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NUCLEAR DIMENSION OF SIMPLE STABLY
PROJECTIONLESS C∗-ALGEBRAS

JORGE CASTILLEJOS AND SAMUEL EVINGTON

Abstract. We prove that Z-stable, simple, separable, nuclear,
non-unital C∗-algebras have nuclear dimension at most 1. This
completes the equivalence between finite nuclear dimension and Z-
stability for simple, separable, nuclear, non-elementary C∗-algebras.

Introduction

The Elliott Classification Programme, a 40-year endeavour involving
generations of researchers, asks the following question: when are K-
theory and traces a complete invariant for simple, separable, nuclear
C∗-algebras?

Fundamentally, there are two cases to consider: the unital case and
the stably projectionless case. (This dichotomy follows from Brown’s
Theorem ([10]) and is discussed further below.) Recall that a C∗-
algebra A is said to be stably projectionless if there are no non-zero
projections in the matrix amplification Mn(A) for any n ∈ N. Stably
projectionless, simple, separable, nuclear C∗-algebras arise naturally
as crossed products ([40]), and can also be constructed using inductive
limits with a wide variety of K-theoretic and tracial invariants occurring
([3, 49, 64, 33, 29, 30, 24, 25]).

In the unital case, a definitive answer for when K-theory and traces
form a complete invariant is now known ([36, 48, 31, 22, 57, 69]).
Firstly, Rosenberg and Schochet’s universal coefficient theorem ([55])
must hold for the C∗-algebras concerned. Secondly, the C∗-algebras
must have finite nuclear dimension ([71]). This second condition has a
geometric flavour and generalises the notation of finite covering dimen-
sion for topological spaces. Recent results ([29, 23, 24, 30]) are now
converging on a similar classification result in the stably projectionless
case; the state of the art will be discussed below.

A major programme of research now focuses on providing methods
for verifying finite nuclear dimension in practice. In the unital setting,
a recent result of the authors together with Tikuisis, White and Winter
([16]) shows that finite nuclear dimension can be accessed through the
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tensorial absorption condition known as Z-stability, where Z is the
Jiang–Su algebra (discussed in more detail below).

In concrete examples, it can be very hard to prove directly that a
C∗-algebra has finite nuclear dimension. The strategy of verifying Z-
stability instead has recently been used to prove that certain unital,
simple, separable, nuclear C∗-algebras coming from dynamical systems
are classifiable ([17, 35]). However, since this strategy relies on [16], it
has until now only been available in the unital setting.

In this paper, we consider and overcome the conceptual and techni-
cal challenges unique to the non-unital setting, allowing us prove the
following:

Theorem A. Let A be a simple, separable, nuclear, Z-stable C∗-
algebra. Then A has nuclear dimension at most 1.

For the following reasons, the non-unital case is harder than the
unital case and needs new methods. Obviously, we cannot just unitise
our C∗-algebras because this breaks both simplicity and Z-stability.
A more fundamental issue is that non-unital, simple C∗-algebras need
not actually be algebraically simple. There can be non-trivial (non-
closed) ideals. Examples of such ideals are the domains of unbounded
traces, which may now exist and must therefore be taken into account.
Furthermore, [16] builds on the foundations of [8], which has a global
assumption of unitality and makes explicit use of the unit at a number
of critical points in the argument (an example is the 2× 2 matrix trick
of [8, Section 2], which is inspired by ideas of Connes).

To understand how we circumvent the issues associated to unbounded
traces, it will be helpful to first discuss the folklore result, alluded to
above, that Brown’s Theorem ([10]) implies a dichotomy for simple
C∗-algebras between the unital and the stably projectionless case.

Writing K for the C∗-algebra of compact operators (on a separable,
infinite-dimensional Hilbert space), recall that C∗-algebras A,B are
stably isomorphic if A⊗K ∼= B ⊗K. Suppose now that A is a simple,
separable C∗-algebra that is not stably projectionless. Then there exists
a non-zero projection p ∈ A⊗K, and so the hereditary subalgebra p(A⊗
K)p is unital. By [10, Theorem 2.8], p(A ⊗ K)p is stably isomorphic
to A ⊗ K, and hence stably isomorphic to A (see Section 2 for more
details).

Crucial to proving Theorem A in general is the observation that the
hypotheses and the conclusion depend only on the stable isomorphism
class of A.1 Hence, by [16, Theorem B] and the folklore result above
based on Brown’s Theorem, it suffices to prove Theorem A in the stably
projectionless case.

1i.e. (a) A is a simple, separable, nuclear and Z-stable C∗-algebra if and only
if A ⊗ K is likewise, and (b) dimnucA ≤ 1 if and only if dimnuc(A ⊗ K) ≤ 1; see
Proposition 2.3 for details and references.
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However, this folklore reduction is not enough for us. We go a step
further and pass to a hereditary subalgebra A0 ⊆ A⊗K on which all tra-
cial functionals are bounded and the set of tracial states T (A0) is weak∗

compact. The existence of such hereditary subalgebra follows from the
Cuntz semigroup computation of [26] for Z-stable C∗-algebras, and
Brown’s Theorem assures us that A0 is stably isomorphic to A. This
second reduction puts us in a position where a similar proof strategy
to that of [8] can be implemented, and where the key new ingredient
from [16], complemented partitions of unity (CPoU), is also available.

Of course, we still have to deal with the global assumption of uni-
tality in [8]. A key tool in this endeavour is our unitisation lemma for
order zero maps into ultrapowers (Lemma 4.2), which allows us to as-
sume the domains of certain maps are unital in places where simplicity
and Z-stability are only really needed on the codomain side in [8].

We now turn to the broader context of Theorem A and its applica-
tions. As alluded to above, nuclear dimension for C∗-algebras is a non-
commutative dimension theory that reduces to the covering dimension
of the spectrum in the commutative case. Finite nuclear dimension
has proven to be a technically useful strengthening of nuclearity, that
is both necessary for classification ([66, 53, 61, 28]) and a vital ingredi-
ent of the most recent classification theorems ([36, 48, 31, 22, 57, 69]).

The Jiang–Su algebra Z ([34]) is a simple C∗-algebra, which plays
a fundamental role in the classification of simple C∗-algebras since A
and A⊗Z have the same K-theory and traces under mild hypotheses.
A C∗-algebra is said to be Z-stable if A ∼= A ⊗ Z. Moreover, any
C∗-algebra can be Z-stabilised by tensoring with the Jiang–Su algebra
because Z ∼= Z ⊗ Z. In many ways, the Jiang–Su algebra is the
C∗-algebraic analogue of the hyperfinite II1 factor R ([42]), with Z-
stability analogous to the McDuff property ([41]).

Combining Theorem A with the main results of [68] and [56], we
arrive at the following relationship between finite nuclear dimension
and Z-stability, which was conjectured by Toms–Winter ([63]).

Theorem B. Let A be a non-elementary, simple, separable, nuclear
C∗-algebra. The following are equivalent:

(i) A has finite nuclear dimension;
(ii) A is Z-stable.

One striking consequence of Theorems A and B is that nuclear di-
mension can only attain three different values in the simple setting.

Corollary C. The nuclear dimension of a simple C∗-algebra is 0, 1 or
∞.

This is in stark contrast to the commutative case, where all non-
negative integers can occur. Moreover, we remark that the C∗-algebras
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of nuclear dimension zero are known to be precisely the approximately
finite dimensional C∗-algebras ([71, Remark 2.2.(iii)]).2

Whilst Corollary C is interesting in its own right, we believe the
main applications of our results will be in classification of simple, sta-
bly projectionless C∗-algebras. Theorem A opens up a new pathway to
proving that concrete examples of stably projectionless, simple, sepa-
rable, nuclear C∗-algebras, such as C∗-algebras coming from flows on
C∗-algebras or from actions of more general locally compact groups,
have finite nuclear dimension: it now suffices to verify Z-stability.

We end this introduction with a discussion of the state of the art
for the classification of simple, stably projectionless C∗-algebras. As
mentioned above, there has been impressive progress in recent years
([29, 30, 23]). As in the unital case, the classification is via a functor
constructed from the K-theory and the tracial data of the C∗-algebra;
this functor is called the Elliott invariant and is typically denoted Ell(·)
(see [30, Definition 2.9] for a precise definition).

By combining Theorem A with [30, Theorem 1.2], one obtains a
classification of simple, separable, nuclear C∗-algebras in the UCT class
that tensorially absorb the C∗-algebra Z0 – a stably projectionless ana-
logue of the Jiang–Su algebra introduced in [30, Definition 8.1].

Corollary D. Let A and B be simple, separable, nuclear C∗-algebras
which satisfy the UCT. Then

A⊗Z0
∼= B ⊗Z0 if and only if Ell(A⊗Z0) ∼= Ell(B ⊗Z0).

Corollary D reduces to the celebrated Kirchberg-Phillips classifica-
tion ([36, 48]) in the traceless case and is otherwise a result about
stably projectionless C∗-algebras. For these C∗-algebras, the difference
between Z0-stability and Z-stability, roughly speaking, comes down
to how complex the interaction between the K-theory and traces is
allowed to be; see [30] for more details.

Structure of Paper. Section 1 reviews the necessary preliminary ma-
terial as appropriate to the non-unital setting. Section 2 is concerned
with the invariance of C∗-algebraic properties under stable isomorphism
and the reduction argument outlined above. The next three sections
generalise the necessary technical machinery from [8] and [16]. Sec-
tion 3 concerns the existence of an order zero embedding Φ : A → Aω
with appropriate finite dimensional approximations. Section 4 contains
the aforementioned unitisation lemma for order zero maps into ultra-
powers. Section 5 is devoted to a uniqueness theorem for maps into
ultrapowers, which we shall use to compare (unitisations of) Φ and

2In the non-separable case, there are different and non-equivalent definitions of
approximately finite dimensional ([27]). The one required here is that any finite set
is approximately contained in a finite dimensional subalgebra; see for example [15,
Definition 2.2].
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the canonical embedding A → Aω. Theorem A and its corollaries are
proved in Section 6, with analogous results for decomposition rank (a
forerunner of nuclear dimension) proved in Section 7. Since some pre-
liminary lemmas from [8] are stated only in the unital case, we include
an appendix with their non-unital versions.

Acknowledgements. Part of this work was undertaken during a visit
of JC to IMPAN. JC thanks SE and IMPAN for their hospitality. SE
would like to thank George Elliott for his helpful comments on this
research during SE’s secondment at the Fields Institute, which was
supported by the EU RISE Network Quantum Dynamics. The authors
would also like to thank Jamie Gabe, Gábor Szabó, Stefaan Vaes and
Stuart White for useful comments on an earlier version of this paper.

1. Preliminaries

In this section, we recall the most important definitions and results
that will be used in the sequel, and we introduce the notation used in
this paper.

We write K to denote the C∗-algebra of compact operators (on a
separable, infinite-dimensional Hilbert space). Given a C∗-algebra A,
we write A+ for the positive elements of A and A+,1 for the positive
contractions; we write Ped(A) for the Pedersen ideal of A, which is the
minimal dense ideal of A (see [47, Section 5.6]); and we write A∼ for
the unitisation of A. Our convention is that, if A is already unital,
then we adjoin a new unit, so A∼ ∼= A⊕ C as C∗-algebras. For S ⊆ A
self-adjoint, we set S⊥ := {a ∈ A : ab = ba = 0,∀b ∈ S}. For ε > 0
and a, b ∈ A, the notation a ≈ε b means ‖a− b‖ < ε. For a, b ∈ A with
b self-adjoint, we write a C b to mean that ab = ba = a.

We use the common abbreviation c.p.c. for completely positive and
contractive maps between C∗-algebras. A c.p.c. map φ : A → B is
order zero if it preserves orthogonality in the sense that, for a, b ∈ A+,
φ(a)φ(b) = 0 whenever ab = 0.

Following [71, Definition 2.1], a C∗-algebra A has nuclear dimension
at most n, if there is a net (Fi, ψi, φi)i∈I , where Fi is a finite dimensional
C∗-algebra, ψi : A→ Fi is a c.p.c. map, and φi : Fi → A is a c.p. map,
such that φi◦ψi(a)→ a for all a ∈ A and, moreover, each Fi decomposes

into n+ 1 ideals Fi = F
(0)
i ⊕· · ·⊕F

(n)
i for which the restrictions φi|F (k)

i

are c.p.c. order zero. The nuclear dimension of A, denoted by dimnucA,
is defined to be the smallest such n (and to be ∞, if no such n exists).
The decomposition rank, a forerunner of nuclear dimension, is obtained
if one additionally requires φi to be a c.p.c. map [39, Definition 3.1].
We shall denote the decomposition rank of a C∗-algebra A by dr(A).

By a trace on a C∗-algebra we will typically mean a tracial state, i.e.
a positive linear functional τ : A → C of operator norm 1 such that
τ(ab) = τ(ba) for all a, b ∈ A. We write T (A) for the set of tracial



6 J. CASTILLEJOS AND S. EVINGTON

states on A endowed with the weak∗-topology. More general notions of
traces are discussed in Section 1.1 below.

By a cone we will mean a convex subset C of a locally convex space
that satisfies C + C ⊆ C, λC ⊂ C for λ > 0, and C ∩ (−C) = {0}. A
base for a cone C is a closed, convex, and bounded subset X such that
for any non-zero c ∈ C there exist unique λ > 0 and x ∈ X such that
c = λx. By [1, Theorem II.2.6], a cone is locally compact if and only
if it has a compact base. A map f : C → D between cones is linear
if f(λx + µy) = λf(x) + µf(y) for λ, µ ≥ 0 and x, y ∈ C. If X is a
compact base for the cone C, then any continuous affine map X → D
extends uniquely to a continuous linear map C → D.

