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Abstract 

 

Laser shock processing (LSP) is a mechanical surface treatment to induce a compressive residual stress state 

into the near surface region of a metallic component. The effect of the cyclic deformation properties of 

ductile materials on the final residual stress fields obtained by LSP is analysed. Conventional modelling 

approaches either use simple tensile yield criteria, or isotropic hardening models if cyclic straining response 

is considered for the material during the peen processing. In LSP, the material is likely to be subject to cyclic 

loading because of reverse yielding after the initial plastic deformation. The combination of experiment and 

modelling shows that the incorporation of experimentally-determined cyclic stress-strain data, including 

mechanical hysteresis, into material deformation models is required to correctly reflect the cyclic 

deformation processes during LSP treatment and obtain accurate predictions of the induced residual stresses.  

 

Keywords: Laser shock processing; Cyclic hardening; Residual stress; Shock waves; Finite element 

analysis.  

 

1. Introduction 

 

Laser shock processing (LSP, also called laser shock peening or just laser peening) is a mechanical surface 

treatment that uses a high intensity pulsed laser beam to induce a compressive residual stress state into the 

near surface region of a metallic component. This treatment has been successfully implemented in the design 

of high-added-value engineering applications (for instance biomedical implants) [1]. An accurate design of 

the process, concerning the prediction of the final residual stress distribution, leads to an increase in the 

fatigue life which has been widely documented by several authors [2-4].  

 

During LSP, the laser energy forces a sudden vaporization of the target surface into a high temperature and 

density plasma, which immediately induces a shock wave that propagates into the material. When the 

magnitude of the plasma pressure exceeds the Hugoniot elastic limit of the material, near-surface plasticity is 

presented. The compensatory elastic springback of the surrounding material then induces a largely in-plane 

(transverse to the wave propagation direction) residual stress. Numerical modelling provides the fundamental 

to correlate the behaviour of the material with the suitable parameters to design a process leading to an 

optimal residual stress state. 

 

In computational mechanics simulation, LSP is often modelled using the assumption of isotropic hardening 

(i.e., the Johnson-Cook model [5]). However, in practice, the relaxation of the elastically-stressed material 

below the plastically deformed layer often causes reverse yielding. This unload cycle is therefore expected to 

partially develop in a yield surface displacement that cannot be modelled by isotropic hardening.  

 

Isotropic hardening predicts an increase in the yield surface size for both tensile and compressive 

deformation. Once the material is deformed plastically with the application of a tensile (or compressive) 

load, compressive (or tensile) stresses of the same magnitude will not result in yield of the material [6]. In 

contrast, kinematic hardening models assume that the size (and sometimes the shape) of the yield surface 

remains unchanged under additional load, but that the position of the yield surface translates in stress space. 

 



For cyclic deformation in which tensile and compressive cycles alternate, such as the loading-unloading 

experienced by a material during LSP, an accurate representation of the plasticity response will typically be a 

combination of these two extremes. According to experimental results [7], after a plastic tensile load, lower 

magnitude compressive stresses can result in plastic deformation. This is known as the Bauschinger effect. 

For the material modelling of this effect, it is necessary to consider kinematic hardening. The first kinematic 

hardening rule was proposed by Prager [8]. It represents properly the Bauschinger effect when symmetric 

compressive-tensile cycles are applied. However, this model does not predict the cumulative plastic strain for 

asymmetric cycles known as the ratcheting effect. Based on linear kinematic hardening, some modifications 

of Prager’s rule were introduced [9-13]. However, the ratcheting effect is not predicted by these updated 

models.  

 

In order to predict it, a nonlinear hardening model was introduced by Armstrong and Frederick [14]. 

Chaboche [15] decomposed the back-stress into multiple components with different convergence rates which 

led to a better approach to the ratcheting behaviour of a material subject to a wider range of stresses and 

strains. Chaboche [16], in a similar way as Ohno and Wang [17], used later a modification of the original 

Armstrong-Frederick model. Finally, in order to account for the multiaxial ratcheting problem, several 

models have been developed since then based on the Armstrong nonlinear model [18-24]. 

 

On this basis, it can be concluded that an isotropic hardening model is only valid for processes in which the 

material yields only in tension or only in compression. For the case of alternating tensile-compressive (or 

compressive-tensile) cycles, the evolution of the yield stress needs to be reflected with the aid of a combined 

hardening model. These models include a kinematic hardening law and an isotropic hardening one, which 

predict the evolution of the yield surface displacement and the yield surface size, respectively. 

 

In this paper, the explicit consideration of the cyclic plasticity phenomenon to predict residual stresses as a 

consequence of the LSP treatment is analysed. Firstly, an isotropic hardening model was calibrated using 

monotonic stress-strain curves of Al 2624 T39 and Al 2624 T351 [7]. The inappropriateness of this model to 

predict cyclic behaviour is shown in section 2.2.1: A clear overestimation is predicted after several cycles. In 

consequence, a combined hardening model was calibrated considering the cyclic response of both alloys 

obtained experimentally by the authors [7]. Taking into account that the physics of the cyclic plasticity are 

inherent to LSP, the implemented combined hardening model is therefore expected to predict more precise 

results in LSP treatments. 

 

The calibrated combined model was then used for the numerical simulation of LSP processes, with clear 

differences found with respect to the results based on isotropic (i.e., Johnson-Cook) models. In addition, 

based on the evolution of the shockwave pressure as it propagates through the material, the range of affected 

depths of the material in which the cyclic behaviour is present has been identified as a key feature for the 

practical prediction of the resulting residual stresses fields in the LSP-treated material. Overall, the explicit 

consideration of the cyclic behaviour leads to an improvement of the modelling accuracy of LSP processes, 

finally applicable to an improved predictive design capability. 

 

2. Theoretical background 

 

2.1. Elastic and Plastic Deformations in the Shock Compression of Metallic Materials 

 

In processes where high pressures are applied to a material, depending on the impulse time and the geometry 

of the affected surface, uniaxial stress or uniaxial strain behaviour can be induced. Once the pressure is 

applied, a transverse wave starts to propagate on the surface plane. If the pressure pulse duration is negligible 

compared with the time needed for the transverse wave to reach the limit of the surface, the material is said 

to experience uniaxial strain behaviour widely analysed by Ballard [25]. In the opposite case, the material 

would experience uniaxial stress behaviour. For typical LSP processes, with pressure pulses on the order of 

nanoseconds [26-28], the material is considered to be subject to uniaxial strain loading conditions. 

