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ON THE LOG-LOCAL PRINCIPLE FOR THE TORIC BOUNDARY

PIERRICK BOUSSEAU, ANDREA BRINI, AND MICHEL VAN GARREL

ABSTRACT. Let X be a smooth projective complex variety and let D = D1 +---+ D; be a reduced
normal crossing divisor on X with each component D; smooth, irreducible, and nef. The log-local
principle put forward in [12] conjectures that the genus 0 log Gromov—Witten theory of maximal
tangency of (X, D) is equivalent to the genus 0 local Gromov—Witten theory of X twisted by
EB;:l O(—Dj). We prove that an extension of the log-local principle holds for X a (not necessarily

smooth) Q-factorial projective toric variety, D the toric boundary, and descendent point insertions.
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1. INTRODUCTION

Let X be a smooth projective complex variety of dimension n and let D = Dy + --- 4+ D; be an
effective reduced normal crossing divisor with each component D; smooth, irreducible and nef. We
can then consider two, a priori very different, geometries associated to the pair (X, D):

e the n-dimensional log geometry of the pair (X, D),
e the (n + [)-dimensional local geometry of the total space Tot (@5‘:1 OX(—Dj)).

The genus zero log Gromov—Witten invariants of (X, D) virtually count rational curves
[Pl X

of a fixed degree f.[P'] € Ha(X,Z), with insertions, such as passing through a number of general
points, and with prescribed intersections with D. Such an f is said to be of mazimal tangency if
f(PY) meets each Dj in only one point of full tangency. On the other hand, the local Gromov-
Witten theory of Tot (®§‘:1 OX(—Dj)) is a way to study the local contribution of X to the
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and the ETH Ziirich Foundation (P. B.).
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enumerative geometry of a compact (n+1)-dimensional variety Y containing X with normal bundle
l
@j:l OX(_DJ')-

The existence of a relation between the log and the local theory of (X, D) was introduced by the
log-local principle of [12, Conjecture 1.4]:

Conjecture 1.1. Let d be an effective curve class such that d - D;j > 0 for all 1 < j < L
After dividing by Hz-:l(—l)d'DfHd - Dj, the genus 0 log Gromov-Witten invariants of maximal
tangency and class d of (X, D) equal the genus 0 local Gromov-Witten invariants of class d of
Tot <@§-:1 OX(—Dj)> (with the same insertions).

Theorem 1.2 ([12]). The log-local principle holds if X is a smooth projective variety and D is
smooth nef.

There are two natural directions to generalise the log-local principle further. The first is to inves-
tigate the correspondence at the level of BPS invariants [7-9,14,23]; this is proven for the pair of
P2 and smooth cubic in [3] and will be investigated for toric Calabi-Yau 4-folds in [4]. The second
natural question is to what extent the log-local principle generalises to the case when X and D
are not smooth: log Gromov-Witten theory is indeed well-defined for any pair (X, D) which is log
smooth, but it is unclear how to define a local geometry in such generality. In the present paper,
we consider a situation that goes beyond the smoothness assumptions of Conjecture 1.1 and where
both log and local sides can be defined: we take for X a Q-factorial projective toric variety and
for D the toric boundary divisor of X. As X is Q-factorial, it makes sense to require that the
components D; of D are nef. We show in Proposition 2.1 that requiring each D; to be nef forces X
to be a product of fake weighted projective spaces. While such an X is not necessarily smooth, and
D is typically not normal crossing, (X, D) can naturally be viewed as a log smooth variety, and so
log Gromov-Witten invariants of (X, D) are well-defined. On the other hand, X can be naturally
viewed as a smooth Deligne-Mumford stack, and the local geometry Tot (@321 (@) X(—Dj)> makes
sense in the category of orbifolds. The local Gromov-Witten invariants can be defined using orbifold
Gromov—Witten theory [2], and it thus makes sense to ask if the genus 0 log invariants of maximal
tangency of such a pair (X, D) are related in the sense of Conjecture 1.1 to the corresponding local
invariants. Our main result is the following Theorem 1.3; we refer to Theorems 3.1-3.3 for precise
statements.

Theorem 1.3. Let X be a Q-factorial projective toric variety and let D be the toric boundary
divisor of X. Assume that all the components D; of D are nef. Then the genus 0 log Gromov-
Witten invariants of maximal tangency of (X, D), and the genus 0 local Gromov- Witten invariants
of (X,D), both with descendent point insertions, can be computed in closed form for all degrees.
As a corollary, the log-local principle holds for the resulting invariants.

By dimension reasons, the log and local Gromov—Witten invariants of (X, D) are generally non-zero
only for one or two point insertions, and our proof proceeds by calculating both sides to obtain

explicit closed formulas for these invariants for all (X, D) (Theorems 3.1 and 3.2). To compute
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the log invariants we use the tropical correspondence result [18] and an algorithm of [19] for the
tropical multiplicity. The log-local principle of Conjecture 1.1 then predicts an explicit formula in
all degrees for the local invariants, which we verify using local mirror symmetry techniques and a
reconstruction result from small to big quantum cohomology.

Relation to [21] and [4]. After this paper was finished, we received the manuscript [21] where the
log-local principle is considered for simple normal crossings divisors. The respective strategies have
different flavours in the proof and complementary virtues in the outcome: [21] prove the log/local
correspondence for X smooth and D; a hyperplane section, with a beautiful geometric argument
reducing the simple normal crossings case to the case of smooth pairs, and with no restrictions on
X. The combinatorial pathway we pursued in the toric setting allows on the other hand to relax
the hypotheses on the smoothness of X, the normal crossings nature of D, and the very ampleness
of Dj, and it lends itself to a wider application to the case when D is not the toric boundary and to
a possible refinement to include all-genus invariants. We consider this specifically in the follow-up
paper [4], where we prove the log-local principle for log Calabi—Yau surfaces with the components
of the anticanonical divisor smooth and nef and suitably reformulate it to, and verify it for, the
higher genus theory in these cases.