1.1. Generalised Traces. In this preliminary section, we briefly dis-
cuss the generalisations of traces that arise in the general theory of
C∗-algebras.

Definition 1.1 (cf. [7, Definition 2.22]). A quasitrace3 on a C∗-algebra
A is a function τ : A+ → [0,∞] with τ(0) = 0 such that

(i) τ(a∗a) = τ(aa∗) for all a ∈ A,
(ii) τ(a+ b) = τ(a) + τ(b) for all commuting elements a, b ∈ A+,
(iii) τ extends to a function τ2 : M2(A)+ → [0,∞] for which (i) and

(ii) hold.

The quasitrace τ is additive if (ii) holds for all a, b ∈ A+.4 Setting
Dom1/2(τ) := {a ∈ A : τ(a∗a) < ∞}, we say that τ is densely-defined
if Dom1/2(τ) is dense in A, and that τ is bounded if Dom1/2(τ) = A.

We writeQT̃ (A) for the cone of densely-defined, lower-semicontinuous

quasitraces; T̃ (A) for the cone of densely-defined, lower-semicontinuous,

additive quasitraces; and T̃b(A) for the cone of bounded, additive qua-
sitraces. The topology on these cones is given by pointwise convergence
on Ped(A).

Since the traces on a C∗-algebra will play a crucial role in the ar-
guments of this paper, the following existence theorem of Blackadar–
Cuntz is fundamental.

Theorem 1.2 ([5, Theorem 1.2]). Let A be a simple C∗-algebra such

that A⊗K contains no infinite projections. Then QT̃ (A) 6= 0.

It is an open question whether QT̃ (A) = T̃ (A) in general. However,
when A is exact, this is a famous result of Haagerup; see [32] for the
unital case and [7, Remark 2.29(i)] for how to deduce the general case
from [32].

3Strictly speaking, a 2-quasitrace; however, we shall not need this terminology.
4We use the terminology additive quasitrace because we are reserving the word

trace for tracial states. For additive quasitraces, condition (iii) is automatic with
τ2 given by the usual formula.
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Every τ ∈ QT̃ (A) has a unique extension to a densely-defined, lower-
semicontinuous quasitrace on A ⊗ K, which is additive whenever τ is
additive [7, Remark 2.27(viii)]. Therefore, we have canonical isomor-

phisms QT̃ (A) ∼= QT̃ (A⊗K) and T̃ (A) ∼= T̃ (A⊗K), which we treat as

identifications. Furthermore, every τ ∈ T̃b(A) has a unique extension
to a positive linear functional on A, which we also denote τ , satisfying
the trace condition τ(ab) = τ(ba) for all a, b ∈ A.

Let a, b ∈ A+. If there exists a sequence (xn)n∈N in A such that b =∑∞
n=1 x

∗
nxn and

∑∞
n=1 xnx

∗
n ≤ a, then b is said to be Cuntz–Pedersen

subequivalent to a; see [19]. Our notation for this subequivalence will
be b 4 a. The following proposition is proven by the same method as
[19, Proposition 4.7]. For the benefit of the reader, we give full details.

Proposition 1.3. Let A be a simple, separable C∗-algebra and B ⊆ A a

non-zero hereditary subalgebra. The restriction map ρ : T̃ (A)→ T̃ (B)
is a linear homeomorphism of cones.

Proof. Since Ped(B) ⊆ Ped(A), the restriction of a densely-defined qu-
asitrace on A is a densely-defined quasitrace on B. Restriction also
preserves additivity and lower-semicontinuity. Hence, ρ is well de-
fined. Continuity of ρ follows immediately from the fact that Ped(B) ⊆
Ped(A), and it is clear that ρ is linear.

We now turn to proving that ρ is surjective. Let σ ∈ T̃ (B). Define
τ : A+ → [0,∞] by τ(a) := sup{σ(b) : b ∈ B+, b 4 a}. The following
properties of τ are easy to verify

τ(0) = 0,(1.1)

τ(a∗a) = τ(aa∗), a ∈ A,(1.2)

τ(λa) = λτ(a), λ ≥ 0, a ∈ A+,(1.3)

τ(a1 + a2) ≥ τ(a1) + τ(a2), a1, a2 ∈ A+.(1.4)

Let a1, a2 ∈ A+. Suppose b ∈ B+ and b 4 a1 + a2. By [46, Corollary
1.2], there exist b1, b2 ∈ A+ with b = b1 + b2 such that b1 4 a1 and
b2 4 a2. Since B is a hereditary subalgebra, b1, b2 ∈ B+. Hence,

(1.5) σ(b) = σ(b1) + σ(b2) ≤ τ(a1) + τ(a2).

Taking the supremum, we get τ(a1 + a2) ≤ τ(a1) + τ(a2). Therefore,
we have τ(a1 + a2) = τ(a1) + τ(a2). This completes the proof that τ is
an additive quasitrace.

Since B is a hereditary subalgebra of A, the restriction of the Cuntz–
Pedersen subequivalence relation on A to B is the same as the Cuntz–
Pedersen subequivalence relation on B. It follows that τ |B+ is σ. As σ
is densely defined on B and A is simple, τ is densely defined.

Let τ̃(a) := supε>0 τ((a− ε)+) be the lower-semicontinuous regulari-
sation of τ (see [7, Remark 2.27.(iv)] and [26, Lemma 3.1]). Then τ̃ is
a densely-defined, lower-semicontinuous, additive quasitrace on A, and
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we still have τ̃ |B+ = σ because σ is lower-semicontinuous. Therefore, ρ
is surjective.

We now prove that ρ is injective. Let σ, τ , and τ̃ be as above. Sup-

pose ψ ∈ T̃ (A) also satisfies ψ|B = σ. Since ψ(b) ≤ ψ(a) whenever
b 4 a, we must have τ ≤ ψ. Since taking lower-semicontinuous regu-
larisations is order-preserving, we have τ̃ ≤ ψ. By [26, Proposition 3.2],

there exists ϕ ∈ T̃ (A) such that ψ = τ̃ +ϕ. However, ψ|B+ = τ̃ |B+ = σ
and so ϕ vanishes on B+. Since A is simple, it follows that ϕ = 0 and
so ψ = τ̃ . Therefore, ρ is injective.

Finally, we prove ρ that is a homeomorphism. Fix b ∈ Ped(B) \ {0}.
Note that b is also in Ped(A) and is full in both A and B by simplicity.

Set XA := {τ ∈ T̃ (A) : τ(b) = 1} and XB := {τ ∈ T̃ (B) : τ(b) = 1}.
By [59, Proposition 3.4], XA is a compact base for the cone T̃ (A) and

XB is a compact base for the cone T̃ (B). Since b ∈ B, we have that
ρ(XA) = XB. Hence, ρ defines a continuous, affine bijection from
XA to XB. Since XA and XB are compact Hausdorff space, ρ in fact
defines an affine homeomorphism between compact bases for the the

cones T̃ (A) and T̃ (B). Therefore, ρ is a linear homeomorphism of the

cones T̃ (A) and T̃ (B). �

1.2. Strict Comparison. We first recall the definition of Cuntz sub-
equivalence. Let A be a C∗-algebra and a, b ∈ A+. Then a - b if and
only if there exists a sequence (xn)n∈N in A such that

(1.6) lim
n→∞

‖x∗nbxn − a‖ = 0.

If a - b and b - a, then a is said to be Cuntz equivalent to b. We shall
write [a] for the Cuntz equivalence class of a.

The Cuntz semigroup Cu(A) is the ordered abelian semigroup ob-
tained by considering the Cuntz equivalence classes of positive elements
in A ⊗ K under orthogonal addition and the order induced by Cuntz
subequivalence; see [18]. If one only considers the Cuntz equivalence
classes of positive elements in

⋃∞
k=1Mk(A), then one obtains the clas-

sical Cuntz semigroup W (A); see [2].
Informally, a C∗-algebra A has strict comparison if traces determine

the Cuntz comparison theory. In order to formalise this notion, we need
to recall the rank function associated to a lower-semicontinuous qua-
sitrace. Suppose τ : A+ → [0,∞] is a lower-semicontinuous quasitrace.
Then the rank function dτ : (A⊗K)+ → [0,∞] is given by

(1.7) dτ (a) = lim
n→∞

τ(a1/n),

where we have made use of the unique extension of τ to A⊗K. We have
dτ (a) ≤ dτ (b) whenever a, b ∈ (A ⊗ K)+ satisfy a - b by [6, Theorem
II.2.2]. Strict comparison can be viewed as a partial converse.

Since we will be adapting the methods of [8], we shall be working
with the same definition of strict comparison that is used there.
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Definition 1.4 ([8, Definition 1.5]). A C∗-algebra A has strict com-
parison (of positive elements, with respect to bounded traces) if

(∀τ ∈ T (A), dτ (a) < dτ (b)) =⇒ a - b(1.8)

for k ∈ N and a, b ∈Mk(A)+.

We alert the reader to two facts about this definition. Firstly, it
only concerns positive elements in

⋃∞
k=1Mk(A), so it is a property of

the classical Cuntz semigroup W (A). Secondly, we only require the
condition dτ (a) < dτ (b) to be shown when τ is a tracial state.

In light of the potential confusion that could arise from the variety
of definitions of strict comparison that appear in the literature, we
include a proof that Z-stability implies strict comparison in the sense
of Definition 1.4 for the benefit of the reader. The key ingredient in
the proof is that W (A) is almost unperforated whenever A is Z-stable,
which is due to Rørdam [54].

Proposition 1.5. Let A be a simple, separable, Z-stable C∗-algebra

with QT̃ (A) = T̃b(A) 6= 0. Then A has strict comparison of positive
elements with respect to bounded traces.

Proof. As A is Z-stable, so is A ⊗ K. Hence, by [54, Theorem 4.5],
Cu(A) = W (A⊗K) is almost unperforated. Applying [26, Proposition
6.2] together with [26, Proposition 4.4], we find that A has strict com-
parison in the following sense: for all a, b ∈ (A⊗K)+ with [a] ≤ ∞[b]
in Cu(A) if dτ (a) < dτ (b) for all lower-semicontinuous quasitraces with
dτ (b) = 1 then [a] ≤ [b] in Cu(A).

We show that under our hypothesis onA this implies thatA has strict
comparison in the sense of Definition 1.4. Consider a, b ∈Mk(A)+ and
let ε > 0 and fε : [0, 1]→ [0, 1] be the function that is 0 on [0, ε], affine
on [ε, 2ε] and 1 on [2ε, 1]. Since Mk(A) is simple, there exists n ∈ N
such that [fε(a)] ≤ n[b] ≤ ∞[b] in Cu(A) by [4, Corollary II.5.2.12]. As
ε is arbitrary, we have [a] ≤ ∞[b].

Since QT̃ (A) = T̃b(A), if dτ (a) < dτ (b) for all τ ∈ T (A), then a - b
in A⊗K. As Mk(A) is a hereditary subalgebra of A⊗K, we have a - b
in Mk(A) by [38, Lemma 2.2(iii)]. �

Remark 1.6. By replacing Mk(A) with A⊗K in the proof of Proposition
1.5, we see that (1.8) holds for all a, b ∈ (A ⊗ K)+. Therefore, A also
has strict comparison by traces in the sense of [44, Definition 3.1] under
the hypotheses of Proposition 1.5.

1.3. Ultraproducts and Kirchberg’s Epsilon Test. Let ω be a
free ultrafilter on N, which we regard as fixed for the entirety of the
paper. The ultraproduct

∏
n→ω An of a sequence of C∗-algebras (An)n∈N

is defined by

(1.9)
∏
n→ω

An :=

∏
n∈NAn

{(an)n∈N ∈
∏

n∈NAn : lim
n→ω
‖an‖ = 0}

.
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The ultrapower Aω of a C∗-algebra A is the ultraproduct of the constant
sequence (An)n∈N with An = A for all n ∈ N. We identify A with the
subalgebra of Aω given by constant sequences (a)n∈N.

Every sequence (τn)n∈N where τn ∈ T (An) defines a tracial state on
the ultrapower

∏
n→ω An via (an) 7→ limn→ω τn(an). Tracial states of

this form are known as limit traces. The set of all limit traces will be
denoted by Tω(

∏
n→ω An).

Not all traces on an ultraproduct are limit traces but we have the fol-
lowing density result due to Ng–Robert [44, Theorem 1.2] (generalising
an earlier result of Ozawa [45, Theorem 8]).

Theorem 1.7 ([44, 45]). Let (An)n∈N be a sequence of simple, separa-

ble, Z-stable C∗-algebras with QT̃ (An) = T̃b(An) for all n ∈ N. Then
Tω(
∏

n→ω An) is weak∗-dense in T (
∏

n→ω An).

Proof. By Proposition 1.5 and Remark 1.6, each An has strict compari-
son by traces in the sense of [44, Definition 3.1]. The result now follows
by [44, Theorem 1.2]. �

We shall also need uniform tracial ultraproducts. Recall that any
trace τ ∈ T (A) defines a 2-seminorm ‖a‖2,τ := τ(a∗a)1/2. The uniform
2-seminorm is then defined by

(1.10) ‖a‖2,T (A) := sup
τ∈T (A)

‖a‖2,τ = sup
τ∈T (A)

τ(a∗a)1/2.

We can then define the uniform tracial ultraproduct of a sequence of
C∗-algebras (An)n∈N by

(1.11)
n→ω∏

An :=

∏
n∈NAn

{(an)n∈N ∈
∏

n∈NAn : lim
n→ω
‖an‖2,T (An) = 0}

.

