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We describe how a modification of a common technique for developing asymptotic
expansions of solutions of linear differential equations can be used to derive
Hadamard expansions of solutions of differential equations. Hadamard expansions are
convergent series that share some of the features of hyperasymptotic expansions,
particularly that of having exponentially small remainders when truncated, and, as a
consequence, provide a useful computational tool for evaluating special functions.
The methods we discuss can be applied to linear differential equations of
hypergeometric type and may have wider applicability.

1. Introduction

A Hadamard expansion is one of the special form
Fz) =) e 8, (), (1.1)
n=0

where Sy, in turn, is a series of the form

[ee] n
S, (2) :Zmp(un—kk,pnz). (1.2)
k=0 "

The function P appearing in the sum defining S, (z) is the normalized incomplete
gamma function given by
1

—)/ e 't 1dt, |argz| <m, Re(a) >0, (1.3)
a) Jo

P(a,z) = T

and all other terms in the sum (1.2), iy, pn and a,g, are constants. We will refer
to the index n as the level of the expansion, and the parameter \,, appearing in the
exponential factor e~ *»# will be assumed to have argument restricted in such a way
that Re(Anpz) = 0. We also assume that Re(A,z) < Re(Ap+12) for n =0,1,2,....
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Figure 1. Magnitudes of the terms (plotted on a log,, scale) in the modified Hadamard
expansion of I, (z) against ordinal number £ when z = 10, v = i and the truncation index
M = 22.

We mention here, for later reference, that the incomplete gamma function has the
asymptotic behaviour

Zaflefz
an—z ]‘_Ta): z — +00,
z%
Pla,z) = ——1F1(1;1+a;2) ~ 1.4
(@:2) = Frrahi R - ) (1.4)
—_— — +00.
Iita’ °

Hadamard expansions have been the subject of prior work by one of the authors
(see [5-7]), and the interested reader will find many features of these expansions
described at length. For the benefit of the reader new to Hadamard expansions, we
point out a few salient features of these types of representations.

First, unlike most expansions encountered in asymptotics, Hadamard expansions
are usually absolutely convergent, and the asymptotic scale for the expansions at
level n, {P(pn + k, pnz)/(pnz)*T*}, is exponentially negligible in the scale at the
previous level n — 1, due to the exponentially small factors e "% associated with
each level. Secondly, because of the asymptotic behaviour of the incomplete gamma
function in (1.4a), the Hadamard expansion at level zero, for large z, can be seen
to contain (to leading order) the usual Poincaré asymptotic expansion. This is
easily understood in the example of the modified Bessel function I,(x) (see [5]
and [8, p. 204]), which has a particularly simple Hadamard expansion, valid when
Re(v) > —%, consisting of a single level given by

T o0

ak(v)

Voms 2

where ax(v) = (3 + v)e(3 — v)i/k! and (a)r = I'(a + k)/I'(a) is Pochhammer’s
symbol. We point out that a more general form of the Hadamard expansion for

I(z) =

P(34v+k,2z), (1.5)
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I,(z) has been discussed in [3]. If the factor P(3 + v + k, 2z) in this expansion is
formally replaced by unity, the usual Poincaré expansion for I,,(z) is obtained valid
for x — +o00. It follows then that Hadamard expansions have terms that initially
undergo a decay in magnitude comparable to ordinary asymptotic expansions, but,
in marked contrast to most asymptotic expansions that eventually diverge to infin-
ity, the terms ultimately go over into a gradual decay of algebraic order.

Owing to this gradual decay, Hadamard expansions in their untransformed state
are ill suited as an effective computational tool. However, if we truncate each Hada-
mard series S, (z) in (1.1) at an appropriate point, thereby producing a finite main
sum and a tail at each level, the tail resulting from this truncation can be trans-
formed into one that exhibits rapid decay-eften comparable with that of the ini-
tial asymptotic-like phase-thereby permitting the truncated Hadamard series and
associated tails to be used as an efficient computational tool. This truncation pro-
cess results in what we shall call a modified Hadamard expansion. It is important
to stress that the modified tails are still absolutely convergent and that no approx-
imation has been introduced in the process.

We explain this procedure in the comparatively simple setting of the expansion
for I, (z) in (1.5), which we write as

N e
I(x)= {Z (sx)kp(%+I/+k,2x)+T(M;2x)},
k=0

where M is the truncation index and the tail T'(M; 2x) is the series

o0

T(M;2z) = > (gggp(% + v+ k,2x).
k=M

It is shown in [5] that T'(M; 2x), after representing the incomplete gamma function
in terms of 1F} (see (1.4)), followed by expansion of 1F; in terms of its Maclaurin
series and a reversal in the order of summation, can be rendered in the form

)

2 >u+r+1/2

T(M;2z) = e > 3 or.(M)| —
2o (

where the coefficients o, have an explicit representation in terms of a oF; function.
Provided M is chosen to satisfy M > |2x]+1, the terms in the tail re-expressed this
way are found to undergo a rapid decay as the index 7 increases, as is illustrated
in figure 1. We also remark that the rapidly convergent series has been displayed
with an exponentially small factor e2*, which gives an indication of the level at
which the tail contributes to the Hadamard expansion. It is for these reasons that
the modified Hadamard expansion provides a powerful mechanism for computing
I, (z) to high precision.