Acknowledgements. We thank Helge Ruddat for getting this project started by asking us to
compute some local Gromov-Witten invariants of P* and for helpful discussions all along. We
thank Travis Mandel for detailed explanations on [18,19]. We are grateful to Miles Reid and
Andrea Petracci for some discussions on the classification of toric varieties with nef divisors. We
thank Makoto Miura for a discussion on Hibi varieties. Finally, it is a pleasure to thank Navid
Nabijou and Dhruv Ranganathan for discussions on their parallel work [21].

2. SETUP

2.1. Notation. Let X be a Q-factorial projective toric variety of dimension nx and let D = D +
--++Dy, be the toric boundary divisor of X. In the foregoing discussion, we write rx := rank Pic(X)
for the rank of the Picard group of X, so that [p = nx + rx, and xx = x(X) = dim¢ H(X,C)
for the dimension of the cohomology of X. The variety X has a natural presentation as a GIT
quotient C"X*7X J, ((C*)"™* x Gx) for Gx a finite abelian group; for every 1 < j < p, we write D,
for the divisor corresponding to the (C*)"% x G'x reduction to X of the 5 coordinate hyperplane
in C"X*"x_ Note in particular that Z?il D; =—-Kx.

We also fix a further piece of notation, which will turn out to be convenient when dealing with
the book-keeping of indices for products of fake weighted projective spaces. Let m € Ny. If
v = (v1,...,0p) € N™is a lattice point in the non-negative m-orthant, we write |v| = Y ;" v; for
its 1-norm; in the following we will consistently use serif fonts for orthant points and italic fonts
for their Cartesian coordinates. For R a finitely generated commutative monoid with generators

J1

A1y, & =)' ..oy € R areduced word in o, and v € N, we write 2" for the product

I ozgmi € R. We introduce partial orders on the m-orthant by saying that v < w (resp. v < w)
3



if v; < w; (resp. v; < w;) for all i = 1,...,m. Also, we will write Q%

Zj c Z, Z - 1,...,TX,
j =1,...,nx + rx, for the weight of the i*" factor of the (C*)"* torus action on the j' affine

factor of C*x+7x,

Definition 2.1. A nef toric pair (X, D) is a pair given by X a Q-factorial complex projective toric
variety with toric boundary divisor D = Dy + --- + Dy, such that all the components D; are nef.

Nefness of all the components D; of the toric bundary divisor imposes strong conditions on X, as
the Proposition 2.1 below shows.

Definition 2.2. Let X be a Q-factorial projective toric variety, and let C"XT7x J, (C*)"™X x Gx) be
its natural GIT description. We say that X is a fake weighted projective space if C"XT7x J (C*)rx
18 a weighted projective space.

Proposition 2.1. Let X be a Q-factorial projective variety such that every effective divisor on X
1s nef. Then X is a product of fake weighted projective spaces.

Proof. By [11, Proposition 5.3], X admits a finite surjective toric morphism [[P™ — X. Let
¥ C N®R be the fan of [[P" and ¥’ C N’ @R the fan of X. Then we have an injective morphism
of lattices N — N’ of finite index. Identifying N with its image in N’, ¥ = ¥'. It follows that X
is the quotient of [[P™ by N’/N. Hence X is a product of fake weighted projective spaces. O

By Proposition 2.1, there is nx € N"X such that ny = |nx| and X is a product of rx, n; := (nx);-
dimensional fake weighted projective spaces,

X = ﬁIP’Gi (w?).
1=1

with wg? = ((wx)gi),...,(wx)g?ﬂ) € N7+l which we may assume not to have any common
factors, and
PYi <W§?) =P <W§?) yae
for G; a finite abelian group. Notice that, for fixed ¢ and defining ¢; := Z_:ll(nk +1), we have
(1) ;
wyx):' 1<j<n;+1,
fite = (wx); (2.1)
0 else,

independent of the G;. Let H; := prjci(Opo;,)(1)) denote the pull-back to X of the (orbi-)
hyperplane class of the i*" factor of X and let H := H;. ..H,,. These generate the classical
cohomology ring,

C[Hy,...,H, ]

y

() L)

which is independent of the G;, and we can take a homogeneous linear basis for H*(X,C) in the

H*(X,C) =

(2.2)

form {H'}.<,.. Notice, in particular, that

X '
[pt] :H‘Gz‘ H(Wx)g-l) H"X.
i=1 i
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Indeed, if G; is trivial, this follows from applying [16, Theorem 1] to each component in the

product; and if G; is non-trivial, then the extra factor comes from the component-wise identification

H* (PY(w®),C) = H*(PwW®),C)%. We will also write d = (di,...,d,,) for the curve class

diHy + -+ d.H,. We order the toric divisors D; of X, j =1,...,|nx| 4+ rx in such a way that
-th

that Q;? =(0,...,0,1,0,...,0) -D; where the 1 is in the ith position. Finally, we define

Inx[+rx

e (d) ::ZQfgdi:d-Dj, eX(d):= )  ef(d)=—d-Kx. (2.3)