The uniform tracial ultrapower Aω of a C∗-algebra A, which can be
defined as the uniform tracial ultraproduct of the constant sequence
(An)n∈N with An = A for all n ∈ N, was introduced in [16]. We identify
A with the subalgebra of Aω given by constant sequences (a)n∈N.

Since ‖a‖2,T (A) ≤ ‖a‖ for all a ∈ A, there exists a canonical surjection
from the ultraproduct to the uniform tracial ultraproduct. The kernel
of this ∗-homomorphism is the trace kernel ideal given by

J(An) := {(an)n∈N ∈
∏
n→ω

An : lim
n→ω
‖an‖2,T (An) = 0}

= {x ∈
∏
n→ω

An : ‖x‖2,τ = 0, τ ∈ Tω(
∏
n→ω

An)}.(1.12)

It follows that limit traces also induce traces on the uniform tracial ul-
traproduct. In the ultrapower case, we therefore use a unified notation
Tω(A) for the limit traces on Aω or the induced traces on Aω.

An important tool for working with ultrapowers are re-indexing ar-
guments, which allow one to find elements of the ultrapower exactly
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satisfying some given condition provided one can find elements of the
ultrapower which approximately satisfy the condition for any given
tolerance. A precise and very general formulation of such re-indexing
arguments is Kirchberg’s Epsilon Test, which we state below.

Lemma 1.8 (Kirchberg’s Epsilon Test, [37, Lemma A.1]). Let X1, X2, . . .

be a sequence of non-empty sets, and for each k, n ∈ N, let f
(k)
n :

Xn → [0,∞) be a function. Define f
(k)
ω :

∏∞
n=1Xn → [0,∞] by

f
(k)
ω ((sn)∞n=1) := limn→ω f

(k)
n (sn) for (sn) ∈

∏∞
n=1Xn. Suppose that for

all m ∈ N and ε > 0, there exists (sn)∞n=1 ∈
∏∞

n=1Xn with f
(k)
ω ((sn)) < ε

for k = 1, . . . ,m. Then there exists (tn)∞n=1 ∈
∏∞

n=1Xn such that

f
(k)
ω ((tn)) = 0 for all k ∈ N.

1.4. Stable Rank One. A unital C∗-algebra A is said to have stable
rank one if the invertible elements form a dense subset. In this paper,
we shall make use of the following non-unital generalisation.

Definition 1.9. Let A be a C∗-algebra. We say that A has stable rank
one in A∼ if every element of A is a limit of invertible elements in A∼.

In the unital case, A∼ ∼= A ⊕ C, so A has stable rank one in A∼ if
and only if A has stable rank one. In the non-unital case, A having
stable rank one in A∼ is weaker than requiring that A∼ itself has stable
rank one; see [51, Example 3.4].

A related notion is Robert’s almost stable rank one [51, Definition
3.1], which requires that, for all hereditary subalgebras B ⊆ A, B has
stable rank one in B∼. Robert proved the following.

Theorem 1.10 ([51, Corollary 3.2]). Let A be a Z-stable, projection-
less C∗-algebra. Then A has almost stable rank one. In particular, A
has stable rank one in A∼.

We now prove that having stable rank one in the unitisation passes
to ultraproducts. We employ the notation [(an)] for the element of the
ultraproduct defined by the bounded sequence (an). First, let us record
that taking unitisations commutes with taking the ultraproduct. The
proof of this lemma is straightforward and we omit it.

Lemma 1.11. Let (An)n∈N be a sequence of C∗-algebras. The canonical
inclusion

∏
n→ω An →

∏
n→ω A

∼
n extends to an isomorphism

(1.13)

(∏
n→ω

An

)∼
∼=
∏
n→ω

A∼n .

We now proceed to show that having stable rank one in the unitisa-
tion passes to ultraproducts.

Proposition 1.12. Let (An) be a sequence of C∗-algebras. Suppose for
each n ∈ N, An has stable rank one in A∼n . Then Aω :=

∏
n→ω An has

stable rank one in A∼ω .
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Proof. Let x ∈ Aω and say x = [(an)]. By Theorem 1.10 and [8,
Lemma 1.20], for each n ∈ N there is a unitary un ∈ A∼n such that
an ≈1/n un|an|. We then have x = [(un)]|x| ∈

∏
n→ω A

∼
n . By [8, Lemma

1.20] once more, x is a norm limit of invertible elements in
∏

n→ω A
∼
n .

By Lemma 1.11,
∏

n→ω A
∼
n is just A∼ω . �

1.5. Complemented Partitions of Unity. The key technical tool in
[16] was the complemented partitions of unity technique which enabled
Theorem A to be proven in the unital case. This property is best
formulated in terms of the tracial ultrapower Aω of a separable C∗-
algebra with T (A) non-empty and compact. These assumptions imply
that Aω is unital, with any sequential approximate identity representing
the unit [16, Proposition 1.11]. We refer to [16, Definition G] for a
detailed explanation of the ideas behind this definition.

Definition 1.13. Let A be a separable C∗-algebra with QT̃ (A) =

T̃b(A) 6= 0 and T (A) compact. We say that A has complemented parti-
tions of unity (CPoU) if for every ‖ · ‖2,Tω(A)-separable subset S of Aω,
every family a1, . . . , ak ∈ (Aω)+, and any scalar

(1.14) δ > sup
τ∈Tω(A)

min
i=1,...,k

τ(ai),

there exist orthogonal projections p1, . . . , pk ∈ Aω ∩ S ′ such that

(1.15) p1+· · ·+pk = 1Aω and τ(aipi) ≤ δτ(pi), τ ∈ Tω(A), i = 1, . . . , k.

The following theorem gives sufficient conditions for a C∗-algebra to
have complemented partitions of unity. Although not necessary for our
purposes, the hypothesis of Z-stability can be weakened to uniform
property Γ; see [16, Section 2] for more details.

Theorem 1.14 ([16, Theorem I]). Let A be a separable, nuclear, Z-

stable C∗-algebra with QT̃ (A) = T̃b(A) 6= 0 and T (A) compact. Then
A has complemented partitions of unity.

2. Reductions

In this section, we show how Brown’s Theorem [10, Theorem 2.8] can
be used to reduce the task of proving Theorem A in general to proving
it for unital C∗-algebras and for stably projectionless C∗-algebras with
a compact trace space. We begin with the general statement of Brown’s
Theorem.

Theorem 2.1 ([10, Theorem 2.8]). Let B be a full hereditary subalgebra
of a C∗-algebra A. Suppose both A and B are σ-unital. Then B is stably
isomorphic to A.

In our applications, we shall be working with C∗-algebras that are
simple and separable. Hence, the fullness and σ-unitality conditions
will be satisfied. We shall therefore use the following form of Brown’s
Theorem.
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Corollary 2.2. Let B be a non-zero hereditary subalgebra of a simple,
separable C∗-algebra A. Then B is stably isomorphic to A.

The utility of Brown’s Theorem for this paper derives from the fact
that the hypotheses and conclusion of Theorem A are invariant under
stable isomorphism. We state this formally below.

Proposition 2.3 ([39, 71, 62]). Let A be a C∗-algebra. Then

(i) A is simple if and only if A⊗K is simple,
(ii) A is separable if and only if A⊗K is separable,

(iii) A is nuclear if and only if A⊗K is nuclear,
(iv) dr(A) = dr(A⊗K),
(v) dimnuc(A) = dimnuc(A⊗K),

(vi) A is separable and Z-stable if and only if A ⊗ K is separable
and Z-stable.

Proof. Properties (i-iii) are well known; see for example [4, Chapter
IV.3]. Part (iv) is [39, Corollary 3.9]. Part (v) is [71, Corollary 2.8].
Part (vi) is [62, Corollary 3.2]. �

Next, we recall that a C∗-algebra A is stably projectionless if there
are no non-zero projections in A⊗K. By definition, this property is pre-
served under stable isomorphism. Stably projectionless C∗-algebras can
be viewed as highly non-unital C∗-algebras. Indeed, the following folk-
lore result establishes a dichotomy for simple, separable C∗-algebras.

Proposition 2.4. Let A be a non-zero, simple, separable C∗-algebra.
Then exactly one of the following holds.

(a) A is stably isomorphic to a unital C∗-algebra.
(b) A is stably projectionless.

Proof. Let A be a simple, separable C∗-algebra A. Then A ⊗ K is
simple and separable by Proposition 2.3. Suppose that A is not stably
projectionless. Then there exists a non-zero projection p ∈ A⊗K. Set
B := p(A ⊗ K)p. Then B is a unital C∗-algebra with unit 1B = p.
Moreover, B is a non-zero hereditary subalgebra of A⊗K. Therefore,
B is stably isomorphic to A⊗K by Corollary 2.2, and hence is stably
isomorphic to A.

Now suppose that A is stably isomorphic to a unital C∗-algebra B.
Then there exists an isomorphism φ : B ⊗ K → A ⊗ K. Writing
1B for the unit of B and eij for the matrix units of K, we have that
φ(1B ⊗ eii) is non-zero projection in A⊗K. Hence, A cannot be stably
projectionless. �

This dichotomy justifies the terminology stably unital for the non–
stably projectionless, simple, separable C∗-algebras. The stably unital
case of Theorem A follows immediately from [16, Theorem B] together
with Propositions 2.4 and 2.3. The stably projectionless case on the
other hand requires a further reduction and a technical modification of
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the methods of [8]. The purpose of the additional reduction is to pass
to the case where the trace space is compact, and it is based on the
following folklore result.

Lemma 2.5. Let A be a simple, separable C∗-algebra with T̃ (A) 6= 0.

Let A0 := a(A⊗K)a be the hereditary subalgebra generated by a non-
zero positive contraction a ∈ (A ⊗ K)+,1 for which the function τ 7→
dτ (a) is continuous and finite-valued. Then T̃ (A0) = T̃b(A0) 6= 0 and
T (A0) is compact.

Proof. By Proposition 1.3, the restriction map ρ : T̃ (A⊗K)→ T̃ (A0)

is a linear homeomorphism. Let σ ∈ T̃ (A0). Then σ has an extension

τ := ρ−1(σ) ∈ T̃ (A ⊗ K). By [56, Proposition 2.4], we have ‖σ‖A∗0 =

dτ (a) < ∞. Therefore, T̃ (A0) = T̃b(A0) 6= 0. Since σ 7→ dρ−1(σ)(a) is
continuous, T (A0) is a weak∗-closed subspace of the unit ball of A∗0.
Therefore, T (A0) is compact. �

We now explain how the results of [26] can be used to prove the
existence of positive contractions with continuous rank functions under
suitable hypotheses.

Proposition 2.6. Let A be a simple, separable, Z-stable C∗-algebra

with QT̃ (A) = T̃ (A) 6= 0. Let f : T̃ (A) → [0,∞) be a strictly posi-
tive, continuous, linear function. Then there exists a non-zero positive

contraction a ∈ (A⊗K)+,1 with dτ (a) = f(τ) for all τ ∈ T̃ (A).

Proof. Following [26, Section 4.1], we write F (Cu(A)) for the space of
functionals on the Cuntz semigroup of A. In [26, Theorem 4.4], it is
shown that all functionals on the Cuntz semigroup are of the form dτ
for some lower-semicontinuous quasitrace τ on A. However, we alert
the reader to the fact that quasitraces are not assumed to be densely

defined in [26]. Since A is simple, this means that either τ ∈ QT̃ (A)
or τ is the trivial quasitrace, which satisfies τ(0) = 0 and is infinite
otherwise.

We now consider the topology on F (Cu(A)), defined in general in

[26, Section 4.1], and its relation to the topology on T̃ (A), which
is given by pointwise convergence on Ped(A). By [26, Theorem 4.4]
and our assumption that all quasitraces are additive, the topology on

F (Cu(A)) agrees with the topology on set T̂ (A) of (not-necessarily-
densely-defined) lower-semicontinuous, additive quasitraces defined in
[26, Section 3.2].5 This topology is shown to be compact and Haus-
dorff in [26, Theorem 3.7]. By [26, Theorem 3.10], the restriction

of this topology to T̃ (A) is pointwise convergence on Ped(A). Since

5In [26], the notation T (A) is used instead of T̂ (A), but this clashes with the
notation for the tracial states used in this paper.
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T̂ (A) \ T̃ (A) is just one point, it follows that the topology on T̂ (A) is

simply the one point compactification of the topology on T̃ (A).

By [59, Proposition 3.4], the cone T̃ (A) has a compact base K. Since
f is strictly positive and continuous, infτ∈K f(τ) > 0. Hence, we may

extend f to the one-point compactification of T̃ (A) by setting f(∞) =
∞ and the resulting map is still continuous. It follows that f defines an
element of the dual cone L(F (Cu(A))); see [26, Section 5.1]. Therefore,
as A is Z-stable, there exists a ∈ (A ⊗ K)+,1 such that f(τ) = dτ (a)

for all τ ∈ T̃ (A) by [26, Theorem 6.6]. �

We end this section with the following summary of all the reductions.

Theorem 2.7. Let A be a non-zero, simple, separable, exact C∗-algebra.
Then one of the following holds.

(a) A is stably isomorphic to a unital C∗-algebra,
(b) A is stably isomorphic to a stably projectionless C∗-algebra A0

with QT̃ (A0) = T̃b(A0) 6= 0 and T (A0) is compact.