This rendering of tails in Hadamard expansions into rapidly convergent forms is
a crucial difference in the usual treatment accorded to remainders in asymptotic
expansions. The reader interested in a systematic account of the theory of Hada-
mard expansions is directed to the previously mentioned works, which include the
development and analysis of the tails resulting from the truncation of an expansion.
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The paper is arranged as follows. The technique of developing Hadamard expan-
sions from differential equations is broadly described in the next section and subse-
quently refined and applied to Kummer’s equation for the confluent hypergeometric
functions. A detailed account of the tails resulting from truncation is given, without
any appeal to the results for integrals found in [5,6]. A numerical illustration of the
results for Kummer’s equation is included to demonstrate the accuracy that can be
achieved with this procedure. The paper concludes with some further discussion of
the problem of determining Hadamard expansions from other types of differential
equations.

2. Expansions from differential equations

We follow the well-known technique used in forming Poincaré-type expansions for
large z of solutions to linear second-order differential equations, as detailed in [4,
§7.1], and consider the equation

w”(2) + f(2)w'(2) + g(2)w(z) = 0, (2.1)

with expansions for the coefficient functions

o /. o~ 9
FE)~D % and g(z)~ ) T
s=0 s=0
where not all of the coefficients fj, go and g; vanish. Then the method proceeds by
formally substituting a trial expansion

w(z) Ne)‘zz“z% (2.2)
s=0

into the differential equation with the series expansions for f(z) and g(z), and deter-
mining the parameters A, u and the coefficients as from recurrence relations that
result.! The success of this technique owes much to several properties of asymptotic
power series. First, any reciprocal power series, when subjected to a differentiation,
remains a reciprocal power series. Furthermore, the product and sum of recipro-
cal power series are, again, reciprocal power series. In replacing a reciprocal power
series by a Hadamard expansion, however, we lose most of these attractive proper-
ties, which complicates the process of forming a Hadamard expansion counterpart
0 (2.2). Nevertheless, in a restricted category of linear second-order differential
equations, we can resolve these complications.

The idea is relatively straightforward. For a differential equation (2.1), formally
substitute

w(z) = 3 e w8, (2), (2.3)
n=0
where each quantity S, (z) is given by

P(pn +k, pnz)
(pnz)Hnth

We have been deliberately brief with the account of the method. There are some subtleties,
which are discussed in detail in [4, ch. 7], which we elect not to provide in our treatment.

Su(2) =Y amYur(2),  Yur(z) = , (2.4)
k=0
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with P given in (1.3). Upon substitution of (2.3) into (2.1), a sum involving the
functions Y, and their derivatives results. By applying some simple properties of
the Y, and their derivatives given in the following lemma, with judicious assign-
ment of the parameters p,, i, and \,, we can transform the resulting sum into
two series, one involving only the functions Y,,;, and one free of the Y,,;. The series
involving Y, will be made to vanish through the determination of the coefficients
ank, and the remaining series will comprise two types of contributions: one algebraic
and one exponentially small.

It will emerge in the course of the computations that the algebraic and expo-
nentially small terms will behave in similar manners regardless of the level. The
exponentially small contribution at level n will, through adjustment of parameters,
be made to cancel the algebraic terms left at level n + 1. In this way, the sum of all
the contributions over all levels will satisfy (2.1).

Before illustrating this process, let us gather together some generally useful prop-
erties of the Y.

LEMMA 2.1. Let Y,x(2) be as defined in (2.4). Then

Yrik(z) = _pn(/J'n + k)Yn,kJrl(Z)a (25)
0 =2V (2) + {(1tn + Kk +1) + pn2}Y, 1 (2) + po(pin + k) Yoi(2),  (2.6)
2Yppe(2) = = (pn + k) Yor(2) + % (2.7)
ZYnk(Z) = pin n,krfl(z) - #p::_k) (28)

Proofs of these results follow easily from the Euler integral representation of
the incomplete gamma function in (1.3). In all cases, k is a non-negative integer.
When k& = 0 in (2.8), we see that Y, _1 can be assigned a meaning (provided
tn 7 0,—1,—2,...), since, from (1.4) and (2.4),

e Pn=
Yo —1(2) = =——=1F1(1; pn; pn2). 2.9
n, 1( ) F(Mn)l 1( Hns Pn ) ( )
We remark that the second property listed in the lemma is of particular signifi-
cance, as it clearly illustrates that the functions used in the Hadamard expansions
we will develop are themselves of hypergeometric type.