=1

2.2. Log Gromov-Witten invariants. Let (X, D) be a nef toric pair and let d be an effective
curve class on X.! For the definition of log Gromov-Witten invariants, we endow? X with the
divisorial log structure coming from D, and view (X, D) as a log smooth variety. The log structure
is used to impose tangency conditions along the components D; of D: in this paper we consider
genus 0 stable maps into X of class d that meet each component D; in one point of maximal tangency
d-D;. The appropriate moduli space MIOOEI(X , D, d) of genus 0 m-marked maximally tangent stable
log maps was constructed (in all generality) in [1,5,15]. There is a virtual fundamental class

—1 vi —1
[MO(?En (X7 D7 d)] Te H2UDimI(X’D’d) (MO(?En (X7 D7 d))a
og
where
Ip
voim{,”Y = —d-Kx+dimX -3+m—Y (d-D; 1)
j=1

= nx+m+ilp—-—3=2nx+rx +m-—3.

Evaluating at the marked points p; yields the evaluation maps

evy: Mg?gn(X,D,d) — X.
For L; the i*™® tautological line bundle on Mg?gn(X, D,d), whose fiber at [f: (C,p1,...,pm) = X] is
the cotangent line of C' at p;, there are tautological classes ; := ¢;(L;). We are interested in the
calculation of the genus 0 log Gromov—Witten invariants of maximal tangency of (X, D) with 1 or
2 point insertions and -class insertions at one point, defined as follows:

RS = [ el uae (2.4)
[Mo,l(Xvad)]vw

ReY = [ i) evipt) U (25)
[MO,Z (X’D’d)]wr

The invariant Rps (resp. Rqj) is a virtual count of rational curves in X of degree d = (dy,...,d,)
that meet each toric divisor D; in one point of maximal tangency d - D; = >0 | diQZ-)](- = eJX (d)
and that pass through one point in the interior with ¢"X*7x~2 condition (resp. two points in the
interior, one of which with a ¢"X~! condition).

INote that unlike in Conjecture 1.1 we do not require that d- D; > 0 for all 1 < j <lIp.
2We refer to [13] for an introduction to log geometry.
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Remark 2.2. Having a point condition on X cuts down the dimension of the moduli space by
nx. Therefore, the only generally non-vanishing genus 0 log invariants with point insertions and
descendent insertions at one point are (2.4) and (2.5).

2.3. Local Gromov-Witten invariants. Let (X, D) be a nef toric pair as in Definition 2.1 and
write X19¢ := Tot(ED, Ox(—D;)) for the target space of the local theory. By Proposition 2.1, we
can view X and X}‘)’C as the coarse moduli schemes of smooth Deligne-Mumford stacks X and X g)c

over C, where

X = Z [(ccmxﬁ \ {0})/(C* x Gi)} :
xloe .- :Xl [((@"X%’ \ {0}) x <c<"x>i+1) /(C* x Gi)} : (2.6)

Even though X }:‘}C is not proper and may be singular, the locution “Gromov—Witten theory of X }:‘)’C”
receives a meaning in terms of the orbifold Gromov-Witten theory of X" twisted by €, Ox(—D;)
[2,6] and restricted over its non-stacky part, and we refer the reader in particular to [2] for the
relevant background on the Gromov-Witten theory of Deligne-Mumford stacks. Let Mo (X, d) be
the moduli stack of twisted genus 0 m-marked stable maps [f : C — X] with f.([C]) =d € Hy(X,Q),
where C is an m-pointed twisted curve® [2], and write My, (X, d) for the substack of twisted stable
maps such that the image of all evaluation maps is contained in the zero-age component of the
(rigidified, cyclotomic) inertia stack of X. The stack Mg, (X,d) can be equipped with a virtual
fundamental class [2, Section 4.5], which induces a virtual fundamental class of pure homological
degree over the stack MOM(X ,d) of stable maps to the coarse moduli space,

(Mo (X, d)]™ € Hyp 0,00 (Mo (X, d),Q),

where

(X,D,d) (X,D,d)

poim = —KX-d—I—dimX—l—m—ZS:nDimlog +ex(d) —Ip.

Let now d be such that d- D; >0 for all 1 < j <Ip. Then H(C, f* @;il Ox(—=Dj)) = 0 for every
twisted stable map [f : C — X] with f.([C]) = d, and so Obp = Rlm, f* ( é’il (’)X(—Dj)> is a vec-
tor bundle on Mg, (X, d), which is of rank Z§i1(d'Dj —1) and has fibre H'(C, f* @é’il Ox(—Dj))
at a stable map [f : C — X]. Restricting to the zero-age component defines the virtual fundamental
class

[MOJn(le)C, d)]Vlr = [MO7m(X7 d)]VIr M Ctop (ObD) S H2(Ublm(X’D'd)+lD—6X(d)) (MOJn(X, d), Q), (2.7)

and we have

(X7D7d)
log

vdim My,,,,(X15¢,d) = 0oimP — ey (d) 4 Ip = vdim
3This means that the coarse moduli space of C is a pre-stable curve in the ordinary sense, with cyclic-quotient
stackiness allowed at special points, and satisfying kissing (balancing) conditions for the stacky structures at the
nodes. See [2, Section 4] for more details.
6



The restriction to the untwisted sector gives well-defined evaluation maps ev;: Mo,m (X,d) — X,
and there are tautological classes ¢; = ¢;(L;), where the fibre of L; at a stable map [f : C — X
is given by the cotangent line to the coarse moduli space of C at the i*" point. The (untwisted)
local Gromov-Witten invariants of (X, D) are then caps of pull-backs of classes in H*(X,C) via the
evaluation maps against the virtual fundamental class (2.7). In particular, the local counterparts
of (2.4) and (2.5) are defined by

o= [ evi(pt]) U, (28)
[MO,I (XBC ’d)]vw

X

4 = evi([pt]) Uevs([pt]) U5 " (2.9)

\/[MO,2(X1DOC7d)]Vir
3. MAIN RESULTS

The following Theorems 3.1 and 3.2 compute the log and local Gromov-Witten invariants defined
in Sections 2.2 and 2.3 in all degrees for a nef toric pair (X, D).