Proof. Suppose (a) does not hold. Then A is stably projectionless by

Proposition 2.4. By Theorem 1.2, QT̃ (A) 6= 0. Since A is exact, the

non-unital version of Haagerup’s Theorem gives QT̃ (A) = T̃ (A) 6= 0;

see [32] and [7, Remark 2.29(i)]. Since T̃ (A) is a cone with a compact
base, there exists a strictly positive, continuous, linear function f :

T̃ (A) → [0,∞). By Proposition 2.6, there is a positive contraction

a ∈ (A ⊗ K)+,1 such that f(τ) = dτ (a) for all τ ∈ T̃ (A). Set A0 :=

a(A⊗K)a. By Lemma 2.5, QT̃ (A0) = T̃b(A0) 6= 0 and T (A0) compact.
By Corollary 2.2, A is stably isomorphic to A0. Hence, A0 is stably
projectionless. �

3. Existence

Let A be a separable, nuclear C∗-algebra with complemented par-
titions of unity (CPoU). In this section, we will construct a sequence

of maps A
θn−→ Fn

ηn−→ A, where Fn are finite dimensional C∗-algebras,
θn are c.p.c. maps and ηn are c.p.c. order zero maps, which induces
a ∗-homomorphism A → Aω that agrees with the diagonal inclusion
A→ Aω.

We will do this in two steps. First, we will fix a trace τ and produce
maps A→ F → A that approximate the identity map on A in ‖ · ‖2,τ -
norm. We shall then construct the required sequence of maps using
complemented partitions of unity (CPoU).

The following lemma will be deduced from [16, Lemma 5.1], but it
can also be proved by directly applying the methods of [13, Lemma
2.5].
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Lemma 3.1. Let A be a separable, nuclear C∗-algebra and let τ ∈
T (A). For any finite subset F ⊆ A and ε > 0 there exist a finite
dimensional C∗-algebra F , a c.p.c. map θ : A→ F , and a c.p.c. order
zero map η : F → A such that

‖θ(a)θ(b)‖ < ε for a, b ∈ F such that ab = 0, and(3.1)

‖η ◦ θ(a)− a‖2,τ < ε for a ∈ F .(3.2)

If all traces are quasidiagonal,6 one can additionally arrange that

‖θ(ab)− θ(a)θ(b)‖ < ε, a, b ∈ F .(3.3)

Proof. The trace τ extends to a trace on A∼. By [16, Lemma 5.1]

applied to A∼, there exist a finite dimensional F , a c.p.c. map θ̃ :
A∼ → F , and a c.p.c. order zero map η̃ : F → A∼ such that

‖θ̃(a)θ̃(b)‖ < ε

2
for a, b ∈ F satisfying ab = 0, and(3.4)

‖η̃ ◦ θ̃(a)− a‖2,τ <
ε

2
for a ∈ F .(3.5)

Let (en)n∈N be an approximate identity of A. Then en ↗ 1A∼ in ‖·‖2,τ .
Hence, the c.p.c. maps η̂n : F → A given by η̂n(x) = enη̃(x)en converge
to η̃ in the point-‖ · ‖2,τ topology. The sequence η̂n is asymptotically
order zero in ‖ · ‖2,τ . Since F is finite dimensional, we can make use
of order zero lifting to obtain a sequence of c.p.c. order zero maps
ηn : F → A converging to η̃ in the point-‖ · ‖2,τ topology.7

Set θ := θ̃|A. Choose n ∈ N such that ‖ηn(θ(a)) − η̃(θ(a))‖2,τ < ε
2

for all a ∈ F . We then have

‖η ◦ θ(a)− a‖2,τ < ‖η̃ ◦ θ(a)− a‖2,τ +
ε

2
< ε, a ∈ F .(3.6)

If all traces are quasidiagonal, the map θ̃ given by [16, Lemma 5.1] is
approximately a ∗-homomorphism. Hence, so is θ. �

With the previous lemma in hand, we can now utilise complemented
partitions of unity (CPoU) to prove the following.

Lemma 3.2. Let A be a separable, nuclear C∗-algebra with QT̃ (A) =

T̃b(A) 6= 0 and T (A) compact. Suppose A has CPoU. Then there exists
a sequence of c.p.c. maps φn : A → A which factor through finite
dimensional algebras Fn as

(3.7) A

θn   

φn // A

Fn

ηn

>>

6See Definition 7.1.
7Indeed, let Jτ := {(an)n∈N ∈ `∞(A) : limn→∞ τ(a∗nan) = 0} and consider the

diagonal map (η̂n) : F → `∞(A)/Jτ . This map is c.p.c. order zero and so has a
c.p.c. order zero lift (ηn) : F → `∞(A) by [67, Proposition 1.2.4].
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with θn c.p.c. and ηn c.p.c. order zero, in such a way that the induced
map (θn)∞n=1 : A →

∏
ω Fn is order zero, and the induced map Φ =

(φn)∞n=1 : A→ Aω agrees with the diagonal inclusion A→ Aω.
If all traces on A are quasidiagonal, then we may arrange that the

induced map (θn)∞n=1 : A→
∏

ω Fn is a ∗-homomorphism.

Proof. As in [16, Lemma 5.2], by a standard application of Kirchberg’s
Epsilon Test, it suffices to show that for a finite set F ⊆ A and a
tolerance ε > 0, there is a sequence (Fn, θn, ηn) such that θn : A→ Fn is
approximately order zero (or approximately multiplicative if all traces
are quasidiagonal), ηn : Fn → A is an order zero map, and the induced
map Φε = (ηn ◦ θn)∞n=1 : A → Aω satisfies ‖a − Φε(a)‖2,Tω(A) < ε for
all a ∈ F . In fact, we will arrange for all the Fn to be the same finite
dimensional algebra F , and all the θn to be the same map θ.

Let F ⊆ A be a finite subset and ε > 0. By Lemma 3.1, for any
τ ∈ T (A) there exist a finite dimensional C∗-algebra Fτ , a c.p.c. map
θτ : A→ Fτ , and an order zero map ητ : Fτ → A such that

‖θ(a)θ(b)‖ < ε, a, b ∈ F such that ab = 0,(3.8)

‖ητ ◦ θτ (x)− x‖22,τ <
ε2

|F|
, x ∈ F .(3.9)

Set aτ :=
∑
x∈F
|x− ηττ ◦ θτ (a)|2. By compactness of T (A), there exist

τ1, . . . , τk ∈ T (A) such that for all τ ∈ T (A) there is some τi such that
τ(aτi) < ε2.

By CPoU, there exist pairwise orthogonal projections p1, . . . , pk ∈
Aω ∩A′ adding up to 1Aω such that τ(aipi) ≤ ε2τ(pi) for all τ ∈ Tω(A).

Set F :=
⊕k

i=1 Fτi , θ : A→ F and η : F → Aω by

(3.10) θ(a) := (θτ1(a), . . . , θτk(a)), η(x1, . . . , xk) :=
k∑
i=1

ητi(xi)pi,

where a ∈ A and xi ∈ Fτi . By construction (see [16, Lemma 5.2.
Equation (5.16)]), we obtain

(3.11) ‖a− η ◦ θ(a)‖2,Tω(A) < ε, a ∈ F .

By [67, Proposition 1.2.4], η : F → Aω can be lifted to a sequence
of order zero maps ηn : F → A. Thus the sequence (F, θ, ηn) is the
required sequence.

Finally, if all traces are quasidiagonal, the map θ is approximately
multiplicative by Lemma 3.1. Combining the previous argument with
Kirchberg’s Epsilon Test yields that the induced map (θn) : A→

∏
ω Fn

is a ∗-homomorphism. �
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4. Unitisation

In this section, we prove that a c.p.c. order zero map φ : A → Bω

from a separable C∗-algebra into a C∗-ultrapower extends to a c.p.c. or-
der zero map φ∼ : A∼ → Bω. Moreover, under appropriate conditions,
Dini’s Theorem can be used to construct an extension for which the
tracial behaviour of φ∼(1A∼) is determined by φ. These results were
inspired by the structure theory for order zero maps developed in [70]
and the existence of supporting order zero maps proved in [8, Lemma
1.14]. We begin with a technical lemma.

Lemma 4.1. Let φ : A → B be a c.p.c. order zero map between C∗-
algebras. Suppose that h ∈ B is a positive contraction such that

(4.1) φ(a)φ(b) = hφ(ab), a, b ∈ A+.

Then the map φ∼ : A∼ → B defined by φ∼(a + λ1A∼) := φ(a) + λh is
c.p.c. order zero.

Proof. By [70, Corollary 4.1], there exists a ∗-homomorphism π : C0(0, 1]⊗
A → Bω such that φ(a) = π(t ⊗ a) for all a ∈ A, where t denotes the
canonical generator of the cone. In terms of π, equation (4.1) gives
hπ(t⊗ ab) = π(t2 ⊗ ab) for a, b ∈ A+, from which we deduce that

(4.2) hπ(t⊗ a) = π(t2 ⊗ a), a ∈ A,

since (A+)2 = A+ and A+ spans A. It then follows that hnπ(tm⊗ a) =
π(tn+m ⊗ a) for a ∈ A and for all n,m ∈ N≥1, from which we obtain

(4.3) g(h)π(f ⊗ a) = π(gf ⊗ a), a ∈ A, f, g ∈ C0(0, 1],

since span{tn : n ∈ N≥1} is dense in C0(0, 1]. Taking adjoints, we also
obtain π(f ⊗ a)g(h) = π(fg ⊗ a) for all a ∈ A, f, g ∈ C0(0, 1].

We now define a map π∼ : C0(0, 1] � A∼ → B from the algebraic
tensor product by setting π∼(f ⊗ (a+ λ1A∼)) := π(f ⊗ a) + λf(h) on
elementary tensors. A straightforward computation using (4.3) and its
adjoint shows that π∼ is a ∗-homomorphism. Hence, π∼ extends to a
map C0(0, 1] ⊗ A∼ → B. Finally, define φ∼ : A∼ → B by φ∼(x) :=
π∼(t ⊗ x). Then φ∼ is a c.p.c. order zero map and φ∼(a + λ1A∼) =
φ(a) + λh as required. �

We now prove the unitisation lemma for order zero maps.

Lemma 4.2. Let A, B be C∗-algebras with A separable and let φ : A→
Bω be a c.p.c. order zero map.

(a) There exists a c.p.c. order zero map φ∼ : A∼ → Bω which
extends φ.
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(b) Suppose now that T (B) is compact and non-empty. Let (en)n∈N
be an approximate unit for A and suppose the function

θ : Tω(B)
w∗
→ [0, 1]

τ 7→ lim
n→∞

τ(φ(en))

is continuous. Then there exists a c.p.c. order zero map φ∼ :
A∼ → Bω which extends φ and satisfies τ(φ∼(1A∼)) = θ(τ) for

all τ ∈ Tω(B)
w∗

.

Proof. (a) Let (en)n∈N be an approximate unit for A. By [70, Corollary
4.1], there exists a ∗-homomorphism π : C0(0, 1] ⊗ A → Bω such that
φ(a) = π(t⊗ a) for all a ∈ A, where t denotes the canonical generator
of the cone. For any a, b ∈ A+, we have

lim
n→∞

φ(en)φ(ab) = lim
n→∞

π(t2 ⊗ enab)

= π(t2 ⊗ ab)
= φ(a)φ(b).(4.4)

We shall now prove the existence of a positive contraction h ∈ Bω

such that (4.1) holds for all a, b ∈ A+ by an application of Kirchberg’s
Epsilon Test (Lemma 1.8).

Let Xn := B+,1 for all n ∈ N. Let φn : A+ → B+ be a sequence of
functions such that (φn(a))n∈N is a representative for φ(a) for all a ∈
A+. Fix a dense sequence (an)n∈N in A+. Define f

(r,s)
n : Xn → [0,∞]

for r, s ∈ N by

(4.5) f (r,s)
n (x) := ‖xφn(aras)− φn(ar)φn(as)‖.

Then define f
(r,s)
ω :

∏∞
n=1Xn → [0,∞] by (xn)n∈N 7→ limn→ω f

(r,s)
n (xn).

Let m ∈ N and ε > 0. By (4.4), there is k ∈ N such that

‖φ(ek)φ(aras)− φ(ar)φ(as)‖ < ε, 1 ≤ r, s ≤ m.(4.6)

Let x = (xn)n∈N be a sequence of positive contractions in B repre-

senting φ(ek). Then f
(r,s)
ω (x) < ε whenever 1 ≤ r, s ≤ m. By Kirch-

berg’s Epsilon Test, there exists a sequence of positive contractions

y = (yn)n∈N in B such that f
(r,s)
ω (y) = 0 for all r, s ∈ N. Let h be

the positive contraction in Bω represented by (yn)n∈N. Then h satisfies
(4.1) for all a, b ∈ {an : n ∈ N}. By density, h satisfies (4.1) for all
a, b ∈ A+. The result now follows by Lemma 4.1.

(b) By Dini’s Theorem, τ(φ(en))↗ θ(τ) uniformly for τ ∈ Tω(B)
w∗

.8

For each l ∈ N, set

(4.7) γl := max
τ∈Tω(B)

w∗
(θ(τ)− τ(φ(el))).

8Our convention is that approximate units for C∗-algebras are by default assumed
to be increasing.
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Then γl ≥ 0 as τ(φ(en)) increases with n, and liml→∞ γl = 0 as the
convergence is uniform.

We shall now prove the existence of a positive contraction h ∈ Bω

such that (4.1) holds for all a, b ∈ A+ and that

(4.8) τ(h) = lim
n→∞

τ(φ(en)), τ ∈ Tω(B)
w∗
.

Once again, we use Kirchberg’s Epsilon Test (Lemma 1.8).

Let Xn, φn, f
(r,s)
n , and f

(r,s)
ω be as in (a). Define g

(l,+)
n , g

(l,−)
n : Xn →

[0,∞] for l ∈ N by

g(l,+)
n (x) := max

(
sup

τ∈T (B)

(τ(x)− τ(φn(el)))− γl, 0

)
,(4.9)

g(l,−)n (x) := max

(
sup

τ∈T (B)

(τ(φn(el))− τ(x)), 0

)
.(4.10)

Then define g
(l,+)
ω , g

(l,−)
ω :

∏∞
n=1Xn → [0,∞] by (xn)n∈N 7→ limn→ω g

(l,+)
n (xn)

and (xn)n∈N 7→ limn→ω g
(l,−)
n (xn) respectively.