 

 

 

 

 



The von Mises stress in its general form is presented in equation 1a, where 𝜎1, 𝜎2 and 𝜎3 are the principal 

stresses. In uniaxial strain behaviour, where axial symmetry exists, two of the three principal stresses are 

parallel to material´s surface and both have the same magnitude (𝜎1 = 𝜎2 = 𝜎𝑟). The third one is then 

collinear with the wave propagation direction, 𝜎3, which is denoted as 𝜎𝑧 using the notation of axial-

symmetrical states. Therefore, the von Mises criterion reduces to equation 1b. The material is deformed 

plastically when 𝜎𝑣 = 𝜎𝑦, where 𝜎𝑦 is the yield stress. In addition, the stress and strain tensors follow the 

mechanical laws given by equation 2. 

 

𝜎𝑣 = √
(𝜎1 − 𝜎2)2 + (𝜎3 − 𝜎1)2 + (𝜎2 − 𝜎3)2

2
                                                                                    (1a) 

 

𝜎𝑣 = |𝜎𝑧 − 𝜎𝑟|                                                                                                                                              (1b) 
 

𝜎̅ = (
𝜎𝑟 0 0
0 𝜎𝑟 0
0 0 𝜎𝑧

)  𝜀̅ = (
0 0 0
0 0 0
0 0 𝜀𝑒𝑧

) 𝜀𝑝̅̅̅ = (

−𝜀𝑝𝑧 2⁄ 0 0

0 −𝜀𝑝𝑧 2⁄ 0

0 0 𝜀𝑝𝑧

)      (2)  

 

where: 

 

𝜎𝑟    Stress in the transverse direction. 

 

𝜎𝑧    Stress in the axial direction. 

 

𝜀𝑒𝑧    Elastic strain in the axial direction. 

 

𝜀𝑝𝑧    Plastic strain in the axial direction. 

 

Using the generalized Hooke’s formula (equations 3 and 4), which represents the material’s elasto-plastic 

behaviour, purely elastic behaviour is obtained and defined by equations 5 and 6. 

 

 

𝜎𝑟 =
𝜈

(1 + 𝜈)(1 − 2𝜈)
𝐸𝜀𝑒𝑧 +

1

2(1 + 𝜈)
𝐸𝜀𝑝𝑧                                                                                        (3) 

 

𝜎𝑧 =
𝜈

(1 + 𝜈)(1 − 2𝜈)
𝐸𝜀𝑒𝑧 +

1

1 + 𝜈
𝐸𝜀𝑒𝑧 −

1

1 + 𝜈
𝐸𝜀𝑝𝑧                                                                     (4) 

 

Under purely elastic behaviour: 

 

𝜎𝑟 =
𝜈

(1 + 𝜈)(1 − 2𝜈)
𝐸𝜀𝑒𝑧                                                                                                                       (5) 

 

𝜎𝑧 =
1 − 𝜈

(1 + 𝜈)(1 − 2𝜈)
𝐸𝜀𝑒𝑧                                                                                                                       (6) 

 

 

Where: 

 

𝐸    Young modulus. 

 

𝜈   Poisson´s ratio. 

 

 

 



The expression for the Hugoniot elastic limit (𝜎𝐻), which is defined as the yield stress of a material subject to 

uniaxial strain loading conditions, is: 

 

𝜎𝐻 =
1 − 𝜈

1 − 2𝜈
𝜎𝑦                                                                                                                                            (7) 

 

Considering an elastic-perfectly plastic model (assumed to properly represent the behaviour of the studied 

materials), the respective evolution in the (𝜎𝑧, 𝜀𝑝𝑧) and (𝜎𝑧, 𝜎𝑟) planes of the axial stress in a typical LSP 

stress-release cycle for an applied pressure 𝑃𝑀𝐴𝑋 > 2𝜎𝐻 are represented in figures 1 and 2. From these 

figures, it can be concluded that [25]: 

 

(a) If (𝑃𝑀𝐴𝑋 < 𝜎𝐻)   Only elastic deformation occurs. 

(b) If (𝜎𝐻 < 𝑃𝑀𝐴𝑋 < 2𝜎𝐻)  Plastic strain occurs with purely elastic reverse strain. 

(c) If (𝑃𝑀𝐴𝑋 > 2𝜎𝐻)  The material develops plastic strain during the load cycle (𝜀𝑝𝑧 𝑙𝑜𝑎𝑑) 

and unload cycle (𝜀𝑝𝑧 𝑢𝑛𝑙𝑜𝑎𝑑), which are defined respectively by 

equations 8 and 9. The residual plastic strain is obtained by 

subtracting (𝜀𝑝𝑧 𝑢𝑛𝑙𝑜𝑎𝑑) from (𝜀𝑝𝑧 𝑙𝑜𝑎𝑑) (eq 10). 

 

where: 

 

𝑃𝑀𝐴𝑋   Maximum applied pressure 

 

𝜀𝑝𝑧 𝑙𝑜𝑎𝑑 =  
2(1 − 2𝜈)

𝐸
(𝑃𝑀𝐴𝑋 − 𝜎𝐻)                                                                                                          (8) 

 

𝜀𝑝𝑧 𝑢𝑛𝑙𝑜𝑎𝑑 =  
2(1 − 2𝜈)

𝐸
(𝑃𝑀𝐴𝑋 − 2𝜎𝐻)                                                                                                   (9) 

 

𝜀𝑝𝑧 𝑟𝑒𝑠 = (
1 − 2𝜈

𝐸
) 2𝜎𝐻                                                                                                                             (10) 

 

 

 

Figure 1: σz-εpz diagram for PMAX>2σH. 



 

Figure 2: σz- σr diagram for PMAX>2σH. 

 

 

As an important result, although the target material only experiences loading in one direction, when the peak 

pressure pulse dissipates, the material undergoes an unload cycle as a consequence of elastic relaxation, 

which is sufficient to cause plasticity in the opposite direction. Hence the phenomenon of cyclic plasticity 

has been identified as a relevant issue, especially for those regions near-surface where the plastic recovery is 

non-negligible compared with the initial plastic deformation. Concretely, if the applied maximum pressure is 

lower than 2𝜎𝐻, no cyclic hardening is experienced by the material and both isotropic and combined models 

predict approximately the same results. On the contrary, if the applied maximum pressure exceeds 2𝜎𝐻, 

cyclic deformation takes place, with the plastic strain bounded by 𝜀pz res. In section 3.2, a criterion to 

identify approximately the critical depth to which the cyclic behaviour extends is presented. 

