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1. Introduction

The generalized hypergeometric function , Fy(z) is defined for complex parameters and argument
by the series

ar,as,...,a, B = (a1)r(a2)k - - - (ap)k ﬁ
ot < b1, b2, ... by z) - kZ:O (01)k(b2)k - - (bg)r k! (L.1)

When ¢ = p this series converges for |z| < oo, but when ¢ = p — 1 convergence occurs when
|z] < 1. However, when only one of the numeratorial parameters a; is a negative integer or zero,
then the series always converges since it is simply a polynomial in = of degree —a;. In (1.1)
the Pochhammer symbol, or ascending factorial, (a)j is defined by (a)o = 1 and for k > 1 by
(a)k =a(a+1)...(a+ k —1). However, for all integers k we write simply

I(a+ k)

(a)k = W

In what follows we shall adopt the convention of writing the finite (except where noted otherwise)
sequence of parameters (a1, ..., a,) simply by (a,) and the product of p Pochhammer symbols by

((ap))k = (a1)k - (ap),

with an empty product p = 0 reducing to unity.
In [1-4] we derived in various ways transformation formulas for the generalized hypergeometric
functions ;41 Fr11(x) and ,42F-4+1(2), where here and below at least r pairs of numeratorial and
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denominatorial parameters differ by arbitrary positive integers. In particular, in [4] we stated
without proof that the generalized hypergeometric function ,41F,41(2z) in which r + 1 pairs of
numeratorial and denominatorial parameters differ by arbitrary positive integers may be written
as a product of e” and a certain polynomial in . In Section 3 we shall provide a proof of this
result and discuss its implications.

In [1, 4, 5] we showed that essentially the same methods used to obtain the transformation for-
mulas alluded to above may be employed to deduce the Karlsson-Minton and other more general
summation formulas for the .2 F,11(1) generalized hypergeometric series with unit argument. In
the present investigation we shall derive in Section 4 in a similar manner analogous summation
formulas for generalized hypergeometric series of the type T+2Fr+1(%) with half unit argument.
Finally, in Section 5 we shall consider a certain quadratic transformation for the 3F5(z) hyper-
geometric function.

2. Preliminary results

We record two lemmas and a theorem that we shall utilize in the sequel. Lemmas 1 and 2
are proved respectively in [1] and [4] and Theorem 1 is proved in [4]. The notation {3} will be
employed to denote the Stirling numbers of the second kind. These nonnegative integers represent
the number of ways to partition n objects into & nonempty sets and arise for nonnegative integers
n in the generating relation [6, p. 262]

e ; O cvrcon {3l =om

k

where dg,, is the Kronecker symbol.

Lemma 1. For nonnegative integers j define

SjEZ’ﬂj%, SQEZ%,
n=0 n=0
where the infinite sequence (\,) is such that S; converges for all j. Then
5% {;} $ D
’ k=0 K n=0 nl

Lemma 2. For nonnegative integer s let (as) denote a parameter sequence containing s elements,
where when s = 0 the sequence is empty. Let (as+k) denote the sequence when k is added to each
element of (as). Let F(x) denote the generalized hypergeometric function with r numeratorial
and denominatorial parameters differing by the positive integers (m,), namely

Fw) = e (80 ) 1),

where by (1.1) convergence of the series representation for the latter occurs in an appropriate
domain depending on the values of s and the elements of the parameter sequence (as). Then

m

A = Z {‘]Z;} Om—js Ao = (fl)ml cee (fr)mm Ay =1 (21)

Jj=k

1 & Qs as +k
o) = 5 (e g, (e

where m = mq + - -+ + m,, the coefficients Ay are defined by




and the o; (0 < j <m) are generated by the relation
(fi42)m, - (fr 4+ T)m ng . (2.2)

Theorem 1. Let (m,) be a nonempty sequence of positive integers and define m =my+---+m,.
Then if b# f; (1 <3 <7r), (N)m #0, where A =c —b— m, we have the transformation formula

r1 (ZZZ e ’) = mirFni (2 A " ) 23)

where |x| < oco. The (&) are the nonvanishing zeros of the associated parametric polynomial
Qm(t) of degree m given by

de =j Z { } )k ()k(A = O)m—k;

k=0

where the o; (0 < j < m) are determined by the generating relation (2.2).

In the following Section 3 we shall consider the generalized hypergeometric function w(z)

defined for |z| < oo by
T + mT
w(z) = pp1Fri1 ( (f +(1f7‘+1) +1) ‘3:) )

where (m,41) is a sequence of positive integers. It is evident that w(x) is an entire function.