The key observation is that a sequence x = (xn)n∈N representing a

positive contraction b ∈ Bω satisfies g
(l,+)
ω (x) = g

(l,−)
ω (x) = 0 if and only

if

τ(φ(el)) ≤ τ(b) ≤ τ(φ(el)) + γl, τ ∈ Tω(B)
w∗
.(4.11)

Let m ∈ N and ε > 0. By (4.4), there is k > m such that

‖φ(ek)φ(aras)− φ(ar)φ(as)‖ < ε, 1 ≤ r, s ≤ m.(4.12)

Let x = (xn)n∈N be a sequence of positive contractions in B represent-

ing φ(ek). Then f
(r,s)
ω (x) < ε whenever 1 ≤ r, s ≤ m. Furthermore, as

k > m, we have by (4.7) that for any l ≤ m

τ(φ(el)) ≤ τ(φ(ek)) ≤ θ(τ) ≤ τ(φ(el)) + γl, τ ∈ Tω(B)
w∗
.(4.13)

Therefore, g
(l,+)
ω (x) = g

(l,−)
ω (x) = 0 for l ≤ m.

By Kirchberg’s Epsilon Test, there exists a sequence of positive con-

tractions y = (yn)n∈N in B such that f
(r,s)
ω (y) = g

(l,+)
ω (y) = g

(l,−)
ω (y) = 0

for all r, s, l ∈ N. Let h be the positive contraction in Bω represented
by (yn)n∈N. Then h satisfies (4.1) for all a, b ∈ A+ as in (a) and

τ(φ(el)) ≤ τ(h) ≤ τ(φ(el)) + γl, τ ∈ Tω(B)
w∗
, l ∈ N.(4.14)

Letting l→∞, we obtain (4.8) because liml→∞ γl = 0. The result now
follows by Lemma 4.1. �
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5. The Uniqueness Theorem

In this section, we establish the uniqueness theorem for maps from
a C∗-algebra into a C∗-ultrapower, which will be used to bound the
nuclear dimension of Z-stable C∗-algebras. This theorem is a non-
unital version of [16, Lemma 4.8] which in turn builds on [8, Theorem
5.5]. For notational convenience, we work with ultrapowers throughout
rather than general ultraproducts.

Theorem 5.1 (cf. [8, Theorem 5.5]). Let B be a simple, separable, Z-

stable C∗-algebra with CPoU, stable rank one in B∼, QT̃ (B) = T̃b(B) 6=
0, and T (B) compact. Let A be a unital, separable, nuclear C∗-algebra,
let φ1 : A → Bω be a c.p.c. order zero map such that φ1(a) is full
for all non-zero a ∈ A and the induced map φ̄1 : A → Bω is a ∗-
homomorphism, and let φ2 : A → Bω be a c.p.c. order zero map such
that

(5.1) τ ◦ φ1 = τ ◦ φm2 , τ ∈ T (Bω), m ∈ N,
where order zero functional calculus is used to interpret φm2 .9 Let k ∈
Z+ be a positive contraction with spectrum [0, 1], and define c.p.c. order
zero maps ψi : A → (B ⊗ Z)ω by ψi(a) := φi(a)⊗ k. Then ψ1 and ψ2

are unitarily equivalent in (B ⊗Z)∼ω .

The proof of Theorem 5.1 follows by a careful adaptation of the
arguments from [8, 16] to handle the potential non-unitality of B. In
the subsections that follow, we shall first review the key ingredients of
the proof of [16, Lemma 4.8] and [8, Theorem 5.5] and explain clearly
the modifications needed in the non-unital setting. We shall then return
to the proof of Theorem 5.1.

5.1. The 2×2 Matrix Trick. We begin by reviewing the 2×2 matrix
trick, which converts the problem of unitary equivalence of maps into
the problem of unitary equivalence of positive elements. The version
stated below is very similar to [8, Lemma 2.3]; however, for our appli-
cations, we must weaken the stable rank one assumption and we have
no need for the Kirchberg algebra case.

Proposition 5.2 (cf. [8, Lemma 2.3]). Let A be a separable, unital
C∗-algebra and B be a separable C∗-algebra. Let φ1, φ2 : A → Bω be
c.p.c. order zero maps and φ̂1, φ̂2 : A → Bω be supporting order zero
maps (as in (A.1)). Suppose that Bω has stable rank one in B∼ω . Let
π : A→M2(Bω) be given by

(5.2) π(a) :=

(
φ̂1(a) 0

0 φ̂2(a)

)
, a ∈ A,

9Suppose φ2(x) = π2(t⊗ x) where π2 : C0(0, 1]⊗A→ Bω is a ∗-homomorphism
and t is the canonical generator of C0(0, 1]. Then φm2 (x) = π2(tm ⊗ x); see [70,
Corollary 4.2].
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and set C := M2(Bω) ∩ π(A)′ ∩ {1M2(B∼ω ) − π(1A)}⊥. If

(5.3)

(
φ1(1A) 0

0 0

)
and

(
0 0
0 φ2(1A)

)
are unitarily equivalent in C∼, then φ1 and φ2 are unitarily equivalent
in B∼ω .

Proof. Let

(5.4) u =

(
u11 u12
u21 u22

)
∈ C∼

be a unitary implementing the unitary equivalence of the positive ele-
ments. Since Bω has stable rank one in B∼ω , we have that u∗21φ2(1A) is
the limit of invertibles in B∼ω . Hence, by [8, Lemma 1.20] and Kirch-
berg’s Epsilon Test, there is a unitary w ∈ B∼ω with u∗21φ2(1A) =
w |u∗21φ2(1A)|. Arguing exactly as in the proof of [8, Lemma 2.3], we
obtain that φ1(a) = wφ2(a)w∗ for all a ∈ A. �

5.2. Property (SI). Our goal in this section is to show that c.p.c.
order zero maps from separable, unital C∗-algebras into ultrapowers of
C∗-algebras with compact trace space satisfy property (SI).

The following definition is a variant of [8, Definition 4.2], which in
turn goes back to [43], that allows us to handle cases when the codomain
is not unital.

Definition 5.3. LetB be a simple, separable, C∗-algebra withQT̃ (B) =

T̃b(B) 6= 0. Write JBω for the trace kernel ideal. Let A be a separable,
unital C∗-algebra, let π : A → Bω be a c.p.c. order zero map, and
define

(5.5) C := Bω ∩ π(A)′ ∩ {1B∼ω − π(1A)}⊥.
The map π has property (SI) if the following holds. For all e, f ∈ C+

such that e ∈ JBω , ‖f‖ = 1 and f has the property that, for every
non-zero a ∈ A+, there exists γa > 0 such that

(5.6) τ(π(a)fn) > γa, τ ∈ Tω(B), n ∈ N,
there exists s ∈ C such that

(5.7) s∗s = e and fs = s.

The main result of this subsection is that under certain hypotheses,
c.p.c. maps A → Bω have property (SI). This result is a non-unital
version of [8, Lemma 4.4] and its proof is almost identical to the original
proof. Since this result is one of the most delicate parts of this work,
we include its proof.

Proposition 5.4 (cf. [8, Lemma 4.4]). Let B be a simple, separable,

Z-stable C∗-algebra with QT̃ (B) = T̃b(B) 6= 0. Let A be a separable,
unital, nuclear C∗-algebra. Then every c.p.c. order zero map π : A →
Bω has property (SI).
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Proof. Let π : A → Bω be a c.p.c. order zero map with A and B as
in the statement. Let C be as in (5.5) and set C := C/(C ∩ JBω). Let
e, f ∈ C+ and γa be as in the definition of property (SI). As in the
proof of [8, Lemma 4.4], it is enough to exhibit an element s ∈ Bω

approximately satisfying

(5.8) s∗π(a)s = π(a)e, for all a ∈ A and fs = s.

Let F ⊆ A be a finite subset of contractions and ε > 0. Since
B is Z-stable, using Lemma A.6.(ii) we can find a c.p.c. order zero
map α : Z → Bω ∩ π(A)′ ∩ {e, f}′ such that α(1Z) acts as unit on
π(A). Therefore, we may define a new c.p.c. map π̃ : A⊗ Z → Bω by
setting π̃(a ⊗ z) := π(a)α(z). It follows by construction that π(a) =
π̃(a ⊗ 1Z) for a ∈ A. By [70, Corollary 4.3], π̃ is a c.p.c. order zero
map and note that e and f are elements of the relative commutant
Bω ∩ π̃(A⊗Z)′ ∩ {1B∼ω − π̃(1A⊗Z)}⊥.

Arguing as in the proof of [8, Lemma 4.4], for any b ∈ (A ⊗ Z)+,
there exists a positive constant γ̃b such that

(5.9) τ(π̃(b)fn) > γ̃b, τ ∈ Tω(Bω), n ∈ N.
Next, we will apply [8, Lemmas 4.7 and 4.8] to the unital, separable,

nuclear C∗-algebra A. Set G := {x ⊗ 1Z : x ∈ F} ⊆ A ⊗ Z. Since no
irreducible representation of A⊗Z contains any compact operator, by
[8, Lemma 4.8] there exist L,N ∈ N, pairwise inequivalent pure states
λ1, . . . , λL on A⊗Z and elements ci, di,l ∈ A⊗Z for i = 1, . . . , N, l =
1, . . . , L such that

(5.10) x ≈ε
L∑
l=1

N∑
i,j=1

λl(d
∗
i,lxdj,l)c

∗
i cj, x ∈ G.

By [8, Lemma 4.7], applied to the set {d∗i,lxdj,l′ : x ∈ G, i, j =
1, . . . , N, l, l′ = 1, . . . , L}, there exist positive contractions a1, . . . , aL ∈
(A⊗Z)+ such that for l = 1, . . . , L, λl(al) = 1 and

(5.11) ald
∗
i,lxdj,lal ≈δ λl(d∗i,lxdj,l)a2l , x ∈ G, i, j = 1, . . . , N,

and for l 6= l′,

(5.12) ald
∗
i,lxdj,l′al′ ≈δ 0, x ∈ G, i, j = 1, . . . , N,

with δ := ε/(N2Lmaxk ‖ck‖2). Note, the condition λl(al) = 1 ensures
that the al have norm 1.

By hypothesis, B is simple, separable, Z-stable andQT̃ (B) = T̃b(B) 6=
0. Hence, by Proposition 1.5, B has strict comparison of positive ele-
ments by bounded traces. Thus, for l = 1, . . . , L, we may apply Lemma
A.11 with al in place of a. Let Sl ⊆ (A⊗Z)+\{0} denote the countable
subset such that the conclusion of Lemma A.11 is satisfied with al in
place of a.

Let π̂ : A⊗Z → Bω∩{f}′ be a supporting c.p.c. order zero map for π̃.
As in [8, Lemma 4.4], using (5.9) and Lemma A.4 twice (taking x := 0
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and with S0 := π̃(S1∪· · ·∪SL)), we find t, h ∈ Bω∩π̂(A⊗Z)′∩π̃(A⊗Z)′

satisfying h C t C f and, for every b ∈ S1 ∪ · · · ∪ SL,

(5.13) τ(π̃(b)hn) ≥ γ̃b, τ ∈ Tω(B), n ∈ N.
By Lemma A.11 (with π̃ in place of π), there is a contraction rl ∈ Bω

such that π̃(al)rl = trl = rl and r∗l rl = e. Using t C f C π̃(1A), we
obtain π̃(1A)rl = rl for each l, and hence,

r∗l π̃(a2l )rl = π̃(1A)1/2eπ̃(1A)1/2.(5.14)

Set

(5.15) s :=
L∑
l=1

N∑
i=1

π̂(di,lal)rlπ̂(ci) ∈ Bω.

Using rl = trl, t C f and that t commutes with the image of π̂, we can
obtain fs = s. For x ∈ F , the calculations of [8, Lemma 4.4, Equation
4.46] shows

s∗π(x)s = π(x)e,(5.16)

as required. Then Kirchberg’s Epsilon Test produces an element s ∈
Bω that exactly satisfies (5.8). As in the proof of [8, Lemma 4.10],
s ∈ C. �

5.3. Structural Results for Relative Commutants. Combining
property (SI) with complemented partitions of unity (CPoU), one can
now prove important structural properties for the relative commutant
algebras C := Bω∩π(A)′∩{1B̃ω

−π(1A)}⊥ arising from the 2×2 matrix
trick.

Theorem 5.5 (cf. [16, Lemma 4.7]). Let B be a simple, separable,

Z-stable C∗-algebra with QT̃ (B) = T̃b(B) 6= 0 and T (B) compact.
Suppose additionally that B has CPoU. Let A be a separable unital
nuclear C∗-algebra and π : A → Bω a c.p.c. order zero map which
induces a ∗-homomorphism π : A→ Bω. Let

(5.17) C := Bω ∩ π(A)′ ∩ {1B̃ω
− π(1A)}⊥, C := C/(C ∩ JBω).

Then:

(i) All traces on C factor through C̄.
(ii) C has strict comparison of positive elements by bounded traces.

(iii) The traces on C are the closed convex hull of traces of the form
τ(π(a)·) for τ ∈ T (Bω) and a ∈ A+ with τ(π(a)) = 1.

