hj(z) := (2 ™) V/MS, o(ze ™) (1<j<n) (35)
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and

(=) (mik+v) & sy
Spo(ze i) =3 T (“J ”1) T (m) (ze= ) Hk/m;.
, . — 1] ;

k=0 J r=1 r
From the representation of J,(z) in (32) as a finite sum of ,, ¥, functions of rotated argument,
the contribution from the different algebraic expansions when arg z lies in the common sector
(34) can then be written in the form

n

PRDYSENON (36)

j=1""J k=0

where

n

To,j(z) = hj(z), Tl,j(z) = Z e('\/jl)hj(ze(mjl)),

h=1
n—1 n
Ty ;(z) = Z Z e(v;, +v;, ) hy(ze(my, +m)),
1=l j=h+1
n—2 n—1

L) = 3 S0 S ey by vy dhaelmy 4 )

J1=1ja=h+1j3=jo+1
and in general, for 1 <k <n-—1,

n—k+1 n—k+2 n

Ty () = Z Z Z e(v;, +...+vj)hj(ze(m; +...+m;))

1=l jo=p+1  jx=jk-1+1

with
T, i(z) = e(N)h;(ze(M)). 37

It will be sufficient to consider just one value of j and accordingly we choose j = 1. Since
the Uj (1 <j < n) are even integers it follows from (35) that

e(vj)hj(ze(m;)) = h;(2). (38)

We now separate off the term corresponding to j; = 1 in the sums Ty ;(z) and make repeated
use of (38) to find

Ty1(2) = () + Y e(vj)hy(ze(m;,)),

j1=2

n n—1 n
Ty1(2) = Z e(vj,) hy(ze(m;,)) + Z Z e(v;, +v;,)hi(ze(m; +m;,)),

Jo=2 J1=2 jo=h+1

n—1 n
Ta(z) = >, > e(vj, +vj)h(ze(m;, +m;))

J2=2 jzg=jo+1
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— n
Z Z Z e(q/jl + v, + 1/]~3)h1(ze(mj1 +mj, + mjg))
1=2 j

o=j1+1 jz=ja+1

and so on. An obvious relabelling of the summation indices then shows that in the inner sum
in (36), taken over 0 < k < n — 1, all the terms cancel except the last to yield

Z( KTy 1(z) = (=) 12 Z Z e(vj, +...+v; Yhy(ze(m; +...+m;))

2]2 ]1+]~ ]n_]n 1+]~

=(=)"te(vy+...+v,)hy(ze(my +... +m,)).
= ()" 'e(N)hy(ze(M)) = (=)' T;, 1 ()

upon application of (38). It therefore follows that Zzzl(—)k T),1(z) = 0. An analogous proce-
dure applies to other values of j < n and so we obtain in the simple-pole case

DT =0 A<j<n) (39)
k=0

in the sector (34). The asymptotic expansion of J,(z) in this sector is therefore purely expo-
nential in character.

4.3. The Integral K, ,(z)

The procedure described above can be applied to the variant of the integral J,,(z) obtained
by taking p < n integrals evaluated over (—o0, 00) with the rest being evaluated over [0, 00).
Thus, if we define

Knp(2) =2 J J (J f Vl_l . e Sl x";z)dxl...dxp)dxp+1...dxn,

(40)
where it is now supposed that u, (1 < r < p) are even integers and y, >0 (p+1 <r < n),
then we obtain following the procedure described in Section 4 the series expansion

n

Sk P Hmk i
Ky p(2) =;%ur (%) ]JBr(k). 1)

In the evaluation of the integrals when x, < 0 (1 < r < p) we have again taken x, = |x,|e™

The product l_[[::1 B, (k) may be expanded as a sum of exponentials so that K, ,(z) can
be written as a finite sum of ,,¥,(z) functions of rotated argument and parameters given in
(22) in an analogous manner to that in (32). The asymptotic expansion of ,¥,(z) in (19) can
then be employed to obtain the expansion of K, ,(z) as |z| — co. We give an example of the
asymptotic structure of K, ,(z) in Section 5.
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5. Numerical Examples

In this section we give some numerical examples to illustrate the application of the ex-
pansion (19) to the construction of the asymptotic structure of the integrals J,(z) and K,, ,(2)
defined in (4) and (40).