3. The confluent hypergeometric equation

Kummer’s differential equation for the confluent hypergeometric functions is (cf. [1,
§13.1.1], [4, §7.9])

zw” + (b—2)w' — aw =0, (3.1)
and the development of Hadamard expansions of solutions to this equation will
serve as a template to follow when dealing with other differential equations. It is
well known that solutions of this equation possess the leading behaviour z=% and
29=be* for large |z|. We look for solutions of (3.1) of the form

w(z) =Y e M58, (2), (3.2)
n=0
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where S, (%) is the Hadamard expansion defined in (2.4). Substitution of this rep-
resentation into the left-hand side of (3.1) yields

Dw=zw" + (b—2)w' —aw = Z e ML, (3.3)
n=0

where

Ly =Y ansf{ M (n + 1)z = bAy — a}Yop + {0 — (1 4+ 2X,)2} Yy + Y, )
k=0

We now proceed to reduce our expression for L, by applying, in turn, equa-
tion (2.6) to eliminate zY;”, terms and (2.7) to eliminate 2Y,, terms, to find

L, = i ank{{ An(An 4+ 1)z = bAn — a + (14 2X0,) (1 + k) }Yoi
k=0 + (b= pn — k= 1Y}

o0

142X, + pple Pz S —nk
( P Z;J (Nn"‘k)

where the coefficients a,,; are those appearing in (2.4). Notice that the use of (2.7)
has resulted in an additional series of terms involving exponentials. The remaining
Y, terms can be eliminated by using (2.5) to produce Y terms with shifted index.
We finally apply (2.8), which produces additional exponential terms and Y terms
with shifted index, to arrive at

_ oo
pnz Ank

Iy + k)

L, =—(pn+ An)(pn + An + 1)
Pn T,

n(An +1
+ Z o 2Dy, o+ 1)1+ 200) = B~ 0V

= P+ K)(0 = pn =k = 1)Yn,k+1}
and, after shifting indices in the sum involving the Y, this becomes

e*PnZ el Ak >\n(>\n + 1)
+ apg————=Y,, 1
I'(pn + k) Pn

L, =—(pn+ An)(pn + An + 1)
Pn 10

+Z{ank+1 Ap a )+ank{(ﬂn+k)(1+2>\n)—b)\n—a}

- an,ktflpn(/ln + k — 1)(b - MUn — k)}ynk;
(3.4)
where we have defined, for notational convenience, a,,,—1 = 0. Note, too, the appear-
ance of Y, _1 (recall (2.9)).

We can simplify our expression for L,, by requiring that the last series in (3.4)
should vanish. This is achieved by demanding that the coefficients a,,; satisfy the
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three-term recurrence relation

an k1 0 (An + 1) + ankpn{(tn + £)(1 4+ 2X,) — b, — a}
1P+ R = )b~ —K) =0 (3.5)

for k=0,1,2,....

3.1. The solution w;(z) corresponding to Ag = 0

The two linearly independent solutions of (3.1), which we denote by ws(z) and
wo(2), have the leading behaviour 2= and 2%~%e* for large |2| (see [1, p. 508]).
This corresponds to the choices Ag = 0 and A\g = —1 in (3.2). We now turn to the
consideration of the special cases of L,, corresponding to these two choices of \g.

3.1.1. The evaluation of L,, n =0

Let us first consider the solution wj(z) with algebraic growth corresponding to
Ao = 0. For the initial level in our Hadamard expansion of solutions of (3.1), we
have n = 0 and the expression (3.4) then reduces to

o0

Lo=—(1+po)e ")

OFNO+k)

the other terms in the last series of (3.4) vanishing by virtue of (3.5). From the
recurrence (3.5) with Ay = 0, we require o = a for agp # 0 and obtain the two-
term recurrence relation

aogr = p—]:(a + k — 1)(b —a— /{:)a07k,1.

This recurrence has the solution

—. k>0, (3.6)

aok = ago(—po)*

where (a)r = I'(a + k)/I'(a) is the usual Pochhammer symbol.

In order to have incomplete gamma functions in (2.4) with positive real argu-
ment, we set pg = e ¢, where § = argz. The absolute convergence of the series
>~ aor/I(po + k) appearing in L is assured when |pg| < 1 by the ratio test. Pro-
vided? |0| < 7, convergence of the above series is still assured when |pg| = 1 if, in
addition, we impose the restriction Re(b) > Re(a) > 0. This results from the late
behaviour of the terms in the series which, by application of the result

F(k+a) ~ k/,afb

k
Tt as k — +o0,

2We shall see in §5 that the rays arg z = &7 are Stokes lines for the solution w1 (2).
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is controlled by (—e~i?)*k2=%. Then we have

o)
Aok

I'la+k)

gk

ok _
= I'(po + k)

E
Il

0

_ 00 = (—po)*
—F(a)kz:;)(a—b—kl)k o

_ %00
I'(a)
@00

= Tt (1+ po)?—o1, (3.7)

1Fola —b+1;;—po)

from which, with py = e~ follows the final form for the zeroth level,

Lo = —%e*ﬂﬂ +eif)b-a, (3.8)
It is this remaining contribution from the zeroth level-which we term the residual
exponential-that must be annihilated from the next level n = 1. Since level n =1
is associated with the exponential factor e 1%, it follows that, in order to produce
terms in that level that can cancel the residual exponential from the zeroth level,
we must set \; = po = e~ when Ay = 0.
For the levels with n > 1, (3.4) reduces to

—pnz X

Ank )\n(An + 1)
—+ ano Yn),l, (39
I'(pn + k) Pn )

L,=—(pn+ An)(pn +An + 1)
Pn 1T

where, to proceed further with our analysis, we must reduce the Y, _; term to a
constant so that it can be used to cancel the residual exponential arising from level
n — 1. This can only be achieved by selecting u, = 1 (n > 1), since, in this case,
the 1F7 function in (2.9) reduces to e?"*, yielding

Yn,fl(z) =1, w,=1L

Then the expression for L, becomes

7pnz > mn >\n >\n 1
g Z% bagina D) oy (3.10)

Pn 12 Pn

L, =—(pn+ An)(pn + An + 1)

and the cancellation process can easily be achieved by a suitable choice of a,,o when
the exponential factors in e~ *#L,, multiplying the term proportional to a,o at
level n and the infinite sum at level n — 1 match, that is, when

Ant1 = An + pn. (3.11)

We remark that the series remaining in equation (3.10) after this cancellation pro-
cess becomes the residual exponential corresponding to this level that is to be
annihilated at level n + 1.