Theorem 3.1. Let (X, D) be a nef toric pair and let d be an effective curve class on X. If there
is j such that d - Dj =0, then Rpf = qu( =0. Ifd-D; >0 for all 1 < j <lp, then we have

Rpf = 1, (3.1)
I )
i=1 i\j
We write Hjef(d) to mean the product of ef(d) over j € {1,...,|nx|+7rx| ef(d) # 0}.

Theorem 3.2. Let (X, D) be a nef toric pair and let d be an effective curve class on X. Then

-1 eX(d)—nX—T’X
oy = . : (3.3)
Hjej (d)

rx '
qu = H‘Gz‘ H(WX)§Z) dnxde
=1

1,J

X(d)—nx—rx

- Tllcil H(wx)y) dnx (_1)2 . (3.4)
i=1 irj [1e(d)

We deduce from these the log-local principle proved in the present paper.

Theorem 3.3. The log-local principle holds for nef toric pairs (X, D) for up to two point insertions
and descendent insertions at one point, and with no assumtions ond-D;. That is, for every effective
curve class d, and denoting

lp x ‘nXH'TX
0y = [[(-)*?+ d- D, = (- @i T eX(a),
7j=1 7j=1

7



the following relations between log and local Gromov-Witten invariants hold:

NT - py = RpY, NT-qf = Rag.

Theorem 3.3 is a direct corollary of the combination of Theorem 3.1 and Theorem 3.2. We will
prove Theorem 3.1 using a tropical correspondence principle, and Theorem 3.2 using an equivariant
mirror theorem. We review these technical tools in Section 4, and explain how to apply them to
the proofs of Theorems 3.1 and 3.2 in Sections 5 and 6 respectively.

4. COMPUTATIONAL METHODS

4.1. The log side: tropical curve counts. Let X = [['%, PC (w®) as in Section 2.1 and let
Y C Ng be the fan of X = Xy here N ~ ZI"xl and Ng := N @z R. Define furthermore
Ng := N®zQ and let M := Hom(N,Z) be the dual of N. Denote by [D1], ..., [Djny|+ry] the rays
of ¥ corresponding to the irreducible effective toric divisors of X. We use correspondence results
with tropical curve counts as developed in [18,20,22] (see [13] for an introduction) and state them
in the generality needed for our purposes.

Denote by I' the topological realisation of a finite connected graph and by I' the complement of a
subset of 1-valent vertices. We require that I' has no univalent and no bivalent vertices. The set
of its vertices, edges, non-compact edges and compact edges is denoted by T'l0, T I‘g and I‘[CH
respectively. I' comes with a weight function w : T'H — Z>p. The non-compact edges come with
markings. Weight 0, resp. positive weight, non-compact edges are interior, resp. exterior, markings.
There will be 1 or 2 interior point markings, which we denote by P, and P,, and |nx|+ rx exterior
markings corresponding to the toric divisors, which we denote by [D1], ..., [Djq|1ry] as well.

Definition 4.1. A genus 0 degree d maximally tangent parametrised marked tropical curve in X
consists of I' as above and a proper continuous map h : I' — Ngr satisfying

(1) For E € T, h|g is constant if and only if w(E) = 0. Otherwise, h|g is an embedding into
an affine line with rational slope.

(2) Let Ve T with h(V) € Ng. For edges E > V, denote by u,g) the primitive integral
vector at h(V') into the direction h(E) (and set uw,p) = 0 if w(E) = 0). The balancing
condition holds:

E>V
(8) For each exterior marking Dj, h|p, is parallel to the ray [D;] and w(D;) =d - Dj.
(4) The first Betti number bi(I') = 0.

If (T, h') is another such parametrised tropical curve, then an isomorphism between the two is given
by a homeomorphism ® : T' — I respecting the discrete data and such that h = h' o ®. A genus 0

degree d maximally tangent marked tropical curve then is an isomorphism class of such.
8



Moreover, we say that an interior marking E satisfies a v{*-condition if h(E) is a k + 2-valent
verter.

Denote by T(p)f the (moduli) space of genus 0 degree d maximally tangent tropical curves in X
with the interior marking equipped with a ¥I"x[+7x=2_condition passing through a fixed general
point in RI"x+7x " Denote by T(q)j( the moduli space of genus 0 degree d maximally tangent
tropical curves in X with the two interior markings P; and P, mapping to two fixed general points
in RI"x[+7x and such that P has a ¢"X~!-condition. We will see in Propositions 5.1 and 5.4 that
each of T(p)f and T(q) consist of one element. Since T(p)F and T(q)f are finite hence, their
elements are rigid [19, Definition 2.5].

Counts of tropical curves are weighted with appropriate multiplicities. There are a number of
ways of defining the multiplicity Mult(I") of I". The version we use was formulated (for X smooth)
n [19, Theorem 1.2]. We state it for our setting. Set A := Z[N] ®z A*M. For n € N and
a € A°M, write 2"« for 2™ ® o and ¢, for the contraction of o by n. Recall that if o € A*M,
then v,o0 € AS~IM. For k > 1, define ¢}, : A®% — A via

Oe(2May @+ @2 ay,) = 2T Ry L (g A A ag).