5.1. Example 1

Let us consider the two-dimensional integral

o0 o0
Jo(2) = uluzf f x{l_lx;/rl exp{—x‘f1 — xgz + zx{nlx;nz} dx,dx,, (42)
-0 J -0

where v;, v5 > 0 and w4, u, are positive even integers. From (32) and (21), this integral can
be expressed in terms of the Wright function ,¥,(z) of rotated argument, where

M Viy My V2
2\1}0(2)52\110( (Hlj.“l),(uz’“z) ;z) .

For simplicity in presentation we only consider the case when m; = m, = m. Then we find
from (32) ' .
Jz(Z) = 2‘1’0(2) - Bl Z\Ilo(zenlm) + B2 2‘1’0(2627“”1), (43)

where
B, = (em'vl + em’vz)’ B, = em’(vl-i-vz). (44)

Provided v; and v, are real, it is readily shown that J,(z) possesses a basic symmetry about
the half-rays arg z = w and arg z = w — 7, where w = 7(1 — m). For, upon recalling that the
argument of »¥Yg (2) can be written modulo 27, we find* from (43) with the above definition
of w that

Jz(geiw) — em’(vl-i-vz) {Z\IJO(Eeiw-&—Zm’m) _ (e—m'vl + e—mvz)ijo(geiw-i-nim)
_+_e—7ri(1/1+1/2) Z\I’O(Eeiw)}
— eﬂi(vl-i-vz) {Z\I’O(EC_iw) _ (e—ﬂ:ivl + e—ﬂ:ivz)quo(ge—m’)
+e—m'(v1+v2) Z\IIO(Eeiw—Zm')}
= Mg, (zeie), (45)
where the bar denotes the complex conjugate. Hence it is sufficient in this case to restrict our
attention to an appropriate half-plane.

We display in Fig. 1 the large-|z| sectorial behaviour of J,(z) in the case u; = u, = 4 for
different values of m, where we suppose that B; # 0. In Fig. 1(a), m = i (x = %) so that

the symmetry line is arg z = %n, —in and, from (34), the algebraic expansions cancel in the

*When m, # m,, it can be shown that the symmetry relation (45) still holds with w = 7 — %n(ml +m,).
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sector (O, %n). There are three overlapping exponentially large sectors | arg(ze™/4)| < 1—767r

(r =0,1,2), with the expansion in the sector (1—767:, %n) being exponentially small. It can be

seen that there are sectors in which J,(z) consists of either one, two or three exponentially
large expansions. In Fig. 1(b), m = % (x = %) so that the symmetry line is the imaginary
z-axis and the algebraic expansions cancel in the upper half-plane. There are again three ex-
ponentially large sectors | arg(ze™/?)| < %n (r =0,1,2), which overlap to produce sectors
containing either one or two exponentially large expansions, with the exponentially small sec-
tor now being (%n, gn). In Fig. 1(c), m = % (k = g) so that the symmetry line is arg z = %n,
—%n and the algebraic expansions cancel in the sector (0, %n). The exponentially large sectors
16
1) and (—1—7677:, —1—5:,)77:) consisting of algebraic and exponentially small

|arg(ze3™r/ )| < 1—5677: (r =0,1,2) only overlap in the sector (%n 1), with the behaviour

15
> 16
expansions. Finally in Fig. 1(d), m =1 (x = %) so that the symmetry line is the real z-axis
and, by (34), there is no longer a sector in which the algebraic expansions cancel. In this

case, there are two non-overlapping exponentially large sectors given by |arg(ze™")| < %n’

in the sectors (%n’

(r = 0,1), with the behaviour of J,(z) in the sectors (%n, %n) and (—%TC,—%TL') consisting
of algebraic and exponentially small expansions. If the parameters v; and v, are such that
B; = 0, then the number of exponentially large sectors decreases by one.