First, we discuss two preliminary lemmas, which originate from [8,
Lemma 3.20, Lemma 3.22], and were generalised in [16, Lemma 4.3,
Lemma 4.6] where the newly discovered CPoU was used in place of
the earlier methods that required further assumptions on T (B). Both
results are proven by checking that these lemmas approximately hold

for πτ (B
ω)′′ for any trace in τ ∈ Tω(B)

w∗
, which in turn follows from
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the fact that πτ (B
ω)′′ is a finite von Neumann algebra, and then using

CPoU to patch local solutions together. In [16], these results are stated
for B unital, but the proofs do not make use of the unit. They only
require that T (B) is compact, as this guarantees that Bω is unital [16,
Proposition 1.11].

Lemma 5.6 (cf. [16, Lemma 4.3]). Let B be a separable C∗-algebra

with QT̃ (B) = T̃b(B) 6= 0 and T (B) compact. Suppose B has CPoU.
Let S ⊆ Bω be a ‖ · ‖2,Tω(B)-separable and self-adjoint subset, and let
p be a projection in the centre of Bω ∩ S ′. Then p(Bω ∩ S ′) has strict
comparison of positive elements by bounded traces.

Proposition 5.7 (cf. [16, Lemma 4.6]). Let B be a separable C∗-algebra

with QT̃ (B) = T̃b(B) 6= 0 and T (B) compact. Suppose B has CPoU.
Let A be a separable, unital, nuclear C∗-algebra and φ : A → Bω a
∗-homomorphism. Set C := Bω ∩ φ(A)′ ∩ {1Bω − φ(1A)}⊥. Define T0
to be the set of all traces on C of the form τ(φ(a)·) where τ ∈ T (Bω)
and a ∈ A+ satisfies τ(φ(a)) = 1.

Suppose z ∈ C is a contraction and δ > 0 satisfies |ρ(z)| ≤ δ for
all ρ ∈ T0. Write K := 12 · 12 · (1 + δ). Then there exist contractions
w, x1, . . . , x10, y1, . . . , y10 ∈ C, such that

(5.18) z = δw +K
10∑
i=1

[xi, yi].

In particular, T (C) is the closed convex hull of T0.

With these preparatory lemmas now established, we explain how to
adapt the original proof of [8, Theorem 4.1] to prove Proposition 5.5.

Proof of Theorem 5.5. For (i), the proof of [8, Theorem 4.1(i)] still
works in our situation with the following minor modifications. We
use Lemma A.4 instead of [8, Lemma 1.18], Proposition 5.4 in place of
[8, Lemma 4.4] and Lemma A.5 in place of [8, Lemma 1.19].

Similarly, for (ii) we use the proof from [8, Lemma 3.20] with the fol-
lowing modifications. Since B is Z-stable, any matrix algebra embeds
into Bω ∩ π(A)′ ∩ {c}′ [16, Proposition 2.3]. We use Lemma 5.6 to see
that C has strict comparison of positive elements by traces in place of
[8, Lemma 3.20], and [16, Lemma 1.8] in place of [8, Lemma 3.10].

In the same vein, (iii) follows from (i), [16, Lemma 1.5], and Propo-
sition 5.7. �

5.4. Unitary Equivalence of Totally Full Positive Elements.
The main theorem of this section is a non-unital version of the clas-
sification of totally full positive elements up to unitary equivalence in
relative commutant sequence algebras obtained in [8, Lemma 5.1].10

10Recall that a non-zero h ∈ C+ is totally full if f(h) is full in C for every
non-zero f ∈ C0((0, ‖h‖])+ [8, Definition 1.1].
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Let us begin by stating the following lemma which can be proved
in exactly the same way as [8, Lemma 5.3] since the Robert–Santiago
argument ([52]) at the core of the proof has no unitality hypothesis.
All that is required is to formally replace all occurrences of 1Bω with
1B∼ω , and replace [8, Lemma 1.17] with Lemma A.3, [8, Lemma 2.2]
with Lemma A.8, [8, Lemma 5.4] with Lemma A.9.

Lemma 5.8 (cf. [8, Lemma 5.3]). Let B be a separable, Z-stable C∗-
algebra and let A be a separable, unital C∗-algebra. Let π : A→ Bω be
a c.p.c. order zero map such that

(5.19) C := Bω ∩ π(A)′ ∩ {1B∼ω − π(1A)}⊥

is full in Bω.
Assume that every full hereditary subalgebra D of C satisfies the

following: if x ∈ D is such that there exist totally full elements el, er ∈
D+ such that elx = xer = 0, then there exists a full element s ∈ D
such that sx = xs = 0.

Let a, b ∈ C+ be totally full positive contractions. Then a and b are
unitarily equivalent in C∼ if and only if for every f ∈ C0(0, 1]+, f(a)
is Cuntz equivalent to f(b) in C.

With this lemma in hand, we can now prove the main theorem of
this section.

Theorem 5.9 (cf. [8, Theorem 5.1]). Let B be a separable, Z-stable

C∗-algebra with QT̃ (B) = T̃b(B) 6= 0. Let A be a separable, unital
C∗-algebra and let π : A→ Bω be a c.p.c. order zero map such that

(5.20) C := Bω ∩ π(A)′ ∩ {1B∼ω − π(1A)}⊥

is full in Bω and has strict comparison of positive elements with respect
to bounded traces.

Let a, b ∈ C+ be totally full positive elements. Then a and b are
unitarily equivalent in C∼ if and only if τ(ak) = τ(bk) for every τ ∈
T (C) and k ∈ N.

Proof. Let a, b ∈ C+ be totally full positive elements satisfying τ(ak) =
τ(bk) for every τ ∈ T (C) and k ∈ N. Without loss of generality, assume
that a and b are contractions.

After replacing [8, Lemma 1.22(iv)] with Lemma A.6(iv), part (i)
of the proof of [8, Theorem 5.1] shows that the technical hypothesis of
Lemma 5.8 is satisfied for every full hereditary subalgebra D ⊆ C. The
argument of part (ii) of the proof of [8, Theorem 5.1] then shows that
f(a) is Cuntz equivalent to f(b) for all f ∈ C0(0, 1]+. (This part of the
proof of [8, Theorem 5.1] does not make any use of the unit; only strict
comparison is needed.) By Lemma 5.8, a and b are unitarily equivalent
by unitaries in C∼. The converse is straightforward. �
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5.5. Proof of the Uniqueness Theorem. We now have all the in-
gredients we need for the proof of Theorem 5.1.

Proof of Theorem 5.1. By hypothesis, φ1(1A) ∈ Bω is a projection.
Hence dτ (φ1(1A)) = τ(φ1(1A)) and we inmediately can conclude that
the map τ 7→ dτ (φ1(1A)) is continuous. Similarly, by equation (5.1),
the map τ 7→ dτ (φ2(1A)) is continuous. Hence, by Lemma A.1, there

exist supporting order zero maps φ̂1, φ̂2 : A→ Bω such that

(5.21) τ(φ̂i(a)) = lim
m→∞

τ(φ
1/m
i (a)), a ∈ A, τ ∈ Tω(B), i = 1, 2,

and the maps φ̂i : A→ Bω are ∗-homomorphisms. In particular,

τ(φ̂2(a))
(5.1)
= τ(φ1(a)), a ∈ A, τ ∈ Tω(B).(5.22)

By Proposition 1.12, Bω has stable rank one in B∼ω . Thus, we may
use the 2× 2 matrix trick (Proposition 5.2). Recall ψi(a) := φi(a)⊗ k
and define ψ̂1, ψ̂2 : A→ (B⊗Z)ω by ψ̂i(a) := φ̂i(a)⊗1Z , with i = 1, 2.

It is immediate that ψ̂i is a supporting order zero map for ψi. Then
define π : A→M2(Bω) ⊆M2((B ⊗Z)ω) by

(5.23) π(a) :=

(
ψ̂1(a) 0

0 ψ̂2(a)

)
, a ∈ A,

and set C := M2((B⊗Z)ω)∩π(A)′ ∩{1M2((B⊗Z)∼ω )−π(1A)}⊥. We will
show that

h1 :=

(
ψ1(1A) 0

0 0

)
and h2 :=

(
0 0
0 ψ2(1A)

)
are unitarily equivalent in C∼. For non-zero a ∈ A, observe that

(5.24) 0 ≤
(
ψ1(a) 0

0 0

)
≤
(
ψ̂1(a) 0

0 ψ̂2(a)

)
= π(a),

and using that ψ1(a) is full in (B⊗Z)ω since φ1(a) is full, we conclude
that π(a) is full in M2((B ⊗ Z)ω). By construction, the induced map
π : A→ M2(B

ω) is a ∗-homomorphism. Thus, by Theorem 5.5, C has
strict comparison.

Notice that h1 ∈ C is full in M2(Bω), and hence C is also full
in M2(Bω). Let ρ be a trace on C of the form τ(π(x)·) where τ ∈
T (M2((B ⊗ Z)ω)), x ∈ A+ and τ(π(x)) = 1. Set a trace τ̃ on Bω by
τ̃(b) := τ(1M2 ⊗ b⊗ 1Z). Thus, as in [8, Theorem 5.5, equation (5.41)],

ρ(hm1 ) =
1

2
τZ(km) = ρ(hm2 ), m ∈ N.(5.25)

By Theorem 5.5, equation (5.25) holds for any trace on C.
An standard strict comparison argument shows that f(h1) and f(h2)

are full in C for any f ∈ C0(0, 1]+, so h1 and h2 are totally full. By
Theorem 5.9, h1 is unitarily equivalent to h2 in C∼. By the 2 × 2



28 J. CASTILLEJOS AND S. EVINGTON

matrix trick (Proposition 5.2), ψ1 and ψ2 are unitarily equivalent in
(B ⊗Z)∼ω . �

6. Nuclear Dimension and Z-Stability

In this section, we prove Theorems A and B, and deduce Corollaries
C and D.

Theorem 6.1. Let A be a simple, separable, nuclear and Z-stable C∗-
algebra. Then dimnucA ≤ 1.

Proof. By Theorem 2.7, either A is stably isomorphic to a unital C∗-
algebra B, or A is stably isomorphic to a stably projectionless C∗-

algebra A0 with QT̃ (A0) = T̃b(A0) 6= 0 and T (A0) compact.
The stably unital case follows immediately from [16, Theorem B]

together with Proposition 2.3. Indeed, if A is stably isomorphic to a
unital C∗-algebra B, then B is also simple, separable, nuclear and Z-
stable by Proposition 2.3. Hence, dimnucB ≤ 1 by [16, Theorem B].
Therefore, dimnucA ≤ 1 by a second application of Proposition 2.3.

We now consider the case when A is stably isomorphic to a stably

projectionless C∗-algebra A0 with QT̃ (A0) = T̃b(A0) 6= 0 and T (A0)
compact. By Proposition 2.3, A0 is simple, separable, nuclear and Z-
stable. Since A0 is stably projectionless and Z-stable, A0 has stable
rank one in A∼0 by Theorem 1.10. Furthermore, A0 has CPoU by
Theorem 1.14.

In light of Proposition 2.3, it suffices to prove that dimnucA0 ≤ 1.
We now show this using the same fundamental strategy of [8] (taking
into account the modification introduced in [16]). We shall estimate
the nuclear dimension of the first factor embedding j : A0 → A0 ⊗ Z,
j(x) = x⊗ 1Z in the sense of [58, Definition 2.2]. Since A0 is Z-stable
and Z is strongly self-absorbing, we have dimnuc(A0) = dimnuc(j); see
[58, Proposition 2.6].

Let ι : A0 → (A0)ω be the canonical embedding. Let h be a strictly
positive contraction in A0, and let (en)n∈N be the approximate identity
given by en := h1/n. Then limn→∞ τ(en) = 1 for all τ ∈ T (A0). Since
T (A0) is compact, τ ◦ ι ∈ T (A0) for all τ ∈ Tω(A0) and so for all

τ ∈ Tω(A0)
w∗

. It follows that

(6.1) lim
n→∞

τ(ι(en)) = 1, τ ∈ Tω(A0)
w∗
.

Therefore, applying Lemma 4.1, we obtain a c.p.c. order zero extension

ι∼ : A∼0 → (A0)ω with τ(ι∼(1A∼0 )) = 1 for all τ ∈ Tω(A0)
w∗

. Writing
ι∼ : A∼0 → Aω0 for the induced map into the uniform tracial ultrapower,
we observe that 1Aω

0
− ι∼(1A∼0 ) is a positive element in Aω0 that vanishes

on all limit traces, so must be zero. Hence, ι∼ is a unital c.p.c. order
zero map, so must be a unital ∗-homomorphism.

Let (φn : A0 → A0)
∞
n=1 be the sequence of c.p.c. maps constructed

in Lemma 3.2, which factorize as ηn ◦ θn through finite dimensional
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algebras Fn as in (3.7). By construction, the induced map Φ : A0 →
(A0)ω is c.p.c. order zero and the induced map Φ : A0 → Aω0 agrees
with the diagonal inclusion ι : A0 → Aω0 . It follows that τ ◦ Φ = τ ◦ ι
for all τ ∈ Tω(A)

w∗
. Hence,

(6.2) lim
n→∞

τ(Φ(en)) = 1, τ ∈ Tω(A0)
w∗
.

Therefore, applying Lemma 4.1 again, we obtain a c.p.c. order zero

extension Φ∼ : A∼0 → (A0)ω with τ(Φ∼(1A∼0 )) = 1 for all τ ∈ Tω(A0)
w∗

.

Arguing as before, Φ∼ : A∼0 → Aω0 is a unital ∗-homomorphism. In fact,
we have Φ∼ = ι∼ since both maps agree on A0 by construction and are
unital.