3. Properties of w(x)

If in Theorem 1 we set b = fr11+mpy1, ¢ = fry1 and definem =my+---+my, M = m+my41,
then A = —M, (—=M),, # 0 and we find from (2.3) that

The (&,,) are the nonvanishing zeros of the associated parametric polynomial of degree m given
by

=Y S0} et e O = D

Jj= k=0

where the o; (0 < j < m) are generated by (2.2).
Thus it is evident that w(x) is proportional to a polynomial in z of degree at most M which

we define as
Pu(x) = myr1Fn1 <;Tﬁ41: (&&::)1) ‘ - 36) .

Moreover, since e” can never vanish it follows that the entire function w(z) has at most M zeros
in the complex plane. However, we shall obtain an explicit representation for Pys(x) which shows
that its degree is exactly M.

Theorem 2. Let (m,4+1) be a sequence of positive integers such that M = mq + -+ + my41
and let (fr41) be a sequence of complex numbers such that (f1)m, ... (fr41)m,., 15 nonvanishing.
Then

w(z) = e"Pu(x),



where Ppr(x) is a polynomial of degree M given by

1 M M .
PM(x):B—OZBk$k, BkEZ{i}pM_j.
k=0 j

Here
BO:(fl)ml"'(fT+1)mT+17 By =1,

and the p; (0 < j < M) are generated by the relation

M
(fi+@)my - (frr +T)mypy = Z pM_jxj_

Proof: Note that

((fr-i-l + mr-i-l))n _ (fl + n)m1 (fr-‘rl + n)mrﬂ
((fTJrl))n (fl)ml o (fr)mrﬂ ’

where the numeratorial expression on the right-hand side of the latter may be written as

(fr+n)my - (fr1 + 0y, = me : (3.1)

Thus by (1.1)

_ (fr 1+ my 1 - fT+1+mT+1>) z"
w(a?)=r+1Fr+1< +(fr+1 + } > z:: (i) Pl

1 z"
= ) - ZpMJZn R

. (fr+1)m7~+1

where the order of the summations has been interchanged.
Now employing Lemma 1 we have

00 J . o0 n+k J
z _ J z _ T J k
St =iyt et
n=0 k=0 n=0 k=0
so that
e’ - G\ ok
w(x) = Pafi { }x ,
(fl)m (fr+1)m7+1 J:ZO Mjkzzo k
where
M I M (M
k_ k
Sn {1} = (X {d o) o
7=0 k=0 k=0 \j=k
Defining

we note that when k£ = 0 the only contribution to the j-summation comes from j = 0, so that by
using (3.1) we find
Bo = py = (f1)my - (fra1)mpga -



In addition when k& = M, the only contribution to the latter summation comes from j = M, so
that by again using (3.1) we see that

By = po = 1.
Thus "
ew
=—) B 3.2
B kzzo KT (32)
which evidently completes the proof. O

Thus we also have the following.
Corollary 1. The entire function w(zx) has exactly M zeros in the complex plane.

We remark that Ki and Kim [7] only show the existence of at most M zeros for w(z), whereas
from (3.2) we can in principle obtain all of the M zeros. For example,

o Fy (f—}:l g—;—l ’:v) =e” (%ﬁ—l—if—’—fgg—’—lx—i—l),

and here the zeros of Pa(z) are

T2 =—2(f+g+1£[(f—g)?+2f +2g9+ 13

4. Summation formulas for T+2FT+1(%)

In [4] we employed Lemma 2 to readily obtain a generalization of the Karlsson-Minton summation
formula which is given in the following.

Theorem 3. Suppose (m..) is a sequence of positive integers such that m = my+---+m,. Then
provided that Re(c—a —b) > m we have

- <a,b,(fr+mr) l)r( (c—a—b) ¥ A (=1)(a)e(b)x
R S (fr) I'(c—a)l(c—Db) A 1+a+b—c)

where the A (0 <k <m) are given by (2.1).

However we may also utilize Lemma 2 to obtain summation formulas for T+2FT+1( ). To this
end we note the following (see, for example, [8, Section 7.3.7 (3)—(6)]) summations for 2F1(3)
given by

a. b I(ia+3ib+1) 2P(la+lb—l)}
F ) 1 — 2 2 2 2 2 2 4.1
? 1(%@—1—%1)—% 2) ﬁ{r(1a+l)r(lb+%)+ T(a)l(b) [’ 4.1)
a, b I'($a+3b) I'(3a+3b)
2F1(1 1 l) = \/E{ T e (4.2)
gat3b |2 L(3b)T(za+3) T(za)L(zb+3)
o b T(lat+iptd)
21 ( ’ l) = Vr 20430+ (4.3)
satybts |2 F(% +3)T(5b+3)
P ( a, b 1) { r ;a+ b +1)  T(Za+ib+1) } (4.4)
241 3] = - .
patgb+l |2 L(za)l(zb+3) T(30)T(za+3)