We now consider the asymptotic expansion of J,(2z) in (42) when yu; = uy, = 4 in some
specific cases in more detail. We first take m = % (k= %) so that from (43)

Jz(Z) = 2\110(2') - Bl Z\Ijo(fze%ﬂ:i) + B2 Z\Ilo(ze:':ni), (46)

where we choose the upper or lower sign according as arg z > 0 or arg z < 0, respectively.
Recalling from (19) that the Stokes lines for the exponential expansion E, ;(z) are given by

1.
arg z = =7k, we see that the Stokes lines associated with Ez,o(zeimr) (r =0,1,2) are the rays
arg z = :I:%n, :I:%n; see Fig. 1(b). Taking into account these Stokes lines and the fact that the

algebraic expansions all cancel in the upper half-plane by (34), we find that the exponential
expansion of J,(z) in (46) is then given by

Ey0(2) + By Eg(ze™™) in (37, 57]
Eyo() — By Egoze2™) in (—ir,1m)
Ey0(2) — By Ez,o(ze%m) +By Eyg(ze™) in [—3m,—570),

as |z| — oo in the right-half plane. The expansion E,((z) is obtained from (8) with Z =
224/ 3and ¥ = i(vl + v5) — 1. The coefficient A, is specified by (24) with the coefficients
A; (j = 1) being determined in specific cases by the algorithm described in Appendix A.
The expansion of J,(2) is exponentially small in the sector (%n’, gn). Although there is an
algebraic expansion present in the lower half-plane, we do not consider its contribution here
as it is subdominant throughout this domain. The exponential expansion in the left-hand
half-plane can be obtained via (45).

For our second case, we take m = % (xk = g) and v; = %,

3

Vo =3, 80 that from (44) we
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/16
3m/16
-15m/16 R -T/16
AN
AN
AN
-111/16 -7m/16 N

15m/16 D

© (d
Figure 1: The sectorial behaviour of J,(2) for u; = u, =4 and m; = my, = m when it is sup-
posed that B; #0: (a) m = i, (b) m= %, (c)m= % and (d) m = 1. The sectors marked with
a circular arc with arrows denote exponentially large sectors. The hatched regions denote
exponentially small behaviour and the shaded regions denote mixed algebraic and exponen-
tially small behaviour. The dashed lines are Stokes lines and the dash-dot line is the axis of
basic symmetry.

have B; =0, B, =1 and

Jo(z) = 2 ¥o(2) + 2\1;0(%%7”') =, Wo(z) + 2‘1’0(2'6_%ni)- 47)

The sector in which the algebraic expansions associated with J,(z) cancel is (0, %77:). Refer-
ring to Fig. 2(a), we see that the expansion of J,(z) as |z| — oo is exponentially large in the
sector (— 1, 127), where E; (z) is given by (8) with Z = 2(6%°2%°) and ¥ = —2. In the
sectors (%n’, %77:) and (—gn, —%n) the expansion of J,(2) is mixed algebraic and exponen-
tially small, whereas due to the presence of the Stokes lines associated with the exponential
expansions on arg z = —27 and arg z = %n the expansion in the sector |arg(ze 3™/4)| < %77:

8
is purely algebraic.



R. Paris / Eur. J. Pure Appl. Math, 3 (2010), 1006-1031 1021
From (12) and (13), the algebraic expansion HZ’O(z) is controlled by the poles situated at
si=2+2k, s,=2+2k  (k=0,1,2,...)
which are all simple, and consequently
16 (- e
Hyo(z) = ZZ (s )T (rj = s e
j=1k=0

with y; = % and v, = %. Taking into account the Stokes lines on arg z = 0 and arg z = %77: for

the algebraic expansions associated with ,W,(z) and ,¥,(ze~"/?), respectively, we see from
(15) and (16) that the algebraic expansion H(z) of J,(z) is given by

HZO(Ze_ﬂi)+H20(Ze%ﬂi)EO in (0, n)
H(Z)Z ’ —mi ’ —3mi
Hjyo(ze™ ™)+ Hyp(ze 2™) in ( 71:,27[)