 

2.2. Definition of a Model for the Explicit Consideration of Cyclic Deformation Properties 

 

In order to proceed with the practical estimation of the differences of both types of material hardening 

models (isotropic and combined), the experimental results of the monotonic and cyclic behaviour of two 

ductile materials (Al2624 in the T39 and T351 tempers) obtained by Zabeen et al. [7] have been considered. 

These cyclic tests were carried out in strain-control, with the material cycled up to 7 cycles with a maximum 

strain of ±2%. Figure 3 shows the results: while Al 2624 T39 reaches a saturation value after four cycles, Al 

2624 T351 gradually hardens up to the seventh cycle. 

 

 

Figure 3: Experimental results of strain-control cycles up to 7 cycles with a maximum strain of ±2%.                

T39 (left), T351 (right). 



With the aid of the experimental monotonic stress-strain curves [7], and experimental cyclic ones presented 

in figure 3, an isotropic model and a combined model have been calibrated. In the case of the isotropic 

model, the experimental monotonic stress-strain curves have been used for the calibration. Additionally, the 

cyclic behaviour of the material has been taken into account in order to model the yield surface displacement 

in the combined hardening model. 

 

2.2.1 Exponential isotropic hardening model 

 

In this section, an exponential isotropic hardening model is calibrated for both materials. The considered 

isotropic model is defined by equation 11 and requires three calibration parameters: (𝜎0, 𝐾 and 𝑛). The 

purpose of selecting this isotropic exponential yield function is that it is widely used to model LSP processes, 

highlighting its limitations when multiple cycles are applied. 

 

𝜎𝑦 = 𝜎0 + 𝐾𝜀𝑝
𝑛                                                                                                                                          (11) 

 

where 𝜎𝑦 is the yield stress, 𝜎0 is the first yield stress, and 𝐾 and 𝑛 are constants to be calibrated 

 

A least square method has been used to calibrate 𝜎0, 𝐾 and 𝑛 (table 1) considering the experimental 

monotonic stress-strain curves [7]. The cyclic behaviour was then simulated in order to show the limitations 

of this kind of models when alternating compressive and tensile cycles. Figure 4 presents a comparison 

between the experimental data and the numerical predictions after 3 cycles for Al 2624 T351. Although the 

first cycle was accurately calibrated, the predicted responses for additional cycles show a clear 

overestimation in the yield stress. Similar results for Al 2624 T39 are presented in figure 5. 

 

 

Table 1: Calibrated parameters of the isotropic hardening model 

 

PARAMETER 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 

𝝈𝟎 [MPa] 360 434 

𝑲 [MPa] 359 459 

𝒏 [-] 0.42 0.61 

 

 

 

Figure 4: Comparison of cyclic experimental data with numerical predictions of the calibrated isotropic 

hardening model after 3 cycles in Al 2624 T351  



 

Figure 5: Comparison of cyclic experimental data with numerical predictions of the calibrated isotropic 

hardening model after 3 cycles in Al 2624 T39. 

 

2.2.2 Combined isotropic + kinematic hardening model 

 

In the combined hardening model, the isotropic behaviour is defined by Voce’s formula (equation 12) [29] 

and the displacement of the yield stress is defined by Chaboche’s kinematic hardening law (equation 13) 

[15]. Although advanced models have been developed to account for the multiaxial ratcheting behaviour of 

materials subject to multiple strain ranges, Chaboche’s kinematic hardening law is able to predict the cyclic 

behaviour of the considered materials under symmetric tensile-compressive strain cycles. 

 

Considering that the evolution of the back-stress is different depending on the cycle number and the 

evolution of the stress (tensile or compressive), equation 13 is particularized for every cycle in equations 14 

to 17. The displacement of the yield surface during the first tensile cycle (from 𝜀 = 0 to 𝜀 = 0.02) is defined 

by equation 13. The first reverse yielding (from 𝜀 = 0.02 to 𝜀 = −0.02) is defined by equation 14. The 

second and third cycles are described by equations 15, 16 and 17. After the third cycle, the cyclic behaviour 

of the displacement of the yield surface is stabilized and equations 16 and 17 are applied for further cycles 

(equations 18 and 19). Constants 𝐸𝑖 , 𝐹𝑖, 𝐺𝑖 and 𝐻𝑖 are calibrated to ensure the continuity of the displacement 

function.  

 

𝜎𝑦(𝛥𝜀𝑝) = 𝜎0 + 𝑄 (1 − 𝑒𝑥𝑝(−𝑏𝛥𝜀𝑝))                                                                                                   (12) 

 

𝛼𝐹𝑌1(𝜀𝑝) = ∑
𝐶𝑖

𝛾𝑖
 (1 − 𝑒𝑥𝑝(−𝛾𝑖𝜀𝑝))

𝑛

𝑖=1

                                                                                                    (13) 

 

𝛼𝑅𝑌1(𝜀𝑝) = ∑ (−
𝐶𝑖

𝛾𝑖
(1 − 𝑒𝑥𝑝(𝛾𝑖(𝜀𝑝 + 𝐸𝑖))))

𝑛

𝑖=1

                                                                                  (14) 

 

𝛼𝐹𝑌2(𝜀𝑝) = ∑ (
𝐶𝑖

𝛾𝑖
(1 − 𝑒𝑥𝑝 (−𝛾𝑖(𝜀𝑝 + 𝐹𝑖)))

𝑛

𝑖=1

                                                                                    (15) 

 

𝛼𝑅𝑌2(𝜀𝑝) = ∑ −
𝐶𝑖

𝛾𝑖
(1 − 𝑒𝑥𝑝(𝛾𝑖(𝜀𝑝 + 𝐺𝑖)))

𝑛

𝑖=1

                                                                                        (16) 

 

𝛼𝐹𝑌3(𝜀𝑝) =  ∑
𝐶𝑖

𝛾𝑖
(1 − 𝑒𝑥𝑝 (−𝛾𝑖(𝜀𝑝 + 𝐻𝑖)))

𝑛

𝑖=1

                                                                                     (17) 

 

𝛼𝐹𝑌𝑁(𝜀𝑝) =  𝛼𝐹𝑌3(𝜀𝑝)                                                                                                                                 (18) 



𝛼𝑅𝑌𝑁(𝜀𝑝) =  𝛼𝑅𝑌2(𝜀𝑝)                                                                                                                                 (19) 

 

where: 

 

𝛼𝐹𝑌𝑗(𝜀𝑝) ≡ Front yielding displacement function for the "jth" cycle. 

 

𝛼𝑅𝑌𝑗(𝜀𝑝) ≡  Reverse yielding displacement function for the "jth" cycle. 