We are almost ready to apply Theorem 5.1 to the c.p.c. order zero
maps ι∼ and Φ∼. We observe that A0 is a simple, separable, Z-stable

with CPoU, stable rank one in A∼0 , QT̃ (A0) = T̃b(A0) 6= 0, and T (A0)
compact; that A∼0 is unital, separable and nuclear; and that both maps
induce a unital ∗-homomorphism ι∼ = Φ∼ : A∼0 → Aω0 . Since ι∼ = Φ∼

and both maps are ∗-homomorphisms, we have

(6.3) τ ◦ ι = τ ◦ Φm, τ ∈ Tω(A0)
w∗
, m ∈ N.

The tracial condition (5.1) follows because Tω(A0) is dense in T ((A0)ω)
by Theorem 1.7.

Before we may apply Theorem 5.1, we must show that ι∼(x) is full
for all non-zero x ∈ A∼0 . By Proposition 1.5, A0 has strict compari-
son by bounded traces because A0 is simple, separable, Z-stable and

QT̃ (A0) = T̃b(A0) 6= 0. Hence, (A0)ω has strict comparison in the sense
of Lemma A.10.

Using that A0 is simple and T (A0) is compact, the minimum γa :=
minτ∈T (A) τ(a) exists and is strictly positive for any non-zero a ∈ (A0)+,1.

Since τ ◦ ι ∈ T (A0) for any τ ∈ Tω(A0)
w∗

, we have dτ (ι(a)) ≥ γa for

any τ ∈ Tω(A0)
w∗

. Hence, ι(a) is full in (A0)ω using Lemma A.10.
For any non-zero x ∈ A∼0 , the ideal Ix of A∼0 generated by x contains

a non-zero positive contraction a ∈ A+,1. A simple computation using
supporting order zero maps shows that the ideal of (A0)ω generated by
ι∼(x) contains ι∼(Ix), which is full since it contains the full element
ι∼(a). Hence, ι∼(x) is full in (A0)ω.

Fix a positive contraction k ∈ Z+ of full spectrum. Applying The-
orem 5.1 to the maps ι∼ and Φ∼, we obtain unitaries w(0), w(1) ∈
(A0 ⊗Z)∼ω such that

x⊗ k = w(0)(Φ(x)⊗ k)w(0)∗,(6.4)

x⊗ (1Z − k) = w(1)(Φ(x)⊗ (1Z − k))w(1)∗, x ∈ A.(6.5)

Choose representing sequences (w
(0)
n )∞n=1 and (w

(1)
n )∞n=1 of unitaries in

(A0⊗Z)∼ for w(0) and w(1), respectively. We have c.p.c. maps θn⊕θn :
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A0 → Fn ⊕ Fn, and η̃n : Fn ⊕ Fn → A0 ⊗Z, where

(6.6) η̃n(y0, y1) := w(0)
n (ηn(y0)⊗k)w(0)

n
∗+w(1)

n (ηn(y1)⊗ (1Z−k))w(1)
n
∗.

Hence, j(x) is the limit, as n→ ω, of (η̃n ◦ (θn ⊕ θn)(x))∞n=1 and, since
η̃n is the sum of two c.p.c. order zero maps, dimnuc(j) ≤ 1. �

Theorem 6.2. Let A be a non-elementary, simple, separable, nuclear
C∗-algebra. Then A has finite nuclear dimension if and only if it is
Z-stable.

Proof. LetA be a non-elementary, simple, separable, nuclear C∗-algebra.
If A is Z-stable, then dimnuc(A) ≤ 1 <∞ by Theorem 6.1. Conversely,
if dimnuc(A) <∞, then A is Z-stable by [56, Theorem 8.5] �

Corollary 6.3. The nuclear dimension of a simple C∗-algebra is 0, 1
or ∞.

Proof. Let A be a simple, separable C∗-algebra with finite nuclear di-
mension. Then, in particular, A is nuclear. If A is elementary, then
dimnuc(A) = 0; otherwise, A is Z-stable by Corollary 6.2. Hence,
dimnuc(A) ≤ 1 by Theorem 6.1. The non-separable case follows from
the separable one as in the proof of [16, Corollary C]. �

In [20, Theorem 5.2.2], a stably projectionless, simple, separable,
nuclear C∗-algebra with a unique trace, K0 = Z and K1 = 0 is con-
structed as a limit of 1 dimensional non-commutative CW complexes.
By [30, Theorem 1.4], there is a unique C∗-algebra with theses prop-
erties that has finite nuclear dimension and satisfies the UCT. This
C∗-algebra is denoted Z0 [30, Definition 8.1], reflecting its role as an
stably projectionless analogue of the Jiang–Su algebra Z. An impor-
tant further property of Z0, which follows from its construction, is that
Z0 is Z-stable [30, Remark 7.3, Definition 8.1].

It has recently been shown that simple, separable C∗-algebras which
satisfy the UCT and have finite nuclear dimension are classified up to
stabilisation with Z0 by the Elliott invariant [30, Theorem 1.2]. The
appropriate form of the Elliott invariant in this setting is detailed in
[30, Definition 2.9]. In light of the main result of this paper, we can
weaken the hypothesis of finite nuclear dimension in [30, Theorem 1.2]
to that of nuclearity.

Corollary 6.4 (cf. [30, Theorem 1.2]). Let A and B be simple, sepa-
rable, nuclear C∗-algebras which satisfy the UCT. Then

A⊗Z0
∼= B ⊗Z0 if and only if Ell(A⊗Z0) ∼= Ell(B ⊗Z0).

Proof. Since A and Z0 are simple, separable and nuclear, so is A⊗Z0.
Using that Z0 is Z-stable, it follows that A⊗Z0 is Z-stable. Therefore,
dimnucA ⊗ Z0 ≤ 1 by Theorem A. Similarly, dimnucB ⊗ Z0 ≤ 1. The
result now follows from [30, Theorem 1.2]. �
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7. Decomposition Rank and Z-Stability

Using the machinery developed to prove Theorem A, we can also
prove similar results for the decomposition rank of simple Z-stable C∗-
algebras under suitable finiteness and quasidiagonality assumptions.
To this end, we recall the definition of quasidiagonality for tracial
states.

Definition 7.1 (cf. [12, Definition 3.3.1]). Let A be a C∗-algebra.
A tracial state τ ∈ T (A) is quasidiagonal if there exists a net11 of
c.p.c. maps φn : A → Mkn(C) with ‖φn(ab) − φn(a)φn(b)‖ → 0 and
trkn(φn(a))→ τ(a).

In the unital case, the c.p.c. maps in Definition 7.1 can be taken to be
unital (see the proof of [14, Lemma 7.1.4]). Moreover, a trace τ ∈ T (A)
is quasidiagonal if and only if its extension to A∼ is quasidiagonal [12,
Proposition 3.5.10]. We write TQD(A) for the set of all quasidiagonal
tracial states on A.

We can now state a decomposition rank version of Theorem A.

Theorem 7.2. Let A be a simple, separable, nuclear and Z-stable
C∗-algebra. Suppose further that A is stably finite and that T (B) =
TQD(B) for all non-zero hereditary subalgebras B ⊆ A ⊗ K. Then
dr(A) ≤ 1.

Proof. By Theorem 2.7, either A is stably isomorphic to a unital C∗-
algebra B, or A is stably isomorphic to a stably projectionless C∗-

algebra A0 with QT̃ (A0) = T̃b(A0) 6= 0 and T (A0) compact.
In the first case, B is simple, separable, nuclear and Z-stable by

Proposition 2.3. Moreover, B is finite and T (B) = TQD(B) by our
additional hypotheses on A. Hence dr(B) ≤ 1 by [16, Theorem B]. By
Proposition 2.3 once more, dr(A) ≤ 1.

In the second case, we have that T (A0) = TQD(A0) by our additional
hypotheses on A, so in the proof of Theorem 6.1 the maps θn from
Lemma 3.2 can be taken to be approximately multiplicative. Therefore,
dr(A0) ≤ 1 by [9, Lemma 1.9]. Hence, dr(A) ≤ 1 by Proposition
2.3. �

Remark 7.3. If A is a simple, separable, nuclear C∗-algebra in the UCT
class, then T (B) = T (B)QD for all hereditary subalgebras B ⊆ A⊗K
by [57, Theorem A] since the UCT class is closed under stable isomor-
phism.

As with nuclear dimension, we obtain a trichotomy result for decom-
position rank as a corollary of Theorem 7.2.

Corollary 7.4. The decomposition rank of a simple C∗-algebra is 0, 1
or ∞.

11When A is separable, one can work with sequences instead of general nets.
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Proof. Elementary C∗-algebras have decomposition rank zero, so are
covered by this result.

Let A be a non-elementary, simple, separable C∗-algebra with finite
decomposition rank. Then A has finite nuclear dimension, and so is
Z-stable by [56, Corollary 8.6]. Since dr(A) < ∞, A is stably finite
and T (A) = TQD(A).12 Moreover, by Corollary 2.2 and Proposition 2.3,
dr(B) = dr(A) <∞ for any non-zero hereditary subalgebra B ⊆ A⊗K.
Therefore, we have T (B) = TQD(B). Now, dr(A) ≤ 1 by Theorem 7.2.

The non-separable case follows from the separable case as in the
proof of [16, Corollary C] since the proof of [71, Proposition 2.6] works
equally well for decomposition rank. �

Appendix A. Non-unital Lemmas

The purpose of this appendix is to state appropriate non-unital ver-
sions of the technical lemmas from [8]. In cases where substantial
modifications to the proof are required, we give full details. In cases
where the modifications are trivial, we refer the reader to the proof of
the corresponding result from [8] and explain the modifications in a
remark.

We begin with the existence of supporting order zero maps.

Lemma A.1 (cf. [8, Lemma 1.14]). Let A,Bn be C∗-algebras with A
separable and unital, set Bω :=

∏
ω Bn, and suppose that S ⊆ Bω is

separable and self-adjoint. Let φ : A → Bω ∩ S ′ be a c.p.c. order zero
map. Then there exists a c.p.c. order zero map φ̂ : A → Bω ∩ S ′ such
that

φ(ab) = φ̂(a)φ(b) = φ(a)φ̂(b), a, b ∈ A.(A.1)

Suppose now that T (Bn) is non-empty for all n ∈ N. If the map

τ 7→ dτ (φ(1A)) from Tω(Bω)
w∗

to [0, 1] ⊆ R is continuous (with respect
to the weak∗-topology) then we can, in addition, arrange that

τ(φ̂(a)) = lim
m→∞

τ(φ1/m(a)), a ∈ A+, τ ∈ Tω(Bω),(A.2)

where order zero map functional calculus is used to interpret φ1/m. In

this case, the induced map φ̂ : A→ Bω is a ∗-homomorphism.

Remarks. The proof of [8, Lemma 1.14] only actually requires continu-

ity of τ 7→ dτ (φ(1A)) on Tω(Bω)
w∗

(as opposed to T (Bω)) and Tω(Bω)
w∗

is compact in the non-unital case too. There is no further use of the
unitality of the Bn in the proof of [8, Lemma 1.14]. �

12One can reduce to the unital case because dr(A) = dr(A∼) [39, Proposition
3.4]. Then T (A) = TQD(A) by [8, Proposition 8.5]. Stably finiteness of A follows
from [39, Proposition 5.1] and [14, Theorem 7.1.15] for example.
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We now record some more straightforward applications of the Kirch-
berg’s Epsilon Test. These results are almost identical to those proven
in [8, Section 1]. However, we shall need slightly more general state-
ments because we wish to apply them to the algebras of the form
Bω ∩ S ′ ∩ {1B∼ω − d}⊥.

Lemma A.2 (cf. [8, Lemma 1.16]). Let (Bn)∞n=1 be a sequence of C∗-
algebras and set Bω :=

∏
ω Bn. Let S1, S2 be separable self-adjoint

subsets of B∼ω , and let T be a separable subset of Bω ∩ S ′1 ∩ S⊥2 . Then
there exists a contraction e ∈ (Bω ∩ S ′1 ∩ S⊥2 )+ that acts as a unit on
T , i.e., such that et = te = t for every t ∈ T .

Remarks. The only change to the statement is that S1, S2 are subsets
of B∼ω (as opposed to Bω). The proof is not affected. �

Lemma A.3 (cf. [8, Lemma 1.17]). Let (Bn)∞n=1 be a sequence of C∗-
algebras and set Bω :=

∏
ω Bn. Let S1, S2 be separable self-adjoint

subsets of B∼ω , and set C := Bω ∩ S ′1 ∩ S⊥2 .

(i) Let h1, h2 ∈ C+. Then h1 and h2 are unitarily equivalent via a
unitary from C∼ if and only if they are approximately unitarily
equivalent, i.e., for any ε > 0 there exists a unitary u ∈ C∼

with uh1u
∗ ≈ε h2.

(ii) Let a ∈ C. Then there exists a unitary u ∈ C∼ with a = u|a|
if and only if for each ε > 0 there exists a unitary u ∈ C∼ with
a ≈ε u|a|.

(iii) Let h1, h2 ∈ C+. Then h1 and h2 are Murray-von Neumann
equivalent if and only if they are approximately Murray-von
Neumann equivalent, i.e., for any ε > 0 there exists x ∈ C
with xx∗ ≈ε h1 and x∗x ≈ε h2.

Remarks. The statement of [8, Lemma 1.17] uses the convention that
C∼ := C when C is already unital. In this paper, we use the convention
that a new unit is still adjoined, so C∼ ∼= C⊕C when C is unital. The
choice of convention does not affect the validity of the lemma.13 Apart
from this, the only change to the statement is that S1, S2 are subsets
of B∼ω (as opposed to Bω), which does not affect the proof. �

Lemma A.4 (cf. [8, Lemma 1.18]). Let (Bn)∞n=1 be a sequence of C∗-
algebras with T (Bn) non-empty for each n ∈ N. Write Bω :=

∏
ω Bn.