It is easily verified with the above form of H,,(z) that H(z) = 0 in the sector (0, n) in
accordance with (34). Then the asymptotic expansion of J,(z) in (47) has the form

E2,0(2)+E2,0(ze_%m) in (O, TE)

Ezo(z)+E20(ze_%m)+H(z) in ( , )
JZ(Z)N ’ _lﬂ"

E;o(ze2™) +H(z) in 2n ,87'5)

H(z) in (877: 77:]

as |z| — oo, with that in the remainder of the plane being determined by the symmetry relation
(45).

131/16

)
Figure 2: The sectorial behaviour of (a) J,(2) for u; = uy, =4 and m; = m, = % when it is

supposed that B; = 0 and (b) of K5;(2) for u; = up =3, u3 =4 and my = my = %, msy = 1.
The sectors marked with a circular arc with arrows denote exponentially large sectors. The
shaded regions denote mixed algebraic and exponentially small behaviour. The dashed lines
are Stokes lines and the dash-dot line is the axis of basic symmetry:.
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Finally, we consider m =1 (k = %) and v; = v, = %, so that B; = 2¢™/4 and B, =i and

Ty(2) = (14 1) Uy (2) — 2647y Wy(ze~ ), (48)

where we have replaced the argument of the second Wright function by ze ™. From Fig. 1(d),
the Stokes lines coincide with the imaginary axis and the symmetry axis is the real axis. The
exponential expansion E270(z) in (8) has Z = %zz and ¥ = —%. The poles in (12) are all double
situated at s, = 4k + i (k=0,1,2,...) and, from (60), we obtain the algebraic expansion in
this case given by

© T(4k + ) 1
Hao(z) = _162 (k—,)zz}{w(‘*k +3)— 2(k+1) —log z}z~ "4
k=0 :

Since, by (34), there is no sector in which the algebraic expansions cancel when m = 1, we
obtain the expansion of J,(2) in (48) given by

(1+ ){Exo(2) + Hyplze ™)} = 2¢5™ Hyo(z) i [0,17)
Jo(2) ~ .
(14 i)Hyo(ze™™) — 2e5™ {E(ze™™) + Hap(2)} in (37,7]

as |z| — oo. The expansion in the lower half-plane can be obtained by (45). The rays arg z =
0, 7 are Stokes lines for the algebraic expansions H, o(ze™™) and H, o(z), respectively and
the rays arg z = :I:%n are Stokes lines for the exponential expansions.

In Table 1 we present the absolute relative errors in the asymptotic expansion of Jy(2)
in (46), (47) and (48) for a given value of |z| and varying 6 = arg z. In each case the
exponential and algebraic expansions have been optimally truncated, with the exact value
of J5(2) being computed both by evaluation of the Wright functions and also high-precision
numerical quadrature of the integral in (42). We remark that in the three cases considered,
an accurate determination of the subdominant expansions on the Stokes lines would require
a detailed treatment of the Stokes phenomenon.

5.2. Example 2

We consider an example of the integral K, ,(z) defined in (40) with n =3, p = 1, namely

o0 o0 o0
K31(2)= 36J (J J (xg/xz)% exp{—(xf + xg + ng - Z(xle)%xg} dxlde) dx,,
—00 0 0
which is associated with the parameters u; = uy = 3, u3 =4, m; = my = %, ms = 1 and

'\/1=1,'\/2=1

2 V3= % From (41), we therefore find

oo _k 3 k
Ksp(s) = Zgﬂr(m) (1 = e(vs + k)

k=0 " r=1 r

N
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Table 2: Values of the absolute relative error in the computation of J,(z) when y; = u, =4
and m; = m, = m as a function of 6 = arg z.

m:%,h:%,vzzl m=%,v1=%,v2:% m:1,v1:v2:%
lz| =20 lz| =20 |z| =15
6/ |Rel. Error| 6/ |Rel. Error| 0/ |Rel. Error|
0 2.172x1071° | 0.250 8.081x107'* | 0 4.869 x 1071