To determine p,, we examine the growth of the coefficients a,; defined by the
recurrence (3.5) by applying dominant balance arguments outlined in [2, ch. 5].
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From the form of the recurrence relation, it follows that the a,; possess the large-k
behaviour
ang ~ Apr¥T(k—a+ 1)+ ByrbD(k+a—b+1), (3.12)

where A,, and B, are constants independent of k. The quantities 1 and ro are the
roots of the characteristic equation

An(An + 1)7"2 + (14 2X\,)pnr + p,% =0,

from which r; = —p, /A, and ro = —p,,/(A, + 1). The absolute convergence of the
series in (3.10) is assured if |r1], |r2] < 1. Accordingly, we define

Pn = wpe 7, wyp = min{ A\, |, [\, + 1]}, (3.13)
with 6 = arg z. Then, if w,, is determined by the first (resp. second) choice, we have
7] < |ri| = 1 (vesp. |r1| < |rz] = 1). In view of the assignment py = ™% at the
zeroth level (where Ao = 0), we have wy = 1 and, from (3.11),

n—1
Ao =207 2, = w,, n>1L (3.14)
r=0

It follows from (3.13) and (3.14) that w, and {2, are § dependent and that the
quantities wy,, (n > 1) for the solution wy(z) are bounded away from zero, provided
|6] < 7 (see §5 for further discussion of this point).

The consideration of the convergence of the sum in (3.10) at level n can be dealt
with in a similar manner to that employed in the associated series at the zeroth level.
The dominant late terms in the series behave like €% k=% where the phase ¢,, of
the larger (in modulus) of the roots 71 and ro and the exponent « satisfy ¢,, = %,
o =awhen |ri| = 1or 37 < |¢,| < 7, @ = b—a when |rs| = 1. Then convergence of
this sum at each level again requires the conditions Re(b) > Re(a) > 0 and |4] < =.
It follows from (2.4) and (1.4b) that the Hadamard sums S,,(z) (n > 0) converge
absolutely under the same restrictions.

To evaluate the sum > a,x/k!, needed to completely determine L,, for n > 1, we
return to the three-term recurrence (3.5) (with p,, = 1) and formally multiply by
u¥/k! and sum over k from 0 to co. With

oo ok
G(u) = Z k7T
k=0
we find the result expressible in the form
An(An + DG (w) + pn (1 +2X,) (uG(u))
— pu(bAg + Q)G (u) + P2 (2 Gu)) — pZbuGlu) =0,
or

G'(u) pnla—1) pa(b—a—1)
G(u)  pau+n  pput+ A, +17

which has the solution, using the initial value G(0) = ano,

G (1) = anoA N + D8 (ppu + X)) L(ppu + X, + 1)L (3.15)
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Therefore, the required sum is

M2

G(1) = % = Ao\ M+ DI (0 + X)) T (i + A + 1P,

k

Il
o

WV

giving L, (n > 1) the final form
An(An +1 Pnz
Ln:anO (p + ) _anOe

>‘};a(>‘n + 1)1+aib(Pn + An)*(pn + An + 1)b—a,

(3.16)
valid provided Re(b) > Re(a) > 0 when |0] < .

3.1.2. The cancellation of residual exponential terms

The process of cancelling the residual exponential at level n — 1 with the term
anoAn(An + 1)/ppn at level n can be carried out in a straightforward manner. For
example, for the first level n = 1, the term a9\ (A1 + 1)/p1 (where we recall that
A1 = e %) in (3.16) must annihilate the residual exponential term from the zeroth
level in (3.8), so

)\1()\1 + 1) Lo (1 + eiie)bia
= apo )
I'(a)

aio = —— =
p1 ezl

from which it follows that

apo P1 (1+>\ )bfafl'

0= N Ta)

This yields the residual exponential at level n =1 as

e P12

Ta)/\;“(/\l + 1) (A1 + o1+ 1) (3.17)

—apo

The first level residual term must now be cancelled with the term asgAs(Aa+1)/po
in Lo, so, from (3.17), we find

p2AL”
I'(a)

o0 = ago )\gil(Ag + 1)b7a71

upon setting Ay = A\;+p1 by reason of (3.11). This produces the residual exponential
term at level n = 2 given by
e r2=

T(I)AIG(M +p2) (A2 + po + 1)07,

—aopo
and so on. Continuing this process, we find that, at level n > 1,
PrALY ast b—a—1 _ QA00Wn ~q—1 —i0\b—a—1
= agg———N2" (A )77 = —— 97 (1 + 2,7} e, 3.18
ano aoo F(a) n ( n + ) F(a) n ( + n€ ) ( )
with the residual exponential term given by

aoo —wn |z a —ifO\b—a
_Ta)e I IQn+1(1+Qn+1e ) . (319)
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The other coefficients a,; with n > 1, k > 1 follow from (3.5) (where u, = 1 and
an,—1 = 0) using the values of a,o obtained above as starting values once a suitable
choice for agg has been made (see below).