 

As a criterion for a first approach to the best fit option, the stress at the end of the first half cycle (𝜎𝐻𝐶), 

second (𝜎2), third (𝜎3) and the ultimate tensile strength (𝑈𝑇𝑆) have been extracted from the experimental 

results and correlated with the isotropic and shift laws of the model (equations 20 to 23). Then, a least square 

method has been used to reach the final best fit option. The experimental data nearby the transition from 

tensile to compressive and vice versa has been neglected for the model calibration. This ensures better curve 

fitting for plastic strains close to the maximum and minimum strain (𝜀𝑚𝑎𝑥 = 0.02 and 𝜀𝑚𝑖𝑛 = −0.02). Thus, 

better precision is expected in LSP conditions. 

 

Regarding to the kinematic hardening parameters, (𝐶𝑛, 𝛾𝑛), unique pair of them have been used to define the 

yield surface displacement, (𝐶1, 𝛾1) since the precision achieved is enough in these particular alloys. 

However, multiple parameters (𝐶1, … , 𝐶𝑛, 𝛾1, … , 𝛾𝑛 ) could be used if necessary.  

 

𝜎𝐻𝐶 = 𝜎𝑦(𝜀𝑃𝐻𝐶) + 𝛼𝐹𝑌1(𝜀𝑃𝐻𝐶) = 𝜎0 + 𝑄(1 − 𝑒𝑥𝑝(−𝑏𝜀𝑃𝐻𝐶)) + ∑
𝐶𝑖

𝛾𝑖
 (1 − 𝑒𝑥𝑝(−𝛾𝑖𝜀𝑃𝐻𝐶))

𝑛

𝑖=1

  (20) 

 

𝜎2 = 𝜎𝑦(5𝜀𝑃𝐻𝐶) + 𝛼𝐹𝑌2(𝜀𝑃𝐻𝐶) = 𝜎0 + 𝑄(1 − 𝑒𝑥𝑝(−5𝑏𝜀𝑃𝐻𝐶)) + ∑
𝐶𝑖

𝛾𝑖
 (1 − 𝑒𝑥𝑝(−𝛾𝑖𝜀𝑃𝐻𝐶))

𝑛

𝑖=1

(21) 

 

𝜎3 = 𝜎𝑦(9𝜀𝑃𝐻𝐶) + 𝛼𝐹𝑌3(𝜀𝑃𝐻𝐶) = 𝜎0 + 𝑄(1 − 𝑒𝑥𝑝(−9𝑏𝜀𝑃𝐻𝐶)) + ∑
𝐶𝑖

𝛾𝑖
 (1 − 𝑒𝑥𝑝(−𝛾𝑖𝜀𝑃𝐻𝐶))

𝑛

𝑖=1

(22) 

 

𝑈𝑇𝑆 =  𝜎0 + 𝑄 +  ∑
𝐶𝑖

𝛾𝑖
 

𝑛

𝑖=1

                                                                                                                             (23) 

 

In figures 6 and 7, the comparison between the experimental cyclic data and the numerical predictions of the 

combined hardening for Al 2624 T351 and Al 2624 T39 are represented respectively. Table 2 shows the 

fitting parameters used and the calibrated results. As is shown in the figures, the combined isotropic-

kinematic hardening model developed in this section correlates well to the published experimental results for 

both material systems. 

 

Table 2: Calibrated parameters of combined hardening models for Al 2624 T351 and Al 2624 T39 

 

PARAMETER  𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 

𝝈𝟏 [MPa] 398 458 

𝝈𝟐 [MPa] 430 488 

𝝈𝟑 [MPa] 443 500 

𝑼𝑻𝑺 [MPa] 535 550 

Q [MPa] 67 63 

b [-] 15 17 

𝑪𝟏 [MPa] 1844 1352 

𝜸𝟏  [-] 17 24 

 



 

Figure 6: Comparison of cyclic experimental data with numerical predictions of the calibrated combined 

hardening model after 6 cycles in Al 2624 T351  

 

 

Figure 7: Comparison of cyclic experimental data with numerical predictions of the calibrated combined 

hardening model after 3 cycles in Al 2624 T39  

 

 

3. Numerical simulation of LSP treatments with explicit consideration of cyclic deformation 

properties. 

 

3.1. Simplified modelling of spatially coincident LSP pulses 

 

In this section, a simplified modelling of spatially coincident LSP pulses is presented. Since the residual 

stresses are induced by the propagation of a shockwave through the material, each laser pulse is modelled as 

an incident spatial-temporal profile pressure pulse. Characteristic spatial-temporal dependences of the 

applied LSP pulses are taken from a previous work by the authors [4] and considered as typically 

representative (except possibly in the late part of plasma expansion, which is particularly difficult to assess) 

of the experimental LSP processes used in section 4.2 for validation of the developed model. The spatial 

distribution of the pressure pulse in cylindrical coordinates is presented in equation 24, where 𝑎Ø is a 

calibrated parameter for a Ø =2.50 mm laser spot diameter. The temporal pressure pulse profile is 

represented in figure 8, in which the Hugoniot elastic limit of both alloys is shown. 



𝑃0(𝑡, 𝜌) = {
𝑃0(t)𝑒𝑥𝑝 (−𝑎Ø

𝜌2

(Ø 2⁄ )2) ,       𝜌2 < (Ø 2⁄ )2

      0                        ,       𝜌2 ≥ (Ø 2⁄ )2

                                                       (24) 

 

where: 

 

𝑎Ø = 0.85         𝑓𝑜𝑟      Ø = 2.50 𝑚𝑚  

 

 

 

Figure 8: Temporal pressure pulse profile 

 

 

Although fully 3D models are normally necessary to simulate realistic LSP treatments in which extended 

surfaces are involved, numerical predictions of spatially coincident LSP pulses are appropriate for checking 

the material behaviour under cyclic load-unload conditions. This scenario can be modelled using an 

axisymmetric formulation, which reduces the computation time significantly as compared to complete 3D 

simulations.  

 

For this analysis, the element type used was CAX4R, which is a 4-node bilinear axisymmetric quadrilateral 

element with reduced integration and hourglass control. The dimensions of the optimized elements were 20 

μm in the axial direction and 100 μm in the transverse direction. Both dimensions were optimized in order to 

ensure convergence, stability, and accuracy of the results. All simulations were performed using the 

SHOCKLAS calculation system, developed by the authors [4, 30, 31]. Considering that the time increment 

needed to model the temporal pressure pulse profile is in the order of nanoseconds, an explicit algorithm is 

used to simulate the application of the pressure pulses with the aid of the ABAQUS/explicit software [32]. 