Let now h : T' — Ng be in T(p)5 or T(q)5 and choose a vertex Vo of I'. Consider the flow on I
with sink vertex V,,. To each edge E of I', we inductively associate an element (g = 2"Fag € A,
well-defined up to sign:

w(Dj)A

e For the exterior markings, set (p, = z (), where A(j) is the primitive generator of

[Dj].
e For an interior marking P, set (p to be one of the two generators of AINxI)/.

o If Fy,..., E; are the edges flowing into a vertex V # V., and E, is the edge flowing out,
set CEou = Uk(CEr @ -+ @ (Ry).-

By [19, Theorem 1.2], ¢r := [[psy. CE € 29 @ AIPXIM and Mult(I") is the index of ¢ in AI"XIM. Tt
then follows from [18, Theorem 1.1] that de is the number of T in T (p)5 4 counted with multiplicity
Mult(T'), and Rqy is the weighted cardinality of {I" € T(q)3 }, each weighted by Mult(T").

Remark 4.1. Note that a priori [18, Theorem 1.1] is stated for smooth varieties; in the cases of
interest to us, however, the curves never meet the deeper toric strata and the arguments of [18§]
carry through.

4.2. The local side: mirror symmetry for toric stacks. The second technical result we will
use for the calculation of local Gromov-Witten invariants is Theorem 4.2 below. Consider a torus
T ~ C* acting on X$¢ := Tot (@, Ox(—D;)) transitively on the fibres and covering the trivial
action on the image of the zero section. We will denote by A := ¢;1(Op (1)) the polynomial generator
of the T-equivariant cohomology of a point, Hy(pt) = H(BT) ~ C[)\]. The basis elements H' of
Section 2.1 for the cohomology of X have canonical T-equivariant lifts, which by a slight abuse of

notation we denote with the same symbol, to cohomology classes in X}f)’c forming a C(\) basis of
9



Hr(X1¢), where as usual C()) is the field of fractions of Hy(pt). The T-equivariant cohomology
HT(X}:‘)’C) is furthermore endowed with a non-degenerate, symmetric bilinear form given by the
restriction of the T-equivariant Chen—Ruan [10, Section 2.1] pairing on the untwisted component
of the inertia stack of X}:ﬁ’c,
H'UH™
| m

Im -— H ,H loc ::/ s
im = U = |, Ger(0x (D7)

where er denotes the T-equivariant Euler class.

(4.1)

Let now 7 € HT(X}:‘)’C). The equivariant big J-function of X}:‘)’C is the formal power series

| Xloc
XlDoc 1 H b m_ Im
Toig (1,2):=2+7+ Z Z Z ] T,...,T,m H™n'™, (4.2)

deNE(X) neZ+ I,m=nx 0,n+1.d
where we employed the usual correlator notation for Gromov-Witten invariants,
Xloc

<le]f17 B annn> = /_ H eV;ﬂk(Ti)wzki7 (43)
0,n,d [Mo,m (X 15¢,d)]vir S

and '™ := (n™!)|m. Restriction to t = tolp(x) + >iX, tiH; and use of the Divisor Axiom leads to

the equivariant small J-function of X5 loc,

Xloc
loc HI D
Tabu(t2) = 22t/ [ 14 37 37 Xt H™™ | (44)
deNE(X) I,m=nx 1
The n-pointed genus zero Gromov-Witten invariants with one marked descendant insertion (re-
spectively, the 1-pointed genus zero descendant invariants) of X}f)’c, and no twisted insertions, can
thus be read off from the formal Taylor series expansion of Jyig (resp., Jsman) at z = o0o.

The following theorem provides an explicit hypergeometric presentation of Jsm;l(t z). Let kj =
c1(O(—Dj)) be the T-equivariant first Chern class of O(D;) and y; € SpecC[[t]], i =1,...,rx be
variables in a formal disk around the origin. Writing (), := I'(x + n)/T'(x) for the Pochhammer
symbol of (x,n) with n € Z, the T-equivariant I-functions of X and X loc are defined as the Hp(X)
and Hr(X19¢) valued Laurent series

1

X(y,2) = 2lyx Jrl_[yZ i/z R dKXH CEny. (4.5)
deNE(X) i i\z d-D;
ki (41
IXBC(y,z) = 2y "‘H% Z Hyd d-(Kx+D)—lp I1; % (:J 1)d-Dj—1 (4.6)
i dENE(X) i I (F+ )d-Dj
and their mirror maps as their formal O(2°) coefficient,
iy (y) =[z"Hi| I (y. 2),
il loc
Yige () = ["H] IV 5 (y, 2). (4.7)

Note that X and X g)c are smooth toric Deligne—-Mumford stacks with coarse moduli schemes X

and X}:‘)’C that are projective over their affinisation, and at this level of generality a result of [10]
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can be applied to provide a Givental-style equivariant mirror statement for them, as follows. In
the language of [10], the I-functions (4.5) and (4.6) are the stacky I-functions of [10, Definition 28
and 29] for X and X}:‘)’C respectively, restricted to insertions in the zero-age sector of their inertia
stack. The main result of [10] identifies the small J-function of a semi-projective toric Deligne—
Mumford stack to its stacky I-function, up to a change-of-variables given by its O(2°) term as in
(4.7). In particular, the following statement is a projection to the untwisted sector of X and X g)c
of [10, Theorem 31 and Corollary 32].