0.125 3.326x 10719 | 0.375 2.528 x 10713 | 0.125 9.220 x 10712
0.250 1.228x1077 | 0.500 1.104x 1072 | 0.250 4.427 x 10714
0.375 3.939x1078 | 0.625 2.528x 107! | 0.375 1.025x1071°
0.500 1.756x10™% | 0.750 1.414x107' | 0.500 5.061x 1071
—0.125 3.326x 1071 | 0.875 7.550x 107'* | 0.625 1.046x 10~ 1°
—0.250 3.684x1071°| 1.000 7.014x107'* | 0.750 5.306x 10~
—0.375 3.326x10710| 1.125 2.584x 10713 | 0.875 9.220 x 10712
—0.500 2.172x1071%| 1.250 1.058x 107 | 1.000 4.869 x 10~ !!

= 3Wo(z) +i3Po(ze™™),

where the ;¥ (2) function is that defined in (25) with the same parameter values.

It is easily shown that K371(§eim) = iK3;(2), where the bar denotes the complex conju-
gate, so that there is a basic symmetry about the imaginary axis. The sectorial behaviour of
K3 ,(z) is shown in Fig. 2(b) with k = 1—52 There are two exponentially large sectors, four
sectors with mixed algebraic and exponentially small behaviour and two sectors straddling
the imaginary axis of angular width %n’ (bounded by the Stokes lines) in which the large-|z|

behaviour is algebraic. From the asymptotic expansion of ;W,(z) given in (29) we then obtain

E3(2) +Hsg(ze™™) + iH30(z) in (0,1—527T)

Ky () Hso(ze™™) + iHs(2) in (%n, %n]
1 E30(2) st,o(zeﬂi) +iHs0(z) in (—%ﬂ', 0)
Hj o(ze™) +1H35(2) in [-3m, —%n’)

as |z| — oo, where the expansions E3 ((z) and Hj o(z) are given in (26), (27) and (28). The
expansion of K3 ;(z) in the left-hand half-plane is described by the above symmetry relation.

6. Concluding Remarks

We have shown how the n-dimensional analogues of Faxén’s integral in (1), (4) and (40)
can be expressed in terms of either a single Wright function ,¥,(2), or a linear combination
of such functions with rotated arguments. Knowledge of the asymptotic expansion of ,¥(z)
for |z| — oo then enables the asymptotic structure of these integrals to be determined. Not
surprisingly, this asymptotic structure becomes more complicated the larger the value of n.

The asymptotic behaviour of ,¥,(z) for large |z| consists of an exponential expansion and
an algebraic expansion. The formal sum E, ((z) is a compact representation of the exponential
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expansion in the n-dimensional case. The evaluation of the coefficients in this expansion can
be easily carried out in specific cases for low values of n, although the computational effort in-
volved in their calculation rapidly increases with the dimension of the integrals. The algebraic
expansion H), ;(z) consists, in general, of n different expansions each with its own asymptotic
scale. The occurrence of terms in log z (when n > 2) depends to a considerable degree on the
symmetry in the associated Newton diagram of the phase function f(x,...,x,;2) defined in

(2).
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Appendix A. An algorithm for the computation of the coefficients c; = A;/A,

We describe an algorithm for the computation of the normalised coefficients A;/A, ap-
pearing in the exponential expansion E, 4(z) in (8). Methods of computing these coefficients
by recursion in the case when a, = 3, = 1 have been given by Riney [15] and Wright [22].
Here we describe an algebraic method valid for arbitrary a, > 0 and 8, > 0; see also [12,
pp. 46-49].