 

In figures 9 and 10 the numerically predicted evolution of the deviatoric stress (defined as – (𝜎𝑧 − 𝜎r) =
𝜎𝑟 − σz)) with respect to the axial total strain at the materials surface during the application of five 

successive pulses is represented for both the isotropic and combined isotropic + kinematic models for the 

cases of Al 2624 T351 and Al 2624 T39, respectively. While the isotropic model predicts an increase in the 

yield surface size during the plastic load and unload phenomenon with no saturation limit predicted, the 

consideration of the cyclic plasticity modelling though the combined model leads to an essentially correct 

saturation of the deviatoric stress. 

 



 

 

Figure 9: Deviatoric stress predicted for Al 2624 T351 at materials surface. Isotropic (left).              

Combined (right). 

 

 

 

Figure 10: Deviatoric stress predicted for Al 2624 T39 at materials surface. Isotropic (left).                  

Combined (right). 

 

 

3.2. Estimation of a Representative Parameter of Cyclic Hardening Behaviour 

 

As discussed previously, reverse yielding during LSP occurs only when the maximum applied pressure 

exceeds 2𝜎𝐻. Once the laser-induced pulse pressure is applied to the material surface, a shockwave which 

amplitude at surface is 𝑃𝑀𝐴𝑋 starts to propagate through the material. Following the work of Ballard et al., 

[25], which assumes an elastic-perfectly plastic model, constant values of the elastic and plastic sound speed, 

𝑐𝑒 and 𝑐𝑝, respectively, and a triangular pressure pulse temporal profile, analytical estimations of the 

shockwave evolution as it propagates through the material can be formulated.  

 

Initially the wave has sufficient intensity and energy to induce plasticity, and travels with speed 𝑐𝑝. As the 

laser-induced pulse pressure is extinguished and the energy of the pressure pulse dissipates, a load release 

elastic wave with speed 𝑐𝑒 (𝑐𝑒>𝑐𝑝) propagates, reaching the plastic wave at a critical depth L1 (equation 25). 

Successive reflections of the elastic release against the plastically compressed front wave suggest that, for 

depth values between 𝐿1 and 2𝐿1, the shockwave amplitude can be approximated as 𝑃𝑀𝐴𝑋 − 2𝜎𝐻; for depths 

between 2𝐿1 and 3𝐿1 the shockwave amplitude would be 𝑃𝑀𝐴𝑋 − 4𝜎𝐻, and so forth. Once the shockwave 

amplitude is 𝜎𝐻, it becomes a purely elastic wave that propagates with speed 𝑐𝑒 and the material experiences 

only elastic deformation at further depths. On this basis, the maximum pressure applied on the surface can be 

correlated with the in-depth pressure evolution of the shockwave (equation 26). Two characteristic 



parameters can be extracted from the presented equations: The first one is the critical depth (𝐿𝑐) which is 

defined as the affected depth in which the shockwave amplitude is twice the initial Hugoniot elastic limit 

(equation 27). The second one is the plastically affected depth (𝐿𝑝), defined as the depth in which the 

shockwave amplitude is equal to the Hugoniot elastic limit (equation 28). While the critical depth describes a 

limit to the effect of reverse yielding, the plastically affected depth establishes a limit beyond which no 

residual stresses are achieved. 

 

𝐿1 =
𝑐𝑒𝑐𝑝

𝑐𝑒 − 𝑐𝑝
𝜏                                                                                                                                           (25) 

 

𝜎𝑧(𝐿𝑧) = 𝑀𝑎𝑥 (𝑃𝑀𝐴𝑋 − 2𝜎𝐻𝑖𝑛𝑡 (
𝐿𝑧

𝐿1
) , 𝜎𝐻)                                                                                       (26) 

 

𝐿𝑐 =  𝐿1 (
𝑃𝑀𝐴𝑋 − 2𝜎𝐻

2𝜎𝐻
)                                                                                                                          (27) 

 

𝐿𝑝 =  𝐿1 (
𝑃𝑀𝐴𝑋 − 𝜎𝐻

2𝜎𝐻
)                                                                                                                            (28) 

 

where: 

 

𝐿𝑧     Distance from a point in the material to the surface. 

 

𝑖𝑛𝑡 (
𝐿𝑧

𝐿1
)    Integer part of 

𝐿𝑧

𝐿1
 

 

𝜏     Laser Pulse Duration (FWHM; Assumed triangular profile) 

 

𝑐𝑒 = √
𝐸(1−ν)

𝜌(1+ν)(1−2ν)
  Elastic wave speed         (29) 

 

𝑐𝑝 = √
𝐸

3𝜌(1−2ν)
   Plastic wave speed         (30) 

 

These analytic results lead to a first approach to the shockwave evolution as it propagates through the 

material, but some limitations in the corresponding analytical predictions have to be considered, namely: 
 

- The temporal pressure pulse profile used by Ballard et al. is considered to be triangular, while, in the 

realistic LSP case, the pressure on the solid target is partially maintained for a comparatively long 

time (almost 500 ns after the pulse launching) due to the inertia in dissipation of the plasma beneath 

the confining medium (water). This leads to an underestimation of the plastically affected depth by 

the simplified model. 

- In the simplified model, the material density is considered to be constant, so that the elastic and 

plastic wave speeds are considered to remain constant as they propagate through the material. This, 

in turn leads to a lack of accuracy in the plastically affected depth estimation by the simplified 

model. 

- An elastic-perfectly plastic model is considered, in which the Hugoniot elastic limit remains 

unaltered during plastic straining, which is not realistic since the yield surface size increases due to 

isotropic expansion. Hence, the analytic method offers a first approach to estimate the wave 

propagation only in the first cycle. 

 

To address the limitations of the simplified analytical predictions, a more realistic shockwave in-depth 

evolution can be obtained with the aid of FEM simulations that incorporate the realistic evolution of the 

material properties (combined hardening model) and the realistic temporal pressure profile. The in-time 

shockwave evolution was obtained by means of FEM simulations for every single element. Figure 11 shows 

results for several significant depths. Therefore, the in-depth shockwave amplitude can be obtained and 



compared with the simplified analytical results (figure 12 and table 3). This results are the most 

representative for the shockwave evolution considering that the material is subject to uniaxial strain 

behaviour (see section 2.1), which implies that the evolution of the three principal stresses is determined by 

the maximum pressure applied to each element (see figure 2). These results correspond to the application of 

the first pulse. Both the critical depth, 𝐿𝑐, and the plastically affected depth, 𝐿𝑝, are underestimated by the 

analytical predictions. 