Theorem 4.2 ([10]). We have

Joman(Ex (), 2) =T (y, 2),
Xloc - - loc
Jimall (tx(y) +ixiee(y) —logy, 2> =I5 (y, 2). (4.8)

5. THE LOG SIDE: PROOF OF THEOREM 3.1

If there is j such that d - D; = 0, then Rpf = qu = (0 because the virtual dimension of the
moduli problem is negative in that case. For the remainder of this section, we therefore assume
that d- D; >0 forall 1 <j <lIp.

Recall that X = [/, PG (w(i)) is given by the fan ¥ C Ng where N ~ ZI"xl and Nz = N ®7 R.
Then X is the product fan of the fans ¥; C (N;)g of P& (w(i)), where N; ~ Z". Writing ¢; :=
L_:ll(nk + 1), the rays of 3; are [Dg,4+1],...,[Ds,4n;+1] and have primitive generators A(e; +
1),...,A(g +n; + 1), which satisfy
W A+ 1)+ w A+ 1) =0,

Write L; for the sublattice of N; generated by the [A(e; + j)] and write B; for the change of basis
matrix from a Z-basis of N; to a Z-basis of L;. Then

]detBi\ = ‘NZ/LZ| = ‘Gl‘
Let L be the sublattice of N generated by the L; and let B be the change of basis matrix from N
to L given by the B;. We have that |det B| = [[\X, | det BY| = [[.%, |G:l.

Proposition 5.1. The set T(p)j( has an unique element I' of multiplicity 1.

Proof. Each element I' of T(p)y has |nx| + rx exterior markings (=rays) parallel to the rays
[D1],- -5 [Djny|4+ry] and one vertex (=unique interior marking) with valency |n| + rx. Thus the
only possibility is that I' is the translate of the rays of the fan of X. Write ¢ for one of the two
generators of AI"XIM/. Then Mult(T") is given by the index of

[nx|+7x

¢ H Lo (@dAG) ¢ e Alnxlpg
j=1

in AI"xIM7, which equals 1. O
11



It follows from Proposition 5.1 and the correspondence result of [18] that

RpX = 1.

We calculate the multiplicity of the element of T(q)j( in three steps of increasing generality.

Proposition 5.2. Assume that X is the fake weighted projective plane IP’G(Wl,Wg,Wg), where we
assumed that ged(wy, wa, ws) = 1. Then T(q)5 has an unique element of multiplicity |G| wiwawsd?.

Proof. From wiA(1) + waA(2) +wsA(3) = 0, it follows that |A(1) A A(2)| = ws|det B|. Choose
the basis {A(1),A(2)} of Nr. In this basis, choose P; to be (1,0) and P to be (0,1). Then the
unique genus 0 degree d maximally tangent tropical curve passing through P, and P, consists of
the rays [D1], [D2], [D3], meeting at 0 = (0,0), and with weights w;d on [D;].

Choose 0 to be the sink vertex and let Fq, resp. FEs, be the edge connecting 0 with P, resp. Ps.
Choose moreover {e1,e2} to be a Z-basis of M with dual basis {e},e5}. Then

(B = L2(Cpy ® () = a(z 92 @ (e] A ep)) = 29200y, an) (€] A e3)
= 219 (1, aa(1)€) A €5 = € A twyaay(€3)) = 21920 (ef (widA(1)) €5 — e3(widA(1)) e]) .
Similarly
Cy = 2220 (e] (wadA(2)) € — e3(wadA(2)) ef)
and
(r = CpsCmCm, = —e1(WidA(1)) e3(wadA(2)) €5 A e — e5(widA(1)) ef (wadA(2)) €1 A €3

= wiwad” (e7(A(1))e3(A(2)) — e3(A(1))e] (A(2))) ef Aes

= wiwad? |[A(1) A A(2)| e} A e = wiwawsd? |det Bl e} A €3,
which is indeed of index |G|wiwowszd? in A2M. O

Proposition 5.3. Assume that rx =1, i.e. X = ]P’G(Wl, e yWpt1) and that n > 3. Then the set
T(q)5 has a unique element T of multiplicity |G| H?:ll wjd".
Proof. We choose as basis of Ng the basis {A(1),...,A(n)}. We choose our second point (interior
marking) P, to have coordinate (aq,...,a,) for a; < 0 and general. We choose our first marked
point P; to have coordinate (b,0,...,0) for b > 0 large enough so that restricted to the halfspace
{(z1,...,2p)|z1 > b}, any h € T(q)5 is affine linear with image (b,0,...,0) +Rso A(1) and weight
el(d).
For 1 < j <, write wi;A(1j) := —wi1A(1) — w; A(j) with A(1j) primitive and wy; € N. Consider
the finite abelian group

G7 = ((A(1), A@2))r N N) /{A(1), A(2), A(1)).

Given I' € T(q)y, projecting to the plane (A(1), A(2))r leads to a genus 0 maximally tangent

tropical curve in P&’ (w1, wj,wi;) passing through 2 general points. By Proposition 5.2, there is
12



only one such curve (and it has multiplicity |G |wyw;jwi;d?). These curves lift to a unique maximally
tangent curve h : I' — Ng.

Choose P5 to be the sink vertex and consider the associated flow. Since the a; are chosen to be
general, on the set {(z;)|z; < a;}, h is affine linear with slope parallel to A(n + 1). We reorder the
A(j) such that following the flow from P;, the rays that are added to I' are successively translates
of [Dy], [Dn-1], ..., [D2]. Note that all vertices are 3-valent since P; and P; are in general position.
Starting at P, and following the flow, we label the compact edges successively F1,..., E,. Choose
a Z-basis eq,...,e, of N. Then

oy = bo( W et A Aen) = 2 AW aay(ef A Ae).