Setting x = %, s =2, (as) = (a,b), c = %(a +b+n), where n = —1,0,1,2, in the first two
equations of Lemma 2, we see that
)
2

(a)k(b)k a+kb+k |,
_Z( > Ta+1b+in), 2 latibrintk |2) (4.5)

where when r = 0, (f,) and (f, + m,) are empty and we define m = 0. Thus the Gauss series
2F1(%) in (4.5) with respectively n = —1,0,1,2 correspond to the left-hand sides of (4.1)—(4.4)
with @ — a + k and b — b+ k. Combining these with (4.5) we therefore deduce the following,.

a, b, (fr +mr)

T FT
2 “<%a+%b+%n, (fr)

Theorem 4. Let (m,) be an arbitrary sequence of positive integers such that m =my +---+m,
and (fr) a sequence of complex numbers such that (f1)m, .. (fr)m, # 0. Then
a, b, (fr +m;)

r2Fria ( 1,4 1p 1 %)
satszb—3,  (fr)

_ 2/ L5 cH— b__ i I‘(a+k)1"(b+k)(a+b_1+2k)
o

Z2kAk{r sa+3k)D(3b+3+3k) —T(3b+3k)T (3a+3+3k)}, (4.7)

F ( a’? b7 (f’r + m’l‘)
T gatgb, (f)

2a+b2r( a+ b

- Apym T(a)l (
2l ( 1 a’1b’ 1 (fr &) l)
T gatgbts, () ]2

_20tb-2 D(La+2b+1
~ Aoym F(a)F(b)

)

Z AT (3b+3k) 0 (Ra+ik+3) —T(3a+3k)T(3b+3k+3)},

Z2kAkr lat ik (do+ik), (4.8)

F a“? b7 (f’l‘ + mr)
T gatgb+l, (f)

20402 g 4 b T'(3a+3b)
" Aoyw a—b I(a )r(

(4.9)
where the Ay (0 < k < m) are given by (2.1).
We have used the duplication formula
Val(2z) =27 'T()I (2 + 3) (4.10)

to obtain (4.7)—(4.9). Thus, when r = 0, the sequences (f,) and (f, + m,) are empty so that
m = 0 and (4.6)—(4.9) reduce respectively to (4.1)—(4.4). Since (4.9) is not valid when a = b we
may use 'Hopital’s rule and (4.10) to obtain the limiting case of (4.9), namely

y @ (fT+m7")
T+2Fr+1 ((l+ 1, (fr)

ga—1 m
) = Tt 2o Al ot D) —v(ar ),
=0



where 1 is the digamma or psi function. When r = 0 we retrieve

a, a
2F1(a+1

%> =290 {y(La+1) —¥(La)}

which is found in [8, Section 7.3.7 (16)] in an equivalent form.
In addition, if we let r =1, m; =1 and f1 = f, so that Ag = f, A; = 1, then we obtain from
(4.9) and (4.10) after some straightforward algebra the result (when a # b)

a7b7 f+1 _ a+b Loyl (a_f)/f _ (b_f)/f
3F2(%a+%b+1, f %> =T (a—b) At +§b){r(%b)I‘(%a+%) r(%@r(%m%)}’

which has been obtained by Rathie and Pogény in [9].

5. A quadratic transformation for 5F;(z)

In [4] by utilizing Lemma 2 we derived two quadratic transformations for

1
ioFoi (a,ac—j- 3 (fr('}‘TTT) }X) :

where X = 2%/(1 £ 2)? and X =42/(1 + x)2. As discussed below certain parametric conditions
guaranteeing the existence of a quadratic transformation for the Gauss function o Fj(x) restrict
the existence of more general quadratic transformations for .4oF,1(x) when the decomposition
Lemma 2 is employed. We illustrate this by deducing a quadratic transformation that necessarily
is restricted to r = 1 thus giving the quadratic transformation for 3 F5(z) in the following theorem.

Theorem 5. Suppose a, b# 5 and f #a+b+ 3. Then

b f+1
3F2( “ /

dz(1 — x))

atb+sz, f
_ _ -1 201—1,2[)—1, §1+17 §2+1
= (1 217) 4F3 ( a+b+ %7 51, 52 x|, (51)
where &1, €2 are given by
2a—1)(2b—1
Slo=a+ % + [(a+ %)2 _ 204Jc]1/27 a= M (5_2)

2a+b—f) -1

The transformation (5.1) holds in a neighborhood of x = 0.