  

 

Figure 11: Realistic simulated in-time evolution of the shockwave for different significant depths in Al 2624 

T39 (left) and Al 2624 T351 (right). 

 

Regarding the shockwave evolution for the application of subsequent pulses, the aid of FEM simulations has 

been identified as essential considering that the material has already been deformed plastically in the 

previous cycles. Concretely, the critical depth and the plastically affected depth increase, which is not 

surprising since smaller amount of energy is dissipated in plastic straining as the wave propagates through 

the material. 

 

The numerical predictions for the application of 1 to 5 pulses of 𝐿𝑐𝑖 and 𝐿𝑝𝑖 are presented in tables 4 and 5 

respectively, in which slight differences are observed (less than 4%) depending on the hardening model. The 

combined hardening predictions are expected to be the correct ones as explicit consideration of cyclic 

properties have been taken into account. Thus, purely isotropic predictions lead only to an approximation of 

the critical depth and plastically affected depth. At this point, the combined hardening model estimations (the 

correct ones) of the critical and plastically affected depth will be named 𝐿𝑐𝑖 and 𝐿𝑝𝑖 respectively, where 𝑖 
represents the number of the pulse cycle. 

 

 

Figure 12: Realistic in-depth evolution of the shockwave amplitude for Al 2624 T39 (left) and Al 2624 T351 

(right). As a reference, the simplified analytical predictions of the reference [25] are displayed. 



Table 3: 𝐿𝑐𝑖  and 𝐿𝑝𝑖 parameters predicted for T39 and T351 alloys by the combined hardening model and 

corresponding simplified analytical values according to reference (Ballard et al., 1991). 

 

MATERIAL 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 

Parameter Analytical 

prediction 

Combined model 

prediction 

Analytical prediction Combined model 

prediction 

𝑳𝒄𝟏 [µm] 493 600 676 800 

𝑳𝒑𝟏 [µm] 798 1200 957 1600 

 

Table 4: 𝐿𝑐𝑖 parameter predicted for T39 and T351 alloys from 1 to 5 pulses with both models. 

 

MATERIAL 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 

Parameter Combined model 

prediction 

Isotropic model 

prediction 

Combined model 

prediction 

Isotropic model 

prediction 

𝑳𝒄𝟏  [µm] 600 620 800 800 

𝑳𝒄𝟐 [µm] 720 700 900 900 

𝑳𝒄𝟑 [µm] 740 750 920 940 

𝑳𝒄𝟒 [µm] 770 790 940 960 

𝑳𝒄𝟓 [µm] 780 810 940 960 

 

 

Table 5: 𝐿𝑝𝑖 parameter predicted for T39 and T351 alloys from 1 to 5 pulses with both models. 

 

MATERIAL 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 

Parameter Combined model 

prediction 

Isotropic model 

prediction 

Combined model 

prediction 

Isotropic model 

prediction 

 𝑳𝒑𝟏 [µm] 1200 1240 1600 1580 

𝑳𝒑𝟐 [µm] 1500 1460 1660 1640 

𝑳𝒑𝟑  [µm] 1780 1760 1720 1740 

𝑳𝒑𝟒 [µm] 1840 1860 1840 1820 

𝑳𝒑𝟓 [µm] 1900 1920 2000 2000 

 

From these results, and considering that cyclic plasticity is only present for shockwave amplitudes above 

2𝜎𝐻, two different regions can been identified along the in-depth profile. These regions are delimited by the 

critical depth, 𝐿𝑐𝑖, (estimated by the combined hardening model) and are defined as follows: 

 

i) From the material surface to 𝐿𝑐𝑖, the shockwave amplitude is above 2𝜎𝐻. Thus, reverse yielding is 

present and different results are expected between the combined and isotropic hardening models. As 

presented in the results section, lower compressive residual stresses are predicted by the combined 

hardening model. 

 

ii) Beyond the estimated critical depth 𝐿𝑐𝑖 the shockwave amplitude is less than twice the Hugoniot 

elastic limit (𝜎𝑧(𝐿𝑧) < 2𝜎𝐻). Thus, no reverse yielding is present and both models tend to converge 

to the same residual stress predictions. 

 

Consequently, 𝐿𝑐𝑖 is a critical parameter to represent the material limiting depth for which cyclic plasticity 

effects are expected. Obviously, considering that the constitutive equations of the isotropic and combined 

models presented in this paper are essentially different, slight differences are observed beyond the estimated 

critical depth. 

 

In a similar way, the plastically affected depth 𝐿𝑝𝑖, also underestimated by the simplified model, is 

considered to be a very useful parameter for the recursive estimation of the practical depth for which the 

plastic effect of successive pulses on the material induce plastic deformation (as shown in the next section). 

 

 



4. Results and discussion  

 

4.1. Residual stress profiles after the application of successive concentric pressure pulses 

 

In this section the residual stresses predicted using the developed combined hardening model are compared 

to results based on a conventional isotropic hardening model (Johnson-Cook model) through the numerical 

FEM simulation of spatially coincident LSP pulses. The residual stress profiles corresponding to the 

application of 1 and 5 concentric pulses with 4.33 GPa peak pressure are displayed in figures 13 and 14, 

showing the effect on the combined material model of the cyclic plasticity. On one hand, the results clearly 

confirm the analytical predictions formulated through consideration of the peak pressure decay presented in 

section 3.2: from the surface to the estimated critical depth (𝐿𝑐𝑖), the shockwave amplitude is above 2𝜎𝐻 and 

clear differences are observed between the isotropic and combined hardening models. Specifically, lower (in 

absolute value) compressive residual stresses are predicted by the combined hardening model, which is 

consistent with the results presented previously in figures 9 and 10. Beyond the estimated critical depth (𝐿𝑐𝑖) 

and until the plastically affected depth (𝐿𝑝𝑖), both curves tend to converge to the same residual stress 

predictions. The slight differences observed from the estimated critical depth (𝐿𝑐𝑖) to the plastically affected 

depth (𝐿𝑝𝑖) may be motivated by the fact that the constitutive equations of both models are essentially 

different, which has already been discussed in the previous section. 

 

 

Figure 13: Residual stress profile after the application of one pressure pulse with peak of 4.33 GPa. 

Comparison between the results predicted for Al 2624 T39 (left) and Al 2624 T351 (right). 

 

 

Figure 14: Residual stress profile after the application of five pressure pulses with peak of 4.33 GPa. 

Comparison between the results predicted for Al 2624 T39 (left) and Al 2624 T351 (right). 