We rewrite the inverse factorial expansion (9) in the form

g)(ks +9') s = Cj o(1)
My ol {; s+, | (65 +00 } “9)

J

for |s| — oo uniformly in |arg s| < m — €, where g(s) is the ratio of gamma functions defined
in (5), (a); =T(a+j)/T(a) and ¢; = Aj/Ay. Introduction of the scaled gamma function I'*(2)
defined by

I*(z) := I'(z)(2m) 2623
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leads to the representation
1 1
I(as+a) =T*(as +a)(2m)ze % (as)* 1 2e(as; a),

where
e(as;a) = exp{(as +a-— %)log (1 + i) — a}.
as

Some straightforward algebra then shows that the left-hand side of (49) becomes

(ks + 9
% — kAL (hK*PR(s)Y(s), (50)
where
T(s) = P T (a,s+a,) T*(xs +9")
I T*(Bs+b,) Ts+1)
and
R(s) = P _rela;s;a,) e(xs;®)

1 e(B,s;b,) e(s;1)

r=1

Substitution of (50) into (49) finally produces

0(1)

M-1 c.
_ j
R(s)Y(s) = ; ot ) LT (51)

as|s| > ocoin |args| < w —e.
Now let ¥ = (xs)~! and expand R(s) and Y(s) for y — 0 making use of the well-known
expansion [19, p. 71], [12, p. 32]

o0
M@~ Y (™ (2l —>oo; |argz| < m—e),
k=0

where v, are the Stirling coefficients. The first few coefficients are given by yo =1, y; = —%,
_ 1 . _ 139
727 288> 13 = Sig407 "

.. Some routine algebra then yields

Mas+a)=1- Ylsx +0(x?), e(as;a) =1+ %a(a —1)+0(x?),
whence
p q
KX ar(ar - 1) br(br - 1) U 2
R(s)=1+ -2 L N T —(1-9)+0
()=1+ {;le I LAl R

Ky [&1 &1 1
T(S):1+E{Za——2ﬁ—+;—l}+O(}(2).
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Upon equating coefficients of y in (51) we obtain
C].:%K(.,Qf‘l’%:%), (52)

where

p _ g —
ﬂ:ZM_ZM_g(l_ﬁ)’

r=1 r r=1 [D’r

The higher coefficients are then obtained by continuation of this expansion process applied
to R(s) and T(s) in (51) with the help of Mathematica. In specific cases (i.e., with numerical
values for the various parameters) it is possible to generate the coefficients in this manner
quite easily. In our computations we have used up to a maximum of 40 coefficients.

Appendix B. The Asymptotic Expansion of ,¥,(z)

We demonstrate the validity of the assertion in (19) concerning the asymptotic expansion
of the Wright function ,¥,(z) as |z| — oo by considering a particular case. Let us take p = 2,

q = 0 with the parameter values a; = a, = i and v; = vy = é ; that is, we consider the

function
(3,1, (4, 1 ok ) )

2¥o(2) =,¥ ( 4’8,_4,8 ;2) IZEFZ(Zk‘i‘g)- (53)

k=0
From (7), this function is associated with the parameters xk = %, h = % and ¥ = —%. The

exponential expansion is, from (8) and (10), then given by

o
_ »-3/4,2 ] _ 1.2

Eyo(2) = 2% e ZA]Z . Z=12 (54)

j=0

where A, = 2%%1; we have employed coefficients with j < 28 in our computations (see
Appendix A). The first ten coefficients c; = A; /A, for ;¥((2) in (53) are listed in Table 3.

Table 3: The coefficients Cj for 1 < j <10 associated with the function in (53).

j Cj _] Cj
13 72
1 16 2 512
3 31575 4 7432635
814?2 524288
5 554191155 6 100179200205
8388608 268435456
7 10645956497295 8 10406881110208275
4294967296 549755813888
9 1437596137005803775 10 443063017349580803175
8796093022208 281474976710656
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From (11), the Mellin-Barnes integral representation for ,¥(2) in (53) is given by

1 00l '
2Wo(z) = ﬂf 'F(S) Fz(% - is)(zew)_sds (larg(—2)| < %n),

where the upper or lower sign is chosen according as arg z > 0 or arg z < 0, respectively
and the integration path separates the poles of I'(s) from the sequence of double poles of

1"2(% — is) situated at s = 4k + %, k=0,1,2,... . Displacement of the integration path over
the sequence of double poles and evaluation of the residues leads to the algebraic expansion