Thus the cancellation process can be carried out level by level to achieve the result
Dw = 0 in (3.3). This generates the solution wq(z) of (3.1), which, from (2.4), (3.2),
(3.6) and (3.14), can be expressed in the final form, valid when Re(b) > Re(a) > 0
and, for |argz| < m, z # 0,

o0 _k o0
wi(z) = 27° (k'z)k (@ila—b+1)pPla+k,|2]) + > e > FISD(z),  (3.20)
k=0 n=1
where
W o a(lk)
= —L2—— P(1 + k,wp|z|). 3.21
59(2) ngw“ (1+ k,wn2]) (321)

For convenience, we have set the coefficient agy = ¢~ and we have introduced
the superscript 1 on S,(z) and the coefficients a,i to distinguish them from the
analogous quantities that will appear in the second solution ws(z). We note that
the exponential levels e =*»# = e =12l appearing in the subdominant contributions
of the Hadamard expansion are all real. We remark that the quantities w,, {2, and

the coefficients agll,g depend on arg z.

3.2. The solution w2 (z) corresponding to A\g = —1

We now consider the second solution ws(z) of (3.1) corresponding to the choice
Ao = —1in (2.4) and follow the same procedure as that described for the solution
w1(z). In this case, equation (3.4) reduces to

Cpos N\~ G0k
Lo = (1— pp)e " , 3.22
0= (L= me™ 3 F (3.22)

while the recurrence relation (3.5) shows that now we must select pg = b — a for
aogo # 0 and
1—a)(b—a
aok = aooﬂg—( )]]1(, )k, k> 0.

We again select pg = e~? to ensure that the incomplete gamma functions in (2.4)
at the zeroth level all have positive real argument. The late terms in the series in
Lo possess the controlling behaviour e #*?k=% so that convergence of this series is
assured if Re(b) > Re(a) > 0 as before, but now in the sectors 0 < 0| < 7 (recall
that § = arg z). Furthermore, we have the evaluation

o0

aok @00 —if @00 —ifya—1
= Fo(1 - a;; -
kZ:OF(b—a—Hf) T —a ol maiie™) = Fm sl =e )™,
so that a _
Lp=—2 ¢ lFl(1 — e 10)0 (3.23)

I'b—a)
(cf. (3.7) and (3.8)). Since Ly is multiplied by e~*°* = e, and since this product
is to be annihilated from terms arising from the next level associated with an
exponential factor e *1#, we must have e 2%e~1?l = e=M% or A\; = —1 471,
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For levels n > 1, we must again choose p,, = 1 to ensure the term Y,, _1(z) =1
in (3.9), with the result that (3.10) applies as before. The coefficients a,) are given
by (3.5), but with the X\, now determined by the starting value A\g = —1. The
quantities w,, £2,, are given by (3.13) and (3.14) with p,, = w,e ™%, except that now
An = —1+ 2,679 The growth of the coefficients a,y, is given by (3.12), with the
roots 71 and ro of the characteristic equation defined as in §3.1, so that similar
arguments show that the convergence of the sums > anx/I'(pn + k) appearing in
L,, in (3.16) requires the conditions Re(b) > Re(a) > 0 and 0 < |4] < 7.

The cancellation of residual exponential terms across neighbouring levels follows
in a manner analogous to that described in §3.1.2, and so we omit the details
of these calculations. The residual exponential Ly in (3.23) must annihilate the
constant term in L; to yield

oW1 —igva—1
a I e— ]_ — € 1ha .
0=T7 ®—a) ( )
Continuation of this process produces the values a, and the residual exponential
in L, (for n > 1) given by

apoWn

b—a— —i0va— apo —wn|z| Hb—a —if\a
ano = Frp gy o (L= e e R (- e

I'b—a)
respectively, upon use of (3.11) (cf. (3.18) and (3.19)).

We see, therefore, that the level-by-level cancellation process in §3.1.2 can also
be carried out for the expansion corresponding to A\g = —1, producing a second
solution we(2) satisfying (3.3). Assembling the results of this section, we see that
wa(z) can be expressed as

z a k z . —2n |z
wa(z) = bz—k.zk d P(b—a+k,|z)+e* > e ISP (2), (3.24)

n=1

where (cf. (3.21))

SRE)
SO (s Z ey k+1 P+ k,w,lz)), (3.25)
O

valid when Re(b) > Re(a) > 0 and |arg(—z)| < m, z # 0. In a fashion akin to
what we did for wi(z) in (3.20), we have set the coefficient agy = el(@=0? and we
have introduced the superscript 2 on S,,(z) and the coefficients a, to distinguish
them from the analogous quantities that appear in the first solution wy(z). We
note that each of the series in (3.24) carries a factor e, arising from the —1 term
in A\p = -1+ 2,7 n > 1, and that the remaining exponential factors e~ !l
associated with the level-n expansions S )( ) are all real exponentially decaying
terms. The quantities w,, and §2,, appearing in both (3.20) and (3.24) are the same.