Proof: From Lemma 2 we have the expansion of ;42 F,.1(2), with r pairs of parameters differing
by the positive integers (m,), as a finite sum of 3 F;(z) functions in the form

a,b, (f, +m,) L& (a)k(b) a+kb+k
T+2FT+1< . ) }z>_A—OkEOZ’€Ak#2F1( ek ’z) (5.3)

where the coefficients Ay are defined by (2.1). If we set r =1, m; = 1 and f; = f in the above
expansion we obtain the particular case

b, f+1 b abz +1,b+1
3F2<ac ff Z):QFl(aC ‘Z)-F?gFl(a il ‘Z) (5.4)




Now let z = X = 42(1 — z) and define

a, b, +1
F($)53F2<a+b+% ff ’X)

Then, from (5.4) with ¢ =a+ b+ %, we find

ab a+1,b+1
X)+3X2F1< ath+? ‘X) (5.5)

We now make use of two quadratic transformation formulas for the Gauss hypergeometric function
[10, Section 15.3, (22) and (24)], namely
x) ) (5.6)

a,b _ —7,2b—
2F1(a+b—j+% >—(1—2$) 2F1(

a+b—j —|—
where j = 0,1. Application of these transformations with j = 0 and j = 1 respectively to the
first and second hypergeometric functions in (5.5) then leads to

a,b

F(x) =211 <a—i—b-i—l
2

_ 2a,2b
F($)=(1—2$)1{(1—2$)2Fl<a+b+% $>+
Adab 241,26+ 1
From (1.1) it can be seen that for arbitrary values of ¢
2a,2b = (2a),(20),, 2"
(M) = R
i 2a—ln2b—1) " (2a —1+n)(2b—1+4n)
o ()n n' (2a—1)(2b—1)

2a, 2b s 2an 12b "
F( ¢ ’””) > oy

2a—1 2b—1) n(c—14n)

n! (2a -12b-1)

|
M 8

n=0
2a+1,2b+ 1 = (2a41),-1(20+ 1), 2"
szl( c+1 }QC) o g c—l—l)n 1 (n—l)!
B Z 2b Dn 2" n(2a—1+4n)(2b—1+4n)
~ 4ab n! (2a —1)(2b— 1) ’
and
) 2a+1,2b+ 1 2a+1n 22b+1) "
oy (LA ) - 3 Bt s

B a—l b—l) nn—1)(c—1+n)
B 4abZ n' (2a —1)(2b—1)



where obvious adjustments to the summation index n have been made. Then, upon setting
c=a-+b+ 3 in the above sums, we obtain from (5.7)

Fla) = (1—22)" }:Cm_l%@b_nnfzfunx

(20 —1)(2b— 1) =~ (a+b+3), nl

where, with v = f~Ya+b—3) — 1,

Py(n) = 2a—1+n)(2b—1+n) (1—1—%) —n(2+nT_1) (a+b—3+n)
= n? : a— — n a— —
= "+ (’Y—i— f(2 1)(2b 1)) +(2 1)(2b — 1). (5.8)

The quadratic P»(n) can be factored to yield

Py(n) =y(n+&)(n+ &),

where, provided a, b # % and f # a+b— %, & and & are given by (5.2). Since v£1&2 =
(2a — 1)(2b — 1), we therefore see that

o0

191N 2a—1)a(@b 1), 2" (n+&)(n + &)
oy = =20 ,; (a+b+3)n ol €16

C a1 20— Da@b— Dy (&4 Dalée + 1 2"

= (=2 n;o (a+b+%)n (& )n (&2)n n!’

where we have made use of the fact that (A + 1),/(A)n, = (n + A)/A. This yields (5.1) and so
completes the proof. O

We remark that when f =a+b— %, the coefficient v = 0 and the polynomial P»(n) becomes
linear with ¢ = f. The formula (5.1) then reduces to the quadratic transformation (5.6) with
j=1

If we try to apply the same reasoning to the more general function with r pairs of parameters
differing by the positive integers (m..)

(0 U5 |7

we obtain from (5.3) a series of m + 1 terms involving the Gauss functions

a+k btk

}%:25<a+b+k+§

X> 0 < k<m).

A quadratic transformation for o F; (v, ;7 | ) exists if and only if any of the quantities

+(1-7), *(a=0), *la+p-7)

are such that either one of them equals % or two of them are equal [10, p. 560]. In this case, the
third condition above for the functions Fj, with 0 < k < m, has the form a+5—v =k — %; that
is, a quadratic transformation exists only when & = 0 and k = 1. Consequently, we are compelled
to take r =1, m =1 in (5.9).
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