. © (4k + 1 , . ,
Hjo(ze™™) = —162 % (zeTm™) =43 {¢(4k + %) — %w(k +1)— log(zeij)}, (55)

k=0

where 1) denotes the logarithmic derivative of the gamma function; compare (60).
Theorems 1 and 2 show that ,¥((z) is exponentially large given by (54) in the sector
|arg z| < %n, with the dominant expansion in the rest of the z-plane being the algebraic
expansion in (55). The exponential expansion E, ((z), which is subdominant in the sectors
%n < |arg z| < %n, is maximally subdominant on the rays (the Stokes lines) arg z = :I:%n.
Accordingly, as | arg z| increases, the expansion E; (z) should undergo a Stokes phenomenon
and switch off smoothly across the rays argz = :I:%n', to leave the algebraic expansion

Hz,o(zejF”i) in the sectors %77: < |arg z| < m, as stated in (19); that is

Eyo(2) +Hyo(ze¥™) in |argsz|<im—e

i 56
Hyo(ze™™) in %n +e<|argz|<m (56)

2Po(2) ~ {
as |z| — oo.
To demonstrate this, we set z = |z|e® and define the Stokes multiplier S(6) (at fixed |z|)
for the Stokes line arg z = %n’ by

2Wo(2) = Hyly (ze™™) + AgZ ~%/*e?S(6),

where the superscript ‘opt’ denotes that the algebraic expansion is truncated at its optimal
truncation point and Z is defined in (54). In the first half of Table 4 we show the values®
of Re(S) for varying 6 in the neighbourhood of 6 = %77: when |z| = 15, where the value of
5 ¥(2) has been computed by high-precision summation of (53). The second half of Table 4
displays the absolute error in the computation of ,W¥,(z) using the asymptotic expansion in
(56) in the sector %n <6< %n with the same value of |z|. The values in the column labelled
(a) were obtained using the first expansion in (56), that is with the exponential expansion
retained in the sector %n <0< gn, whereas those in the column labelled (b) were obtained
using the second expansion in (56). Both asymptotic series were truncated at their respective
optimal truncation points. The first half of Table 4 confirms that the exponential expansion
E, o(2) switches off (as arg z increases) across the Stokes line arg z = %n to leave the algebraic

$The Stokes multiplier S(8) has a small imaginary part that we do not show.



REFERENCES 1029

Table 4: The variation of the real part of the Stokes multiplier S(6) and the absolute error in
the computation of ,¥(z) for different 0 in the sector %n <6< %n when |z| = 15: (a) with
E, o(2) and (b) without E; o(z).

6/m Re(S) | 8/m  Re(S) 0/n |Error| (a) |Error| (b)

0.40 0.97776 | 0.51 0.32448 || 0.50 | 4.010x 10~ 3.662 x 10713
0.45 0.94397 | 0.52 0.20592 || 0.55 | 2.819 x 10712 1.324 x 10713
0.47 0.83063 | 0.53 0.11579 || 0.60 | 1.571 x 1071 7.241 x 10714
0.48 0.72932 | 0.54 0.05599 || 0.65 | 7.955x 108  4.808 x 1014
0.49 0.60226 | 0.55 0.02191 || 0.70 | 2.036 x 107*  3.569 x 10~14
0.50 0.46177 | 0.60 0.00008 || 0.75 | 1.222x107°% 2.854 x 10714

expansion Hz,o(ze_”i) in the remainder of the upper half-plane; a similar behaviour applies
across the Stokes line arg z = —%n. The values of the absolute error in the second half of the

table clearly indicate that a uniform accuracy over the sector %n <6< %n is achievable by
discarding the exponential expansion in this sector in accordance with the second expansion
in (56).