To conclude this section, we remark that if, instead of the choice py = e
in (3.22), we put po = 1, then Ly = 0 and the expansion procedure terminates
at the zeroth level. We then obtain the solution consisting of a single Hadamard
erpansion that involves incomplete gamma functions with complex argument when
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6 # 0 given by

o0

aooz“*bezz %P(b— a+k,z). (3.26)
k=0

However, this representation lacks the separation into levels with exponentially

decaying factors and incomplete gamma functions of real argument. In [5], this

solution is shown (when agp = 1) to be a representation of the confluent hypergeo-

metric function M (a, b, z).

3.3. Matching

Before moving to a numerical illustration, we address the matter of identifying
our Hadamard expansion solutions wi(z) and wa(z), defined in (3.20) and (3.24),
in terms of the familiar confluent hypergeometric functions M (a,b, z) = 1F1(a;b; 2)
and U(a, b, z). It is clear that wq(z) and wy(z) must be expressible as linear com-
binations of these two solutions in the form

Ul(a,b,z) = Crwi(z) + Diwa(z),
M(a,b, z) = Cow1(2) + Dowa(2),

where the Cj, D; (j = 1,2) are constants and z lies in the principal sheet.
The confluent hypergeometric functions have the leading asymptotic behaviour
for large |z| given by
M(a,b, z) emiay—a 1 e*z07b 1 1 3
) :F(b_a)(l—i-(’)(z )+ (14+0(z77)), —zm<argz<sm,
Ula,b,z) = 2 (1 + O(z71)), —Sw< arg z < %w

(see [1, eqns (13.5.1) and (13.5.2)]). The Poincaré asymptotic expansions of wi(z)
and ws(z) follow from (3.20) and (3.24) by formal replacement of the incomplete
gamma functions with unity in the Hadamard expansions at the zeroth level (see [7]
for a justification of this process), to find

o0
—b+ 1)
o0
(1 —a)k(b—a)
wo(2) ~ 2%~ bezz T)’ larg(—z)| < .
k=0

Comparison with the above leading behaviours shows that C, = 1, D; = 0, to yield
U(a,b,z) =wi(z), |argz|<m. (3.27)

Similarly for the function M(a,b, 2), the solution® wy(z) is exponentially large
along a ray in the right-hand plane, while along a ray in %w < |largz| < 7 the

3We remark that the solution w2 (z) is a constant multiple of the solution V'(a,b,z) defined
in [4, p. 256].
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solution w1 (z) is dominant. Hence Cy = I'(b)/I'(a) and Dy = e™eI'(b)/I'(b— a),
to yield

I'(b)
I'(a)

wy(z) + e”i“%wg(z), |arg(—2)| < . (3.28)

M(a,b, z) =

These expansions were obtained in [6] by a process derived from the Laplace integral
representations for the confluent hypergeometric functions.

4. Modified Hadamard expansions

In using our expansions to generate numerical approximations of U(a,b, z) and
M (a,b, z), we must deal with the slow convergence of the tails of the Hadamard
expansions mentioned in §1 (also see [5]). Thus, at each level n, we consider a
typical Hadamard expansion Sy, (z) in (2.4) and write

Myp—1
Su(2) = Y anYor(2) + Tn(My; 2), (4.1)
k=0

where M, is (for the moment) an arbitrary truncation index and the tail is

To(Mpiz) = Y aneYou(2). (4.2)
k=M,

As has been done throughout in [5,6], we employ the strategy of expressing the Y,,x
in (4.2) in terms of the function 1F; by means of

a—T

P(a,m) :F(a——i—l)

F1(5 1+ a; 1)
(recall (1.4)), followed by use of the Maclaurin series for 1F; and an interchange

in the order of summation. Proceeding in this manner for the zeroth-level tail for
w1 (z) (with A\g = 0 and agy = e~%?), we find

o0

e () (@rla=b+ Dk iaime
To(Mo;z) = e FI D 2 Y eTiath)
— Py EllM(a+k+7r+1)

= e lHI7190N " oo (M), (4.3)
r=0

where xo = |z|/Mp and the coefficients o,q are defined by

o~ (@r(a— b+ V(e )"
UTO(MO):Mg Z |
Pyl ElMa+k+r+1)
My —if
= ——F —-b+1; 1;—e™! .
Tla+tr+1)° Haa=bt LiatrtLi=e D,

Here, oF1(+) | Mo denotes a truncated oF} function; that is, the function oF} with the
first My terms of its Maclaurin series deleted.
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A similar process applies to the tails produced by truncating the series at other
levels. For n > 1, equation (4.2) becomes

o0

Ank
To(Muiz)= Y WP(PF/%WMZD,
k=M, "

which, after using (1.4) and the subsequent representation of 1F; as a Maclaurin
series and a change in the order of summation, becomes

) = e—wnl2l — wo 2" < Ank ;
T (Mpy; 2) Z]7JD 2%”k+1ﬂ%+2%

= 7wn| Izarn Xnﬂ (44)

with x,, = wy|z|/M,, and

o0

Ank
rn(My) = M” —_
orn(Mn) ’%§£(k+r+1ﬂ

) (4.5)
in view of the identity (k + 1)!(k + 2), = (k +r+ 1l

An integral representation of o,.,, for n > 1 can be determined from the generating
function for the coeflicients a,;. With G,, = G in (3.15), we obtain (see [5, §5])

T =y
Ly _
rl Jo 07"+k+1

whence, in view of (4.5), we deduce that

Orn (M) = M;{i /01(1 — )" G (1) du — Mfl (%}

! !
7! Py r+k+1)!