At the next step,

AA(1)+wadA (2
(py = 21 IANTW2AAR), L) adA@) © twran() (€] A Aeh)

SW1 dA(1)+wadA(2)

LiwidA(1)+wadA(2) Awrda(1) (€1 A - Aey)

dA dA
= P dADTwdA@) e a@aa@) (€ A Aeh).
Iterating this process, we obtain that

wi1dA(1)+4wndA(n)

(B, =2 Liwywnd? A(D)A-AA®m)) (€T A Aey).

Since w1 A(1) + -+ +wp1A(n+1) =0, [A(1) A--- AA(n)| = wpt1] det B| and hence

(0 = Ly wndr A A-AAm) (ET A - Aeg) €T A+ Ny,
=wy - wpd" [A(D) A - ANA(R)| el A Nep,

=Wy - WpWyp1d" |det Ble] A+ Aer.
which is indeed of index |G|wy - - - wywy,+1d"™ in A" M. O

Proposition 5.4. Let X = [['*, PG (W(i)) be the product of fake weighted projective spaces. Then
the set T(q)X has a unique element T of multiplicity [].X, |Gl| (H” (WX)‘;Z)) dnx

Proof. Label the last rx divisors Djyy |11, -+ Djny|4ryx t0 be coming from distinct components
of X. Then [Di],...,[Dpn,|] € %[ form a R-basis of Ng. To calculate Rq}, we choose the
marking P, with the ¢"X~! condition to be the origin 0. We choose the marking P, a general
point that has positive coordinates with respect to the above basis. Then the rx + 1 incoming rays
at P are necessarily Dinyi41,-- -, Djny|4ry With weights ef (d) and a primitive vector in direction
—€nx|+1(d) Diny 141 = - = €lnx|+rx (d) Djny |+, With appropriate weight.

There is only one way to make a maximally tangent tropical curve I' passing through P; out of it.
To see this, for each i, consider the map of fans ¥ — 3; corresponding to the projection to the "
component. In 3; the tropical curve becomes straight at 0 and hence we are looking at maximally
tangent curves of degree d; passing through two general points. By Proposition 5.3, there is only

one such. Moreover, the curve in Np is uniquely determined by these projections.
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Choose P; to be the sink vertex. Then the multiplicity of I' is calculated as in Proposition 5.3 to

The correspondence principle of [18] then entails that

X

Ray =TTIG:| | TT (wx)"? | a"x,

i=1 i,

concluding the calculations of the logarithmic invariants of Theorem 3.1.

6. THE LOCAL SIDE: PROOF OF THEOREM 3.2

6.1. The Poincaré pairing. As in Section 4.2, we consider the scalar T' ~ C* action on X}:‘)’C
that covers the trivial action on the base X, and denote A = ¢;(Opc«(1)) for the corresponding
equivariant parameter. Notice that for any | < nx, the Gram matrix ), for the restriction to the
untwisted sector of the T-equivariant Chen-Ruan pairing (4.1) of X}:‘)’C satisfies

H'tnx H'tnx Hnx I 1Gl Ty v)”
Mnx :/ =~ :/ 0] / e r— Alnx+rx — Y%
) er(Nyyxige)  Jixg (er (N xige)) X TN 0 else.

(6.1)
for degree reasons. Also, n, = 0 if |I| + |m| > |nx| for the same reason: this means that 7,

is upper anti-triangular, and 7™ := (7)) is lower anti-triangular with anti-diagonal elements
|,nx—| — 1
U =1/mny-1-

6.2. One pointed descendants. In the following, let y = y; ...y, and Q = €' Tr*x . From
(4.4), we have

loc

1+ Z Qd —a— 2<H|¢a> b ImHm] —. Z(Jilllz)j;l)[m}Hm (62)

d,a,l,m m

loc
JX 1(t,2) —zHetH/z

smal

Using (6.1), we get that the component of the small, twisted J-function along the identity class

is

oc Xloc
GEE _1 +§|Qd Cam <lea>071,d ]

= 2z -1 AT ZQd —am2y H”X¢a>o1d]
| ILIGH T w0

= 2| T A QLT (ptu)y id] (6:3)
L d,a

Therefore our first set of invariants (2.8) can be computed from (6.3) as
e W S N

14



To compute the r.h.s. we use Theorem 4.2. For quantities a(j) depending on eJX (d), the notation
[e]

[1;a(j) refers to the product of a(j) over j € {1,...,|nx|+rx ‘ e2 (d) # 0}. From (4.5) and (4.6),
the I-functions of X and X5¢ are

My,2) = ZZHyf{"/”dif[ ! =Y (Xee)mlEm (6.5)

d i=1 M v(d) <mjz+ > Qf](HZ>
e; X(d)— X
. A—m;z Q - H,;
Ky = 2] H””H L e NCRRDLIL) =) (FXee)miHm,
d i=1 anj(:l (ijJrEi Q§H1> m
(6.6)
Lemma 6.1. The mirror maps of X and X loc are trivial,
- NXloc
i (y) =17 (y) = log yi. (6.7)

Proof. This is a straightforward calculation from (6.5) and (6.6). Keeping track of the powers of
z in the general summands entails that IX(y,z) = z + Y., logy; H; + O(1/z) = IX5° (y,z), from
which the claim follows. 0

By the previous Lemma and (6.4), to compute pf we just need to evaluate the component of the
I-function of X}:‘)’C along the identity, divide by A"xI*7x "and isolate the coefficient of O (z~Inx|=7x),
We have

o X(d
A—m;z)
Xloc [0} o H H ( J
(¥ = 2y "y e;f@
d Hj mjzl (m]Z)

— 2 : . : (6.8)
zd:y 2 O] (e (d))!