 

 



4.2. Realistic modelling of Extended Surface High-Coverage LSP Treatments 

 

The effect of cyclic plasticity modelling in the calculated residual stresses has been demonstrated with the 

aid of the low-computational-cost axisymmetric model. The next step is to study realistic cases in which 

extended surfaces are affected by LSP treatments. In this section, the results corresponding to two different 

treatments applied to the Al 2624 T39 alloy are calculated under a fully 3D FEM approach of the 

SHOCKLAS calculation system including, in one case, a purely isotropic Johnson-Cook material model 

(taken as reference) and, for the other case, the developed combined isotropic + kinematic material model. A 

detailed description of both simulated treatments is presented in table 6, showing the laser spot diameter, the 

peak intensity and the equivalent overlapping density (𝐸𝑂𝐷), which is defined as the number of applied 

pulses per cm–2 [33]. The specimen subject to treatment is a plate whose thickness is 12.7 mm and the treated 

surface is a squared area of 900 mm2. 

 

 

Table 6: Low and high density treatments description. 

 

TREATMENT Laser spot Ø  [mm] Peak Intensity [GW cm–2] EOD [pulses cm–2] 

1 (Low density) 2.5 10.4 278 

2 (High density) 2.5 10.4 625 

 

A comparison between the obtained numerical predictions and the experimental results also obtained by the 

authors for the corresponding extended LSP treatments is presented in figures 15 and 16. The experimental 

results have been obtained by means of the hole drilling method, in which material is drilled and the 

resulting deformation as the material is removed is measured by a precision strain gage, which is finally 

converted to residual stress with the aid of a specific algorithm. Consequently, the FEM numerical 

predictions have been extracted and averaged from a representative squared area similar to the material 

removed by the hole drilling method. Once this area is above 1 mm2, simulated results converge to the ones 

presented in figures 15 and 16 independently of the position of the treated area. The observed results are as 

expected after the discussions in previous sections: the simulations using the developed combined model 

predict a saturation value in the finally achieved residual stress fields up to a certain depth that can be 

correlated to the final position of the critical depth after repeated overlapped pulses. In contrast, the 

simulations using the reference isotropic hardening model predict an unbounded increase in the residual 

stresses between two treatments studied (Table 6), which is not consistent with the experimentally 

determined stress-strain properties of the material or the experimentally measured residual stresses. This 

limited increase in the residual stresses for high density treatments has been documented [34] and cannot be 

predicted by isotropic models. This overestimation is expected to be more obvious for higher density 

treatments (i.e., even higher than those considered in the present article). 

 

As shown in figure 16, a better agreement between the FEM predictions and experimental results is obtained 

for the high density treatment modelled using combined hardening. This can be a result of uncertainties 

resulting from the inherent geometrical complexity involved in partially overlapped pressure pulses in the 

low density treatment. However, even with the consideration of the possible uncertainties associated with the 

experimental method used to measure the residual stress profiles (hole drilling method; see reference [34], 

the use of the combined isotropic + kinematic hardening model is able to readily predict both the saturation 

effect referred in the previous paragraph and the general depth profile of the residual stresses, especially at 

the material surface, while the purely isotropic model predicts unacceptably high compressive residual 

stresses that are not observed experimentally. 

 

While this comparative result clearly indicates the inappropriateness of the use of purely isotropic hardening 

models in the comprehensive simulation of LSP treatments and the general appropriateness of combined 

isotropic + kinematic hardening models to represent a more realistic behaviour of ductile materials under 

cyclic load, model improvements are required to improve the global agreement of the numerically predicted 

results. This is especially true for experimental data at depths on the order of the estimated critical depth and, 

also for depths in the range from the critical depth, 𝐿𝑐𝑖, to the plastically affected depth, 𝐿𝑝𝑖. 

 



The discrepancies between simulation predictions and experimental results are in part a consequence of the 

comparatively prolonged time during which the confining medium (water in the case of the reported 

experiments) causes a peak plasma pressure exceeding the Hugoniot elastic limit, 𝜎𝐻, and, thus, continues to 

induce plastic (although not cyclic plastic) deformation of the material. The models presently used by the 

authors for the estimation of the spatial-temporal profile of the pressure pulse applied to the LSP treated 

material have been subject of intense development [30], but still present some uncertainties in the late part of 

the temporal profile of the pressure pulse, precisely in the sense that can directly affect the induction of 

plastic deformation in the lower plasticity regime, i.e., the region close to the plastically affected depth. 

 

The development of new knowledge around the plasma expansion simulation models (ultimately 

determining the true pressure applied to the treated material) is the subject of present investigations by the 

authors and is likely to provide more precise spatial-temporal profiles allowing a better prediction of the 

overall realistic geometry simulation results to experimental determinations. 

 

 

Figure 15: Experimental results vs numerical predictions for low density treatment. Isotropic model 

predictions (left) vs combined ones (right) 

 

 

 

Figure 16: Experimental results vs numerical predictions for high density treatment. Isotropic model 

predictions (left) vs combined ones (right) 

 

 



5. Conclusions  

 

The cyclic plasticity behaviour during laser shock processing (LSP) has a significant influence on the 

residual stresses as corroborated by numerical calculation. Despite intuitive arguments suggesting that only 

compressive yielding is involved, the analysis of the physical basis of materials deformation in this case 

leads to the identification of a plastic recovery when the applied pressures exceed twice the Hugoniot elastic 

limit, which is frequently the case in LSP processes. The depth affected by cyclic plasticity has been 

determined as a critical parameter for the choice of a suitable material deformation model. 

 

On the basis of experimental cyclic stress-strain data, a combined isotropic + kinematic hardening model has 

been developed that can realistically reproduce the cyclic deformations in material subject to alternating 

tensile-compressive cycles, overcoming the errors inherent in applying purely isotropic hardening models. 

The application of the developed combined hardening model to the numerical simulation of fully overlapped 

LSP pulses in Al 2624 T351 and Al 2624 T39 has confirmed the theoretical predictions. In addition, in the 

case of extended surface high-coverage LSP treatments, better agreement with the experimental results is 

predicted by the combined hardening model. 

 

The overall conclusions are detailed as follows: 

 

i) Numerical predictions of the residual stress distributions in the treated material are affected by cyclic 

plasticity in near-surface regions where the shockwave amplitude propagating through the material 

exceeds twice the Hugoniot elastic limit (𝑃 > 2𝜎H). For greater depths, no cyclic plasticity effect is to 

be expected. 