This expression is suitable for efficient machine-assisted computation, and avoids
resorting to infinite series to effect the computation of the o,.,,.

5. A numerical example

The results of the preceding sections can be assembled to compute an effective
high-precision approximation scheme for the confluent hypergeometric functions
U(a,b,z) and M(a,b,z). We illustrate the procedure with one example concern-
ing the computation of U(a, b, z); other examples, including the Bessel functions,
the incomplete Airy function and the gamma function, can be found in [5-7].
From (3.27) and (3.20), we have

=

Ula,b2) =2""Y (I;z)k (@ila—b+1)pPla+k,|2) + > e PllsM(z), (5.1)
k=0 n=1

where S,(Ll)(z) is defined in (3.21). The coefficients agll,g appearing in S,(Ll)(z) are
defined by means of the recurrence relation (3.5) with p, = 1, p, = wpe 0N, =
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Figure 2. Magnitudes of terms (plotted on a log;, scale) against ordinal number k in
levels 0, 1 and 2 of the Hadamard expansion of U(%7 1,), and of terms in the rearranged
tails resulting from the choices My = 30 and M; = 20. The first term in the third level
(not shown) is of order 107%°.

2,e71% and the choice agy = e~%?. From this, it is evident that these coefficients
are 0 dependent. The quantities w, and {2, are defined in (3.13) and (3.14) and
are also seen to be 6 dependent. For the solution wi(z) at level n = 1, we have
wy = min{1, |1 + e} (since \; = e71?), that is,

1, 10
= 5.2
1 {(2(1 +cosf))/2, 2r (52)

In the sector |arg z| < %w, the w,, for the solution wi(z) are consequently indepen-
dent of 6 and we have w, = £2, = 2" (n > 1). In the sector 37 < |argz| < m,
however, an increasingly finely structured piecewise 6 dependence holds for the w,
at the higher levels n > 1, of which (5.2) represents this dependence at level n =1
(for a further discussion of this point, see [6]).

The Hadamard series in (5.1) are written in the modified form (4.1) and (4.2),
where the truncation indices M,, of the main sums and N,, of the rearranged abso-
lutely convergent tails T,,(M,;z) are chosen according to the level of precision
sought. For example, if we wished to know the value of U(%, 1,2) for z =10 to an
accuracy of at least 10729, say, then we must examine the magnitudes of the terms
present in the series for the truncated Hadamard series and their associated tails.
This can be done once initial truncation indices for the various levels have been
determined.

In order to ensure a rapid decay of the terms in the rearranged tails T;,(My; 2),
we will want to insist on the variable y,, in (4.3) and (4.4) satisfying x,, < 1, which
in turn requires, for the zeroth level, that My > ||z|] + 1, and for levels n > 1,
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Table 1. Absolute values of the error in U(a,b, z) when a = %, b=1
and z = 10 at different levels n
(The truncation indices employed are indicated in the text.)

n approximation to U (a, b, 10) lerror|

0 0.24310114584288995727  1.888 x 10~°
1 0.24310303349194502562  5.225 x 10~
2 0.24310303354419223575  6.954 x 1072°

exact  0.243103 033 544 192 235 82 0

Table 2. Absolute values of the error committed in approzimating
U(%7 1,10¢'%) for different 0

0 lerror|

0 6.954x 107
ir 6.695 x 107
im  6.883 x 107
i 7212x107%

that M, > ||wnz|] + 1. Once the M,, have been selected, the terms in the tails can
be computed by truncating them after INV,, terms commensurate with the level of
precision required. We show in figure 2 the magnitude of the terms (on a logarithmic
scale) in the different levels of the expansion (5.1) against ordinal number for z = 10
and a given choice of truncation indices. We observe that the terms in the tails of
the modified expansions decay at a rate that is roughly speaking the same as that
in the initial asymptotic-like phase of the corresponding finite main sums.

With these considerations in mind, we make the choices (My, No) = (30,22),
(M1, N1) = (20,18) and (Mz, No) = (40,0) (that is, no terms from the tail at
level 2 are used) to compute our estimated value of U(£,1,10) from (5.1) to an
accuracy of order 1072°, The results of these computations using MATHEMATICA
are presented in table 1.

The Hadamard expansion (5.1) is quite robust in the sense that it will produce
high-quality estimates for U(a, b, z) over a wide range of values of the phase of z
using truncation indices selected for a fixed phase of z. To illustrate this, with our
truncation indices chosen for z = 10 (that is, argz = 0), we obtain estimates for
U(%, 1,10€!%) of a calibre comparable to that obtained for the case with # = 0 in
the whole right half-plane. A summary of the accuracy is supplied in table 2.