We remark that a detailed analysis of the Stokes multiplier has been carried out in [10]
for the more general function ,¥,(z) with the parameters a, = 1/n (1 < r < p), for positive
integer n, and general”’ a, (1 <r < p). It was shown that for large |z| the leading behaviour
of the Stokes multiplier S(8) across the Stokes lines 6 = £k is given by

S(0) = 1+ Lerf[(0 F mi)(2i/n) M2(l2l /)] (Jz] - o00)

respectively, where erf denotes the error function and k = 1 — (p/n). Specialisation to the
values p = 2, n = 4, to correspond to (53), shows the smooth transition of S(6) across the
Stokes lines 8 = :I:%n, thereby confirming the above viewpoint.

Appendix C. The Algebraic Expansion of J,(z) in the Case of Double Poles

When some, or all, of the poles in (12) are multiple, the analysis of the algebraic con-
tributions to the integral J,(z) presented in Section 4.2 no longer applies. The treatment of
the multiple-pole case in general would be very tedious. Accordingly, we demonstrate in the
case n = 2 when double poles are present that the cancelation of the algebraic expansions
associated with J,(z) continues to hold in the sector (34), where m = m; + m,.

The algebraic expansion for the Wright function ,¥(z) associated with the parameters
a,, a, (r =1,2) as |z| — oo is given by (16) with p = 2, ¢ = 0. The form of the expansion
Hz,o(ze_’“') in (13) and (14) has to be modified to take into account the presence of the
double poles. From the Mellin-Barnes representation in (11), we have

1 oot .
2Wo(2) = Py f T'(s)I'(a; — a;s)T(ay — ays)(ze™)ds (57)

—ooi

It is assumed the parameters are such that only simple poles arise in the corresponding integral (11).
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valid in |arg(—z)| < %n(l + a; + a,), where the upper or lower sign is chosen according
as arg z > 0 or arg z < 0, respectively. The two sequences of poles that contribute to the
algebraic expansion are, from (12), s, , = (a, + m)/a, (r =1,2; m=0,1,2,...), where we

suppose for some nonnegative integers k, £ that

a1+k_a2+£

a (25]

Sk,l = (58)
for double poles to arise. The algebraic expansion HZ,O(ze_”i), obtained by displacement of
the integration path in (57) to the right over the above poles, then becomes

2
Hyo(ze ™)=Y a; M ae ™) 4/4S] ((ae™™; )+ G(2) (59)
j=1

where the prime denotes the deletion of the terms in the asymptotic sum (14) corresponding
to the double poles. The contribution G(z) resulting from the double poles may be shown to
be

(_)k+€+1

1 . .
G() = —— i Do)z ™)™ h(si1) — @y (k1) —ayp(C+1)~log(ze ™)},

a1049 Y

(60)
where summation is over the integers k, { satisfying (58) and v(z) denotes the logarithmic
derivative of the gamma function.

The integral J,(2) is associated with the function ,¥,(z) with the parameters a, = m,/u,,
a, =v,./u, (r =1,2), where u, are positive even integers. The contribution to the algebraic
expansion of J,(z) from the first series on the right-hand side of (59) (resulting from the
simple poles) vanishes in the sector (34) by virtue of the discussion in Section 4.2. To deal
with the contribution from the double poles, we note that G(z) may be written in the form

G(z) = Y (ze™™) M {ci g +dy ¢ log (ze ™)},
kL

where ¢, and d; , are coefficients independent of z and

vtk vyt
Coom my

Ak . (61)

Recalling that e(x) = exp(7ix), we then see that

e(v1)G(ze(m,)) = G(2) + wim, Zdu(ze_m)_lk.
k€

From (32) with n = 2, the contribution to the algebraic expansion of J,(z) resulting from the
logarithmic series G(z) in the common sector (34) is then

G(z) — e(v1)G(ze(m)) —e(vy) G(ze(my)) + e(vq +v2) G(ze(my +mjy))
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= —mimy ) dy o(ze™) M — e(v,)Glze(my))
kL
—I—e(vZ){G(ze(mz)) + mim, Z dy ¢(ze(my — 1))_7"<}
k.l
= mim, de,g(ze_”i)_lk fe(vy —myA ) —1} =0
kL

since e(vy — myA;) = 1 by (61). Thus, the algebraic expansion associated with J,(z) when
double poles are present similarly vanishes in the sector (34).