 

ii) Correspondingly, material hardening models that incorporate cyclic plasticity effects associated with the 

Bauschinger effect must be taken into account for accurate prediction of residual stress fields induced 

by laser shock processing. Purely isotropic hardening models essentially predict higher compressive 

residual stresses from the surface to the referred critical depth (𝐿𝑐𝑖) in which the peak shockwave 

amplitude is equal to twice the Hugoniot elastic limit. 

 

iii) The combined isotropic + kinematic hardening model presented in this article provides a practical 

solution for the proper modelling of cyclic plasticity processes and the presented methodology for its 

material calibration is considered as a direct and conceptually sound procedure for application to any 

material of interest. This results in an improved capability to design a proper LSP treatment. 

 

iv) The effect of cyclic plasticity modelling in extended surface high-coverage LSP treatments has been 

demonstrated: while isotropic hardening models overestimate the residual stresses, a better agreement 

with the experimental results is obtained by the combined hardening models. 

 

Although the benefits of combined isotropic + kinematic hardening models for predicting LSP-induced 

residual stresses via FEM have been fully demonstrated, there exists a need for improvement in the 

prescription of the input data for simulations (not affecting to the material models themselves). This need 

was observed in the present study through consideration of the critical depth and the plastically affected 

depth as key parameters for the analysis of the cyclic plastic behaviour. Additionally, material damage 

models consistent with the developed model are envisaged as future development targets. 
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Footnotes 
 

-Figure 1: σz-εpz diagram for PMAX>2σH. 

-Figure 2: σz- σr diagram for PMAX>2σH. 

-Figure 3: Experimental results of strain-control cycles up to 7 cycles with a maximum strain of ±2%.                

T39 (left), T351 (right). 

-Figure 4: Comparison of cyclic experimental data with numerical predictions of the calibrated isotropic 

hardening model after 3 cycles in Al 2624 T351  

-Figure 5: Comparison of cyclic experimental data with numerical predictions of the calibrated isotropic 

hardening model after 3 cycles in Al 2624 T39. 

-Figure 6: Comparison of cyclic experimental data with numerical predictions of the calibrated combined 

hardening model after 6 cycles in Al 2624 T351  

-Figure 7: Comparison of cyclic experimental data with numerical predictions of the calibrated combined 

hardening model after 3 cycles in Al 2624 T39  

-Figure 8: Temporal pressure pulse profile 

-Figure 9: Deviatoric stress predicted for Al 2624 T351 at materials surface. Isotropic (left).              

Combined (right). 

-Figure 10: Deviatoric stress predicted for Al 2624 T39 at materials surface. Isotropic (left).                  

Combined (right). 

-Figure 11: Realistic simulated in-time evolution of the shockwave for different significant depths in Al 2624 

T39 (left) and Al 2624 T351 (right). 

-Figure 12: Realistic in-depth evolution of the shockwave amplitude for Al 2624 T39 (left) and Al 2624 

T351 (right). As a reference, the simplified analytical predictions of the reference [25] are displayed. 

-Figure 13: Residual stress profile after the application of one pressure pulse with peak of 4.33 GPa. 

Comparison between the results predicted for Al 2624 T39 (left) and Al 2624 T351 (right). 

-Figure 14: Residual stress profile after the application of five pressure pulses with peak of 4.33 GPa. 

Comparison between the results predicted for Al 2624 T39 (left) and Al 2624 T351 (right). 

-Figure 15: Experimental results vs numerical predictions for low density treatment. Isotropic model 

predictions (left) vs combined ones (right) 

-Figure 16: Experimental results vs numerical predictions for high density treatment. Isotropic model 

predictions (left) vs combined ones (right) 

 

Tables 

 

 

Table 1: Calibrated parameters of the isotropic hardening model 

 

PARAMETER 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 

𝝈𝟎 [MPa] 360 434 

𝑲 [MPa] 359 459 

𝒏 [-] 0.42 0.61 

 

 
Table 2: Calibrated parameters of combined hardening models for Al 2624 T351 and Al 2624 T39 

 

PARAMETER  𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 

𝝈𝟏 [MPa] 398 458 

𝝈𝟐 [MPa] 430 488 

𝝈𝟑 [MPa] 443 500 

𝑼𝑻𝑺 [MPa] 535 550 

Q [MPa] 67 63 

b [-] 15 17 

𝑪𝟏 [MPa] 1844 1352 

𝜸𝟏  [-] 17 24 



Table 3: 𝐿𝑐𝑖  and 𝐿𝑝𝑖 parameters predicted for T39 and T351 alloys by the combined hardening model and 

corresponding simplified analytical values according to reference (Ballard et al., 1991). 

 

MATERIAL 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 

Parameter Analytical 

Prediction 

Combined model 

prediction 

Analytical Prediction Combined model 

prediction 

𝑳𝒄𝟏 [µm] 493 600 676 800 

𝑳𝒑𝟏 [µm] 798 1200 957 1600 

 

Table 4: 𝐿𝑐𝑖 parameter predicted for T39 and T351 alloys from 1 to 5 pulses with both models. 

 

MATERIAL 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 

Parameter Combined model 

prediction 

Isotropic model 

prediction 

Combined model 

prediction 

Isotropic model 

prediction 

𝑳𝒄𝟏  [µm] 600 620 800 800 

𝑳𝒄𝟐 [µm] 720 700 900 900 

𝑳𝒄𝟑 [µm] 740 750 920 940 

𝑳𝒄𝟒 [µm] 770 790 940 960 

𝑳𝒄𝟓 [µm] 780 810 940 960 

 

 

Table 5: 𝐿𝑝𝑖 parameter predicted for T39 and T351 alloys from 1 to 5 pulses with both models. 

 

MATERIAL 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟗 𝐀𝐥 𝟐𝟔𝟐𝟒 𝐓𝟑𝟓𝟏 

Parameter Combined model 

prediction 

Isotropic model 

prediction 

Combined model 

prediction 

Isotropic model 

prediction 

 𝑳𝒑𝟏 [µm] 1200 1240 1600 1580 

𝑳𝒑𝟐 [µm] 1500 1460 1660 1640 

𝑳𝒑𝟑  [µm] 1780 1760 1720 1740 

𝑳𝒑𝟒 [µm] 1840 1860 1840 1820 

𝑳𝒑𝟓 [µm] 1900 1920 2000 2000 

 
Table 6: Low and high density treatments description. 

 

TREATMENT Laser spot Ø  [mm] Peak Intensity [GW cm–2] EOD [pulses cm–2] 

1 (Low density) 2.5 10.4 278 

2 (High density) 2.5 10.4 625 
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