As the phase varies so that z swings round towards the negative real axis, the
expansion (5.1) retains its validity although the exponential separation between the
different levels n > 1 progressively decreases on account of the fact that w, — 0
(and 2, — 1) as |#] — 7 (cf. (5.2)). This is how the Stokes phenomenon manifests
itself in a Hadamard expansion: the rays arg z = £m are Stokes lines for the function
U(a, b, z). As a Stokes line is approached, the different Hadamard expansions in (5.1)
begin to ‘sense’ this approach at a maximum angular distance of %w on either
side of a Stokes line (see [6]) by progressively losing their exponential separation.
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Consequently, a given desired level of precision in an estimate produced by (5.1)
will require the use of more levels, and more terms in the tails as 8 — +7. A better
approach is to use connection formulae to render evaluation in the left half-plane
in terms of other functions, better suited for computation there.

An analogous situation occurs for M (a,b, z) in the neighbourhood of the ray
argz = 0, which is a Stokes line for this function. For the solution wa(z), the
sectorial structure of the quantities w,, and {2, is reversed, that is, these quantities
are independent of 6 in the sectors %w < |0] € 7 and possess a similar § dependence
to that for the solution wi(z) in the sector 0] < %w, with the result that w, — 0
(and £2, — 1) as 8 — 0 for n > 1. We remark that the matter of handling the
Stokes phenomenon has not been dealt with within the confines of the differential
equations theory described in the present paper. The reader interested in the Stokes
phenomenon can find a detailed account in [7], developed in the setting of Hadamard
expansions derived from Laplace integral representations.

6. Closing remarks

On the strength of the technique outlined in the development of Hadamard expan-
sions of solutions of the confluent hypergeometric equation, it is fair to say that
the elements of a manageable theory of developing such expansions directly from
differential equations are now in place. The special properties of the Y, listed in
lemma 2.1 are, however, tightly coupled to differential equations of hypergeometric
type (especially in view of (2.6)). We mention here that preliminary investigations
suggest additional classes of hypergeometric differential equations may be within
the scope of the methods presented in this paper.

To give the reader an idea of how the method changes if the differential equation
under analysis is perturbed from the form discussed here, let us suppose we alter
Kummer’s equation (3.1) to

zw”+(b—z+£>w'—(a+g>w:0. (6.1)
z z

This perturbs each of the derived and underived terms in (3.1) at a singularity of
the differential equation.

The reduction process can be carried out as in §3, with some minor modifica-
tion. Properties supplied in lemma 2.1 apply as before, but now need extension to
handle additional forms appearing in the reduction process for each L,, leading to
the formulation of the recurrence relation for the coefficients a,; and the ensuing
residual exponential terms. Additionally, it may be necessary to modify the scale
{Y.r} used in fashioning the Hadamard expansion.

For example, for (6.1), terms such as 27 Wi, 27 2Y,, and 27 3Y,,;, arise early on
in the reduction process for the levels L,,. To cope with these, it is convenient to
extend the list of relations in lemma 2.1 to include

1 o=Pn2
—Ink — pnYn,k+1 +
z z

gy +k+1)
1 PnZ e Pn”
_Yn = 2Yn 1 - )
2 k= Po ””2+( +un+k+1>z2f(un+k+1)
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1 Pz (pnz)?
—=Yoe =iV +(1+ +
o3k T Pndnkes i +k+1 " (it k+2)(in +k+1)

e Pn=
% .
20 (p + k+ 1)

these extensions all arise upon repeated application of (2.8). It is an immediate
consequence of these properties that the residual exponential terms will also include
factors of 1/2, 1/2? and 1/23, making the cancellation process from one level to the
next a more delicate affair as all coefficients of these reciprocal powers of z must
be matched simultaneously.

In allowing the perturbations we consider here, it is natural to consider modi-
fications of the Yk, so that, instead of seeking an expansion of the form in (2.3)
and (2.4), we can consider other possibilities such as

w(z) =Y e =8, (2), with §,(z) = ZankYnk(z)(l + ﬂ)
n=0 k=0

Pz

The additional factor 1+ An;.c(pnz)*1 appended to Y, may facilitate the cancella-
tion process.

These variations lead to more complex recurrences and residual exponentials.
For (6.1), the ani counterpart to (3.5) includes at least one additional term if
¢ # 0 in (6.1), with d making its presence felt in the third term of the perturbed
counterpart to (3.5). Use of a modified scale {Y,x(2) - (1 + Apk(pn2z)~1)} results
in a similarly laden recurrence in a,y, which is simultaneously a recurrence in A,
and includes yet another term,

an,k+1>\n(>\n + 1)

MM +1
+ ankpn{(ﬂn +E)(A+2\,) b\, —a+ %Ank}

A pe
+ an,klpi{[l F(2=b)An —a+ (n+k—1)(1 42, )| ==L

— e+ d+ (i + k- 1)(b—un—k)]}

Ap e
+ an,kgpi{@ —b—d-— )\nc)#

Pn
Al
— (n + &k —2) C+(b_ﬂn_k_1)%:|}
An,k:73
Pn

— an)k,gpic(un +k—2) =0.
We observe that, with ¢ = d = 0 and A, = 0 for all n and k, this five-term
recurrence relation reduces to (3.5). The solution of such a double recurrence is
problematical, at best.

Other types of differential equations may prove more amenable to the techniques
described in this paper.
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