J

The numerator in the general summand of (6.8) is divisible by A"XI+7x (corresponding to setting
all m; = 0 in the product):

o ef(d)-1 eX(d)-1
Hj HO (A —m;z —Alnxl+7”XH H1 (A —m;z) (6.9)
mj= m;=

hence dividing by A"XIT7x we get

o eX(d)-1

J o

[ IT 0-mz = (o) @l (Hj<e§<<d>—1>!+o<1/z>). (6.10)

mj =1

In particular this implies that

nx [+rx— 1 nx|—r (—1)e¥ @=lnx|-rx
py = <[pt]¢l x|+rx 2>01d T [Z Inx| Xyd] (17%10e)[0) = — : (6.11)
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proving the first part of Theorem 3.3.

6.2.1. Two pointed descendents. Let us now turn to the computation of qj( . We start with the
following observation: from (6.6), we have

Xloc log Y; HZ 1
I =2+ ” - [H AR <;>] : (6.12)

1<nx i=1

This follows immediately from the fact that
nx|+r X(d)—l
H\ x|+rx =0 </\—mjz—2i Q§H2>

r eX(d)
I I 5 (mjz + 2 ng{HZ)
where 6(z) =0 (resp. 0(x) = 1) for x =0 (resp. = > 0).

_0 (z— 5 0ef <d>>> , (6.13)

From this we deduce the following Lemma. For ¢t € HT(X}SC), let *; denote the big quantum
cohomology product,

loc

gy = Y S Y <H' H™ Hit > P kK (6.14)
0,3+n,d

deNE(X) neNik=n
and *, its restriction to small quantum cohomology at t = ), log yiHZ-,
H s, H™ = chm = Y Z<H' H™ H i> i H*. (6.15)
deENE(X) ik

Write t =3, t,H'. In the following we denote V1 := 9, and, for any function f : Hy(X¢) —
A, f |ch indicates its restriction to small quantum cohomology, ¢t — > /%, t; H;.

Lemma 6.2. For | < nx we have
(e )1X H = X HYY = H, (6.16)
Moreover,
Vit ()] o =TT (s000) 75 0.2 (6.17)
i
Remark 6.3. This proposition is a variation of the well-known statement that for P™ the small
quantum product is the same as the cup product for all degrees up to and excluding n.

loc

Proof. Recall that the components of JblgD (t,z) are a set of flat coordinates for the Dubrovin

connection in big quantum cohomology,

Xlge Xlge
ZlevH’"Jbl (t Z) le;thJbig (t,Z). (618)
Write now (Z)p := [¢7*]Z for any Laurent series Z € C((z)) and suppose ||| = |m| = 1. We have
that
Xloc Xloc Xloc
VHIVHm (JbigD (t))[s} = VHI*yHm(Jbig [s—1] = qu blg (t))[s—l] . (619)
sqc sqc
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Now,

clia(8) = 0y WDy (ot () = B, = iy (0) (6.20)

from (6.12) and the fact that (JbigD )[k} is the [k]-component of the gradient of the genus-0 Gromov-
Witten potential. Then,

Xloc Xloc Xloc
(ylayz ) (ymaym)I[S}D (y) = VHIVH"\ (Jblg (t)) [S] Z C|m blg (t)) [5_1]
sqc
Xloc
= Virm (L (¢ ))[S_H (6.21)
sqc

Now, for |[m| =1 and by induction on 1 < |l| < |nx| we have, from (6.12), that

Xloc K
clkm(y) =VyVim (JbigD (t))H

<Hw%>%wwwg@wzmmﬂm% (6.22)

and for s > |l

oc loc
<Hyl ay;) Ym ym)(IXID (y))[s} = VH'VH”“(J];(gD (t))[s_“”
sq

Xloc

= Zcrm(o)vk(‘]big[) (t))[s—“H—l]
K sqc
Xloc
= Viaren (Jig )iy (6.23)
sqc
g

Corollary 6.4. We have

qx _H|G| (H ) )d”Xp (6.24)

2¥)

Proof. From the previous Lemma we have, in particular, that

= (H <y28yl>”z> (IXIDOC(Z/))[SHnXI—l]' (6.25)

)

loc
Vi (Jgi(gD (1) 4

From (2.9) and (6.25) we have that

Xloc 0
qj( = [yd]nnXOVH"X(JbiéJ (t))b]x-i-l}

Hi |Gl| Hi,j (WX)(Z) n; loc [0]
- Mnz|+rx ’ [yd]H (yiayi) (IXD (y))[lnxl-H‘X]

i

= H|G|H (wx )\ T e pd . (6.26)

)

sqc

concluding the proof. O
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Remark 6.5. The statement of Lemma 6.2 also immediately reconstructs explicitly two-point

descendent invariants where the powers of -classes are distributed among the two marked points

by standard structure results about g = 0 Gromov-Witten theory (namely the symplecticity of the

S-matrix, which is a consequence of WDVV and the string equation: this is [17, Lemma 17]). Their

agreement with the corresponding log invariants is an easy exercise left to the reader.

(1]

=

(22]

23]
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