Let S0 be a countable self-adjoint subset of (Bω)+ and let T be a separa-
ble self-adjoint subset of Bω. If x, f ∈ (Bω ∩S ′0 ∩T ′)+ are contractions
with x C f and with the property that for all a ∈ S0 there exists γa ≥ 0
such that τ(afm) ≥ γa for all m ∈ N, τ ∈ Tω(Bω), then there ex-
ists a contraction f ′ ∈ (Bω ∩ S ′0 ∩ T ′)+ such that x C f ′ C f and
τ(a(f ′)m) ≥ γa for all m ∈ N, τ ∈ Tω(Bω), and a ∈ S0.

13For example, if C is unital h1, h2 are unitary equivalent in C if and only if they
are unitary equivalent in C ⊕ C.



34 J. CASTILLEJOS AND S. EVINGTON

If each Bn is simple, separable, Z-stable and QT̃ (Bn) = T̃b(Bn) 6= 0
for all n ∈ N, then the above statement holds with T (Bω) in place of
Tω(Bω).

Remarks. The only change to the proof of [8, Lemma 1.18] is to replace
minτ∈T (Bn) with infτ∈T (Bn) in [8, Equation (1.34)], as the minimum need
not exist in the non-unital case. The final sentence follows since Tω(Bω)
is weak∗-dense in Tω(Bω) under the additional hypotheses by Theorem
1.7. �

Lemma A.5 (cf. [8, Lemma 1.19]). Let (Bn)∞n=1 be a sequence of sepa-
rable C∗-algebras with T (Bn) 6= ∅ for each n ∈ N and set Bω :=

∏
ω Bn.

Let A be a separable, unital C∗-algebra and let π : A→ Bω be a c.p.c.
order zero map such that π(1A) is full and the induced map π̄ : A→ Bω

is a ∗-homomorphism. Define C := Bω ∩ π(A)′ ∩ {1B∼ω − π(1A)}⊥. Let
S ⊆ C be a countable self-adjoint subset and let S̄ denote the image of
S in Bω.

(i) Then the image of C ∩ S ′ in Bω is precisely

π̄(1A)
(
Bω ∩ π̄(A)′ ∩ S̄ ′

)
= Bω ∩ π̄(A)′ ∩ S̄ ′ ∩ {1(Bω)∼ − π̄(1A)}⊥,(A.3)

a C∗-subalgebra of Bω with unit π̄(1A).
(ii) Let τ ∈ Tω(Bω) be a limit trace and a ∈ A+ and form the tracial

functional ρ := τ(π(a)·) on C. Then ‖ρ‖ = τ(π(a)). If each

Bn is additionally simple, Z-stable and QT̃ (Bn) = T̃b(Bn) 6= 0
for all n ∈ N, then this holds for all traces τ ∈ T (Bω).

Remarks. The proof of [8, Lemma 1.19] does not need the Bn to be
unital. Note that the notation {1B∼ω − π(1A)}⊥ is just an alternative
notation for subalgebra on which π(1A) acts as a unit, and similarly
for {1(Bω)∼ − π̄(1A)}⊥. The final sentence of (ii) follows since Tω(Bω)
is weak∗-dense in Tω(Bω) under the additional hypotheses by Theorem
1.7. �

Next, we consider some properties of ultraproducts of separable, Z-
stable C∗-algebras.

Lemma A.6 (cf. [8, Lemma 1.22]). Let (Bn)n∈N be a sequence of sep-
arable, Z-stable C∗-algebras and set Bω :=

∏
ω Bn. Then:

(i) If S ⊆ Bω is separable, then there exist isomorphisms φn :
Bn → Bn ⊗ Z such that the induced isomorphism Φ : Bω →∏

ω(Bn⊗Z) maps x ∈ S to x⊗1Z ∈ (
∏

ω Bn)⊗Z ⊆
∏

ω(Bn⊗
Z).

(ii) Let S1, S2 ⊆ B∼ω be separable and self-adjoint. For any sepa-
rable subset T ⊆ Bω ∩ S ′1 ∩ S⊥2 , there exists a c.p.c. order zero
map ψ : Z → Bω ∩S ′1 ∩S⊥2 ∩T ′ such that ψ(1Z) acts as a unit
on T .
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(ii’) Let S1, S2 ⊆ B∼ω be separable and self-adjoint. For any separa-
ble subalgebra C ⊆ Bω∩S ′1∩S⊥2 , there exists a ∗-homomorphism
Ψ : C ⊗ Z → Bω ∩ S ′1 ∩ S⊥2 such that Ψ(x ⊗ 1Z) = x for all
x ∈ C.

(iii) If each Bn is projectionless, then Bω has stable rank one in
B∼ω .

(iv) If S ⊆ Bω is separable and self-adjoint, and b ∈ (Bω ∩ S ′)+,
then for any n ∈ N there exists c ∈ (Bω ∩ S ′)+ with c ≤ b such
that n[c] ≤ [b] ≤ (n+ 1)[c] in W (Bω ∩ S ′).

Proof. Observe that (i) is the same as in [8, Lemma 1.22.(i)] and follows
as Z is strongly self-absorbing.

For (ii), by Lemma A.2, there exists a positive contraction h ∈ Bω ∩
S ′1 ∩ S⊥2 that acts as a unit on T . Set S := S1 ∪ S2 ∪ T ∪ {h}. Let
Φ : Bω →

∏
ω(Bn⊗Z) be the isomorphism from (i) with Φ(x) = x⊗1Z

for all x ∈ S. Define a c.p.c. order zero map ψ′ : Z →
∏

ω(Bn ⊗Z) by
ψ′(z) := h⊗ z. By the choice of h, ψ(1Z) acts as a unit on T ⊗ 1Z and
the image of ψ lies in (Bω ⊗ 1Z)∩ (S1 ⊗ 1Z)′ ∩ (S2 ⊗ 1Z)⊥ ∩ (T ⊗ 1Z)′.
Now set ψ := Φ−1 ◦ ψ′.

For (ii’), by part (ii), there exists a c.p.c. order zero map ψ : Z →
Bω ∩ S ′1 ∩ S⊥2 ∩ T ′ such that ψ(1Z) acts as a unit on C. Since Z is
nuclear, we can define a c.p.c. order zero map Ψ : C⊗Z → Bω∩S ′1∩S⊥2
by x⊗ z 7→ xψ(z). Let x1, x2 ∈ C and z1, z2 ∈ Z. Then

Ψ(x1 ⊗ z1)Ψ(x1 ⊗ z1) = x1ψ(z1)x2ψ(z2)

= x1x2ψ(1Z)ψ(z1z2)

= x1x2ψ(z1z2)

= Ψ(x1x2 ⊗ z1z2),(A.4)

where we have used the order zero identity in the second line. Hence, Ψ
is in fact a ∗-homomorphism. Moreover, we have Ψ(x⊗1Z) = xψ(1Z) =
x for all x ∈ C.

Part (iii) follows by combining Theorem 1.10 with Proposition 1.12.
For (iv), let C be the C∗-algebra generated by b. By (ii’), there is

a ∗-homomorphism Ψ : C ⊗ Z → Bω ∩ S ′. By [54, Lemma 4.2], there
exists en ∈ Z+,1 with n[en] ≤ [1Z ] ≤ (n+1)[en]. Set c := Ψ(b⊗en). �

The following lemmas are crucial to the results of [8, Section 5]. The
proof of the first needs to be adapted slightly to the non-unital setting.

Lemma A.7 (cf. [8, Lemma 2.1]). Let (Bn)∞n=1 be a sequence of Z-
stable C∗-algebras and set Bω :=

∏
ω Bn. Let S ⊆ Bω be separable and

self-adjoint, and let d ∈ (Bω ∩ S ′)+ be a contraction. Suppose that
x, f ∈ C := Bω ∩ S ′ ∩ {1B∼ω − d}⊥ are such that xf = fx = 0, f ≥ 0
and f is full in C. Then x is approximated by invertibles in C∼.

Proof. By Lemma A.2 (with T := {x∗x, xx∗}, S1 := S, S2 := {1B∼ω −
d, f}), we obtain a contraction e ∈ C+ such that xx∗, x∗x C e and
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ef = 0. Polar decomposition yields ex = xe = x. As in the proof of [8,
Lemma 2.1], we may find a separable subalgebra C0 of C containing
x, e, and f , such that f is full in C0. By Lemma A.6(ii’), there is a
∗-homomorphism Ψ : C0 ⊗ Z → C such that Ψ(x ⊗ 1Z) = x for all
x ∈ C0. By [51, Lemma 2.1], x ⊗ 1Z is a product of two nilpotent
elements n1, n2 ∈ C0⊗Z. It follows that x = Ψ(x⊗ 1Z) = Ψ(n1)Ψ(n2)
is the product of two nilpotent elements in C. If y ∈ C is nilpotent
and ε > 0, the operator y + ε1C∼ is invertible in C∼ (with inverse

−
∑N

k=1(−ε)−kyk−1, where N ∈ N satisfies yN = 0). Therefore, x can
be approximated by invertible elements in C∼. �

Lemma A.8 (cf. [8, Lemma 2.2]). Let (Bn)∞n=1 be a sequence of Z-
stable C∗-algebras and set Bω :=

∏
ω Bn. Let S ⊆ Bω be separable and

self-adjoint, and let d ∈ (Bω ∩ S ′)+ be a contraction. Suppose that
x, s ∈ C := Bω ∩ S ′ ∩ {1B∼ω − d}⊥ are such that xs = sx = 0 and s is
full in C. Then x is approximated by invertibles in C∼.

Proof. Let C0 be the C∗-subalgebra of C generated by x and s. By
Lemma A.6(ii’), there exists a ∗-homomorphism Ψ : C0 ⊗Z → C with
Ψ(y ⊗ 1Z) = y for all y ∈ C0. Let z1, z2 ∈ Z+ be non-zero orthogonal
elements. Set s′ := Ψ(s⊗ z1) and f := Ψ(|s| ⊗ z2). As in the proof of
[8, Lemma 2.2], it follows by Lemma A.7 (with s′ in place of x) that
s′ is approximated by invertibles in C∼. We finish the proof exactly as
in the proof of [8, Lemma 2.2] where we replace [8, Lemma 1.17] with
Lemma A.3, and [8, Lemma 2.1] with Lemma A.7. �

Lemma A.9 (cf. [8, Lemma 5.4] and [52, Lemma 2]). Let B be a sep-
arable, Z-stable C∗-algebra and let A be a separable, unital C∗-algebra.
Let π : A→ Bω be a c.p.c. order zero map such that

(A.5) C := Bω ∩ π(A)′ ∩ {1B∼ω − π(1A)}⊥

is full in Bω. Assume that every full hereditary subalgebra D of C
satisfies the following: if x ∈ D is such that there exist totally full
elements el, er ∈ D+ such that elx = xer = 0, then there exists a full
element s ∈ D such that sx = xs = 0. Let e, f, f ′, α, β ∈ C+ be such
that

(A.6) α C e, α ∼ β C f, and f ∼ f ′ C e.

Suppose also that there exist de, df ∈ C+ that are totally full, such that

de C e, deα = 0, and

df C f, dfβ = 0.(A.7)

Then there exists e′ ∈ C+ such that

α C e′ C e, and α + e′ ∼ β + f.(A.8)

Remarks. The proof of [52, Lemma 2] does not assume unitality. The
proof from [8] is still valid after replacing [8, Lemma 1.17] with Lemma
A.3, [8, Lemma 2.2] with Lemma A.8, and using 1B∼ω in place of 1Bω . �
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The following lemma concerns the interplay between strict compar-
ison and ultraproducts in the non-unital setting.

Lemma A.10 (cf. [8, Lemma 1.23]). Let (Bn)∞n=1 be a sequence of C∗-
algebras with T (Bn) non-empty and set Bω :=

∏
ω Bn. Suppose each

Bn has strict comparison of positive elements with respect to bounded
traces. Then Bω has strict comparison of positive elements with respect
to limit traces, in the following sense: If a, b ∈ Mk(Bω)+ for some
k ∈ N satisfy dτ (a) < dτ (b) for all τ in the weak∗-closure of Tω(Bω),
then a � b.

Remarks. The proof is identical to that of [8, Lemma 1.23]. However, it
is important to note that, in the non-unital case, we do not necessarily

have that Tω(Bω)
w∗
⊆ T (Bω), as the later need not be closed. Indeed,

we may have 0 ∈ Tω(Bω)
w∗

in which case dτ (a) < dτ (b) cannot hold for

all τ ∈ Tω(Bω)
w∗

. �

Finally, we record a technical lemma needed for the proof of the main
theorem of the property (SI) section.

Lemma A.11 (cf. [8, Lemma 4.9]). Let B be a simple, separable, C∗-

algebra with QT̃ (B) = T̃b(B) 6= 0. Suppose B has strict comparison
of positive elements by bounded traces. Let A be a separable, unital
C∗-algebra and let π : A→ Bω be a c.p.c. order zero map. Let a ∈ A+

be a positive contraction of norm 1. Then there exists a countable set
S ⊆ A+ \ {0} such that the following holds: If e, t, h ∈ (Bω ∩ π(A)′ ∩
{1B∼ω − π(1A)}⊥)+ are contractions such that

(A.9) e ∈ JBω and h C t,

and if for all b ∈ S, there exists γb > 0 such that

(A.10) τ(π(b)h) > γb, τ ∈ Tω(Bω),

then there exists a contraction r ∈ Bω such that

(A.11) π(a)r = tr = r and r∗r = e.

Remarks. The proof of [8, Lemma 4.9] works in our situation using
Lemma A.10 in place of [8, Lemma 1.23]. �
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